STAR STABLE DOMAINS

STEFANIA GABELLI AND GIAMPAOLO PICOZZA

ABSTRACT. We introduce and study the notion of x-stability with re-
spect to a semistar operation * defined on a domain R; in particular we
consider the case where * is the w-operation. This notion allows us to
generalize and improve several properties of stable domains and totally
divisorial domains.

INTRODUCTION

Star operations, as the v-closure (or divisorial closure), the t-closure and
the w-closure are an essential tool in modern multiplicative ideal theory
for characterizing and investigating several classes of integral domains. For
example, in the last few decades a large amount of literature has appeared
on Mori domains, that is domains satisfying the ascending chain condition
on divisorial ideals, and Priifer v-multiplication domains, for short PvMDs,
that is domains in which each finitely generated ideal is t-invertible (or w-
invertible). The consideration that some important operations on ideals,
like the integral closure, satisfy almost all the properties of star operations
led A. Okabe and R. Matsuda to introduce in 1994 the more general and
flexible notion of semistar operation [27]. The class of semistar operations
includes the classical star operations and often provides a more appropriate
context for approaching several questions of multiplicative ideal theory, see
for example [11, 15, 16, 17, 18, 33]. In this paper, we introduce the notion
of x-stability with respect to a semistar operation *.

Motivated by earlier work of H. Bass [4] an J. Lipman [26] on the num-
ber of generators of an ideal, in 1974 J. Sally and W. Vasconcelos defined
a Noetherian ring R to be stable if each nonzero ideal of R is projective
over its endomorphism ring Endg(I) [36]. In a note of 1987, D.D. Ander-
son, J. Huckaba and I. Papick considered the notion of stability for arbi-
trary integral domains [2]. When [ is a nonzero ideal of a domain R, then
Endgr(I) = (I : I); thus a domain R is stable if each nonzero ideal I of R is
invertible in the overring (I : I). Since 1998, stable domains have been thor-
oughly investigated by B. Olberding in a series of papers [28, 29, 30, 31, 32].

Given a semistar operation *x on a domain R, we say that a nonzero ideal
I of R is x-stable if I* is #-invertible in (I* : I*) and that R is x-stable
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if each nonzero ideal of R is x-stable. (Here we denote by % the semistar
operation induced by x on a fixed overring 7' of R.) This notion allows us
to generalize and improve several properties of stable domains and totally
divisorial domains. We also recover some results proven in [13, Section 2]
for x = w.

Even though many results are stated for a general semistar operation,
for technical reasons, the most interesting consequences are obtained for
(semi)star operations spectral and of finite type. In this case, we show that
*-stability implies that * is the w-operation on R; in particular, on stable
domains the w-operation is the identity.

For a (semi)star operation spectral and of finite type, the main result of
Section 1 is that a domain R is x-stable if and only if R is x-locally stable
and has %-finite character, if and only if R is x-locally stable and each x-ideal
of R is x-finite in its endomorphism ring. This implies that if a domain is
locally stable, then stability is equivalent to the property that each nonzero
ideal I is finitely generated in the overring (I : I).

In Section 2 we study *-stability of overrings and we show that, for semis-
tar operations of finite type, the x-integral closure of a x-stable domain is a
PuMD.

In Section 3 we extend some properties of totally divisorial domains in
the setting of semistar operations. For x = w, we prove that each t¢-linked
overring T' of R is w-divisorial if and only if all the endomorphism rings of
w-ideals are w-divisorial, if and only if R is w-stable and w-divisorial. Under
these conditions, w is the w-operation on T'. As a consequence, we get that
R is totally divisorial if and only if all the overrings of type (I : I) are
divisorial, if and only if each nonzero ideal I of R is m-canonical in (I : I).
The Mori case and the integrally closed case are of particular interest.

Finally, in Section 4 we show that w-stable w-divisorial domains are v-
coherent and use this fact to show that w-stable w-divisorial (respectively,
totally divisorial) domains share several properties with generalized Krull
(respectively, Dedekind) domains. As a matter of fact, in the integrally
closed case each one of these properties becomes equivalent to R being a
generalized Krull (respectively, Dedekind) domain; so that a w-stable w-
divisorial (respectively, totally divisorial) domain can be viewed as a “non-
integrally closed generalized Krull (respectively, Dedekind) domain”.

Throughout this paper R will be an integral domain with quotient field
K, R # K. We denote by F(R) the set of nonzero fractional ideals of R, by
F(R) the set of nonzero R-submodules of K and by f(R) the set of nonzero
finitely generated R-submodule of K. Clearly f(R) C F(R) C F(R).

A semistar operation on R is a map x : F(R) — F(R) such that, for each
E,F € F(R) and for each € K, x # 0, the following properties hold:

(%1) (zE)* = xE*;

(x2) E C F implies E* C F™;

(x3) £ C E* and E** := (E*)* = E*.
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Recall that, for all E, F' € F(R), we have:

(EF)* = (E*F)* = (EF*)" = (E*F*)"
(E+F)" = ( *+F) = (E+ F*)" = (B* + F*)”
(B F)* C(E: F*) = (E*: F) = (B*: F)";
(ENF)* CE*NF* = (B* N F*)*, if ENF £ (0);

see for instance [15].

If x; and %o are semistar operations on R, we say that x; < xo if E*1 C
E*2 for each E € F(R). This is equivalent to the condition that (E*1)*2 =
(E*2)*t = E*2 for each E € F(R).

The identity is a semistar operation, denoted by d. It follows from (x3)
that d < x, for each semistar operation .

A semistar operation x is called a semistar operation of finite type if, for
each E € F(R), we have

E*=| J{F*|F € f(R) and F C E}.
If x is any semistar operation, the semistar operation x; defined by
E* :=| J{F*|F € f(R) and F C E},

for each E € F(R), is a semistar operation of finite type and x; < x.

A nongzero ideal I of R is x-finite if there exists a finitely generated J such
that I* = J* = J*7.

When R* = R, * is called a (semi)star operation on R and its restriction
to the set of nonzero fractional ideals F'(R) is a star operation, still denoted
by *.

As usual, we denote by v the (semi)star operation defined by EV := (R :
(R: E)), for each E € F(R), and set t := vy. As a star operation on R, v
is called the divisorial closure. It is well known that x < v and %y < ¢, for
each (semi)star operation  [15, Proposition 1.6].

