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The theory of ideal systems and star operations was developed by W. Krull, H.
Priifer, and E. Noether around 1930, and is a powerful tool for characterizing se-
veral relevant classes of integral domains, for studying their mutual relations and
for introducing the Kronecker function rings in a very general ring-theoretical
setting. A modern treatment of various aspects of this theory can be found in
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Abstract

In this paper we study the star operations on a pullback of integral
domains. In particular, we characterize the star operations of a domain
arising from a pullback of “a general type” by introducing new techniques
for “projecting” and “lifting” star operations under surjective homomor-
phisms of integral domains. We study the transfer in a pullback (or with
respect to a surjective homomorphism) of some relevant classes or distin-
guished properties of star operations such as v—, t—, w—, b—, d—, finite
type, e.a.b., stable, and spectral operations. We apply part of the theory
developed here to give a complete positive answer to a problem posed by
D. F. Anderson in 1992 concerning the star operations on the “D + M”
constructions.
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the volumes by P. Jaffard [EZ], O. Zariski and P. Samuel [£i, Appendix 4], R.
Gilmer [E], M.D. Larsen and P.J. McCarthy [B3], and F. Halter-Koch [E3].

Pullbacks were considered in [i] for providing an appropriate unified set-
ting for several important “composite-type” constructions introduced in vari-
ous contexts of commutative ring theory in order to construct examples and
counter-examples with different pathologies: for instance, Seidenberg’s construc-
tions for (polynomial) dimensional sequences [, Nagata’s composition of va-
luation domains and “K + J(R)” constructions [BS page 35 and Appendix Al,
Example 2], Akiba’s AV-domains or Dobbs’ divided domains [M, Ef|, Gilmer’s
“D + M” constructions [EH], Traverso’s glueings for a constructive approach
to the seminormalization [E], Vasconcelos’ umbrella rings and Greenberg’s F-
domains [E3 2], Boisen-Sheldon’s CPl-extensions [E], Hedstrom-Houston’s
pseudo-valuation domains ], “D + X Dg[X]” rings and more generally, the
“A+4+ X B[X]” rings considered by many authors (see the recent excellent survey
papers by T. Lucas [E3] and M. Zafrullah [i#], which contain ample and updated
bibliographies on this subject).

It was natural at this stage of knowledge to investigate the behaviour of
the star operations in a general pullback setting and with respect to surjective
homomorphisms of integral domains, after various different results concerning
distinguished star operations (like the v—, the ¢t— or the w— operation) and par-
ticular “composite-type” constructions were obtained by different authors (cf.
for instance (i), i), B, (52, [, (90, (9, (), (&, (2], (i), [, [55], and the
survey papers [] and [E]).

The present work was stimulated by the papers by D.D. Anderson and D.F.
Anderson on star operations, and more precisely, by the study initiated by D.F.
Anderson concerning the star operations on the “D + M” constructions [H].

In Section 2, after introducing an operation of “glueing” of star operations
in a pullback of integral domains, we will characterize the star operations of a
domain arising from a pullback of “a general type”. For this purpose we will
introduce new techniques for “projecting” and “lifting” star operations under
surjective homomorphisms of integral domains. Section 3 is devoted to the study
of the transfer in a pullback (or with respect to a surjective homomorphism) of
some relevant properties or classes of star operations such as v—, t—, w—, b—, d—,
finite type, e.a.b., stable, and spectral operations.

We will apply part of the theory developed here to give a complete positive
answer to a problem posed by D. F. Anderson in 1992 [H] concerning the star
operations on the “D + M” constructions.

Let D be an integral domain with quotient field L. Let F(D) denote the
set of all nonzero D-submodules of L and let F(D) be the set of all nonzero
fractional ideals of D, i.e., all E € F(D) such that there exists a nonzero
d € D with dE C D. Let f(D) be the set of all nonzero finitely generated
D-submodules of L. Then obviously, f(D) C F(D) C F(D).

For each pair of nonzero fractional ideals I/, F' of D, we denote as usual by
(E :p F) the fractional ideal of D given by {y € L | yF' C E}; in particular, for
each nonzero fractional ideal I of D, we set [=1 := (D :f I).



We recall that a mapping  : F(D) — F(D), E — E*, is called a semistar
operation on D if the following properties hold for all 0 # z € L and E, F €
F(D):

(x1) (eB)" =zFE™,
(k2) ECF= E*CF*,
(x3) E C E* and E* = (F*)* = B
(cf. for instance [E0, &, [, B4, [&] and [E4).

Example 1.1 (a) If x is a semistar operation on D such that D* = D | then the
map (still denoted by) x : F(D) — F(D), E — E*,is called a star operation on
D . Recall [Zd (32.1)] that a star operation x satisfies the properties (x2), (x3)
for all £, F € F(D); moreover, for each 0 # ¢ € L and F € F(D), a star
operation « satisfies the following:
(dk1) (DY =aD; (xEY"=aE*.

A semistar operation on D such that D C D* is called a proper semistar ope-
ration on D.

(b) The trivial semistar operation ep on D (simply denoted by e) is the
semistar operation constant onto L, i.e., the semistar operation defined by
Eep = L for each E € F(D). Note that x is the trivial semistar operation
on D if and only if D* = L.

(¢) Another trivial semistar (in fact, star) operation is the identity star
operation dp on D (simply denoted by d) defined by Fir .= F for each
E € F(D).

(d) For each £ € F(D), set B/ := U{F* | F C E, FF € f(D)}. Then
*¢ 15 also a semistar operation on D, which is called the semistar operation of
finite type associated to . Obviously, F* = F*+ for each F' € f(D); moreover,
if % is a star operation, then %; is also a star operation. If * = %, then the
semistar [respectively, the star] operation x is called a semistar [respectively,
star] operation of finite type [, Example 2.5 (4)].

Note that, in general, x; < x, i.e., E*f C E* for each E' € F(D). Thus, in
particular, if £ = E*, then E = E*/. Note also that xy = (x¢);.

There are several examples of nontrivial semistar operations of finite type;
the best known is probably the t—operation. Indeed, we start from the vp star
operation on an integral domain D (simply denoted by v), which is defined by

B0 = (E~YHY=1 =(D: (D 1 E))
for any F € F(D), and we set tp := (vp)s (or simply, t = vy).

Other relevant examples of semistar operations of finite type will be con-

structed later.

A semistar operation x on D is called an e.a.b. (endlich arithmetisch brauch-
bar) [respectively, a.b. (arithmetisch brauchbar)] semistar operation if
(EF)y* C (EG)y" = F* C G~
for each £ € f(D) and all F,G € f(D) [respectively, F,G € F(D)] [, Defini-
tion 2.3 and Lemma 2.7].
If % is a star operation on D, then the definition of e.a.b. [respectively, a.b.]
operation is analogous (for an a.b. star operation, F, GG are taken in F(D)).



Example 1.2 Let ¢ : R < T be an embedding of integral domains with the
same field of quotients K and let x be a semistar operation on R. Define
%, : F(T) — F(T) by setting

E* :=FE* foreach F € F(T)(C F(R)).
Then we know [, Proposition 2.§]

(a) If v is not the identity map, then *, is a semistar, possibly non-star,
operation on T, even if * Is a star operation on R.

Note that when x is a star operation on R and (R :x T') = (0), a fractional
ideal E of T"is not necessarily a fractional ideal of R, hence %, is not defined as
a star operation on 7.

(b) If x is of finite type on R, then x, is also of finite type on T'.

(¢) When T := R*, then %, defines a star operation on T .

(d) If % is e.a.b. [respectively, a.b.] on R and if T := R*, then %, is e.a.b.
[respectively, a.b.] on T

Conversely, let x be a semistar operation on the overring 7" of R. Define

**: F(R) — F(R) by setting
E* .= (ET)* foreach F € F(R).
Then we know [Z4, Proposition 2.9, Corollary 2.10]

(e) *" is a semistar operation on R.

(f) If % := dr, then (d7)" is a semistar operation of finite type on R, which is
denoted also by %7y (i.e., it is the semistar operation on R defined by E*T} :=
ET for each E € F(R)).

In particular, if 7' = R, then %ypy = dg, and if T' = K, then x5 = eg.
Note that if R C T', then %7} is a proper semistar operation on K.

(g) If % is e.a.b. [respectively, a.b.] on T, then %" is e.a.b. [respectively, a.b.]
on R.

(h) For each semistar operation x on T, we have (%), = *.

(i) For each semistar operation x on R, we have (x,)" > % (since E(*:)" =

(ET)* = (ET)* D E* for each E € F(R)). B
Other relevant classes of examples are recalled next.

Example 1.3 Let A be a nonempty set of prime ideals of an integral domain
R with quotient field K. Set
Exa :=n{ERp| P € A} for each nonzero R-submodule F of K .

