ON FINITELY STABLE DOMAINS, II

STEFANIA GABELLI AND MOSHE ROITMAN

ABSTRACT. Among other results, we prove the follow-

ing:

(1) A locally Archimedean stable domain satisfies accp.

(2) A stable domain R is Archimedean if and only if every
nonunit of R belongs to a height-one prime ideal of
R’ (this result is related to Ohm’s Theorem for Priifer
domains).

(3) An Archimedean stable domain R is one-dimensional
if and only if R’ is equidimensional (generally, an
Archimedean stable local domain is not necessarily one-
dimensional).

(4) An Archimedean finitely stable semilocal domain with
stable maximal ideals is locally Archimedean, but
generally, neither Archimedean stable domains, nor
Archimedean semilocal domains are necessarily locally
Archimedean.

1. Introduction. In the following, R is an integral domain with
quotient field K and R # K. An overring of R is a domain 7 such that
R CT C K. We denote by R’ the integral closure of R. By an ideal
we mean an integral ideal.

This paper deals with Archimedean finitely stable domains and is a
sequel of [7].

We recall that a nonzero ideal I of R is called stable if I is invertible
in its endomorphism ring E(I) := (I : I). R is finitely stable if each
nonzero finitely generated ideal is stable and is stable if each ideal is
stable.

Since 1998, finitely stable and stable domains have been thoroughly
investigated by Bruce Olberding in a series of papers [16]-[21]. Our
paper heavily relies on Olberding’s work. We thank B. Olberding for his
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valuable help. Also, as he communicated to us, his articles [1°7), 18], [19]
contain some errors.

Of course, when R is a Noetherian domain, stability and finite
stability coincide, but in general these two classes of rings are distinct,
even if R is integrally closed: in this case R is finitely stable if and only
if it is Priifer, that is, each nonzero finitely generated ideal is invertible.
Indeed, a domain R is integrally closed if and only if R = F(I) for each
nonzero finitely generated ideal I. However, a valuation domain is
stable if and only if it is strongly discrete, that is, each nonzero prime
ideal is not idempotent [3l, Proposition 7.6]. Thus a valuation domain
that is not strongly discrete is finitely stable, but not stable.

A domain R is finitely stable if and only if Rj, is finitely stable, for
each maximal ideal M [4}, Proposition 7.3.4]. Actually, if I is a stable
ideal of R, then Ig is a stable ideal of Rg for each multiplicative part
S CR.

A domain has finite character if each nonzero element is contained
at most in finitely many maximal ideals. A finitely stable domain need
not have finite character, since any Priifer domain is finitely stable. On
the other hand, a domain is stable if and only if it is locally stable and
has finite character [19), Theorem 3.3].

We recall that a domain R is called Archimedean if (,,~, "R = (0),
for each nonunit » € R. If R satisfies the ascending chain condition
on principal ideals (for short, accp), then R is Archimedean. Indeed,
the domain R satisfies accp if and only if (), -, ([T, 7R) = (0) for
any nonunits r; € R, equivalently (),~, a2 = (0) if the sequence
of principal ideals a, R is strictly decreasing. A Mori domain is a
domain satisfying the ascending chain condition on divisorial ideals,
so a Mori domain is Archimedean. Besides accp domains, the class
of Archimedean domains includes also one-dimensional domains [15],
Corollary 1.4] and completely integrally closed domains [8), Corollary
13.4]. We recall that a domain R is completely integrally closed if
and only if R = E(I) for each nonzero ideal I. Hence completely
integrally closed domains are integrally closed and the converse holds
in the Noetherian case. A completely integrally closed stable domain
is Dedekind.

In |7, Theorem 4.8] we proved that a domain is stable and one-
dimensional if and only if it is Mori and finitely stable. Here, among
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other results, we show that an Archimedean stable domain is one-
dimensional if and only if R’ is equidimensional (Proposition [4.1]). The
assumption that R’ is equidimensional is essential, as shown in Example

bI7

As usual, if P is a property of rings, then a ring R is locally P if
Ry is P for each maximal ideal M of R. Generally, this does not
imply that Rp is P for every prime ideal P even for a local domain
(see Example for the Archimedean property). The property P
localizes if every ring satisfying P is locally P. The following properties
localize: stability, finite stability, Mori. However, as it is well-known,
the Archimedean property, the accp and the c..c. property do not
localize (see Section [5| below).

When studying the Archimedean property, we use Corollary
a stable domain R is Archimedean if and only if each nonunit of R
belongs to a height-one prime ideal of R’ (this result is related to Ohm’s
Theorem for Priifer domains [15], Corollary 1.2]). We also prove that
a stable domain is locally Archimedean if and only if (), -, M"™ = (0)
for each maximal ideal M (Proposition ; this condition implies
accp (Proposition [2.18)). So that a stable locally Archimedean domain
satisfies accp (Corollary .

By Example a stable Archimedean domain need not be locally
Archimedean, and by Example 5.9 a semilocal Archimedean domain
(even completely integrally closed) need not be locally Archimedean.
On the positive side we show that an Archimedean finitely stable
semilocal domain with stable maximal ideals is locally Archimedean
(Proposition [3.14)).

We thank T. Dumitrescu for pointing out some errors in previous
versions of this paper.

The following results (1.1-1.4), due to Olberding, are basic for our
paper.

Theorem 1.1. [22), Corollary 5.11] A domain R is finitely stable if
and only if it satisfies the following conditions:

(1) R’ is a quadratic extension of R;
(2) R’ is a Prifer domain;
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(3) Each mazimal ideal of R has at most 2 maximal ideals of R’
lying over it.

Recall that a domain D is a quadratic extension of a domain R if
for each x,y € D we have zy € xR 4+ yR + R. Olberding also proved
that, in the local one-dimensional case, stability and finite stability are
equivalent provided the maximal ideal is stable:

Proposition 1.2. [23], Theorem 4.2] Let R be a local one-dimensional
domain. The following conditions are equivalent:

(i) R is stable;
(ii) R is finitely stable with stable maximal ideal;
(iil) R’ is a quadratic extension of R and R’ is a Dedekind domain
with at most two maximal ideals.

Construction 1.3. [19), Section 4] Let (R, M) be a local domain.
Set R; = {0} for i < 0, Ry = R and My = M. Define inductively
forn > 0: R, = R,_1 if R,—1 is not local, and R, = E(M,_1) =
(My—1 : My —1) if Ry, is local with maximal ideal denoted by M,,_1.
Set T'={J,;>0 Rn-

Thus we have:

(a) If there exists an integer k& > 0 such that Ry is not local, but
R; is local for 0 < i < k, then R, = Ry for all n > k, and
T = Ry,

(b) If R, € Ry41 for all n > 0, all the rings R,, are local.

We will use repeatedly the following theorem of Olberding.

Theorem 1.4. [19), Corollary 4.3, Theorem 4.8] and its proof, and
[22], Theorem 5.4] Let R be a finitely stable local domain with stable
mazimal ideal M. With the notation of [1.5 we have:

(1) FEach R, is finitely stable with stable maximal ideals, and there
exists an element m € M such that M = mRy. Moreover,
for k > 1, if Ry is local with maximal ideal My, then My =
mRi+1 = MRyq1, and if T is local, then its maximal ideal is
mI = MT.
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(2) Each Ry, is a finitely generated R-module, thus T is an integral
extension of R.

We also have:

(a) If T = R, for some n > 0, then T is a finitely generated R-
module, and T has at most two mazximal ideals.

(b) If T # R, for alln >0, then T is local.

(¢) The mazimal ideals of T are principal, and the Jacobson radical
of T is equal to mT = MT, where mR; = M.