We say that a nonzero ideal I of R is a quasi-x-ideal if * N R = 1. A
quasi-x-prime (ideal) is a prime quasi-x-ideal and a quasi-x-mazimal ideal
is a quasi-x-ideal maximal in the set of all proper quasi-x-ideals. A quasi-x-
maximal ideal is a prime ideal [15, Lemma 4.20] and, when * is a semistar
operation of finite type, each quasi-x-ideal is contained in a quasi-*-maximal
ideal [15, Lemma 4.20]. The set of quasi-*s-maximal ideals of R will be de-
noted by s -Max(R). We say that R has x¢-finite character if each nonzero
ideal of R is contained at most in a finite number of quasi-x ;-maximal ideals
of R.

When * is a (semi)star operation, an ideal I is a quasi-*-ideal if and only
if I* = I. In this case, like in the classical case of star operations, we say
that I is a x-ideal and, analogously, we call a quasi-x-prime ideal a x-prime
and a quasi-x-maximal ideal a x-maximal ideal. A v-ideal of R is also called
a divisorial ideal.
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If x is a semistar operation on R, we denote by x the semistar operation
defined by

E* = (1l ERu= U (E: F),

Meéexy -Max(R) Fef(R), F*f=R

for each E € F(R). We have I*Ry; = IRy, for each nonzero ideal I of
R and each quasi-x-maximal ideal M of R [15, Lemma 4.1(2)]. Clearly
* = k.

Thé semistar operation * is of finite type and spectral (a semistar opera-
tion * is spectral if there exists A C Spec(R) such that E* = {ERp|P €
A}, for each E € F(R)). More precisely, x = * if and only if « is spectral
and of finite type, if and only if * is of finite type and (ENF)* = E* N F*,
for E, F € F(R) such that EN F # (0) [15, Corollary 3.9 and Proposition
4.23).

Always we have * < % < . In addition, setting w := 0, if % is a (semi)star
operation, we have * < w.

A nonzero ideal I of R is x-invertible if (I(R : I))* = R*. When x = xy,
this is equivalent to the fact that I(R : I) is not contained in any quasi-¢-
maximal ideal. Since quasi-xp-maximal ideals and quasi-x-maximal ideals
coincide [18, Corollary 3.5(2)], it follows that an ideal I is xs-invertible if
and only if it is x-invertible. When x = x, a x-invertible ideal is x-finite.

If % is a semistar operation on R and T is an overring of R, the restriction
of x to the set of T-submodules of K is a semistar operation on 7', here
denoted by x. When T* = T, % is a (semi)star operation on 7" [17, Proposi-
tion 2.8]. Note that * shares many properties with * (see for instance [34,
Proposition 3.1]); for example, if x is of finite type then * is of finite type
[17, Proposition 2.8].

1. x-STABLE DOMAINS

Let R be an integral domain and x a semistar operation on R. Given a
nonzero fractional ideal I of R, consider the overring T' := (I* : I*) of R.
It is easy to see that, T' = T™; hence the restriction of x to the set of the
T-submodules of K is a (semi)star operation on 7', denoted by *.

We say that a nonzero fractional ideal I of R is x-stable if I* is x-invertible
in (I*: I") and that R itself is x-stable if each nonzero (fractional) ideal of
R is *-stable. The notion of d-stable domain coincides with the notion of
stable domain introduced in [36].

A x-invertible ideal I of R is x-stable. In fact, since R* C T* = T, if
(I(R:1I))* = R*, we have

T=RTC(IR:D)'TY ' =IR:DT) C(I(T:I")"CT
Thus (I*(T : I*))* = T. It follows that a domain with the property that
each nonzero ideal is x-invertible is x-stable. For example any completely

integrally closed domain, is v-stable. Recalling that if I is v-invertible, we
have R = (I' : I*) = (IV : IV), we see that a completely integrally closed
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domain that is not a PvMD is v-stable but not ¢-stable. Since on Krull
domains ¢ = v and any integrally closed stable domain is a Priifer domain
[35, Proposition 2.1], any Krull domain that is not Dedekind is ¢-stable but
not stable.

Proposition 1.1. Let x be a semistar operation on an integral domain R
satisfying one of the following conditions:

(1) (ENF)* = E*NF*, for each E,F € F(R) such that ENF # (0).
(2) (R: R*) £ (0).
Then R is x-stable if and only if R* is x-stable.

Proof. If I is a nonzero ideal of R, then I'* is an ideal of R*. Hence, if R* is
*-stable, R is x-stable, without any condition on *.
Conversely, let R be %-stable and let J be a nonzero ideal of R*. Assume
that condition (1) holds and consider the ideal I := J N R of R. Then
*=(JNR)* =J"NR* = J*. It follows that J is x-stable. If (2) holds,
then J is a fractional ideal of R. Hence it is x-stable. O

Since we will be mostly interested in the case where % is a semistar op-
eration spectral and of finite type, that is where x = %, by the previous
proposition often we will restrict ourselves to assume that R = R*, that is
to consider (semi)star operations.

Our first result is a generalization of [32, Theorem 3.5(1)«<(2)]:

Proposition 1.2. The following conditions are equivalent for an integral
domain R and a semistar operation * on R:
(i) R is *-stable.
(ii) For each nonzero ideal I of R, I* is a divisorial ideal of (I* : I*)
(that is, (I*)"" = I*, where v' is the v-operation on (I* : I*)).

Proof. ()= (ii) Since I* is %-invertible in (I* : I*) we have I* = (I*)* =
(I*)"" [6, Lemma 2.1].

(il)=(1) Let T := (I* : I*) and let J := (T : I*). We have to show that
(I*J)y=17*=T.

First, we show that (J : J) =T. Wehave (J:J)= (T :I*): (T :I*)) =
(T:(T:1%): ") = (I :I*)=(I*: ") =T.

Next step is to show that (7" : I*J ) T. We have (T ) =((T:J):
I TP 1) = (1) )~ (1 ) -

Now we prove that ((I*J)* : I*J) =T. It is clear that (I*J)*: 1*J) 2
T. Conversely, if x € ((I* J)* I* ) then z(I*J) C (I*J)* C T. Hence,
(). I*J)C(T:I*J) =

Finally, since ((I*J)* : (I* )*) = T, by hypothesis, (I*J)* = ((I*J)*)"
Thus T = (T : T) = (T : (T : I*J)) = (I*J)" = (I*J)*, and I is %
invertible. (]

If I is a nonzero ideal of R, we denote by v(I) the semistar operation
defined on R by E — (I : (I : E)), for each E € F(R). When (I : I) = R,
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then v(I) is a (semi)star operation. The ideal I is called m-canonical if
JUA) .= (I : (I:J)) = J, for each nonzero fractional ideal .J of R [23].

Lemma 1.3. Let R be an integral domain and let I be a nonzero ideal of
R. Then:

(1) 1°D =17.

(2) If  is a semistar operation on R such that I* = I, then x < v(I).

Proof. (1) This is an easy consequence of the fact that [ is an ideal of (I : I);
thus (I: (I:1))=1.