If A is the empty set, then we set xp := eg. The mapping I/ — E*2 for each
E € F(R), defines a semistar operation on R. Moreover [, Lemma 4.1],

(a) For ecach £ € F(R) and for each P € A, ERp = E*>Rp.

(b) The semistar operation 4 is stable (with respect to the finite intersec-
tions), i.e., for all E, F € F(R) we have (ENF)*a = F*a N F*a

(c) Foreach Pe A, P*ANR=P.

(d) For each nonzero integral ideal T of R such that I*~ N R # R, there
exists a prime ideal P € A such that I C P.

A senmustar operation % on R is called spectral if there exists a subset A of
Spec(R) such that * = xa ; in this case, we say that  is the spectral semistar
operation associated with A .



We say that * is a quasi-spectral semistar operation (or that x possesses
enough primes ) if, for each nonzero integral ideal I of R such that I* N R # R,
there exists a prime ideal P of R such that I C P and PN R = P. For
instance, it is easy to see that if x is a semistar operation of finite type, then x
1s quasi—spectral.

From (c) and (d), we deduce that each spectral semistar operation is quasi—
spectral.

Given a semistar operation * on R, assume that the set

I :={P € Spec(R)| P#0and PP NR# R}

is nonempty. Then the spectral semistar operation of R defined by #,, 1= %+
is called the spectral semistar operation associated to x . Note that if * is quasi—
spectral such that R* # K, then IT* is nonempty and #,, < % [, Proposition
4.8 and Remark 4.9].

It is easy to see that * is spectral if and only if * = %, .

For each semistar operation x on R, we can consider

K= (%) sp -

Then we know [Z0, Proposition 3.6 (b), Proposition 4.23 (1)]

(e) * is a spectral semistar operation of finite type on R, and if M(*;) de-
notes the set of all the maximal elements in the set {I nonzero integral ideal of
R|I** N R# R}, then

¥ = * M (x5) -
It is also known [ page 185] that for each E € F(R),
E*=U{(E:x F)| FE f(R), F* = R*}.

(f) If % is a star operation on R, then % is a (spectral) star operation (of
finite type) on R and % < x.

If % := vg, using the notation introduced by Wang Fanggui and R.L. Mc-
Casland &3], we will denote by wpg (or simply by w) the star operation v =

(tr)sp (cf. also [Ed] and [H).

The construction of a spectral semistar operation associated to a set of prime
ideal can be generalized as follows.

Example 1.4 Let R := {R) | A € A} be a nonempty family of overrings of R
and define xg : F(R) — F(R) by setting
E*® = N{ERy| A€ A} foreach F e F(D).

Then we know [Z, Lemma 2.4 (3), Example 2.5 (6), Corollary 3.8]

(a) The operation *r is a semistar operation on R. Moreover, if R =
{RP | Pe A}, then g = %A .

(b) E** Ry = ER, for each E € F(R) and for each A € A..

(¢) If R = W is a family of valuation overrings of R, then xw Is an a.b.
semistar operation on D.

We say that two semistar operations on D, x1 and %, are equivalent if (x1)f =
(x2)¢ . Then we know (&, Proposition 3.4] and [F, Theorem 32.12])

(d) Fach e.a.b. semistar [respectively, star] operation on R is equivalent to
a semistar [respectively, star] operation of the type xw for some family W of



valuation overrings of R [respectively, for some family W of valuation overrings
of R such that R=nN{W | W € W}].

If W is the family of all the valuation overrings of R, then xy is called the
br-semistar operation (or simply the b—semistar operation on R). Moreover, if
R is integrally closed, then R’% = R B, Theorem 19.8], and thus the operation
b defines a star operation on R, which is called the b-star operation [E& p. 398].

Example 1.5 If {x, | A € A} is a family of semistar [respectively, star] o-
perations on R, then Ax{#x | A € A} (denoted simply by Axy ), defined
by
EMy=n{E* | A€ A} foreach E € F(R) [respectively, F € F(R)],
is a semistar [respectively, star] operation on R. This type of semistar opera-
tion generalizes the semistar [respectively, star] operation of type xg (where
R :={Rx | A € A} is a nonempty family of overrings of R; Example =), since
FR =N KRy

where xyp, 1 is the semistar operation on R considered in Example = (f).

Note the following observations:

(a) If at least one of the semistar operations in the family {x, | A € A} is a
star operation on R, then Ax) is still a star operation on R.

(b) Let « : R — T be an embedding of integral domains with the same field
of quotients K and let {x | A € A} be a family of semistar operations on R.

Then (A%a) = Al#a),
(c) Let « : R — T be an embedding of integral domains with the same field
of quotients K and let {x\ | A € A} be a family of semistar operations on T,

then (Axa)! = Alxa)"

2 Star operations and pullbacks

For the duration of this paper we will mainly consider the following situations:

(b) T represents an integral domain, M an ideal of T, k the factor ring T/M ,
D an integral domain subring of k and ¢ : T — T /M =: k the canonical
projection. Set R := ¢~Y(D) =: T xy, D the pullback of D inside T" with
respect to ¢, hence R is an integral domain (subring of T'). Let K denote
the field of quotients of R.

(bT) Let L be the field of quotients of D. In the situation (b), we assume,
moreover, that L C k, and denote by S := ¢~ '(L) =: T x}, L the pullback
of L inside T" with respect to ¢. Then S is an integral domain with field
of quotients equal to K. In this situation, M, which is a prime ideal in R,
is a maximal ideal in S. Moreover, if M # (0) and D C k, then M is a
divisorial ideal of R, actually, M = (R:T).

Let %p [respectively, x7] be a star operation on the integral domain D [re-
spectively, T]. Our first goal is to define in a natural way a star operation on



R, which we will denote by ¢, associated to the given star operations on D and
T. More precisely, if we denote by Star(A) the set of all the star operations
on an integral domain A, then we want to define a map
® : Star(D) x Star(T) — Star(R), (xp,*r)— o .
For each nonzero fractional ideal I of R, set

I+ M\*P
Io ::ﬂ{x_lgp_l ((%) ) | xEI_l,xgéO}ﬂ(IT)*T,

where if “J‘&M is the zero ideal of D (i.e., if «aI + M C M), then we set
1 (/s *
o ((57) =

Proposition 2.1 Keeping the notation and hypotheses introduced in (b), then
o defines a star operation on the integral domain R (=T xj D).

Proof. Claim 1. For each nonzero fractional ideal I of R, I C I°.

We have

I° onf{ale ™ (M) | w e~ 240} N IT
=n{z7 @l +M) |zl x£0} N IT
=n{l+2z M| zel™t, 240} NIT DI.

Claim 2. For each nonzero element z of K, (zR)°® = zR (in particular,
R° =R).
We have

(R =n{e et ((BERL)™) | we R, o £0} 0 (1)
Ca (e ((5))) 0 =T
= z(gp‘l (%)) NzI'=zRN2T =zR.

Therefore, by Claim 1, we deduce that (zR)® = zR.

Claim 3. For each nonzero element z of K and for each nonzero fractional
ideal T of R, (21)® = zI°.

Note that given 0 # z € K, for each nonzero * € I~! there exists a unique
y € (1)1 such that # = yz. Therefore, we have

rro=n{e et (L)) e e w £0} 0 (1T
- ﬂ{(yz)—lgo—l ((yzﬁM)*D) | gzt y;éO} N (IT)*

= ﬂ{z—ly—lgp—l ((yzﬂ-M)*D lye(z)!, y# 0} N (T
= (m {y_130_1 ((yzﬁM)*D) lye (D™, y# 0} N (ZIT)*T)
=z71(z])°.

Thus we immediately conclude that (z1)® = zT°.

Claim 4. For each pair of nonzero fractional ideals I C .J of R, I® C J°.



Since J~!' C I7!, we have

Claim 5. For each nonzero fractional ideal I of R, I C I® C [", and hence
(I°y=t =171
Since I =N{zR| I CzR, z € K}, by Claim 2, we deduce that
ICzR = I°C(zR)* =zR,
hence 1° C V.

Claim 6. For each nonzero fractional ideal T of R, (I°)° =1I°.
Since (I°)~1 = I=! for each nonzero ideal I of R, we have

(19> =n{amtem (252) ) e e (2)0 w20} 0 (o7
=N {x_lgo_l ((MT'i'M)*D) |zel ™t o+ 0} N (JeTy .
Note that for 0 # « € I=1 with &I C M, we have
e 2[°C M (and so z7lp! ((MT'i'M)*D) = et ((%)*D))a
since [° C = tp~1! ((%)*D) =z M.
Now for 0 # x € I7! with 2 ¢ M, we have

* *
o (25)7 C ()™ (andso (2Lt) " = (2t) )

since
[°Calpt ((xIJJvr[M)*D) = 2[°Cpl ((xIJEM)*D)
zI® — T * z *
= M = o) Co (et ((S5M)™) = (S520)™
eI+ M P eI+ M\*
= (ESHL)T ()
Lastly,
o (I°Tyr C (ITY*T (and so (I°T)yT = (IT)*7),
since

I C (ITyT = I°T C (ITy™ = (I°T)™ C (IT)*" .
Therefore, we can easily conclude

*
() =n{atemt ((5HL) ) e e 17t w0} 0 (1oT)
=n{a e (L)) | we 170w 0f 0 (1T =17

The previous argument shows that ¢ is a (well defined) star operation on
the integral domain R. o



Remark 2.2 (a) Note that in the proof of Proposition BBl M is possibly a
nonmaximal ideal of T (and R), even though we assume that M (= M N R) is
a prime ideal of R.