In addition, if R is a stable domain, then T is equal to the integral
closure R' of R, and R’ is a strongly discrete Priifer domain.

2. On the Archimedean property. We start with some generali-
ties on the Archimedean property. Then we prove that a finitely stable
domain R with stable maximal ideals is locally Archimedean if and only
if ,,>; M™ = (0) for each maximal ideal M of R (Proposition .
We deduce from this result that a locally Archimedean stable domain

satisfies accp (Corollary [2.19).

Many results in this section are related to the following theorem of
J. Ohm, which will be extended in Theorem below.

Theorem 2.1. [15, Corollary 1.6]. Let R be a Prifer domain. We
have:

(1) If a is a nonunit of R belonging to just finitely many mazimal
ideals, then (,~, a"R = (0) if and only if a belongs to a height-one
prime ideal.

Hence:

(2) If R has finite character, then R is Archimedean if and only if
each nonunit of R belongs to a height-one prime ideal.

Corollary 2.2. An Archimedean Prifer domain of finite character and
with just finitely many height-one prime ideals is one-dimensional. In
particular, an Archimedean Prifer semilocal domain is one-dimensional.

Proof. Let M be a maximal ideal of R. By Ohm’s Theorem [2.1] (2),
M is contained in the finite union of the height-one prime ideals of R.
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Hence M has height one, so R is one-dimensional.

If R is Prifer and semilocal, then R has just finitely many height-one
prime ideals. Hence, if R is Archimedean, then R is one-dimensional.
|

Remark 2.3. An integral domain R is Archimedean if and only if
for each nonzero nonunit r of R there is an Archimedean domain D
(depending on r) containing R such that r is a nonunit in D. Moreover,
replacing D by D N Frac(R), we may assume that D is an overring of
R.

In particular, an intersection of Archimedean domains is Archimedean.
Hence a locally Archimedean domain is Archimedean.

Corollary 2.4. A domain R is Archimedean if and only if R has an
Archimedean integral extension overring.

Corollary 2.5. Let A C B be an extension of domains. If every
nonzero nonunit of A belongs to a height-one prime ideal of B, then A
is Archimedean.

Proof. Let a be a nonzero nonunit of A. If Q) is an height-one prime
ideal of B containing a, then a is a nonunit in the one-dimensional (so
Archimedean) domain Bg. By Remark A is Archimedean. ]

Corollary 2.6. Let (R, M) be a local domain. If some integral exten-
sion of R has a height-one mazimal ideal, then R is Archimedean.

Proof. If @ is a height-one maximal ideal of an integral extension D
of R, then QN R = M. Hence R is Archimedean by Corollary 2.5 O

Proposition 2.7. Let R be an integral domain, and let a be a nonunit
of R that belongs to just finitely many mazimal ideals.

Then ﬂn21 a”R = (0) if and only if a belongs to a mazimal ideal M
such that (1,5, a" Ry = (0).



ON FINITELY STABLE DOMAINS, II 7

Proof. Let § be the set of maximal ideals containing a. We have

(N a"R=Rn(([) a"Ra) =R () (()a"Ru) = () RO([) a"Ru).
n>1 n>1 Me§F MeF n>1 MeF n>1

Since the set § is finite it follows that (1,5, "R = (0) if and only if

RN N,51(a"Ry) = (0) for some M € §, equivalently (1,5, a" Ry =

(0) for some M € § O

Proposition 2.8. If R is an Archimedean domain and P is a principal
prime ideal of R, then Rp is a DVR.

Proof. If P =rR, then by [8, Theorem 7.6 (a) and (c)] (,,>o P" =
N,>0 ™" R = (0) is the largest prime ideal of R properly contained in
P. Tt follows that Rp is a one-dimensional local domain with principal
maximal ideal, and so Rp is a DVR. |

Corollary 2.9. Let R be an integral domain.

(1) If R is Archimedean with principal mazimal ideals, then R is a
principal ideal domain.

(2) If R is locally Archimedean with invertible mazximal ideals, then
R is a Dedekind domain.

Proof. (1) By Proposition R is one-dimensional. Since every
nonzero prime ideal of R is principal, R is a principal ideal domain by
[8, Corollary 37.9].

(2) By Proposition R is locally a DVR (i.e., R is almost
Dedekind); in particular R is one-dimensional. It follows that R is
a Dedekind domain by [8, Theorem 37.8 (1) < (4)]. O

However, an Archimedean domain R with invertible maximal ideals
is not necessarily one-dimensional, even if R is Priifer and stable: see

Example below.

Corollary 2.10. An Archimedean Bézout domain R with stable maz-
imal ideals is a principal ideal domain.

Proof. As mentioned at the end of the proof of [19, Lemma 4.5],
a stable maximal ideal M of a Priifer domain R is invertible since
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(M : M) = R. Thus the maximal ideals of R are finitely generated, so
they are principal. Hence R is a principal ideal domain by Corollary

Ba O

None of the two conditions on the Bézout domain R in Corollary
to be a principal ideal domain can be omitted. Indeed, R = Z+ X Q[X]
is a two-dimensional Bézout domain with principal maximal ideals. On
the other hand, the ring of entire functions is an infinite-dimensional
completely integrally closed Bézout domain. Thus R is Archimedean;
see also Remark 2.11]below. Hence R has non-principal maximal ideals:
these are the free maximal ideals: see [4, Ch. VIII, §8.1] and [24], Ch.6,

§3].

Remark 2.11. By |25, Corollary 2.4], a GCD domain (in particular, a
Bézout) domain is Archimedean if and only if it is completely integrally
closed.

Lemma 2.12. Let I and J be two ideals of a ring R. If I contains a
power of J, then

Hence, if J C /I and the ideal J is finitely generated, then

7 c (I

n>1 n>1

Proof. Let J* C I for some k > 1. Then ﬂn21 Jr = ﬂnZl(Jk)" -

N> I" I J C VI and J is finitely generated, then I contains a
power of J. O

Corollary 2.13. Let I be an ideal of an integral domain R. If
N1 a"R=(0) for alla € I, then (1,5, a"R = (0) for alla € VI.

Lemma 2.14. [22, Corollary 5.7] Let R be a finitely stable local
domain. Then a stable ideal I of R is principal in (I : I). Moreover, if
I=x(I:1), then I? = zI.
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Lemma 2.15. Let R be a finitely stable local domain with stable
maximal ideal M. Then M is the radical of a principal ideal and

ﬂM”:ﬂa”R

n>0 n>0

for each element a € R such that vaR = M.

Proof. By Lemma there exists an element m € M such that
M? = mM. Clearly (,>oM™ = (,>om"R, and M = vVmR. If

VaR = M, then vVaR = vVmR, so
(Na"R=(m"R= () M",

n>0 n>0 n>0

by Lemma |2.12) O

Proposition 2.16. Let R be a finitely stable domain with stable mai-
mal ideals. Then R is locally Archimedean if and only if(,,~, M™ = (0)
for each maximal ideal M . B

Proof. By Lemma R is locally Archimedean if and only if
N,,>1 M"Ryr = (0) for every maximal ideal M. On the other hand,
for every maximal ideal M we have

(M= (V(M"RynR)=| () MRy | NR,

n>1 n>1 n>1
so Ry is Archimedean if and only if (,,~; M™ = (0). The proposition
follows. a O

Remark 2.17. For any integral domain R, the following two condi-
tions are equivalent:

(i) ﬂnzl I™ = (0) for each ideal I;
(i) M,>; M™ = (0) for each mazimal ideal M.