(2) Let E € F(R). Since I = I*, then (I : E*) = (I : E). Hence (E*)"() =
(I:(I:E*)=(:{:E))=E""D and so + < v(I). O

Proposition 1.4. The following conditions are equivalent for an integral
domain R and a (semi)star operation * on R:
(i) R is *-stable.
(ii) v(I*) = ', for each nonzero ideal I of R (where v(I*) is defined on
(I* : I*) and V' is the v-operation of (I* : I*)).
(iii) IfI,J are two nonzero ideals of R such that (I* : I*) = (J* : J*) then
v(I*) = v(J*) (as (semi)star operations on (I* : I*) = (J*: J*)).

Proof. (1)=(ii) Since v(I*) is a (semi)star operation on (I* : I*) we have
v(I*) < v'. Conversely, since by Proposition 1.2 I* is divisorial in (I* : I'*),
as a consequence of Lemma 1.3(2), we have that v" < v(I*).

(ii)= (i) We have (I*)"" = (I*)*I") = I* by Lemma 1.3(1). So, I* is divisorial
in (I* : I*) for each ideal I of R and R is x-stable by Proposition 1.2.
(ii)=-(iil) It is straightforward since both v(I*) and v(J*) coincide with v’
in (I*: I*) = (J*: J").

(iii)=(ii) Note that T" := (I* : I*) is a fractional ideal of R, since I* is an
ideal of R. So, there exists a nonzero integral ideal J of R and a nonzero
element z € R such that T = z7'J*. Clearly, T = (T : T) = (J* : J*).
Thus, by hypothesis, v(I*) = v(J*). Moreover, it is easy to see that v(J*) =
v(z71J*) = v(T) = v/, the v-operation of T. It follows that v(I*) =v'. O

Proposition 1.5. Let R be an integral domain and * a (semi)star operation
of finite type on R. If R is %-stable, then each x-maximal ideal of R is
divisorial. In particular, x-Max(R) = t-Max(R) = v-Max(R).

Proof. Let M be a x-maximal ideal of R and suppose that M is not divisorial.
Then, M" = R, otherwise M" would be a *-ideal containing M. Hence
(M : M) = (R: M)= R. It follows that M is x-invertible in R and
M* = (M(M : M))* = (M(R : M))* = R, a contradiction. The second
statement follows easily. O

Corollary 1.6. Let R be an integral domain and x a (semi)star operation
of finite type on R. If R is x-stable then x = w.

Remark 1.7. (1) It is possible to prove that, given two semistar operations
*1 < x on R either of finite type or with the property that (I N J)* =
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I*inJ*i, for any pair of nonzero ideals I, J of R and i = 1, 2 (for example, two
spectral semistar operations), then xi-stability implies xo-stability. Thus,
for example, a w-stable domain is t-stable. We have no examples of t-stable
domains that are not w-stable.

(2) In general it is not true that if * is a (semi)star operation of finite
type and R is x-stable then x = t. However, we will show in Corollary 2.4
that this happens when R is *-integrally closed.

For an example, in [36, Example 5.4] it is proved that the 1-dimensional
local domain A with maximal ideal 3-generated constructed in [14] is stable.
It is clear that A is Noetherian. Hence d # t on A, because the maximal
ideal is not 2-generated [30, Lemma 3.5].

Lemma 1.8. Let R be an integral domain and x a semistar operation on
R. Let J be a nonzero ideal of R and assume that J* is *-finite in (J* : J*).
Then, for each prime ideal P of R:

(1) (J*: J)Rp = (J*Rp : J*Rp).

(2) (J*:J*):J)Rp = ((J*: J)Rp : J*Rp).

Proof. (1) Let T := (J* : J*). Since J* is *-finite, there exist x1, zo, ..., x, €
J*, such that J* = (x1T + 22T + ... + x,T)*. Let H := 1R+ xR+ ...+
xnR C J*, so that (HT)* = J*. Then, HRp C J*Rp and TRp = (J* :
JYRp C (J*Rp : J*Rp) C (J*Rp : HRp) = (J* : (HT)*)Rp = (J* :
J*)Rp = TRp. Hence, (J*Rp : J*Rp) =TRp = (J* : J*)Rp.

(2) Since T* = T', we have (T' : J*)Rp C (TRp : J*Rp) C (TRp :
HRp) = (T : HT)Rp = (T : (HT)*)Rp = (T : J)Rp. Hence, (T :
J*)Rp = (T'Rp : J*Rp). O

The next result shows in particular that the study of x-stable domains
can be reduced to the local case.

Theorem 1.9. Let R be an integral domain and * a (semi)star operation
on R. If x = %, the following conditions are equivalent:

(i) R is *-stable.
(ii) R has *-finite character and Ry is stable, for each M € %-Max(R).
(iii) J* is *-finite in (J* : J*), for each nonzero ideal J of R, and Ry is
stable, for each M € %-Max(R).

Under these conditions, x = w.

Proof. (i)=-(ii) First, we show that Rj; is stable, for each M € x-Max(R).
Let I be a nonzero ideal of Rjs. There exists an ideal J of R such that I =
JRy = J*Ryy. Since R is #-stable, J* is #-invertible in 7" := (J* : J*), that
is, (J*(T: J*))* = (J(T': J))* =T (as usual, we denote by * the restriction
of x to the set of the fractional ideals of T'). In particular, J* is %-finite in
T. Hence, by Lemma 1.8(2), we have (I : I) = (JRy : JRy) = TRy =
(J(T : J))*Ray = JRy (T : J)Ray = JRy(TRys  JRy) = I((I: 1) < I). Tt
follows that I is invertible in (I : I) and so R/ is a stable domain.
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To prove that R has x-finite character, we prove that a family of x-maximal
ideals that has nonempty intersection is a finite family.

Let M be a x-maximal ideal. Since Rj; is stable, by [32, Lemma 3.1],
MRy is principal in (M Ry : M Ryy), that is, there exists © € M Ry such
that MRy = (M Ry : MRyr) and so M2Ry C MRy C xRy € MRy
The ideal I := xRy N R is a t-ideal (it is the contraction of a t-ideal of
Ryr), and so a *-ideal, since x < t. Moreover, IRy; = xzRj;. Note that
M? C I and so IRy = Ry for each *maximal ideal N # M. Since by
Lemma 1.8(1) ({ : I)Ry = (IRyn : IRy) for each *-maximal ideal N, we
have (I : I) = ({({ : I)Ry|N € x-Max(R)} = ({({Rx : IRN)|N €
*-Max(R)} = ({(Rn : Rn)|N € x-Max(R), N # M} N (zRy : vRy) =
(H(Rn : Rn)|N € x-Max(R)} = ({Rn|N € x-Max(R)} = R. It follows
that, since R is x-stable, I is x-invertible in R.