(b) In the pullback setting (b), for each nonzero ideal T of R with T C M,
I° C M, because [° C 2~ Lo~ ((ZLEM o) for each z € 171\ (0) and 1 € R C
I=Y thus I° C @‘1((%)4@) = M. In particular, if M # (0), then M = M°.

(c) If M is the ideal (0), then T'=k and R = D. In this extreme situation,
we have o = xp A (x7)*, where ¢« : R= D < T = k is the canonical inclusion.
Note that it can happen that ¢ = %p A (x7)" < %p. For instance, let R be a
Krull domain of dimension > 2, P a prime ideal of R with ht(P) > 2, T := Rp
and M := (0) (hence, R = D and T' = k). Set xp := vp and *p := dp. Then
Pp*p = pvp = PY" = R but P°= P> N (PT)*" = RNPRp=P

(d) Let M # (0). If D = L = k (in particular, M must be a nonzero
maximal ideal of T', and necessarily, xp is the (unique) star operation dp of
D =L = k), then R = T. In this extreme situation, we have that ¢ and *p
are two star operations on T (with ¢ < %p) that are possibly different. For
instance, if 7" is an integral domain with a nonzero nondivisorial maximal ideal
M (eg. T :=k[X,Y], M = (X,Y)) and if xp := vp, then M° = M by (b),
but M*T = M'T =T

If D=k, but D C L, then it is not difficult to see that o = %7 if and only
if, for each nonzero ideal I of R =T with I 7 M, rr +M ( +M)

Our next example will explicitly show the behaviour of the star operation ¢
in some special cases of the pullback construction (b).

Example 2.3 With the notation and hypotheses introduced in (b), assume,
moreover, that T' is local with nonzero maximal ideal M and D = L is a proper
subfield of k. In this special case of the situation (b%), xp = dp = ep is the
unique star operation on . Let I be a nonzero fractional ideal of R.

(a) If[I=' = R, then [° = [ = I'%.

(b) If II™' C R, then I° = I'® O (IT)*. Moreover, if (IT)*" = 2~'T for
some nonzero x € I=', then I° = IV® (C (IT)*). If (IT)* # 2~ 'T for
all z € I71, then [° = (IT)*".

(c) If[k:L]>2and if T C M~" = (R:x M), then dr # o # v for all the

star operations xp on T

(d) Let [k : L] = 2. If T is (local but) not a valuation domain, then dp # ¢
for all the star operations xp on T. If T'= (R :x M) and if xp = vp, then
S = VR.

(a) is obvious, because I is invertible, hence I is divisorial (in fact, I is
principal, since R is also local) and so I = I° = [Vr (C (IT)*7).

(b) Note that for each nonzero ideal I of R with the property that /71 C R,
we have necessarily that 17=! C M. Moreover, for each nonzero € I~!, from



I C M, we deduce that I C 2='M and so we have that ['® = \{z7'M | = €
I=1, # #0}. Therefore,

8

rro=n{elem ()™ ) e e, a £0) 0 (1)
= {a e ((3)™7) lwe ™t w0} 0 ()
=n{z"M|zel™t, 2#0} nUITy" =1"" 0 (ITy.

In order to prove the second part of (b), note that in this case, for each
0#x el wehave

Ic 'R => ICe'M = ITCa 'MT =2"'M
= (ITy" C(z M)y = x= 1 M*T C =17,

Therefore, if (IT)*" = =T for some nonzero x € I~ then ['* C 27'R C
=T = (IT)*7. Thus, in this case, I® = [VF. Assume that (IT)*7 C &~ for
all z € I71. Then (IT)** C 7'M and thus

(ryrcni{e™ M| zel ™, 240} =17,
hence I° = (IT)*T.

(c) Let 0 £ a € M, and let z € T\ R. Set I := (a,az)R. Then obviously
IT = aT (since z is invertible in T), thus (ITY*" = aT = IT.

Note that, in this case, (/T)*" = aT' C 7T for all z € I, As a matter
of fact, if a1 = = 'T for some € ™!, then ax = v is a unit in 7' and az € R
(because a € I and x € I~!). Hence, ax is a unit in R. Now we reach a
contradiction, since we deduce that I C 2 'R=aR C I, i.e., I = aR.

By (b), we have that [® = (/T)*" = aT = I1' 2 I, hence ¢ # dg.

Assume also that 7' C M=t Since I° = (IT)*™ = aT, I'F = (I°)'r =
(aT)'® = a(R :x (R:x T)) =a(R:x M) D dal' = (IT)" = I°. Therefore
< ;ﬁ UR.

(d) In the present situation, we can find a,b € M such that T ¢ bT and
bT & aT. Set I := (a,b)R.

Tt is easy to see that I is not a principal ideal of R. (If I = (a, b) R = ¢R, then
a =cry,b=crqo,c = asy +bsy and so 1 = rysy + rosy for some ry, 51,79, 89 € R;
hence either r1s1 or ros2 = 1 —r1s7 is a unit in the local ring R. For instance, if
7151 1s a unit in R, then 7y is also a unit in R and so ¢cR = aR. Thus bR C aR,
contradicting the choice of a and b.)

Note that 7 is not a divisorial ideal of R. As a matter of fact, if I = IV,
then I should be also an ideal of T' (i.e., I = IT) by [ Corollary 2.10]. On the
other hand, if z € T\ R, then az € IT =1 = (a,b)R and so az = ary + brs, i.e.,
a(z —ry) = brg forsome ry,ro € R. If 2z —ry € M, then z € vy + M C R, which
contradicts the choice of z. If z —ry € T\ M, then a = bro(z — 1)~ € b7,
which contradicts the choice of @ and b. Hence, [ # [T and so | # [VF.

If (IT)** = 2= for some nonzero x € I=1, then (by (b)) I° = [VR # I,
and so dgr # o. Assume that (IT)*7 # 717 for all # € I=1, then (by (b))
I =Ty 21T 21, and so dg # ©.

Finally, suppose that T'= (R :x M) and that xp = vp. Let J be a nonzero
fractional ideal of R. If J is divisorial, then obviously J® = J = JY®. Assume
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that J is not divisorial, then JJ~! C R IfJTYT = =T for some nonzero
x € J71, then (by (b)) J° = JUr. If (JT)'7 # 2= for all x € J~1, then (by
(b)) Jo = (JT)'7. Since T = (R :x M) = (M :x M), every divisorial ideal of
T is divisorial as an ideal of R by [E&, Corollary 2.9]. Therefore

g = () = (7)) = (JT)r =,

hence we conclude that ¢ = vg.

The previous construction of the star operation ¢ on the integral domain R
arising from a pullback diagram gives the idea for “lifting a star operation” with
respect to a surjective ring homomorphim between two integral domains.

Corollary 2.4 Let R be an wntegral domain with field of quotients K, M a
prime ideal of R. Let D be the factor ring R/M and let ¢ : R — D be the
canonical projection. Assume that % s a star operation on D. For each nonzero
fractional ideal T of R, set

r© o= {x_lgo_l ((#)*) | zel™t x+# 0}
= ﬂ{xgo_l ((xﬂ#)*) |xe K, IC xR} ,

where, as before, if % is the zero ideal of D, then we set ©~! ((’ZIJEM)*)

= M. Then x¥ s a star operation on R.

Proof. Mutatis mutandis the arguments used in the proof of Proposition =l
show that x¥ is a star operation on R. a

Using the notation introduced in Section 1, in particular, in Example &8
we immediately have the following:

Corollary 2.5 With the notation and hypotheses introduced in (b) and Propo-
sition Bl if we use the definition given in Corollary B3 we have
o= (*p)¥ A (*1)". 0

We next examine the problem of “projecting a star operation” with respect
to a surjective homomorphism of integral domains.

Proposition 2.6 Let R, K, M, D, ¢ be as in Corollary 2] and let L be the
field of quotients of D. Let x be a given star operation on the integral domain
R. For each nonzero fractional ideal F' of D, set

Fre = ﬂ{ygp ((go_l (y—lF))*) lyel, FC yD} .

Then *, 1s a star operation on D.