If R satisfies these conditions, then R is locally Archimedean by Propo-
sition 2. 16l
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Proposition 2.18. Let R be an integral domain of finite character
such that (,5; M™ = (0) for each mazimal ideal M of R. Then R
satisfies accp.

Proof. Assume that R does not satisfy accp. Then there exists an
infinite sequence of nonunits r,, in R such that (), <, ([T'—; 7 R) # (0).
Let ¢ be an element in this intersection. For all n > 1, each maximal
ideal containing 7, contains also ¢, since ¢ € r, R. As ¢ belongs to just
finitely many maximal ideals, there exists a maximal ideal M containing
¢ such that r, € M for infinitely many n’s. Thus for each n > 1, there

exist integers 1 < 4; < 4y < ... < iy such that r;, € M for all
1 <k <mn Wehave c € H;-”erjR C M™. Hence c € ﬂn21M", a
contradiction. O

From Proposition we obtain, by using Proposition [2.16}

Corollary 2.19. A locally Archimedean finitely stable domain with
stable mazimal ideals and of finite character (in particular, a locally
Archimedean stable domain) satisfies accp.

However a domain R of finite character satisfying accp is not necesar-
ily locally Archimedean, even if R is stable (see Example below).

3. An extension of Ohm’s Theorem to finitely stable do-
mains. By using the fact that an integral extension overring of a
finitely stable domain is quadratic (Theorem , so algebraically
bounded, as defined in [3.I] below, we extend Ohm’s Theorem from
Priifer domains to finitely stable domains (Theorem . We present
a criterion for the locally Archimedean property of a stable domain in
Proposition As an application, we prove that a semilocal finitely
stable Archimedean domain is locally Archimedean (Proposition [3.14)).

Definition 3.1. Let A C B be an extension of integral domains. The
domain B is a bounded algebraic extension of A if there exist a nonzero
element d € A and an integer e > 1 such that for each element b € B
there exists a monic polynomial f(X) of degree e in A[X] satisfying
f(db) = 0. The domain B is called a bounded integral extension of A if
this property holds for d = 1.
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Remark 3.2. Let A C B be an extension of integral domains. Then:

(1) B is a bounded algebraic extension of A if and only if there
exists a nonzero element d € B such that A+ dB is a bounded
integral extension of A.

(2) If (A: B) # (0), then B is a bounded algebraic extension of A.

Proposition 3.3. Let A be an integral domain, let B be a bounded
algebraic overring of A, and let a be an element of A. Then

ﬂ a"A=(0) = ﬂ a"B = (0).

n>1 n>1

Hence, if B is Archimedean, also A is Archimedean.

Proof. Assume that (,~;a"A = (0). Let b be an element in
N,>; a"B. Since B is a bounded algebraic extension of A, there exist
a nonzero element d € A and an integer e > 1 such that for each z € B,
the element dz is a root of a monic polynomial of degree e in A[X].
Thus, for each b € B and n > 1, by taking z = %, there exist elements
ag,...,a.—1 € A (depending on b and on n) such that we have:

db\© b\t
(1) <oz”> +ae—1 (a") +--+ap=0.

Since B is an overring of A, there exists a nonzero element ¢ € A
(depending just on b) such that c¢(db)’ € Aforall 1 < i < e. Multiplying
the equation by ca™¢~1 we obtain that ‘*jf—ﬁf € Aforalln > 1.
Hence b = 0. We conclude that (,~, a"B = (0). The proposition
follows. B |

Corollary 3.4. Let A be a finitely stable domain, let a be a nonzero
element of A, and let B be an integral extension overring of A. Then:

(N a"A=(0)«< (]a"B=(0).

n>1 n>1

Proof. By Theorem B is a quadratic extension of A, so B
is a bounded integral extension of A. The corollary follows from
Proposition [3.3] O
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Proposition 3.5. Let (R, M) be a finitely stable local domain with
stable mazimal ideal, and let D be an integral extension overring of R.

Then R is Archimedean if and only if D has a maximal ideal N such
that Dy 1s Archimedean.

Proof. Assume that R is Archimedean. Let M = m(M : M), m € M
(Lemma or Theorem [1.4). By Corollary N,>1 m"D = (0). By
Theorem D has at most two maximal ideals. By Proposition 2.7}
there exists a maximal ideal N of D such that (,.; m"Dy = (0).
Since M? = mM, we see that () -, M"Dy = (0). Since D is an
integral extension of R and R is local, it follows that a prime ideal of
D contains M if and only if it is a maximal ideal of D. Hence the only
prime ideal of Dy containing M Dy is NDy, so NDy =+/MDpy. By
Corollary 2.13] Dy is Archimedean.

Conversely, if Dy is Archimedean, then R is Archimedean by Re-
mark 2.3 since R C Dy and NN R = M. 0

Corollary 3.6. Let (R,M) be a finitely stable local domain with
stable maximal ideal, and let D be an integral extension overring of
R. Assume that if N is a mazximal ideal of D such that the domain Dy
is Archimedean, then Dy is one-dimensional. Then R is Archimedean
if and only D has a height-one mazimal ideal.

Proposition 3.7. Let (R, M) be a local domain.

(1) If some integral extension of R has a height-one maximal ideal,
then R is Archimedean.
(2) Conversely, we have:
(a) If R is Archimedean and finitely stable, then R' has a
height-one maximal ideal.
(b) If R is Archimedean, finitely stable and the ideal M is
stable, then T has a height-one mazimal ideal (T is defined

i Construction .

Proof. (1) is Corollary [2.6]

(2, a) By Theorem 1.1} R’ has at most two maximal ideals. Since R’
is Priifer, R’ has at most two height-one prime ideals: @1 and Q2 (not
necessarily distinct). Let P; = @Q;NR, i = 1,2. Since R is Archimedean,
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by Corollary (3.4 we have (,,~; a"R' = (0) for all a € R. By Theorem
M C P,UP,. We may assume that M C P;,so M = P, = Q1 NR.
Hence Q7 is a height-one maximal ideal of R'.

(2, b) By Proposition T has a maximal ideal N such that the
domain T is Archimedean. Hence T is a DVR by Proposition 2.8 as
N is a principal ideal. Thus N is a height-one maximal ideal of T. [

Proposition 3.8. Let R be a finitely stable domain. The following
conditions are equivalent:

(i) R is locally Archimedean;
(ii) Each mazimal ideal of R is contained in a height-one prime
ideal of R’ (which is necessarily mazimal);
(iil) Fach proper ideal of R is contained in a height-one mazimal
ideal of R'.

Proof. (i) = (ii) If R is local, then (ii) follows from Proposition
B7(2)(a).

In the general case, let M be a maximal ideal of R. By the local
case, the ideal M Ry; of Rjs is contained in a height-one prime @ of
(Rm)" = R, where R}, is the localization of R’ at the multiplicative

subset R\ M. Thus QN R’ is a height-one prime ideal of R’ containing
M.

(ii) = (i) Let M be a maximal ideal of R. Let @ be a height-one
prime ideal of R’ containing M. Thus QR is a height-one prime ideal
of Ry, = (Rp)’ containing M. By Corollary Ry is Archimedean,
so R is locally Archimedean.