Now, let {M,} be a collection of x-maximal ideals such that [, M« # (0).
For each M, we have a x-ideal I,, constructed as above. If y € (", My, y #
0, then y% € N, Mo®> C N, Ia. Then, T =, Io # (0). Let J =3 (R :
I,,). Since for each «, I, is a x-invertible x-ideal, we have I, = I? [6, Lemma
2.1), and so (R:J) = (R: (R: 1)) =, Ia = I. Note that I, ¢ Mg i
B # « and that, by Lemma 1.8(2), (R : Io)Ry = (Ras : IoRar). Then, for
each a, we have JRy, = > (R : Ig)Ry, = (Rum, t IRM,) + D 520 (R,
Rar,) = (Rpg, : IRpg,). Similarly, for a x-maximal N & {M,}, we have
JRN = RN. Hence (J* : J*) Q ﬂ(JRM . JRM) = ﬂ(RMa : IaRMa(RMa :
I,Ry,)) N (({RN|N € x-Max(R), N & {M,}}) = Ry = R. It follows
that J is %-invertible in R and so x-finite (and so, t-finite). Then, there exists
Iny Iy, ... I, such that J* = (R : In,) + (R : In,) + ...+ (R : In,))".
Thus, I = (R:J)=(R:J*) =1y NIy, N...N1I,,, and so the only M,’s
containing I are My,, My, ..., M,,. Since (), M2 C I, we conclude that
{My} ={My,, Ma,,...,M,,} is a finite family.

(il)=-(iii) First we show that (J* : J*)Ry = (JRy : JRy), for each
nonzero ideal J and for each x-maximal ideal M of R. For this, it is enough
to show that (JRy : JRy) C (J* @ J)Rpy. Let @ € (JRy @ JRyp)
and let My, M, ..., M, be the x-maximal ideals such that xRy;, # Ruy,.
Since Ry, is stable, for each @ = 1,2,...,n, there exists y; € J such that
JRy;, = yi(JRy, © JRyr,) [32, Lemma 3.1). Then, zy; € JRy C JRy
and there exists d; € R ~ M such that d;zy; € J. Setting d := dyds...d,,
we have dzJRy;, = dxyi(JRy, @ JRy;) € J(JRy, - JRy,) € JRy,,
for each i = 1,2,...,n. Moreover, if N is a xmaximal ideal such that
N & {My, My, ..., My}, then Ry = Ry. Thus, deJRy = dJRy C JRy
for each *-maximal ideal N of R and so, dzJ* = (dzJ)* = ((dzJRn) C
N JRy = J*. It follows that de € (J* : J*) and = € (J* : J*)Ryy, since
d € R~ M. Thus, (J* : J*)RM = (JRM : JRM).

Now let T := (J* : J*). We prove that there exists a finitely generated
ideal H C J of R such that (HT)* = J*. Let N1, Na, ... N4 be the x-maximal
ideals containing J. Since Ry, is stable, there exists x; € J, such that
J*Rn, = JRN, = zi(JRN, : JRN,) = TRy, for each i = 1,2,...,s [32,
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Lemma 3.1]. Let F' := 21 R+x9R+...+xsR. Since FT C JT C J*, we have
JRyN, =z TRN, € FTRN, C JRy,. It follows that JRy, = FT Ry, for each
1=1,2,...,s. If F' is not contained in any x-maximal ideal distinct from
N1, No,...,Ng, we have JRy = FT Ry for each x-maximal ideal N of R and
so J* = (FT)*. Otherwise, let Ngi1, Nst2,..., Ny be the x-maximal ideals
of R containing F' and not containing J. If z € J ~\ (Ng41 U NgpoU...UNy)
and H := F + xR, as before we get that JRy = HT Ry for each x-maximal
ideal N of R and so J* = (HT)*.

(iii)=(i) We have to prove that [ := (J((J* : J) : J))* = (J* : J*). By
Lemma 1.8, we have [ = (" J((J* : J) : J)Ryy = (VJRMm((JRyr = JRyp) -
JRy) = (JRy - JRy) = (\(J* 2 TRy = (J* 2 JN)* = (J* = J*) where
the intersection varies over the set of all x-maximal ideals of R.

The fact that x = w is a straightforward consequence of Corollary 1.6. [J

We state explicitly the previous theorem for x = w. A direct proof of
(i) (ii) is given in [13, Theorem 2.2].

Corollary 1.10. The following conditions are equivalent for an integral
domain R:

(i) R is w-stable.
(ii) R has t-finite character and Ry is stable, for each M € t-Max(R).
(i) J is w-finite in (J¥ : J¥), for each nonzero ideal J of R, and Rys
is stable, for each M € t-Max(R).

For x = d, we obtain the following result, where (i)<(iii) is due to B.
Olberding [32, Theorem 3.3].

Corollary 1.11. The following conditions are equivalent for an integral
domain R:
(i) R is stable.
(ii) R is w-stable and d = w.
(iii) R has finite character and Ry is stable, for each maximal ideal M
of R.
(iv) Each nonzero ideal J of R is finitely generated in (J : J) and Rys is
stable for each mazximal ideal M of R.

In particular, a one-dimensional w-stable domain is stable.

We recall that a domain R with the property that (., B # (yep, BN,
for any two distinct subsets A1 and Ay of Max(R) is called a #-domain. If R
has the same property for A1, Ay C t-Max(R), we say that R is a t#-domain
[22].

Corollary 1.12. Let R be a w-stable integral domain. Then:
(1) t-Spec(R) is treed.

(2) R satisfies the ascending chain condition on t-prime ideals.
(3) R is a t#-domain.
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Proof. (1) follows from Theorem 1.9 and the fact that the spectrum of a
local stable domain is linearly ordered [32, Theorem 4.11(ii)].
(2) follows from Theorem 1.9 and the fact that a local stable domain
satisfies the ascending chain condition on prime ideals [32, Theorem 4.11(ii)].
(3) follows from [22, Corollary 1.3], because each t-maximal ideal of R is
divisorial by Lemma 1.5. U

2. OVERRINGS OF %-STABLE DOMAINS

B. Olberding proved that overrings of stable domains are stable [32, The-
orem 5.1]. This result was generalized by S. El Baghdadi, who showed that
a t-linked overring T' of a w-stable domain is w’-stable, where w’ denotes
the w-operation on T (see [13, Theorem 2.10]). Recall that an overring T of
an integral domain R is called t-linked over R if T = T [8]. Each overring
of R is t-linked precisely when d = w [8, Theorem 2.6]. El Baghdadi’s proof
works more in general for semistar operations spectral and of finite type.