Proof. The following claim is a straightforward consequence of the definition.
Claim 1. For each nonzero fractional ideal F' of D, F' C F*¢.

Claim 2. For each nonzero z € L, (zD)*s = zD (in particular, D*» = D).

11



Note that
(zD)*» =n {ygp ((gp‘l (y_lzD))*) |yelL, zDC yD}
C o ((¢7 (D)) = 20 (R') = 20 (R) = 2D

The conclusion follows from Claim 1.

Claim 3. For each nonzero fractional ideal F' of D and for each nonzero
z €L, () = zF~».
Given 0 # z € L, for each nonzero y € L, set w:=yz € L. Then
ree =0{ue (¢ (v F)") lve L, F cuD)
=n{2e((¢" (2F))) |weL, FC 2D}
=N {z_lwgo ((gp‘l (w_le))*) |wel, zFC wD}

= z:l (ﬂ {wgp ((go_l (w_le))*) | wel, zF C wD})

Hence, we conclude that (zF)*s = zF™».

Claim 4. For each pair of nonzero fractional ideals Fy C Fy of D, (Fy)* C
()"
Note that if y € L and Fy C yD, then obviously Fy C yD, therefore
(Fo)* =N {ys@ ((Sp_l (y_le))*) |ye L, F,C yD}
>0{ye (¢ (' P)7) lyel, PICyD} = (R
Claim 5. For each nonzero fractional ideal ' of D, (F*¢)™s = "¢,
Note that from Claim 1, 2 and 4, if y is a nonzero element of L, we have
FCyD < I C(yD)» =yD,
therefore
(o) =0{ye ((¢7 (' F*))") |y e L, F*= CyD}
=0 {ye ((¢7 (' F™))") lyeL, FCyD} .
On the other hand,

FCyD = F* Cyp ((so‘1 (y‘lF))*) = yTlF* Cop ((sf1 (y‘lF))*)
Therefore,

e ) S (o (67 E))) = (e ()
since (p~! (y_lF))* D¢~ (y'F) D M =Ker(yp).
Now, we can conclude
(Fe ) Zﬂ{yso( - (y‘lF**’))*) lyel, FC yD}
Cﬂ{ygo(( - (y_lF))*)*)|yEL,ngD}

_m{yso( "y 1F)))|yEL,ngD}:F*¢’
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and so, by Claim 1, (F"#)* = F~». ad

In case of a pullback of type (bT) the definition of the star operation
given above is simplified as follows:

Proposition 2.7 Let T, K, M, k, D, ¢, L, S and R be as in (b1). Let x be
a gwen star operation on the integral domain R. For each nonzero fractional
tdeal F' of D, we have

Pre= g (i) = S

Proof. For the extreme cases M = (0) or D = k, it trivially holds, so we may
assume that M # (0) and D C k. We start by proving the following:

Claim. Let I be a fractional ideal of R such that M C I C S = ¢~(L)
and let s € S\ M. Then (sI + M)* = sI* + M.

Choose t € S such that st — 1 € M. Then ¢(s] + M)* = (ts] +tM)* C
(tsI+M)* = (I+M)* = I*. Therefore st(sI+M)* C sI*,sost(sI+M)*+M C
sI* + M C (sI+ M)*. Put m := st — 1. Since m(s] + M)* = (msI + mM)* C
M* = M (where the last equality follows from the fact that M is a divisorial
ideal of R), we have st(sI + M)*+ M = (1 +m)(sI + M)* + M = (sI + M)*.
Thus we can conclude that (sI + M)* = sI* + M.

Now, let F' be a nonzero fractional ideal of D and let I := ¢~(F). For each
element y € L such that F C yD, we can find s,,t, € S\ M such that ¢(sy) =y
and ¢(t,) = y~'. Using the above claim, we have

Fro ={ye((¢™ (v~ ' F)*) lye L, FCyD}
= Wye(tyl + M)*) [ye L, FCyD}
= Wyplty "+ M) |y e L, ' CyD}
= {e(sy(tyl"+ M)) |y € L, F CyD}
= M{p(sytyl™ +syM) |y €L, FCyD}
= N{p(syty " +syM + M) |ye L, FCyD}
= Mp(syty "+ M) |ye L, F CyD}
= {p((sytyl + M)*) |y € L, FF CyD}
( (=1 (,)"

=n{e(I*) |y €L, FCyD}=p(I") =4 = 5. 0

Remark 2.8 As a consequence of Proposition &0 (and in the situation de-
scribed in that statement) we have the following:

If I is a nonzero fractional ideal of R such that I C S and sI C R for some
s € S\ M, then I* C S for any star operation x on R. As a matter of fact, I* C
IF'S=r'M+sS)=I'M+sI'SC{IM)"+(sI))SCM*+S=M+S5=S5.

Proposition 2.9 Let T, K, M, k, D, ¢, L, S and R be as in (bT). Let x be a
given star operation on the integral domain D, let x := x¥ be the star operation
on R associated to x (which is defined in Corollary |g) and let x, (= (%¥),)
be the star operation on D associated to x (which is defined in Proposition E=).
Then = %, (= (x%),).
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Proof. For each nonzero fractional ideal F' of D and for each y € L such that
F CyD, J := y~'F is a nonzero integral ideal of D. Set I, := ¢~'(J) =
¢~ Y(y='F) (C R). Note that I, is a nonzero ideal of R such that M C I, C R,
and so ¢(Iy) = I,/M = J(C D). Moreover, we have

(I)" = ﬂ{l“lso‘l ((%)*) EXnET" 0}
-n {w—l ((%)*) | I, C2RC K}
= (ﬂ {xgo_l ((MTy+M)*) | I, CazM, z€ K})

N ( {w—l ((%)*) | I, CaRC K, but I, ¢ xM})
=(N{zM| I, CzM, J:EA})

m( {w 1((#) ) | IynggK,butIygxM}).

e For the first component of the previous intersection, note that since M
is maximalin S and M C I, C R, [, = S. On the other hand, I, C xM, thus
e Y (D)=RCS=1,5CaxMS =M. Therefore, we have

N{zM | I, CaM C K} DY (D) D=t (™ F)*) .

e For the second component of the previous intersection, note that

e ' ,CRand MCI,CR = 2 '[,SCS and [,5S = S = ales.
Ontheotherhand itl, & «M (I, C a:R) and z~ Y € S, then z71 € 5\
M, and so ¢(z71) € go(S\M) =L\ {0} Note also that (z='1, + M)/M =
p(e=1) (1, /M)

Set

L= (7)) (297 (v F) =y )
hence I[,/M = (y™'F)" = (I, /M)~ .
Then we have
-1 *
n{aet () ) | Iy CaRC K, but &y ¢ M |}
*
:ﬁ{xgo_l ((go(x_l)lﬁy) | I, CzRC K, but I, ,@J;M}
)| I, CeRCK, but I, ¢ «M |

I, CeRC K, but I, ¢ oM |
=n{z(z"'+M)| I, Cx Rglx,butInyM}
=n{l,+eM| I, CeRCK, but I, ¢ aM } =1 = ' ((y"'F)*),

_— N
>

since for = 1 we have [, C 2R C K but I, M.

Note that the first component of the intersection representing (I,)* might
not appear, but the second component necessarily appears, since at least for
@ := 1 we have that [, C «R C K but [, ¢ M. Putting together the
previous information about the two components of the intersection, we have

(e Ny ' F) = (1) =7 ((y ' F)") .
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Therefore we conclude that

F*s Zﬂ{yso ((so‘1 (y‘lF))*) lyeL, FQyD}
=n{ye ((1y)") | ye L, FCyD}
=N{yp (¢ ' (v 'F)*)) lye L, FCyD}
=n{y(y ' F)*|ye L, FCyD}
:ﬂ{yy‘lF*|yEL,ngD}:F*. O

Remark 2.10 With the notation and hypotheses of Proposition 24, for each
nongero fractional ideal F' of D, we have

Fr=g (g7 (F)7) .
As a matter of fact, by the previous proof and Proposition E=ll, we have that
F*=F* = o1 (F)*" /M.

Corvollary 2.11 Let T, K, M, k, D, ¢, L, S and R be as in (bT).

(a) The map (—), : Star(R) — Star(D), * — *,, is order—preserving and
surjective.

(b) The map (—)¥ : Star(D) — Star(R), x — %%, is order—preserving and
mygective.

(¢) Let x be a star operation on D. Then for each nonzero ideal I of R with
MCICR,
=7 ((e(D)) -

Proof. (a) and (b) are straightforward consequences of the definitions and
Proposition BB since (—)¥ is a right inverse of (=), (i.e., (—),0(—)¥ = lsiar(D))-
(c¢) Let # := %?. Then by Proposition B we know that *, = x. Therefore,
using Proposition B2l we have
(p(1))" = (o)™ = LD £ o1
and hence =1 ((¢(1))") = I*". =

The next result shows how the composition map
(—=)¥ o (—)y : Star(R) — Star(R)

compares with the identity map.