(i) < (iii) Clear. O

In the notation of if Ry is one-dimensional for some k£ > 0, then
all the rings R,,, as well as T, are one-dimensional since 7" is an integral
extension of R, for all n > 0. For the Archimedean property we have:

Corollary 3.9. Let (R, M) be a finitely stable local domain with stable
mazimal ideal. Set R = T = J,,»o Rn (see Construction .
Assume that Ry is Archimedean for some 0 < k < oco. Then R, is
Archimedean for each n such that Ry, is local. Thus R,, is Archimedean
at least for each R, # T.
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Proof. For all 0 < n < oo we have (R,)" = R/, so the corollary
follows from Proposition O

Corollary might fail when 7T is not local, so T = R,, for some
integer n. Indeed, in Example R is a stable local Archimedean
domain, but T'= R’ = R; is not Archimedean. Moreover, we have:

Proposition 3.10. Let R be a finitely stable local domain with stable
mazimal ideal. In the notation of 2.1, T is Archimedean if and only if
R is one-dimensional.

Proof. If R is one-dimensional, then T is one-dimensional, and so
Archimedean, since T' is an integral extension of R. Conversely, if T is
Archimedean, then T, and so also R, is one-dimensional by Corollary
[2.9] as the maximal ideals of 7' are principal. O

Corollary 3.11. [7, Theorem 2.8] Let R be a finitely stable local
domain with stable mazximal ideal. If R is Archimedean and T is local,
then R is one-dimensional.

Proof. If T is local, T is Archimedean by Corollary [3.9] and so R is
one-dimensional by Proposition [3.10) (Il

We now state the promised generalization of Ohm’s Theorem [2.1

Theorem 3.12. Let R be a finitely stable domain, and let a be a
nonzero nonunit of R belonging to just finitely many mazimal ideals
of R. The following conditions are equivalent:

(i) ﬂnZl a"R = (0);
(ii) a belongs to a height-one prime ideal of R';
(iii) a belongs to a prime ideal P of R such that the domain Rp is
Archimedean.

Proof. (i) = (ii) By Corollary N> a"R = (0). If N is a
maximal ideal of R’ containing a, then N N R is a maximal ideal of R
containing a. Since each maximal ideal of R is contained in at most
two maximal ideals of R’ (Theorem [L.1)), it follows that a belongs to
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just finitely many maximal ideals of R’. Since R’ is Priifer, a belongs
to a height-one prime ideal of R’ (Theorem [2.1)).

(i) = (iii) Let @ be a height-one prime ideal of R’ containing a, and
let P =@ N R. By Corollary for A= Rp and B = R}, we obtain
that Rp is Archimedean.

(iii) = (i) follows from Remark O

Corollary 3.13. Let R be a finitely stable domain of finite charac-
ter (this holds, in particular, if R is a stable domain). Then R is
Archimedean if and only if every nonzero nonunit in R belongs to a
height-one prime ideal of R'.

In the next proposition we extend Corollary to finitely stable
domains:

Proposition 3.14. An Archimedean finitely stable domain of finite
character such that its integral closure has just finitely many height-
one prime ideals is locally Archimedean. In particular, an Archimedean
finitely stable semilocal domain is locally Archimedean.

Proof. Let M be a maximal ideal of R. As R is Archimedean, by
Theorem M is contained in the finite union of the height-one
primes of R’. Thus the ideal MR’ of R’ is contained in one of these
primes. By Proposition R is locally Archimedean.

If R is an Archimedean finitely stable semilocal domain, then R’ is
Priifer and semilocal. Thus R’ has just finitely many height-one prime
ideals. It follows that R is locally Archimedean. (]

In connection with Proposition by Example [5.13] a stable
Archimedean domain need not be locally Archimedean, and by Ex-
ample a semilocal Archimedean (even completely integrally closed)
domain need not be locally Archimedean.

Question 3.15. By Proposition |3.8, if a finitely stable domain R
is locally Archimedean, then each nonzero nonunit of R belongs to a
height-one mazimal ideal of R'. Is the converse true? Cf. Corollary
3. 15l
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4. One-dimensionality of Archimedean stable domains. In
[7, Theorem 4.8], we proved that a finitely stable Mori domain is one-
dimensional. In this section, we illustrate a general method for con-
structing local Archimedean stable domains of any dimension (Propo-

sitions and [4.8)); see also Example below.

First we state a criterion for one-dimensionality of an Archimedean
stable domain. We say that a domain R is equidimensional if dim R =
dim Ry, for each maximal ideal M.

Proposition 4.1. Let R be an Archimedean finitely stable domain
of finite character (this includes the case that R is Archimedean and
stable). The following conditions are equivalent:

(i) R is one-dimensional;
(ii) PEwery integral extension of R is equidimensional;
(iii) R’ is equidimensional;
(iv) The pair (R, R') satisfies GD (the going down property) and R
s equidimensional.
Proof. (i) = (ii) Every integral extension of R is one-dimensional,
so also equidimensional.

(ii) = (iii) Obvious.
(iii) = (i) By Corollary |3.13] R’ has a height-one maximal ideal.
Thus R’ is one-dimensional, and so is R.

(i) = (iv) Clear.

(iv) = (iii) Indeed, if B is any ring extension of an equidimensional
(in particular, local) ring A such that the pair (A, B) satisfies GD, then
B is equidimensional and dim B = dim A. O

Proposition 4.2. Let R be an Archimedean finitely stable local domain
with stable maximal ideal. The following conditions are equivalent:

i) R is one-dimensional;
(ii) R is Mori;

(ii) T is Archimedean;
(iv) T is equidimensional;
(v)

The pair (R, T) satifies GD.
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(See[1.3 for the notation T.)

Proof. (i) = (ii) R is stable by Proposition Thus R is Mori by
[7, Proposition 3.13].

(ii) = (i) by [7, Proposition 4.7].
(i) & (iii) is Proposition
(i) = (iv) because T is one-dimensional.

(iv) = (i) T has a height-one maximal ideal by Proposition [3.7] (2,b).
Thus T is one-dimensional, and so is R.

(i) = (v) This follows from that both R and T" are one-dimensional.

(v) = (iv) Since R is local, we may use the proof of the implication
(iv) = (iii) in Theorem (4.1 O

Proposition 4.3. Let R be an Archimedean finitely stable semilocal
domain. Then R is one-dimensional if and only if the pair (R, R')
satisfies GD.

Proof. Assume that the pair (R, R’) satisfies GD. Let M be a
maximal ideal of R. By Corollary M is contained in the union of
the height-one maximal ideals of R’. Since R’ is semilocal (Theorem
, it follows that M is contained in a height-one maximal ideal N
of R'. As the pair (R, R') satisfies GD, this implies that M has height
one, so R is one-dimensional. O

We now turn to the question how to obtain an Archimedean stable
local domain (R, M) of dimension greater than one. Here we use again
B. Olberding’s work, and also a useful suggestion of W. Heinzer.

If R is such a domain, with the usual notation by Corollary
T is not local and so R must satisfy condition (a) of Theorem
that is, T = R,, for some n > 0. Since R is stable, T = R’ is a Priifer
domain and T has exactly 2 maximal ideals, which we denote by Ny
and Ny. Since R is Archimedean, T has a height-one maximal ideal by
Proposition[3.7} We may assume that height N1 = 1 and height N > 1.
Let T = Ry with minimal k£ > 0, so k > 0 since T is not local. Thus
Ry is local and, since any overring of a stable domain is stable [19],
Theorem 5.1], Ri_1 is stable. By Corollary Ry,—1 is Archimedean.
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Also, dim Rx,_1 = dim R > 1. Replacing R by Rj_1, we may assume
that Rl =T.

We have canonical isomorphisms R/M = T/N; for i = 1,2, so
T = R+ Ny = R+ Ns. In Example[5.17] & is a subfield of R canonically
identified with R/M,so T =k + N1 = k + Ny and M = N1 N Na.

Lemma 4.4. Let D be an integral domain. The following conditions
are equivalent:

(i) D is Prifer and it has exactly two mazimal ideals.
(ii) D is an intersection of two valuation domains.