Theorem 2.1. Let R be a domain and * a semistar operation on R such
that x = x. If R is x-stable, then each overring T of R is %-stable.

Proof. Since R C T implies R* C T*, by Proposition 1.1 we can assume
that R* = R and T* = T, that is, that * is a (semi)star operation on R and
* is a (semi)star operation on 7.

First we show that T is %-locally stable. Let M = M* be a -maximal
ideal of T. Then (M NR)* C M*NR* = M NR. Hence M N R is a *-prime
ideal of R and Rpynr € Ths. Since each localization of R at a x-maximal
ideal is stable (Theorem 1.9) and overrings of stable domains are stable [32,
Theorem 5.1], then Ty is stable.

In order to apply Theorem 1.9, we have to prove that T has *-finite
character. Let N be a *-maximal ideal of R and let {M,} be a family of
*-maximal ideals of T', such that (), My # (0) and M, N R C N. We want
to show that {M,} is a finite set. Let S := (), Tm, 2 T. Since Ry C Ty,
for each «a, we have that Ry C S. Hence S is stable as an overring of the
stable domain Ry. Let P, := MyTh, NS, for each a. The P,’s are pairwise
incomparable, because Sp, = Ty,. Since (), M, is nonempty, also [, Pa
is nonempty. Let € (), Pa. If the P,’s are infinitely many, then z is
contained in infinitely many maximal ideals of S, because Spec(S) is treed
[32, Theorem 4.11(ii)]. This contradicts the finite character of S. It follows
that the P,’s, and so the M,’s, are finitely many. It is easy to see that this
implies the %-finite character for T'. O

Corollary 2.2. Let R be a w-stable domain and let T be a t-linked overring
of R. Then w = w' is the w-operation on T and T is w’'-stable.

Proof. T is w-stable by Theorem 2.1. Since w is a (semi)star operation on
T (because T is t-linked over R) and w = 1, it follows from Corollary 1.6
that w = w = w'. O
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If x is a semistar operation on R, the %-integral closure of R is the in-
tegrally closed overring of R defined by R := (J{(F* : F*)|F € f(R)}
[17]. Clearly R¥ = RI*l. The v-integral closure R of a domain R is also
called the pseudo-integral closure of R [3]. We say that R is x-integrally
closed if R¥ = R. In this case, it is easy to see that % is necessarily a
(semi)star operation on R [11, p. 50]. Denoting by R’ the integral closure
of R, we have R C R’ C R, In addition, if % is a (semi)star operation and
R:=J{(I": I")|I € F(R)} is the complete integral closure of R, we have
RW c RVl C R.

It is known that the integral closure of a stable domain is a Priifer domain
[35, Proposition 2.1]. We now show that, when * is a semistar operation of
finite type, the x-integral closure of a x-stable domain is a PvMD. Recall
that an integrally closed domain is a PuMD if and only if w = ¢ [24, Theorem
3.5].

Theorem 2.3. Let R be an integral domain and x a semistar operation on
R. Assume that R is x-stable. Then, denoting by t' and w' respectively the
t-operation and the w-operation on R™ :

(1) Each nonzero finitely generated ideal of R is %-invertible.

(2) If % is of finite type, then R is a PuMD and + =t = w/'.

(3) If x = %, then RM is a w'-stable PuMD and % =t = w'.

Proof. (1) Let I be a nonzero finitely generated ideal of RM. We have to
prove that (I(RM : I))* = RM.

There exist x € K and a finitely generated ideal J of R, such that I =
xJRP. Since R is x-stable, J* is invertible in (J* : J*) € R, Thus R =
(J* : J)RHW = (J=((J* - J*) : J)*R¥ € (JRH(RMW : JRH))* € RM. 1t
follows that (I(RM : I))* = (JRH(RF : JRM))* = RI.

(2) If * is of finite type, * is a (semi)star operation on R [17, Proposi-
tion 4.5(3)]. By (1) and [6, Lemma 2.1] we have I* = I'" for each finitely
generated ideal I of R, Hence, + = ' and, again by (1), we conclude that
R is a PuMD.

(3) follows from (2) and Theorem 2.1. O

Corollary 2.4. Let R be an integral domain and * a semistar operation of
finite type on R. If R is x-stable and x-integrally closed, then R is a PvMD
and * =t = w. In particular, a t-stable pseudo-integrally closed domain s
a PvMD.

Corollary 2.5. Let R be an integral domain and = a (semi)star operation
of finite type on R. If R is x-stable and completely integrally closed, then R
is a Krull domain and x =t = w.

Proof. If R is *-stable, then each t-maximal ideal of R is divisorial (Propo-
sition 1.5). Hence R, being completely integrally closed, is a Krull domain
[19, Theorem 2.6]. Since R is x-integrally closed (because R C R), then
* =t =w (Corollary 2.4). O
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Corollary 2.6. [13, Corollary 2. 11] Let R be a w-stable domain. Then the
w- mtegml closure R™ of R is a w'-stable PMD and w = t' = w' (where t
and w' are respectively the t-operation and the w-operation on R[w]) .

Remark 2.7. The integral closure R’ of a w-stable domain is always -
stable by Theorem 2.1. However, R’ is not necessarily t¢-linked over R [9,
Section 4] and so we cannot use Corollary 2.2 to conclude that R is w'-
stable. (In fact, when w is not a (semi)star operation, we cannot compare
w and w'.)

We do not know whether, for x of finite type, a x-stable integrally closed
domain is a PoMD. However, when * is a (semi)star operation on R such
that x = %, then R is x-integrally closed if and only if R is integrally closed
[11, Lemma 4.13]. Hence, from Corollary 2.4, we have:

Corollary 2.8. Let R be a domain and x a (semi)star operation on R such
that x = x. If R is x-stable and integrally closed, then R is a PvMD and
* =1t =w. In particular, a w-stable integrally closed domain is a PvMD.

As a matter of fact, it is proved in [13] that a w-stable integrally closed
domain is precisely a strongly discrete PvMD with t¢-finite character. Recall
that a valuation domain V is called strongly discrete if PVp is a principal
ideal for each prime ideal P of V. We say that a PvMD (respectively, a
Priifer domain) R is strongly discrete if Rp is a strongly discrete valuation
domain, for each P € t-Spec(R) (respectively, for each P € Spec(R)). If
R is a strongly discrete PuMD (respectively, a Priifer domain) and each
proper t-ideal (respectively, each nonzero proper ideal) of R has only finitely
many minimal primes, then R is called a generalized Krull domain [10]
(respectively a generalized Dedekind domain).