Theorem 2.12 Let T, K, M, k, D, », L, S and R be as in (bT). Assume
that D C k. Then for each star operation x on R,

< (()e)” -

Proof. Let I be a nonzero integral ideal of R. For each nonzero » € I, if
xI ¢ M, then by Proposition =1 (#)*“’ = (“LM) ) (“)M‘l'M. Now using
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the fact M™ = M for M # (0), we have

1o —n{ee ((5)7) e 11 o 20)

( {x_lgo_l ((“"'M)*“’)|x€[‘1,x¢0,ngM})ﬂ
(M{z"'M|zel, a#0, 2] CM})

(ﬁ{x_l -1 (Lﬂ;—ﬂ)|x61_l,x¢0,x1gM})ﬂ
ﬂ{x_lM*|xEI‘l,xgéO,ng_lM})

Q(Q{x_l l‘[)*+M)|l‘EI_ ,a£0, 2l ¢ M})NI

D(N{z= (D)) |zel a0, zlgMy)NI"=1". 0O

J

©

In Section 3, we will show that in general * < ((x),)". However, in some

relevant cases, the inequality is, in fact, an equality:

Corollary 2.13 Let T, K, M, k, D, ¢, L, S and R be as in Theorem E=.
Then

vr = ((vr)y)?;  (vp)? =vr;  (vR)y =vp.

Proof. Use Proposition B, Corollary BZ&l (b), Theorem B and [E8, Theorem
34.1 (4)]. More precisely, note that (vr), < vp, and so vg < ((vr),)? <
(vp)¥ < wgr. On the other hand, if (vg), < vp, then vp = (vr)y)” < (vp)?,
which is a contradiction. ad

Our next goal is to apply the previous results for giving a componentwise
description of the “pullback” star operation ¢ considered in Proposition E=l

Proposition 2.14 Let T, K, M, k, D, », L, S and R be as in (bT). Assume
that M # (0) and D C k. Let

& : Star(D) x Star(T) — Star(R), (xp,*r) — ¢ := (*p)¥ A (»1)",
be the map considered in Proposition Bl and Corollary B2l The following
properties hold:

(a) Cp = *D-
(b) ¢, = (vr), A (€ Star(T)).
(c) o= (0p)? A (o).

Proof. (a) Without loss of generality, we only consider the case of integral
ideals of D. Let J be a nonzero integral ideal of D and let [ := ¢~1(J). Since
M C I C R, wehave IS = 5, where 5 := o~ Y(L), and so IT = T. Therefore,
by Proposition =l and Corollary Bl (c), J% = (I°) = o(I*P)" N [61)") =
p(IU2)" N (ITYT) = o(I%P)” NT) = p(I*P)7) = o= (J*P)) = J*.

(b) Without loss of generality, we only consider the case of integral ideals of
T. Let I be anonzero ideal of T' (in particular, I is a fractional ideal of R). Then
for each # € I7' = (R :x I), we have IT = 2l C R,so 2l C (R:x T) = M.
Therefore

1600 = (o=l ((p(aD))®) |2 € 17, « #0)
=Nz 'M|zel!, «#0}=1",
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and so
Io0 =0 = [60)" A = [Vr O [T = [WR) O [T = JR) AT
Note that 7° (C V") is an ideal of R. Moreover, I°* is an ideal of T', because for
each nonzero x € T, xI® = x(I"F N I*T) = (x)VF N (k)T C VRO T = [,
Finally, since xp is a star operation on T, it is easy to check that o, (restricted
to F(T)) belongs to Star(7T).
(¢) Since o < wg < ((vg),)", (using also Example lRl) we have that

o= (*p)? A (*r)" = (*p)? A ((vR).)" A (*7)"
= (*p)? A((vR)e Axr)" = (04)% A ()" =

Example 2.15 With the same notation and hypotheses of Proposition =l
we show that, in general, ¢, # *.

(1) Let T := k[X, Y](x,y) and let M := (X, Y)T". Then T is a 2-dimensional
local UFD. Choose a subfield D := L of k such that [k : L] = 2. In this situation
we have that T'C (R :x M) C (T :x M), and (T :x M) = T because T is
2-dimensional local UFD (hence, Krull) with maximal ideal M. Therefore,
T = (R :x M). By Example B (d), if xp := vp, then ¢ = vg and M'" = T.
But M = M®=M"" =M £T = M'" = M*".

(2) Note that o, # *p, even if L = k. It is sufficient to consider a slight
modification of the previous example. Let D be any integral domain (not a
field) with quotient field L. Let T' := L[X,Y](ny) and let M := (X,Y)T. Set
3= (vp)? Avr)'. Then M® = M® = M) AMET) = MrvrAM©T)" = M,
because MUF = M and M7)" = (MT)'T = M7 =T.

Remark 2.16 (a) Note that, with the same notation and hypotheses of Propo-
sition =X the map ® is not one-to-one in general.

This fact follows immediately from Example 2= and Proposition == (b)
and (c), since

(50)% A (x1)" = 0 = (6,)% A (0.}

(b) In the same setting as above, the map ® is not onto in general.

For instance, in the situation described in Example = (d), we have that
dr € Im(®). Another example, even in case I = k, is given next.

Example 2.17 Let D be a I-dimensional discrete valuation domain with quo-
tient field L. Set T := L[X? X3, M := X?L[X] = XL[X]NT and K := L(X).
Let ¢ and R be as in (b™). Then vg ¢ Im(®).

Note that, for each ¢ € Im(®), o < (vp)? A (vp)" < vg. In order to show
that vp & Tm(®), it suffices to prove that (vp)? A (vr)" # vg. The fractional
overring T of R is not a divisorial ideal of R, since T® = (R :x (R :x T)) =
(R :x M) D L[X] D T. Therefore, 7o) Mvz)" = pvrAlvr)” = Tvr A vr) =
TVENVT =Y ﬁT:Tg TVE,

Theorem 2.18 With the notation and hypotheses of Proposition LI} set

Star(T;vg) := {*r € Star(T) | »r < (vr),}.
Then
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(a) Star(T;vg) = {*r € Star(T) | (vp A (x7)"), =*7 }
= {x, | x € Star(R)} N Star(T)
={*, | * € Star(R) and T* =T}.

(b) The restriction ®' := ®|Sgar(p)xStar(Twy) 5 one-lo-one.

(c) Emgé}’) = Star(R;(b*")) := {x € Star(R) | T* = T and * = (x,)¢ A

Proof. (a) We start by proving the following:

Claim. Let xp € Star(7T;vg) and let xp € Star(D) be any star operation
on D. Set, as usual, ¢ := (%p)? A (x7)*. Then o, = xr.

Note that, by Corollary B, © = ®((*p,*7)) <5 := ®((vp,*7)) = (vp)¥ A
(*7)" = vp A (*7)" € Star(R) . Hence, by using Theorem B (b), Examples Bl
(h) and IR (b), we have (vg), Axr = o, <3, = (v A(*7)"), = (vr), A((*1)"), =
(vr), A, thus o, =3, = xp, because xp € Star(T;vg).

From the previous argument we also deduce that

*xr < (vr). & (vrRA(*r)'), =*1.

Now, let * € Star(R) be a star operation on R such that %, € Star(T).
Then obviously #, < (vg),, whence %, € Star(T;vg), and T* = T* = T.

If x € Star(R) is such that 7* =T, then clearly we have x, € Star(T).

If 7 € Star(T;vr), then by the Claim, xp = 3, with & € Star(R), hence
7 € {*, | * € Star(R)} N Star(T).

(b) is a straightforward consequence of the Claim and of Proposition E
(a)

(¢) follows from the Claim and from Proposition E=kl (a) and (c). |

We next apply some of the theory developed above for answering a problem
posed by D. F. Anderson in 1992.

Example 2.19 (D + M —constructions).

Let T be an integral domain of the type &+ M, where M is a maximal ideal
of T and k is a subring of T canonically isomorphic to the field T/M  and let D
be a subring of k& with field of quotients L (C k). Set R:= D+ M. Note that
R is a faithfully flat D-module.

Given a star operation * on R, D.F. Anderson [ page 835] defined a star
operation on D in the following way: for each nonzero fractional ideal F' of D,
! P = (FRY" L.