Proof. (i) = (ii) Let @1 and @2 be the maximal ideals of D. Then
D = Dg, N Dgq, is an intersection of two valuation domains.

(ii) = (i) See [14, Theorem 12.2]. O

Lemma 4.5. Let R C D be an extension of domains such that
D = R+xR for some element x € D. Then D is a quadratic extension
of R.

Proof. Let s = sg + s1x,t = ty + t1x be two elements in D, where
si,t; € R for i = 1,2. Let I be the ideal siR + t;R of R. Thus
R+ sR+tR= R+ xI. We have

ste (R+zl)*=(R+z)R+ (R+zl)zl CR+zl+ (R+zR)I =
R + zI, implying that D is a quadratic extension of R. (]

We use the following lemma of Olberding;:

Lemma 4.6. Let R be a finitely stable domain. If I is a nonzero
ideal of R such that IR’ is principal, then I is principal in (I : I), in
particular I is stable.

Proof. By Theorem R’ is a quadratic extension of R and has
at most two maximal ideals. Hence we can apply [22} Proposition
3.6]. O
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For the next proposition cf. [12, Theorem 14]. (The statement in
the proof of [12, Theorem 14], that u —u? € R for each nonunit u € A,
is false in general, but this error can be easily corrected.)

Proposition 4.7. Let (Vi,Q1) and (Va,Q2) be two valuation domains
with no inclusion relation among them, with principal mazximal ideals,
with the same field of fractions L, containing a field k, and such that
Vi=k+Q, fori=1,2. Let D=V NVy, N;=Q;ND, fori=1,2,
M =N NNy, R=k+ M, and Ry = (M : M). Then:

(1) N1, Na are the only mazimal ideals of D, N1 # N3, and N,
Ny are principal. We have Dy, = V; for i = 1,2, so D is
Priifer, FracD =L, and D =k + N; fori=1,2.

(2) If Ny = 2D, then D = R+aR, so D is a 2-generated R-module.
Moreover, M is a principal ideal of D and a 2-generated ideal
of R. Also D is a quadratic extension of R and D = R' = R;.

(3) R=k+ M is a local domain with mazimal ideal M.

(4) The domain R is finitely stable with stable maximal ideal M.

(5) R is stable if and only D is stable, equivalently D is strongly
discrete.

(6) R is Archimedean if and only if one of the two valuation
domains V1, Vs is one-dimensional, and so a DVR.

(7) dim R > 1 if and only if dimV; > 1 for some i = 1,2.

Proof. (1) By [14), Theorem 12.2], N; and N> are the only maximal
ideals of D, Ny # Ny, and Dy, = V; for i = 1,2. For i = 1,2, the
maximal ideal N; of D is locally principal, and so it is principal since
D is semilocal.

For i = 1,2 we have natural isomorphisms D/N; = Dy, /N;Dy, =
Vi/Qi = k, implying that D = k + N;.

(2) Since the ideals N1, Ny of D are principal, we deduce that also

M = N1 Ns is a principal ideal of D. Thus D is an overring of R, and
D=(M : M)=R;.

Since xNo C N1 Ny = M, we have:
D=k+Ni=k+aD=k+ax(k+ Nz) =k+axNs+ 2k C R+ kz.

Hence D = R + zR, implying by Lemma that D is a quadratic
extension of R. Since D is a Priifer domain, and D is a quadratic, so
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integral, overring of R, it follows that D = R’.

As M is a principal ideal of D and D = R + Rx is a 2-generated
R-module, it follows that M is a 2-generated ideal of R.

(3) By definition, R = k + M, so M is a maximal ideal of R. If P
is a maximal ideal of R then P = N; N R for some integer i = 1,2,
because D = R’ by (2). Thus M = (NN R)N(NaNR) C P, implying
that M = P. Thus (R, M) is a local domain.

(4) By item (1), D = R’ is Priifer with two maximal ideals and by
item (2), D is a quadratic extension of R. By Olberding’s characteri-
zation R is finitely stable. Since M is a principal, so stable, ideal
of D and Frac R = Frac D, it follows that M is a stable ideal of R.

(5) If R is stable then D is stable, since each overring of a stable
domain is stable.

Conversely, assume that D is stable. By item (2), we have D = R’ =
Ry and M = mR', where m € M.

Let I be a nonzero ideal of R, and let A = (I : I).

The domain D is Priifer, and, as shown at the end of the proof of
[19, Theorem 4.2], D = R; is a minimal overring of R. Hence by [10]
Proposition 2.4 and Terminology on page 137], D is contained in every
overring of R that is different from R. Hence, either A = R, or D C A.
If DC A, then A = (I : 1) is a stable domain, so the ideal I of A is
invertible in (I : I), implying that I is a stable ideal of R.

Now assume that A = R. Since M is a principal ideal of R/, it
follows that (IR : IR') = (IM : IM). Also (IM : IM)MI C IM C I,
so (IM : IM)M C (I : I) = R. Hence (IR : IR') C (R: M). If
(R: M) # (M : M), then the maximal ideal M of the local domain
R is invertible, so principal, implying that R = Ry = (M : M), a
contradiction. If (R: M) = (M : M), then (IR : IR') = R'. Hence
IR’ is an invertible, so principal, ideal of R’ since R’ is stable and
semilocal. By Lemma I is a stable ideal.

(6) Since R is local finitely stable, and D = R’, this follows from
Proposition [3:7]
(7) Indeed, dim R = dim D = max(dim V7, dim V3). O

Corollary 4.8. Let (V1,Q1) and (V2,Q2) be two strongly discrete val-
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uation domains with no inclusion relation among them, with principal
maximal ideals, with the same field of fractions L, containing a field
k, and such such that V; = k+ @Q;, for i = 1,2. Let dimV; = 1 and
dimVy =n, where 2 < n < oo. Let D =ViNVy, N, = Q; N D, for
i:1,2, M:NlﬂNQ, andRz/c-i—M

Then R is an n-dimensional Archimedean stable local domain.

Moreover, we have:

(1) R satisfies acep, but R is not Archimedean.
(2) The pair (R, D) does not satisfy GD (the going down property).

Proof. By Proposition R is an n-dimensional Archimedean
stable local domain since D is a strongly discrete Priifer domain.

(1) By Corollary [2.19] any Archimedean stable domain satisfies
accp. By Corollary [2.2] R’ is not Archimedean since R’ is semilocal
of dimension greater than 1.

(2) R does not satisfy GD by Proposition O

5. Examples. It is well-known that the accp and the Archimedean
properties do not localize. In [1T, Example 2] Anne Grams constructs
a one-dimensional Priifer domain of finite character which satisfies
accp (the ascending chain condition on principal ideals) and each of
its localizations but one is a DVR, while the other one is a valuation
domain that is not a DVR, so it does not satisfy accp (see comments
and more examples in [I] and its references). Also, [11] (page 328)
provides a general construction of an almost Dedekind domain A with
accp whose Nagata ring A(X) is not an accp domain (so that A[X] is
accp, while its localization A(X) is not accp). This example as well as
[11l, Example 2] is one-dimensional, so it is locally Archimedean.

The ring of entire functions F is an infinite-dimensional completely
integrally closed (hence Archimedean) Bézout domain [4, Section 8.1],
but it is not locally Archimedean since the localizations at maximal
ideals are valuation domains, and a valuation domain that is not a field
is Archimedean if and only if it is one-dimensional. The ring E does
not satisfy accp and it does not have finite character: for example,
if f is a nonzero entire function with infinitely many zeros cy,co, ...
(e.g., sinz), then f € (o, [11(Z — ¢;), so the domain E does not
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satisfy accp, and F does not have finite character since f belongs to
the maximal ideals (Z — ¢;)E for all i. .