The following characterization of w-stable integrally closed domain is
given in [13, Theorem 2.6]. For stable domains, an analogous result is due
to B. Olberding [28, 30].

Theorem 2.9. The following conditions are equivalent for an integral do-
main R:

(i) R is integrally closed and w-stable;
(ii) R is a w-stable PvMD;
(iii) R is a strongly discrete PvMD with t-finite character;
(iv) R is a generalized Krull domain with t-finite character;
v) R is a w-stable generalized Krull domain;
(vi) R is a PvMD with t-finite character and each t-prime ideal of R is
w-stable;
(vii) R is w-stable and each t-mazimal ideal of R is t-invertible.

3. *-DIVISORIAL %-STABLE DOMAINS

Following [1], we say that a nonempty family A of nonzero prime ideals
of R is of finite character if each nonzero element of R belongs to at most
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finitely many members of A and we say that A is independent if no two
members of A contain a common nonzero prime ideal. We note that, for a
(semi)star operation * of finite type, the family x-Max(R) is independent if
and only if no two members of x-Max(R) contain a common prime ¢-ideal,
because a minimal prime of a principal ideal is a t-ideal. When the family of
all maximal (resp. t-maximal) ideals of R is independent of finite character,
R is called an h-local domain (resp. a weakly Matlis domain).

A domain such that each ideal is divisorial (that is d = v) is called a
divisorial domain and a domain whose overrings are all divisorial is called
totally divisorial [5]. We say that a domain R is x-divisorial if x = v.

Theorem 3.1. Let R be an integral domain and * a (semi)star operation
on R. If x = %, the following conditions are equivalent:

(i) R is x-stable and x-divisorial.
(ii) The family x-Max(R) is independent of finite character and Ry is
totally divisorial, for each M € *-Max(R).
(iii) Each overring T of R such that T* =T is *-divisorial.
(iv) (I* : I*) is *-divisorial, for each nonzero ideal I of R.
(v) v(I*) =% on (I* : I*), for each nonzero ideal I of R.

Under these conditions, x = w on R and * = w = w' is the w-operation
on each t-linked overring T of R.

Proof. (i)=-(ii) Since x = * < w < t < v, if R is *-divisorial, it is also w-
divisorial. Hence the family x-Max(R) = ¢-Max(R) is independent of finite
character [12, Theorem 1.5].

If M is a t-maximal ideal of R, Rj; is stable by Theorem 1.9. Hence,
to show that Rj,s is totally divisorial, it is enough to show that Rjs is
divisorial [30, Theorem 3.12]. Let I = JRjs be a nonzero ideal of Ry, with
J an ideal of R. Since t-Max(R) is independent of finite character, we have
I" = (JRy)" = JYRyy, where v/ is the v-operation on Ry [1, Corollary
5.3]. Since J* = JY, then IV = J*Ry; = JRy = I. Hence, Ry is divisorial.

(ii)=-(iii) Let T' be an overring of R such that 7% = T. By applying [1,
Corollary 5.2] for F = x-Max(R), if J is a nonzero ideal of 7' and M is a
*-maximal ideal, we have (T': (T': J))Rar € (TR : (T J)Ryr) = (TR -
(TRyr : JRyr)) = JRyy, where the last equality holds because Ry is totally
divisorial and TRy; O Rjy;. Thus, denoting by v’ the v-operation of T, we
have JY Ry = JRy, for each x-maximal ideal M of R. It follows that
(JU')* = J*. Since # is a (semi)star operation on T, + <o’ and J¥ = J*.

(iii)=(iv) It is straightforward, since (I* : I*)* = (I* : I*).

(iv)=-(v) Since v(I*) is a (semi)star operation on (I* : I*), we have
v(I*) < V', the v-operation of (I* : I*). Moreover, I* is a *-ideal, so
by Lemma 1.3(2), *x < v(I*). Thus, since by hypothesis x = v/, we have
* = v(I).

(v)=(i) R is clearly -divisorial, taking I = R. That R is *-stable is a
consequence of Lemma 1.4(iii)=(i). In fact, if I and J are ideals of R such
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that (I* : I*) = (J* : J*) it is clear that v(I*) = v(J*), since both coincide
with *.

To finish, if R is x-stable, we have «x = w by Theorem 1.9 and w = w’ is
the w-operation on each t-linked overring T' of R by Corollary 2.2. (]

We state explicitly the theorem for x = w.

Corollary 3.2. The following conditions are equivalent for an integral do-
main R:

(i) R is w-stable and w-divisorial.
(ii) R is a weakly Matlis domain and Ry is totally divisorial, for each
M € t-Max(R).

(iii) Each t-linked overring T of R is w-divisorial.

(iv) (I* : I") is w-diwisorial, for each nonzero ideal I of R.

(v) v(I") =w on (IV : IY), for each nonzero ideal I of R.

Under these conditions, W = w' is the w-operation on each t-linked over-

ring T of R.

Since each t-linked overring of a w-stable domain is w’-stable (Corollary
2.2), we get:

Corollary 3.3. Each t-linked overring of a w-stable w-divisorial domain is
a w'-stable w'-divisorial domain.

We do not know if in general the condition that each ¢-linked overring T'
of R is w'-divisorial implies that R is w-stable. However, we now show that
this is true in the integrally closed case and in the Mori case.

The following result follows from Corollary 3.2 and the fact that a val-
uation domain V is totally divisorial if and only if it is strongly discrete
[5, Proposition 7.6]. (Compare it with Theorem 2.9.) The equivalences
(ii)< (i)« (iv) are part of [12, Theorem 3.5]. (i)« (ii) is [13, Corollary 2.8].

Corollary 3.4. The following conditions are equivalent for an integral do-
main R:

(i) R is an integrally closed w-stable w-divisorial domain.

(ii) R is integrally closed and each t-linked overring of R is w'-divisorial.
(iii) R is a strongly discrete PvMD and a weakly Matlis domain.
(iv) R is a w-divisorial generalized Krull domain.

Corollary 3.5. Let R be an integral domain. The following are equivalent:

(i) R is completely integrally closed and w-stable.
(ii) R is is completely integrally closed and w-divisorial.
(i) R is a Krull domain.

Proof. (1)< (iii) follows from Corollary 2.5. (ii)<(iii) was proved in [12,
Proposition 3.7]. O

Mori domains whose t-linked overrings are all w’-divisorial were studied
in [12]. A Mori domain is w-divisorial if and only if Rjs is a divisorial
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Noetherian domain, necessarily one-dimensional, for each t-maximal ideal
M [12, Theorem 4.5 and Proposition 4.1].

Corollary 3.6. The following conditions are equivalent for an integral do-
main R:

(i) R is a Mori w-stable w-divisorial domain.