Note that FR = F'+ M. From [B Proposition 5.4 (b)] it is known that for each
nonzero fractional ideal F' of D,

(1) F*r + M = (F + M)*;
(2) FFr=(F+M)y*NL=(F+M) Nk,

Claim. If ¢ : R — D is the canonical projection and if *, is the star
operation defined in Proposition B then *p = *,.
In particular, by [H Proposition 2 (a), (c)], we deduce that
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(a) (dr)ey =dp, (tr)e =tp, (vrR)p =vp, and

(b) (xp)e = (ko) -
Note that if y is a nonzero element of the quotient field L of D, then y

belongs to k, and thus, y is a unit in 7 and so y~'M = M. Therefore, for each
y € L such that F' C yD, we have

yp ((so‘1 (y‘lF))*) = yp ((y‘lF + M)*) = yp ((y‘lFJr y‘lM)*)
=yp (v (F+M)") = yp (y " (I + M))
=y (y Py~ M) = yp (y~' P + M)
=y 'Fr) =1,
hence (Proposition ) F*¢ = F*P.
By applying Proposition BB and Corollary BZ& (a) to the particular case of
R = D+ M (special case of (b)), we know that the map
(—)p : Star(D+ M) — Star(D), * %, =*p ,
is surjective and order-preserving and it has the injective order-preserving map
(—)¢ : Star(D) — Star(D+ M), *—*¥ |
as a right inverse. This fact gives a complete positive answer to a problem posed

by D.F. Anderson (cf. [, page 226]).

3 Transfer of star properties

In this section we want to investigate the general problem of the transfer —in
the pullback setting— of some relevant properties concerning the star operations
involved. In particular, we pursue the work initiated by D.F. Anderson in [g]
for the case of the “D + M”—constructions. We start by studying which of the
properties (a) and (b) of Example BEl hold in a more general setting.

Proposition 3.1 Let T, K, M, k, D, L, ¢ and R be as in (b™).

(a) Let R :={Rx | A € A} be a family of overrings of R contained in T such
that "{Rx | A € A} = R, and let D := {Dy 1= ¢(Rx) | A € A} be the
corresponding family of subrings of k (with N{Dx | A € A} = D), then

(¥R ) =D .

(b) If D := {Dx | AN € A} is a family of overrings of D such that N{Dy |
AeEA} =D and if R := {R\ := ¢~ (D)) | A € A} is the corresponding
family of subrings of T (with "{Rx | A € A} = R), then in general

*R S (*D)w.

Proof. (a) Note that in the present situation ¢=1(D)) = R, for each A € A,
D =n{Dy | XA € A}, and for each nonzero fractional ideal J of D, JO”R)e =

¢ ((¢71(J))*®) (Proposition E=l). Moreover,

e (e 1) R) =@ (M{e ' (J)Rx | A€ AY})
= (e () (Dr) | A€ A})
= (™ N{IDA | A eA}) = ¢ (p7H(J*P)) = T
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(b) Note that ¢(Ry) = ¢(¢~(Dx)) = Dy for each A € A. Therefore, by
(a), (*r)e = *p, thus ((xr),)? = (xp)¥. If D =k, then D = L is a field, thus
D = {D} and R = {R}. So, obviously, xg = dr < (xp)¥. If D C k, then the
conclusion follows from Theorem okl m]

Proposition Bl (a) can be generalized to a statement concerning a surjective
homomorphism between two integral domains:

Proposition 3.2 Let R, K, M, D, ¢ be as in Corollary [ Let {+, | A € A}
be a family of star operations of R. Then
(AFx ) = Alka)g -

Proof. Let J be a nonzero fractional ideal of D and let y be in the quotient
field L of D. Then

J/\(*A)v =
{(N{ye((e™ (w1 ))) | J CyD}) [ A €A}

{y(n{e ((¢=H(y=I))™) [ A€ A}) | J CyD}

{ye (N{(¢™Hy™1 ) [XEA}) | J CyD}

{ye (¢~ (y=tI)") | J CyD} = JA=)e O

Proposition 3.3 Let R, K, M, D, ¢ be as in Corollary 23 Then
(dr)y =dp .

Proof. For each nonzero fractional ideal J of D, we have

Jr)e = n {y‘lso ((so‘1 (yJ))dR) lye ™t y# 0}

=nf{y e (e (W) lyeJ ™, y#0}
=n{y ') |yeJ " y£0}=J=Jir. .

The next couple of examples explicitly show that the inequalities in Theorem
B and Proposition B2l (b) can be strict inequalities (i.e., * < ((*¥)e)” and
*R § (*D)w).

Example 3.4 Let T, K, M, k, D, ¢, L, S and R be as in (b1). Assume,
moreover, that T is local with nonzero maximal ideal M, D = L is a proper
subfield of k, and that T' C M~=Y= (R : M). In this situation,

dr < (dp)? = ((dr)y)” -

With the notation of Proposition E&ll (b), take D := {D}, hence R = {R},
thus #p = dp = wvp and g = dg. In this situation, by Corollary EZ=
(*p)¥ = wg. Therefore, by Proposition E=l and Example B (¢) and (d),
(*p)? = (dp)* = ((dr)p)" =vr > dr =*r.

Note that it is possible to give an example in which * < ((¥)e)” and dg <
(dp)¥, even in the case that D C [ = k:
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Example 3.5 Let D be a I-dimensional discrete valuation domain with quo-
tient field L. Set T := L[X? X3, M := X?L[X] = XL[X]NT and K := L(X).
Let ¢ and R be as in (bT) with [, = k. Then, dp < wvr = ((dr)y)?.

Since (dr)y = dp = vp and (vp)? = vg (Corollary BEE), we have ((dr),)? =

vr. Now consider, for instance, the fractional ideal T" of R. We know, from
Example B2E that 7 is not a divisorial ideal of R, i.e., T9%" =T < T"%. Thus
we have dp < vg = ((dr)y)?.

The next goal is to show that (tg), = tp (but, in general, tg < (tp)? =
((tr)y)?). We start with a more general result concerning the preservation of
the “finite type” property.

Proposition 3.6 Let T, K, M, k, D, ¢, L, S and R be as in (bt). Lel x be
a gwen star operation on the integral domain R.

a) If x is a star operation of finite type on R, then x, is a star operation o
P yp ; %) P
finite type on D.

(b) If * is any star operation on R, then (x)y = (%,)7 .

Proof. (a) To prove the statement we will use the following facts:

(1) For each integral ideal I of R such that M C I, (ﬁ)*“’ = (p(I)™ =
p(I*) = % (Proposition [EZ8).

(2) For each nonzero ideal I of R, (I + M)* D I* + M.

(3) For each nonzero ideal J of D and for each y € L with J C yD, if F,

is a finitely generated ideal of R such that Fy, C I, := ¢~} (y_lj), then yp(Fy)
is a finitely generated ideal of D with ye(F,) C J.

For each nonzero ideal J of D, we have

s =0{ye (¢ (' 0)7) lwe L, J CyD}
=n{ye (L) lyeL, JCyD}
—ﬁ{ygo(U{F*|F Cl, Fye f(R)})|y€eL, JCyD}
=n{u{ye (F, )|FC Fef R)} |yeL, JCyD}
_m{u{F +M|F Cl, F,€f(R }|yEL JCyD}
gm{u{%mc , Fye f(R )}lyeL,ngD}
:ﬂ{U{y(Fy+M) | Py C I ,Fyef(R)}|yeL,ngD}
N{Uly(p(F))* | Fy Cly, Fy€ f(R)} |y€ L, JCyD}
_ﬂ{U{(W( ) F, C L. Fy € f(R }IyEL J CyD}
QO{U{G**’IGQJ GEf( )}IyEL J CyD}
=U{G™ |GCJ, Ge f(D)} CJ™

where we may assume each F, € M so that we can use Fact (1).

Thus, J*» =U{G™ |G C J, G € f(D)}.

21



(b) Since both (*f), and (,); are star operations of finite type on D by
(a), it suffices to show that for each nonzero finitely generated ideal J of D,
J&)e = Je)s . Recall that if J is a nonzero finitely generated ideal of D, then
o~ 1(J) is a finitely generated ideal of R [Ell, Corollary 1.7]. Therefore

Jeeds = Jre = {yso ((gp_l (y—lj))*) |lyelL, JC yD}

- {W (@_1 <y_1j))*f) lyelL,JC yD}
= J&ie .

Proposition 3.7 Let T, K, M, k, D, ¢, L, S and R be as in (bT). Then
(tR)Lp =1ip.
Proof. Easy consequence of Corollary =& and Proposition B (b).

Remark 3.8 In the same situation of Example B2l choosing D to be a Dede-
kind domain with infinitely many prime ideals, we have
tr < (tp)” = ((tr)y)” -

Using Proposition Bl we have (tp)” = ((tr),)¥. We claim that, in the
present situation, the set of the maximal ¢ g—ideals of R coincides with Max(R).

Note first that since dim(7") = 1, the contraction to R of each nonzero prime
ideal of T has height 1 B8, Theorem 1.4], so it is a { g—prime of R [B4, Corollaire
3,p. 31]. Let @ € Max(R). If @ 2 M, then @ is the contraction of a prime ideal
of T, so @ is a tg—prime. If Q D M, then % = (%)”D = % by Proposition
B and hence we have Q% = (). Therefore, in this case also, () is a t g—prime.