We construct in Example [5.9] below a completely integrally closed
(for short, c.i.c.) domain R satisfying accp with only two maximal
ideals such that, for each maximal ideal M, Rj; is not Archimedean;
thus Rjy; does not satisfy accp. Of course, R is Archimedean and has
finite character. We construct first a c.i.c. local domain A with accp
such that Ap is not Archimedean for some prime ideal P (Example
5.8). Then we “double” this construction to obtain Example (see

Remark [5.10).

We also construct a stable Priifer domain R with accp that is not
locally Archimedean (Example , thus the converse of Corollary
is false.

In Example [5.14 we give an example of a local one-dimensional
domain R such that R’ is a finite extension of R, the ring R’ is a
PID, so stable, but R is not even finitely stable (cf. Proposition [£.7] (5)

and Lemma .
Finally, following Olberding ([16], Proposition 5.4]), in Example

we construct a stable valuation domain with prime spectrum consisting
of an infinite descending chain of prime ideals. We use this example
in the last Example [5.17] where we present a stable Archimedean local
domain of arbitrary dimension.

Recall that a set of subrings S of a ring R is directed if for each
A, B € S there exists C € S such that both A and B are contained in
C.

Lemma 5.1. Let R be an integral domain that is a directed union of
a set S of c.i.c. subrings. Assume A = RN Frac(A) for each A € S.
Then R is c.i.c..

Proof. Assume for f € R\ {0} and g € Frac(R) that f¢g" € R
for all n > 1. Since the union of the subrings in S is directed, there
exists a domain A € S such that f € A and g € Frac(A). Hence
fg™ € RN Frac(A) = A, for all n > 1. Since A is c.i.c., we obtain that
g€ ACR. Thus R is c.i.c. ]
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Lemma 5.2. Let R be an integral domain that is a directed union of
a set S of accp subrings. Assume that for each A € S there exists a
retraction 4 : R — A mapping nonunits of R to nonunits of A. Then
R satisfies accp.

Proof. Assume that R does not satisfy accp. Hence there exists a
strictly increasing infinite sequence of nonzero principal ideals in R:

TR CroRCrsRC ...

We have r; € A for some domain A € S. Let ¢ = ¢4. Since r; # 0,
there is an increasing sequence of nonzero principal ideals in the ring
A:

r1A=p(r1)ACp(r)AC p(rs)AC...

For each n > 1, we have f»- € R\ U(R); hence <p< T ) =

Tn+1

wfﬁ::% € A\U(A). It follows that all the inclusions in the sequence

(r1)A C p(ra)AC p(rs)AC ...

are strict, contradicting the assumption that A satisfies accp. (|

Proposition 5.3. Let if ¢ : A — B be an homomorphism of rings.
Consider the following two conditions:,

(1) ¢ maps nonunits to nonunits.
(2) kerp C Jac(A).

Then (1) = (2). If ¢ is surjective, then the two conditions are equiv-
alent. In particular, if A is local, then any surjective homomorphism
¢ : A — B maps nonunits to nonunits.

Proof. (1) = (2) Let ¢ € ker ¢. Assume that ¢ ¢ Jac(A). Since ¢ is
surjective, there exists an element a € A such that 1 + ac is not a unit
in A, although ¢(1 + ac) = 1, a contradiction.

(2) = (1) assuming that ¢ is surjective. Assume that for some
nonunit ¢ € A, the element ¢(c) is invertible in B. Since ¢ is
surjective, there exists an element a € A such that ¢(c)p(a) = 1.
Hence ¢(1 —ca) =0, so 1 — ca € J(A), implying that ca is invertible
in A. Thus c is invertible in A, a contradiction. a
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Proposition 5.4. Let R be an integral domain that is a directed union
of a set S of c.i.c. subrings satisfying accp. Assume that for every
A € S there exists a retraction 4 : R — A mapping nonunits of R to
nonunits of A. Then R is c.i.c. and it satisfies accp.

Proof. The domain R satisfies accp by Lemma [5.2

For A € S we have A = RNFrac(A4), since A is a retract of R. Thus
R is c.i.c. by Lemma 5.1 ]

Corollary 5.5. Let R be an integral domain that is a directed union of
a set S of integrally closed Noetherian subrings. Assume that for every
A € S there exists a retraction g4 : R — A mapping nonunits of R to
nonunits of A. Then R is c.i.c. and it satisfies accp.

Proof. Indeed, a Noetherian ring satisfies accp, and an integrally
closed Noetherian domain is c.i.c. Hence the corollary follows from
Proposition [5.4] O

Lemma 5.6. Let A be an integrally closed domain, let n > 1 and let
XY, Z; (1 <i<n) be independent indeterminates over A. Then the
domain 7

is integrally closed.

Proof. Let S be the multiplicative monoid generated by X, Y, Z;, );—Z
(1 <i<n). We show that the monoid S is integrally closed. Let G
be the group of fractions of S, that is, G is the multiplicative group
generated by X,Y,Z; (1 < ¢ < n). Let g be an element of G such
that ¢g* € S for some integer £ > 1. Since the monoid generated by
XY, %, Z; (1 <1< n)is integrally closed, it follows that g belongs to
this monoid. Thus .
g=xy"1[z",
i=1

where f,r; are nonnegative integers for all 7, and m is an integer. We
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have

2) gF = XkFyhm ﬁ Zikr,- — xoyb ﬁ z° ﬁ (XZi)ei |

Y
i=1 =1 i=1

where a, b, ¢;, e; are nonnegative integers for all i. We may assume that
the sum a + )", ic; is minimal.

First assume that ¢; = 0 for all . Comparing exponents of the
indeterminates Z; on the two sides of , we obtain that e; = kr; for
all 7, so a and b are divisible by k. It follows that g € S.

Now assume that c;, > 0 for some index 4. If a > 0, then

: . XZiy vy X ZE
kE _ ya—ly b+ Cig—1 io
gty (g Tz | (VR TTGE).
i#io i=1
contradicting the minimality of a + >, i¢;. Thus a = 0.

Let j,q be integers such that ¢; > 0 and e, > 0. If j > ¢, we
interchange Z; and Z; as follows:

e,—1 n e;
k b+j— ci—1 ¢ XZ] XZq K XZZ
b (g T ) (52 (32) 7 T (2
R 1:97#q

contradicting the minimality assumption on a+ Y ., ic;. Hence j < ¢
for all j and ¢ such that c¢; and e, do not vanish. We have

(3) gk:kaYkmﬁZ(cri:Ybf[Z?if[<XZi)ei.
7 1l % ] vi

i=1 = =1

Let 1 < g < n be an integer such that ¢ # go = min,,~¢ 4. Since either
¢q = 0 or e, = 0, and since by (3) we have ¢, + ¢, = kry, it follows
that both ¢, and e, are divisible by k. Comparing the exponents of X
on both sides of , since all ¢;, e; for i # qo are divisible by k, we see
that also ey, is divisible by k. Clearly, also cq4, and b are divisible by
k. Thus g € S, so the monoid S is integrally closed. By [9, Corollary
12.11 (2)], the domain D is integrally closed. O

Remark 5.7. The domain D in Lemmal[5.6] is isomorphic to a subring
of a polynomial ring over the domain A in n+2 indeterminates. Indeed,
forU; = & (0 < i < n) we have D = A[X,Y,XU,;,Y'U; (1 <i<n)] C
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EIX,Y,U; (0 <i<n)]. Similarly, the domains D of Example and
A of Example[5.9 below may be viewed as subrings of a polynomial ring
over k in infinitely many indeterminates.