(ii) R is a Mori domain and each t-linked overring is w'-divisorial.

(iii) R is a Mori domain and Rys is totally divisorial, for each M €
t-Max(R).

(iv) R hast-dimension one and each t-linked overring of R is w'-divisorial.

(v) R has t-dimension one and is w-stable and w-divisorial.

(vi) For each nonzero ideal I of R, there are a, b € R such that I =
(aR+bR)™.

Proof. (i)=-(ii) and (v)=-(iv) by Corollary 3.2(i)=-(iii).

(il)< (i)« (iv)<(vi) are proved in [12, Theorem 4.11].

We show that (ii) and (iii) imply (i). In fact, by (ii) R is w-divisorial and
so weakly Matlis, and by (iii) Ry is totally divisorial for each ¢t-maximal M.
So, we can conclude by applying Corollary 3.2(ii)=(i). In the same way, we
get that (iii) and (iv) imply (v). O

For x = d we recover the following characterizations of totally divisorial
domains: (i)<(iii)<(iv) are due to B. Olberding [30, Theorem 3.12 and
Corollary 3.13], (iv)<(v)<(vi) are due to G. Picozza [33, Theorem 2.57].

Corollary 3.7. The following conditions are equivalent for an integral do-
main R:

(i) R is stable and divisorial.
(ii) R is stable and w-divisorial.
(iii) R is h-local and Ry is totally divisorial, for each maximal ideal M
of R.
(iv) R is totally divisorial.
(v) (I:1) is divisorial for each nonzero ideal I of R.
(vi) Each nonzero ideal I of R is m-canonical in (I : I).

For ease of reference, we state Corollary 3.7 in the integrally closed case
[28, 30] and in the Noetherian case [5] (see also [12, Corollary 3.6 and Propo-
sition 4.8]).

Corollary 3.8. The following conditions are equivalent for an integral do-
main R:

(i) R is an integrally closed stable divisorial domain.
(ii) R is an integrally closed totally divisorial domain.
(iii) R is an h-local strongly discrete Prifer domain.
(iv) R is a divisorial generalized Dedekind domain.

Corollary 3.9. The following conditions are equivalent for an integral do-
main R:
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(i) R is a Noetherian stable divisorial domain.

(ii) R is a Noetherian totally divisorial domain.

(iii) R is a one-dimensional totally divisorial domain.

(iv) R is 2-generated (that is, each ideal of R is generated by 2 elements).

Remark 3.10. (1) It is easy to check that the overrings of R of the form
(I : I), where I is a nonzero ideal of R, are precisely the overrings with
nonzero conductor in R. But, if R is totally divisorial, it is not true in
general that all the overrings of R have nonzero conductor (that is, totally
divisorial domains are not always conducive). For example, any conducive
totally divisorial Priifer domain is a strongly discrete valuation domain [34,
Theorem 4.7], while Corollary 3.8 shows that there exist plenty of non-
quasilocal totally divisorial Priifer domains.

(2) A Noetherian stable domain is always one-dimensional [36, Propo-
sition 2.1]. We do not know if a Mori w-stable domain need to have ¢-
dimension one. However, we can say that it has t-dimension at most equal
to 2. In fact, by Corollary 1.10, a Mori domain R is w-stable if and only
if Rps is stable for each t-maximal ideal M. In addition, it is known that
if P is a nonzero nonmaximal prime ideal of a stable domain R, then Rp
is a strongly discrete valuation domain [32, Theorem 4.11]. Since the Mori
property localizes and a Mori valuation domain is a DVR, we see that a
quasilocal stable Mori domain has dimension at most equal to 2.

(3) Examples of Mori w-stable w-divisorial domains that are neither Noe-
therian nor Krull can be constructed by means of pullbacks, as in [12, Ex-
ample 4.13]. We do not know any example of a one-dimensional stable Mori
domain that is not Noetherian.

The next theorem shows that the study of w-stable w-divisorial domains
can be reduced to the case where the domain R has ¢-dimension at least
equal to two and has no t-invertible ¢-prime ideals. If A is a set of prime
ideals of R, we set Rz(z) :=[\pecp Rp-

Theorem 3.11. Assume that R is a w-stable w-divisorial domain. Let Ay
be the set of the t-invertible t-maximal ideals of R, Ao be the set of the
height-one t-mazimal ideals of R that are not t-invertible, Az := t-Max(R)\
{A1U A2} and set R; := Ry, fori=1,2,3. (If A; =0, set R; == K.)
Then:

(1) If Ay # 0, Ry satisfies the equivalent conditions of Corollary 3.4.

(2) If Ao # 0, Ry satisfies the equivalent conditions of Corollary 3.6
and has no t'-invertible t'-prime ideals (where t' is the t-operation
on Ry).

(3) If As # 0, Rs is a w-stable w-divisorial domain of t'-dimension
strictly greater than one with no t'-invertible t' -prime ideals (where
t' is the t-operation on R3).

(4) R=RiNRyN R3.
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Proof. Let A be a nonempty set of {-maximal ideals of R and T":= Rr(,).
Since t-Max(R) has t-finite character, then ¢ -Max(T) = {PRpNT; P € A}
[20, Proposition 1.17]. In addition, for M = PRpNT € t'-Max(T), we have
Ty = Rp. Recalling that an ideal of a domain with t-finite character is t-
invertible if and only if it is ¢-locally principal, we get that M is t’-invertible
in T if and only if P is t-invertible in R.

Since T is t-linked over R, T' is w’-stable and w’-divisorial (Corollary 3.3).
Hence (3) and (4) follow easily.

(1) If P € Ay, then PRp is principal. Hence Rp is a stable quasi-local
domain (Theorem 1.9) with principal maximal ideal; whence it is a valuation
domain [32, Lemma 4.5]. It follows that R; is an integrally closed w’-stable
domain and then it satisfies the equivalent conditions of Corollary 3.4.

(2) Ry has t’-dimension one and is w’-stable and w’-divisorial. Hence
Ry satisfies the equivalent conditions of Corollary 3.6. Since the ¢-maximal
ideals in Ay are not t-invertible, then Ry has no t’-invertible prime ideals. [

Corollary 3.12. Let R be a totally divisorial domain. With the notation of
the previous theorem:

(1) If Ay # 0, Ry satisfies the equivalent conditions of Corollary 3.8.

(2) If Ao # 0, Ry satisfies the equivalent conditions of Corollary 3.9 and
has no invertible prime ideals.

(3) If A3 # 0, R3 is a totally divisorial domain of dimension strictly
greater than one with no invertible prime ideals.

4. v-COHERENCE

A domain is coherent if the intersection of any two finitely generated ideals
is finitely generated. B. Olberding proved that a stable divisorial domain
is coherent [30, Lemma 3.2], even though there are stable domains that are
not coherent [31, Section 5].