Note that M is a divisorial prime ideal in R, hence in particular M is a prime
tp—ideal and it is contained in infinitely many maximal (¢z—)ideals, therefore
R is not a TV-domain, i.e., tg # vp [BEl, Theorem 1.3 and Remark 2.5]. Since
((dr),)¥? = (dp)¥ = (vp)¥ = vg, automatically we have ((tr),)¥ = (tp)¥ =
vg. Thus, in this example, we have tg < (tp)¥.

Note also that this example shows that if x is a star operation of finite type
on D, then x¥ is a star operation on R, which is not necessarily of finite type
(e.g. take ¥ :=1tp = (tr)y)-

In the pullback setting that we are considering, it is also natural to ask about
the transfer of the property of being a “stable” star operation.

Proposition 3.9 Let T, K, M, k, D, ¢, L, S and R be as in (bT) and let *
be a star operation on R. Then

*o = (%) -
Proof. If D = k, then since D = L is a field, obviously we have %, = (*,;).
Assume that D C k.

Let J be a nonzero integral ideal of D and let I := ¢=1(J). We first show

that J* C J(/*:). By Proposition =8 J*+ = % Moreover, recall that J*¢) =
{lye D |y C J for some finitely generated ideal J; of D such that Jf“’ =D}
[respectively, I* = {# € R | &Iy C I for some finitely generated ideal I, of
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R such that I} = R}]. Let y € J**. Then y = ¢(x) for some x € I*. So
xzly C I for some finitely generated ideal I} of R such that I = R. Set
Ji=e(h) = % Then J; is nonzero finitely generated, and by Proposition
= = LI;LMML* = % = D. Since I, C I, yJ1 = ¢(xl1) C o(I) = J, and
hence y € J*¢).

Conversely, let J be a nonzero integral ideal of D. If y € J*¢) = Jle)s =
JU1)e (Proposition B (b)), then yJ; C J for some finitely generated ideal J;

* . * tr L.

such that Jl( 1 = D Set I == ¢~ 1(J1). Since Jl( e — 117 = D (Proposition
E3), [’ = R. Therefore, there exists a finitely generated subideal I, of I; such
that Ij = R. Write y := ¢(z) for some x € R. Since xly C 2I; C I := ¢~ 1(J),

x € I*, and hence (using Proposition Bl again) y € % = J®e, O

o ———

Corollary 3.10 Let T, K, M, k, D, ¢, L, S and R be as in (bT). Then
(wR)w = Wwp .

Proof. Recall that wp = vg and wp = vp. The conclusion follows from
Proposition B4 O

Remark 3.11 The example considered in RemarkB= shows that we can have
wr < ((wr)p)? = (wp)?.

Since Max(R) = M(tr) (= the set of the maximal ¢p—ideals, according to
the notation in Example & (e)), wr = %am(t) = dr. In particular, 7% = 1T'.
On the other hand, we know that ((dr)y)? = (dp)¥ = (vp)¥ = vr. Thus we
have ((wgr),)? = (wp)¥ = vg. As we have already noticed (Example B, T
is not a divisorial ideal of R, i.e., T"® 2 1"="T"#. Thus, in this case, we have

wWr § (wD)W.

Since the stable star operation * is a particular type of spectral star oper-
ation, the next goal is a possible extension of Proposition B to the case of
spectral star operations. We start with the following:

Lemma 3.12 Let T, K, M, k, D, ¢, L, S and R be as in (bT). Assume that
DCk.

(a) Let P be a prime ideal of R containing M. Set Q := ¢(P) and Rp,,) =
©~Y(Dq). Then Rp,y=RpNT.

(b) Let A(#£ 0) C Spec(R) and assume that x := xa € Star(R). Set Ay :=
{P€A|PDM}. For each nonzero integral ideal I of R containing M,

we have
I = ﬂ{fR(pyw) | P e A}
(Note that Ay #10.)

Proof. (a) is straightforward.
(b) If M = (0), then A = Ay and R(p ) = Rp, so it trivially holds. Assume
that M # (0). Let I be an integral ideal of R containing M. Recall that for
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each P € A\ Ay, there exists a unique P’ € Spec(T) such that P’ R = P and
Rp = Tp: i3, Theorem 1.4], hence in particular Ay # () (otherwise xa would
not be a star operation on R). We have

I* =n{IRp|PEA}Y=(N{IRp |P A })N(N{IRp | P EA\AL})
=(N{IRp | PeA})N(N{Rp | P € A\ Ay})
D(N{IRp | PeM)NT O{IRpy | P €A},

Conversely, let « € I* and let P € Ay (which is nonempty). Then there
exists s € R\ P such that sz € I. Since ¢(s) € D\ ¢(P), ¢(s) is a unit
element of Dy (py, and hence there exists ¢ € R(p,,) such that ¢(t)p(s) = 1, or
equivalently, ts—1 € M. Put ts—1 =:m € M, then tsx = (1 + m)x = x4+ ma.
Since tsx € IRp )y and me € MI* C MR = M C I C IR(py), we have
v =tsx —mx € [Rp . O

Proposition 3.13 Let T, K, M, k, D, », L, S and R be as in (bT). Let A
be a nonempty set of prime ideals of R and assume that x := %5 € Star(R).
Set A, :={p(P)|P €A, PDM} (CSpec(D)). Then

(*A)W = *Av :

Proof. If D = k, then since D = L is a field, we obviously have (xa), = *a, .
Assume that D C k, then A, # 0. Let J be a nonzero integral ideal of D and let
Ii=¢71(J). Set Ay ={P €A | P DM} hence A, ={p(P)| P € A} Since
I'is an integral ideal of R containing M, I* = N{IR(p,) | P € A1} by Lemma
EX (b), and so, using Proposition B&l, we have J*» = o(I*) = N{e(I)Dypy |
PeA}=n{JDyppy | PEA}=n{JDq |Q € Ay} = J v, o

Remark 3.14 (1) Note that from Proposition B2 we can deduce another
proof of Proposition B2 As a matter of fact, for each star operation * on
R, % = %, where A := M(x¢) (Example I& (e)). In the present situation,
Ay :={P € M(xs) | P O M}. By using Proposition =l and Proposition EH
(b), it is easy to see that

PEA & Qi=p(P)e M((w)s).

(2) Note that if x := %a Is a spectral star operation on D, then *¥ is not
necessarily a spectral star operation on R (in particular, (xa)¥ # *ae, where
A? :={P € Spec(R) | ¢(P) € A}).

To show this fact, let D be a 1-dimensional discrete valuation domain with
quotient field I and maximal ideal N. Let T := L[X? X3] and let M :=
X?L[X] = XL[X]NT. Under these hypotheses, let R be the integral domain
defined (as a pullback of type (b*)) from D, T and the canonical projection
¢ : T — L. Then, R is a 2-dimensional non-Noetherian local domain. Let A :=
Max(D) = {N}. Then x := xa = dp = vp and x* = (vp)¥ = vr (Corollary
ER). Since A¥ = Max(R), xa» = dgr. Suppose that ¥ is spectral, then by
Proposition B2kl and Proposition B we have necessarily that «¥ coincides with
*Av, 1.6., vg = *¥ = xa¢ = dp. This is a contradiction, since T"" = (R g
(RigT))=(R:xg M) DL[X] DT = Tix .
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Proposition 3.15 LetT, K, M, k, D, ¢, L, S and R be as in (b1). If x is an
a.b. [respectively, e.a.b.] star operation on R, then %, is an a.b. [respectively,
e.a.b.] star operation on D.

Proof. Let J be a nonzero finitely generated ideal of D and let Jy, J2 be two
arbitrary nonzero ideals of D such that (JJy)*¢ C (JJo)*¢. Set I := o=1(J),
I == ¢ 1(J;) for i = 1,2. Since J is finitely generated and IS = S (because
I D M and M is a maximalideal of S), there exists a finitely generated subideal
Iy of I such that ¢(Iy) = J and [yS = S. Then, by Proposition B, we have
(IOIl + M)* g (Io[z + M)* Note that Iofz 2 IOM = IOMS = IOSM =SM =
M for i = 1,2, thus we have (Ipl1)* C (Igl2)*. Since I is finitely generated
and * is an a.b. star operation, I1* C " and so J;™* C J3*#. The statement
for the e.a.b. case follows from Proposition B (b) and from the fact that x is
e.a.b. if and only if *; is a.b.. a

Remark 3.16 (1) Under the assumption of Proposition Bz, if vg is e.a.b.,
then (vgr), = vp Is e.a.b.. In other words, if R is a vg—domain, then D is a
vp —domain 2, page 418].