Example 5.8. A completely integrally closed local domain R with accp
such that Rp is not Archimedean for some prime ideal P.

Let k be a field and let

XZ
D= k[X,Y, Z’n”Yi’nn (n 2 1)],

where XY, Z,, (n > 1) are independent indeterminates over k. Let M
be the maximal ideal of D generated by the elements X,Y, Z,,, % (n>
1). Set

XZ,

For each n > 1, let D, = k[X,Y,Z;, 2% (1 < i < n)] and
R, = (Dn)m,,, where M, is the maximal ideal of D,, generated by

XY, Z;, %% (1 <4 <n), thus M,, = M N D,,.

Clearly Ry € Ry C ... and R = |J,, R,. For each n, there exists
a retraction ¢, : R — R, that maps to 0 each indeterminate Z;, for
i > n. Clearly ¢, (MR) C M,R,,. By Lemma the domains R,, are
integrally closed. Since the domains R,, are Noetherian, from Corollary
it follows that R is c.i.c. and R satisfies accp.

The ideal P is prime since P is the set of all rational functions in R
vanishing when plugging in first X = 0, and then Y = 0 (thus these
rational functions are defined for X = 0, and after plugging in X = 0,
we obtain a function defined for Y = 0). For all n > 1, the elements
Z, are invertible in Rp, so % € Rp. Since Y is not invertible in Rp,
we see that the domain Rp is not Archimedean. O

Example 5.9. A completely integrally closed domain R satisfying accp
with just two maximal ideals such that, for each mazimal ideal M, the
domain Ry is not Archimedean.
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Let k be a field and let

X1Z1n
—: X9.Y5, Z
Yln ) 2,12, 42,n,

XoZs
Yy

A:k[Xl,Yl,ZLn, (HZ 1)]7

where X;,Y;, Z; ,(1 = 1,2, n > 1) are independent indeterminates over
k.

Let
XlZln X2Z2n
Py = (X1, Y] 2 Zom ™ (n > 1))A and
1 < L4 Yln ) 42, Y'Qn ( )> an
XoZs X172y
P2:<X2a}/27 222, 7Z1'n,7 141, (nZl)>A
Yy oy

The ideal P; is prime since it is the set of all rational functions in A
vanishing when plugging in first X; = Z3, = 0 for all n, and then
Y7 = 0. Similarly, the ideal P» is prime.

For all n > 1, the elements Z; ,, are invertible in Ap,, so 5)’% € Ap,.
Since Y7 is not invertible in Ap,, we see that the domain Ap, is not
Archimedean. Similarly, the domain Ap, is not Archimedean.

Let S = A\(PUP,), and R = Ag, thus R = Ap, N Ap,. Hence R has
just two maximal ideals, namely M7 = Py Ap NR and My = P,Ap,NR.
We have Ry, = Ap, for i = 1,2, so the domains Rjs, and Ry, are not
Archimedean.

For each n > 1, let

DEVAN XoZs .
An:k[XlaYth,ja%; X271/23227j7 2}/2]‘27j (1 <J Sn)]
and R, = (4,)s,, where S,, = SN A,.
By Lemma the domains
Zy ;X1 .
Dn:k[XhYl?Zl,j’ ;f (ISJ Sn)]

and A, = D,[Xs,Ys, 25, % (1 < j < n)] are integrally closed.
Hence R, is integrally closed.
Clearly Ry C Ry C ... and R = Un R,,. For each n > 1 we have a

retraction ¢, : R = Asg — R,, that maps to 0 each indeterminate Z; ;
for i = 1,2 and j > n since the elements Z; ; and Z3 ; do not belong
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to S. Clearly the elements in ¢, (M; U M) are nonunits in R,,. Since
the domains R,, are Noetherian and integrally closed, it follows from
Corollary [5.5] that R is c.i.c. and R satisfies accp. O

Of course, the domain R in Example [5.9] is not Mori, since any
localization of a Mori domain is Mori and so Archimedean.

Remark 5.10. If D and A are the domains defined in Examples[5.8
and[5.9, respectively, then A~ D ®y, D.

The next example [5.13] shows that a stable Archimedean domain
may not be locally Archimedean. We will use below the following well-
known facts:

Lemma 5.11. (see [4, Lemma 1.1.4 and Proposition 5.3.3]) Let U
be a valuation domain (possibly a field), let K = Frac(U), and let X
be an indeterminate over U. Then V = U + XK[X]x) is a valuation
domain. If U is strongly discrete, then also V' is strongly discrete. The
prime ideals of V' are all the ideals P+ X K[X]x), where P is a prime
ideal of U. Moreover, if P is nonzero, then P+ XK|[X]xy = PV and
(P+ XK[X](xy)NU = P. For P = (0) the ideal X K[X]x) is the
least nonzero prime ideal of V. Thus, if U is finite dimensional, then
dimV =dimU + 1.

Corollary 5.12. Let X and Y be two independent indeterminates over
a field k, let C = k[Y, £ (n > 1)], and let P be the mazimal ideal
YC = (X,2% (n>1)) of C. ThenV = Cp is a strongly discrete
2-dimenstonal valuation domain.

Proof. Clearly, V = k[Y](yy + Xk(Y)[X](x). By Lemma Vis
a strongly valuation domain of dimension 2. (Il

Example 5.13. A stable 2-dimensional Priifer domain R satisfying
accp with just two maximal ideals of height 2. Thus for each maximal
ideal M of R, except the two maximal ideals of height 2, the domain
Ry is a DVR. Also R is Archimedean, but not locally Archimedean:
Ry is not Archimedean if M is a mazimal ideal of R of height 2.
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Let X and Y be two independent indeterminates over a field k. Set

X(1-Xx) yn+!
yr O (1-X)

R =k[X,Y, — (n>1)]s,

where S = E[Y]\ YK[Y].
Let T = 15%. We have X =1 - YT, so

Y
R=EkY,YT,1-YT)T", T (n>1)s
(as shown in item (1) below, R satisfies accp, thus R is Archimedean,
although Ty—n € Rforalln > 1. This is not a contradiction since T' ¢ R).

(1) R satisfies accp.

Let f and g, (n > 1) be nonzero elements of R such that
ﬁ € Rfor alln > 1. To prove that g; is a unit for ¢ > 0, we
may assume that g; € k[Y, YT, (1 — YT)T", X (n > 1)], for all
1> 1.

Since the elements Y and T are algebraically independent
over k, we may view the ring k[Y, YT, (1 = YT)T™, 2 (n > 1)]
as a subring of the polynomial ring k(7)[Y]. Thus for i > 0
we have degy-(g;) = 0, that is, g; € k(T) .

For i > 0, since g; € k[Y,YT,(1 - YT)T", X (n > 1)], by
plugging in Y = 0, we obtain that g; € k[T]; by plugging in
Y = £, we obtain that g; € k[£], so g; € k[T] Nk[5] = k. We
conclude that R satisfies accp.

(2) R is a stable 2-dimensional Prifer domain with just two max-
imal ideals of height 2.
Let M be a maximal ideal of R.
(3) Assume thatY ¢ M. Then:
e Ryr s a DVR, so height M = 1.
e FEach nonzero element of R belongs to just finitely many
maximal ideals of R not containing Y .

Clearly R C D = k(Y)[X, 2] € Ru, and Ry is a ring of
fractions of D. Hence R, is a local PID, that is, a DVR.