We next show that w-stable w-divisorial domains are v-coherent. Recall
that R is v-coherent if the intersection of any two v-finite ideals is v-finite;
this is equivalent to say that the ideal (R : I) is v-finite for each nonzero
finitely generated ideal I of R. The class of v-coherent domains properly
includes PuMD’s, Mori domains and coherent domains [21]. A divisorial
v-coherent domain is coherent.

The following lemma is probably known; for completeness we include the
proof.

Lemma 4.1. An integral domain R with t-finite character is v-coherent if
and only if Ry ts v-coherent, for each t-maximal ideal M of R.

Proof. If R is a a v-coherent domain, then each generalized ring of quotients
of R is v-coherent [20, Proposition 3.1].

Conversely, let J be a finitely generated nonzero ideal of R. If JY # R,
there are just finitely many t-maximal ideals M, ..., M, containing J and,
for each i = 1,...,n, there is a finitely generated ideal H; C (R : J) such
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that (R : J)RMZ = (RMz : JRMZ) = (HZ‘RMZ.)UI = HZURMZ (Where v’ is the
v-operation on Rjy).

Let H := Hi+---+H,. If (R:J)# H",let Ny,..., Ny, be the t-maximal
ideals of R different from the M;’s such that HRy; # Ry, j=1,...,m. If
x € R\{N1U---UN,,}, by cheking t-locally, we get (R: J) = (H+zR)". O

Theorem 4.2. A w-stable w-divisorial domain is v-coherent.

Proof. By Corollary 3.2 and Lemma 4.1, because totally divisorial domains
are coherent [30, Lemma 3.2]. O

For d = w, the following proposition recovers [31, Lemma 4.1].

Proposition 4.3. A w-stable domain R is v-coherent if and only if each
t-mazimal ideal of R is v-finite.

Proof. Assume that R is v-coherent and let M € ¢-Max(R). Since M is
divisorial (Lemma 1.5), then M = RN R = (R : R+ 27 'R), for some
x € R. Thus M is v-finite.

Conversely, if R is w-stable, R has t-finite character and Ry is stable, for
each t-maximal ideal M of R (Theorem 1.9). Thus, M R is divisorial in
Rps. In addition, if M = JY, for some finitely generated ideal J of R, then
MRy = J'Ry; = (JRy)? is v/-finite (where o' is the v-operation on Ryy).
Hence, by Lemma 4.1, we may assume that R is stable quasilocal and that
its maximal ideal M is divisorial v-finite.

We have to show that (R : I) is v-finite for each nonzero finitely generated
ideal I of R. If I is (¢-)invertible, this is true. Thus we may assume that
(R:I)=(M:1I). Now, (I : I)(M :I)=(M:1)=(M:M)M:1I)and,
since R is stable quasilocal, there exist z,y € K such that I = x(I : I) and
M = y(M : M) [32, Lemma 3.1]. Hence, setting a := xy, IM(M : I) =
a(M : I) = a(R : I). On the other hand, we have also (R : I) = B((R :
I): (R: 1)), for some 3 € K. Thus we get a IV = (R: IM(M : 1)) =
(R:IM(R:I))=((R:1): (R:1I)): M)=p3"YR:IM). It follows that
(R:I)=a 'B(IM)" is v-finite. a

Remark 4.4. (1) A one-dimensional stable coherent domain is Noetherian,
because its prime ideals are finitely generated. We do not know whether a
one-dimensional stable v-coherent domain must be Mori (or even Noether-
ian).

(2) Generalized rings of quotients of v-coherent domains are v-coherent
[20, Proposition 3.1], but it is not known whether ¢-linked overrings of v-
coherent domains are v-coherent. However, a t-linked overring of a w-stable
w-divisorial domain, being w’-stable and w’-divisorial (Corollary 3.3), is v-
coherent.

By using v-coherence, we can see that w-stable w-divisorial domains (re-
spectively, totally divisorial domains) share several properties with general-
ized Krull domains (respectively, generalized Dedekind domains). In fact,
since an integrally closed w-stable w-divisorial domain (respectively, totally
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divisorial domains) R is a strongly discrete PvMD (respectively, Priifer do-
main) (Theorem 2.9), in the integrally closed case each one of these proper-
ties becomes equivalent to R being a generalized Krull domain (respectively,
generalized Dedekind domain) (see [10, Theorems 3.5, 3.9 and Lemma 3.7]
and [22, Corollary 2.15]).

Recall that an overring T" of R is said to be t-flat over R if Ty = Rynr,
for each t-maximal ideal M of T' [25]. Flatness implies ¢-flatness, but the
converse is not true [25, Remark 2.12].

Corollary 4.5. Let R be a w-stable w-divisorial domain. Then:

(1) Each t-prime ideal P of R is the radical of a v-finite divisorial ideal.

(2) R satisfies the ascending chain condition on radical t-ideals.

(3) Each proper t-ideal has only finitely many minimal (t-)primes.

(4) For each A C t-Spec(R), the overring Ry = (\pcp Rp is a t-flat
t#-domain.

Proof. (1) Since R is v-coherent (Theorem 4.2), then Rp is v-coherent, w-
stable (Corollary 2.2) and divisorial (Corollary 3.2). Hence PRp is v'-finite
in Rp(Proposition 4.3) and so PRp = (JRp)" = JYRp, for some finitely
generated ideal J of R. Since t-Max(R) is independent of finite character
(Corollary 1.10) and ¢-Spec(R) is treed (Corollary 1.12), the set of minimal
primes of JY is finite. Set Min(JV) = {P = Pi,...,P,}. If n > 2, let
r€P\(P,U---UP,) and I = (J +zR)". Then P = /1.

(1) and (2) are equivalent by [10, Lemma 3.7].

(3) follows from (1) by [10, Lemma 3.8].

(4) Each localization of R at a t-prime ideal is divisorial by Corollary 3.2 .
In addition, ¢-Spec(R) is treed and R satisfies the ascending chain condition
on ¢-prime ideals by Corollary 1.12. Hence the overring T' := Rg(y) is t-
flat by [12, Corollary 2.12]. Since T is t-linked over R, T is w’-stable and
w’-divisorial (Corollary 3.3). Thus T is a t#-domain by Corollary 1.12. O

Corollary 4.6. Let R be a totally divisorial domain. Then:

(1) Each prime ideal of R is the radical of a finitely generated ideal.

(2) R satisfies the ascending chain condition on radical ideals.

(3) Each proper ideal has only finitely many minimal primes.

(4) For each set A of prime ideals, the overring Ry := [\pcp Rp is a
flat #-domain.
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