(2) Let x be an a.b. [respectively, e.a.b.] star operation on D. Then, in
general, ¥ is not an a.b. [respectively, e.a.b.] star operation on R.

To show this fact, take D, T"and R as in Remark E=E (2). Since D is a 1-
dimensional discrete valuation domain, its unique star operation dp (= bp = vp)
is an a.b. star operation (and hence an e.a.b. star operation). Since R is not
integrally closed (because X € K \ R is integral over R), R has no e.a.b. star
operations (and hence no a.b. star operations).

Note that 1t is possible to give an example of this phenomenon also with R
integrally closed.

Example 3.17 Let D be a I-dimensional discrete valuation domain with quo-
tient field L, let T := L[X,Y] and M := (X,Y)L[X,Y]. Under these hypothe-
ses, let R:= D+ (X,Y)L[X,Y] be the integral domain defined (as a pullback
of type (b™)) from D, T and the canonical projection ¢ : T — L. Then (bp)¥
is not e.a.b. (and hence not a.b.) on R.

Note that M is a divisorial ideal of R of finite type, in fact, M = V%R where
I := (X,Y)R. Now, choose aj,as € D\ (0) such that ayD € asD (e.g. put
a1 = a, as = a2, where a is a nonzero nonunit element in D). Set I := a1 R
and Is := asR. Then (I;)'" = (;1)'" = a;I'" = a;M = M (where the
last equality holds because a; is a unit in T') for each ¢ = 1,2. Thus we have
(I11)"" = (II2)"". On the other hand, since ()" = = a;R=a;(D+ M) =
a; D+ M for each ¢ = 1,2, and a1 D € a2D, we have that (I1)"® ¢ (I3)V7.
Therefore, vg 1s not an e.a.b. operation. Since D is a 1-dimensional discrete
valuation domain, the unique star operation dp = bp = vp on D is an a.b.
star operation (and hence an e.a.b. star operation), but vg = (vp)? (Corollary

E) is not e.a.b. (and hence not a.b.).

Recall that given an integral domain 7', the paravaluation subrings of T, in
Bourbaki’s sense [, Chap. 6, §1, Exercise 8], are the subrings of T' obtained as
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an intersection of 7" with a valuation domain having the same quotient field as
T. Tt is easy to see that if R is a subring of T" then the integral closure of R in T’
coincides with the intersection of all the paravaluation subrings of T containing

R[4, Chap. 6, §1, Exercise 9].

Lemma 3.18 Let T, K, M, k, D, ¢, L, S and R be as in (bT). Assume that
D C L =k. Assume, moreover, that D is integrally closed (or equivalently, that
R is integrally closed in T'). Let P :=P(R,T) [respectively, V; V1; W] be the set
of all the paravaluation subrings of T containing R [respectively, the set of all
valuation overrings of R; the set of all valuation overrings (Vi, N1) of R such
that Ny N R D M, the set of all the valuation overrings of DJ. Set bgr := xp
[respectively, bg := »y; *1 := *y,; bp :=*w [. Then

(a) brr [respectively, bp] is a star operation on R [respectively, on DJ; bg
and x1 are semustar operations on R. Moreover,
bR,T <xp Axpry < bg .

(b) (br,r)s = bp.

(¢) If R is integrally closed (which happens if T is integrally closed), then
*1 A xgpy and br are star operations on R. Moreover, (br), = bp and
br < (bp)®.

(d) If T:=V is a valuation domain, then bpp = x1 = %1 A*{r} = br .

Proof. Note that if (V2, N2) € V' \ V4, then Na N R 2 M, and so there
exists a unique prime ideal @5 in T such that Ry,nr = Tg, [E3, Theorem 1.4].
Therefore Vo O Ry,nr =1g, D T.

(a) The first part of this statement is an obvious consequence of the defini-
tions and the assumption that R is integrally closed in T' (and equivalently, D is
integrally closed [ Corollary 1.5]). For each I € F(R), we have [°% = N{IV |
VeVi={IVi|Viewmhn({IVz | V2 eV\ WV H D {IVi|Vievihn
IT=r"nr<m D (NIVNT) | VieWn}) D (M{I(VNT) |V eV} =Ib=r,

(b) Note that since L is a field, the paravaluation subrings of L containing D
coincide with the valuation rings in L containing D [ Chap. 6, §1, Exercise 8
d)]. Moreover, if W is a valuation overring of D, then ¢ =!(W) is a paravaluation
subring of T containing R [E4 Chap. 6, §1, Exercise 8 c)]. On the other hand,
if V' NT is a paravaluation subring of T" (where V' is a valuation domain in
the field K, quotient field of R), then necessarily ¢(V' NT) is a paravaluation
subring of ¢(T) = L, i.e., it is a valuation domain in L containing D [E8 Chap.
6, §1, Exercise 8 d)]. Therefore, for each J € F(D), ¢~1(J%P) = (p=1(J))*" 7.
Now, we can conclude, since we know that for each J € F(D), JrT)e —
(¢~ 1(J))br7)/M (Proposition E=l).

(¢) If R is integrally closed, then bg is a star operation on R [E, Corollary
32.8], and so by (a) it follows that *; A xyr) is also a star operation on R.

Let W = {Wx|X € A}. For each A € A, let Ry := ¢~ *(W,). Then, by
the argument used in the proof of (b), we have P = {Ry|A € A}. Denote by
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A’ the integral closure of an integral domain A. Since R, is integrally closed
in 7T, Ry = R\ NT. Let ty Ry — R, and ¢, : Ry — T be the canonical
embeddings, and set x) := (bRA/)LIA A (dp)*> for each A € A (note that (dp)™
coincides with the semistar operation ;7 on Ry ). Then % is a star operation
on Ry (see also [, Theorem 2]).

Claim 1. Let I be an integral ideal of R properly containing M. Then
(IR>\)*A =1IR,.

Let @ be the maximal ideal of the valuation domain Wy. If o(IRy) =
% # yQx for all y € L\ (0), then since ¢(IRy) is a divisorial ideal of the
valuation domain W, ¢(TRx) = ¢ ((IRA)**) (and hence, (TR))*> = IR)) by
Proposition 28 Assume that ¢(IR)) = Iﬁ* = yQ» for some y € L\ (0).
Choose s € S\ M such that ¢(s) = y and let P\ := ¢=5(Q)) C Rx. Then
IRy, = sP\ + M, and by the Claim in the proof of Proposition E=l we have
(IR))*> = sP\™ 4+ M. By (b), Ry = V4, NT for some valuation overring V) of
R, which has center Py on Ry, thus Py** = (PARA/)bRA’ NPT C AVINT = P
Therefore, in either case, we have (IRy)*» = IRj.

Claim 2. (bR)LP S (bR,T)Lp (: bD by (b))

It suffices to show that for each nonzero integral ideal J of D, J®r)e C
J®rT)e e for each integral ideal I of R properly containing M, I°% C [brr,
Let I be such an ideal. Then [°#7 = N{IR,|A € A} = N{(IR\)" [N € A} =
N{(IRY)'' N IT A e A} = n{((IR\)'™' 0T | X e A} =n{((IRy)""' | X e
AYNT =n {n{IV |V € V, := {valuation overrings of R\'} } | A€ A}NT D
NIV |V eV} =TIt

Therefore, by Claim 2, (a), and the first part of (c), we conclude that (bg), =
bp. Finally, by Theorem EZ&B we have br < ((br)y)? = (bp)¥.

(d) If T := V is a valuation domain, then each valuation overring of R is
comparable with V. As a matter of fact, if VV/ is a valuation overring of R and
V' ¢ V, then there exists y € V/\ V, hence y=! € M, thus for each v € V,
we have v = v(y~ty) = (vy~ ')y € MV’ C V'. Therefore, V C V'. From
this observation, we immediately deduce that when 7' is a valuation domain,
bR,T = %] = % /\*{T} = bp. O

Remark 3.19 In a pullback situation of type (b™), when D is integrally closed,
we have already noticed that if R is not integrally closed, then there is no hope
that (bp)? = br (Remark EE (2)). More explicitly, Example BEEXll shows that
we can have bg < (bp)¥, even when R is integrally closed. The next example
shows that bp < (bp)¥ is possible even under the hypotheses of Lemma EZ3

(d).

Example 3.20 Let T :=V be a valuation domain with maximal ideal M and
let ¢ : V. — V/M =: k be the canonical projection. Let D be a Dedekind
domain with infinitely many prime ideals and with quotient field L = k. Set
R :=~1(D). Then bg < (bp)?.

By the same argument as in Remark EE8 we can see that R is not a TV-
domain, i.e., tg # vr. Meanwhile, since R is a Priifer domain, bgp = dgp = g,
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and since D is a Dedekind domain, bp = vp and so (bp)? = (vp)¥ = wvgr
(Corollary EEEY). Therefore, we have bg =tgp < vg = (bp)¥.
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