For each maximal ideal M of R not containing Y we have
MRy = PDp for P = M N D, and since D is a PID, each
nonzero element of R belongs to just finitely many prime ideals
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of D, and so it belongs to just finitely many maximal ideals of
R not containing Y.
(4) Assume that Y € M. Then Ry is a stable 2-dimensional
valuation domain, in particular height M = 2.
Since X (1 — X) € RY C M it follows that either X € M or
1-XeM.

(a)

Assume that Y, X € M.

Clearly, C' = k[Y, % (n > 1)] € Ry- Since the maximal
ideal P = (Y, (n > 1)) of C is contained in MRy,
it follows that P = MRy N C. Since R C C[ﬁ] C
Cp C Ry, it follows that Cp = R)s. By Corollary [5.12]
Ry = Cp is a 2-dimensional strongly discrete, and so
stable, valuation domain. Also M is uniquely determined
by the requirement Y, X € M, namely M = PCp N R.

Assume that Y,1 — X € M.

Recall that T = % Since XT = M € Rand X is

a unit in Ry, we see that T' € Rj;. Hence
~ Y
C=k[T, 77 (n21)] S Rar,

the maximal ideal P = (T, 2 (n > 1)) of the ring Cis

contained in MRy, and R C éﬁ C Ry As in item (b)
(i), we conclude that Rys = Cp is a 2-dimensional strongly
discrete, and so stable, valuation domain and that M is
uniquely determined by the requirement Y,1 — X € M.

Thus R has finite character and each localization of R at a maximal
ideal is a stable valuation domain. Hence R is a stable Priifer domain
[19, Theorem 3.3].

We have also proved that R is 2-dimensional with exactly 2 maximal
ideals of height 2. The localizations at these two maximal ideals are
not Archimedean, as seen directly from the above proof. Actually, as
it is well-known, a valuation domain is Archimedean if and only if it
is one-dimensional. The maximal ideals of R are invertible since R is
stable and Priifer. Thus in Corollary (2) we may not assume just
that R is Archimedean rather than locally Archimedean.

Example [5.13] shows that the converse of Corollary 2:19]is false: a
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stable domain R which satisfies accp need not be locally Archimedean,
even if R is Priifer and 2-dimensional.

Example 5.14. A local integral domain (R, M) with the following
properties:

(1) R is one-dimensional, Noetherian, not (finitely) stable, but with
stable mazimal ideal.

(2) R'= (M : M) is a finitely generated R-module.

(3) R’ is a principal ideal local domain, so R’ is stable and Priifer.

Let K = Q(¥/2) and R = Q + XK[[X]]. Thus R = K[[X]] is a
principal ideal local domain with maximal ideal M = X K[[X]]; so R is
one-dimensional, and R’ is a 3-generated R-module. By the Eakin-
Nagata Theorem, R is Noetherian. Clearly, R’ is not a quadratic
extension of R, so R is not finitely stable. Explicitly, the fractional
ideal T = (1,+/2) of R is not stable (equivalently, the ideal (X, X /2)
of R is not stable). Indeed, I? = (1,+/2,V/4) and (I : I?) = XR, so
I(I: I?) = XR # R. Tt follows that I is not stable. The maximal ideal
M of R is stable, since M is an ideal of the stable domain R’ which is
an overring of R. O

In the next example we present a well-known construction which is
related to the construction in the proof of the Kaplansky-Jaffard-Ohm
Theorem [5), Ch.III, Theorem 5.3]. This example illustrates explicitly
a particular case of Olberding’s Theorem [16], Proposition 5.4], and
will be also used for Example

Example 5.15. For each 1 < n < oo and for a field k, a strongly
discrete, so stable, n-dimensional valuation domain V' containing k. In
particular, if n = oo, the nonzero prime ideals of V' form a descending
infinite sequence, so the height of every nonzero prime ideal of V
is infinite. Moreover, for all n, FracV is a purely transcendental
extension of k of transcendence degree Xg.

First let n = co. Let V = Ag, where
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k is a field, X,, (n > 1) are independent indeterminates over k, and

Q=X1A= (X, X)’(‘jl (n > 1))A is a maximal ideal of A.

It is easy to show that V' = (J,2, V;, (an ascending union), where
V,, are subrings of V defined inductively as follows: Vy = k, and for
n=1, welet Vi, =Viq + Xp (K(X1,. ., Xy [Xn]) -

By induction, Frac(V,,) = k(Xi,...,X,) for n > 1. Thus V,, =
Vo1 + X0 (Frac(Vn_l)[Xn]<Xn>) for n > 1. Hence by Corollary [5.12
we obtain inductively that V,, is a strongly discrete valuation domain
of dimension n, with maximal ideal M,, = XV,,, and that the nonzero
prime ideals of V,, form a descending chain

Mn: n,ngpn,n—l_,j._"'gpn,L

It follows that the domain V = |J,—_, V,, is a strongly discrete, so stable,
valuation domain with maximal ideal M = X;V. Let P be a nonzero
prime ideal of V. Since P = J.—,(PNV,), we have PNV, # (0) for
some integer n > 1. By Lemma P=(PnNnV,)V =P,,;V for an
integer 1 <7 < n. If n is minimal, then P, ; is the least nonzero prime
ideal of V,,, so i@ = 1. Hence the nonzero prime ideals of V' form an
infinite descending chain M = P; 2 P» 2 ..., where P, = P,V for
alln > 1.

Thus for all n > 1, P, is the ideal of V generated by the
one-dimensional subspace X, k(X1,Xs,...,X,,—1) of V over the field
k(X1, X, ..., Xn_1).

Explicitly, for all n > 1 we have
oo
IQ:E:XAMXh”qXFQMm&Q.

If n is finite, similarly to the definition of V above, we define
Vi = Ag,,, where
Xj+1

A= X 5
J

(1<l<nix1),

and @ = X1 A is a maximal ideal of A. (if n = 1, then A = k[X;]). O

In the last example we exhibit an n-dimensional Archimedean stable
local domain, for each n > 2; thus answering in the negative the
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question posed in [6, Problem 7.1]. (For details concerning this
example, see Propositions and above.)

We need the following lemma:

Lemma 5.16. Let k be a field, and let L # k be a purely transcendental
field extension of k with tr.d. L/k < Ng. Then there exists a DVR
(V,N) such that FracV = L and V/N = k.

Proof. Let L = k(B), where B is a set of algebraically independent
elements over k. Since tr.d.L/k < Ry < tr.d. k((X))/k [13, Lemma
1, Section 3], there exists a subset By of k((X)) containing X such
that |Bg| = |B|. Thus there exists an isomorphism over k of the
fields L and k(Bp) mapping B onto By. Hence we may assume that
L = k(B) C k(X)) and that X € B. Define V = k[[X]] N L.
Thus V is a DVR with maximal ideal XV, and V/XV = k. Since
k[B] CV C L =k(B), it follows that Frac(V) = L. O

Example 5.17. For 1 < n < oo, a stable n-dimensional Archimedean
local domain (R, M).

By Example for any field &, there exists a stable n-dimensional
valuation domain (V2,Q2) containing k such that FracV, = L is a
purely transcendental extension of k and V2/Q2 = k. By Lemma[5.16]
there exists a DVR (V4,Q1) containing k such that Frac(Vy) = L,
and V1/Q1 = k. By Proposition there exists a local Archimedean
finitely stable domain R such that R’ = V4 NV, and by Proposition [4.8
such a domain is stable. (|

By Example and by Proposition (1), the integral closure
of an Archimedean domain, or even an accp stable domain, is not
necessarily Archimedean. The domain Z + XZ[X], where Z is the
ring of all algebraic integers, satisfies accp while R’ = Z[X] does not,
although R’ is Archimedean [2, Example 5.1].
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