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P (λ) = det(A − λ1) = (−1 − λ)(2 − λ) +
9

4
= λ2 − λ +

1
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P (λ) = 0 ⇐⇒ λ =
1
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Σ(A) = { 1
2} �H§�¨
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« �|�����¬���w�wª�ª|���!� E∗ = E∗ ( 1

2

)
= Ker

(
A − 1
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�
�|���w�������
�|�u���>�¬­�� (A − 1

21
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�] ��w�w� � �N���¬�D�w°¯� ¨ �!�|�
�©�¬­�� E∗ = R
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v1 = (1 , 0) v2 = (0 , 1)
���
�D ������!�!�����w�t���

Q−1 = Q =

(
1 0
0 1

) �
S̃ =

(
1
2 0
0 1

2

)

�@¡� ��w�����
S = Q−1S̃Q = S̃ �/¶ ��� N
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���!���w���

N = A − S =

(
− 3

2 −1
9
4

3
2

)
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���t�
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N
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exp(At) = Q−1 exp
(
S̃t
)

Q (1+ Nt)

=

(
e

t

2 0

0 e
t

2

)(
1 − 3

2 t −t
9
4 t 1 + 3

2 t

)

=

(
e

t

2

(
1 − 3

2 t
)

−te
t

2

9
4 te

t

2 e
t

2

(
1 + 3

2 t
)
)

�@¡� ��w�����+�������u�g �ª|�g�u���¹�������!�������������!���� ��º�¬���o�!�!�����
x(t) = exp(At)x0

� � � �
{

x1(t) = (2 − 4t)e
t

2

x2(t) = (1 + 6t)e
t

2
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P (λ) = det(A − λ1) = −λ(α − λ) + α − 1 = λ2 − αλ + α − 1

½



�@�� ��f¡u ��

P (λ) = 0 ⇐⇒ λ = α − 1, λ = 1
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Σ(A) = {α − 1 , 1} ��� � ¨ �����
�&¡� ��w�������! ������ ¨ ���������>�������� �����u���¦²
α 6= 2

�
α = 2 ��� �t���!���������w�t�
�¯�f�|�
���!�w�
�`�w�O���t�!� α 6= 2

�©�������D�u�g�����
� « �g�M�� ��!�u�!���tª���� « �|�����¬���w�wª|������� �
E∗(1) = Ker(A − 1)

�µ�������
�����w�g�¹�|¡� ��tª��w�t���
{

− x1 + (α − 1)x2 = 0

− x1 + (α − 1)x2 = 0
=⇒ {x1 = (α − 1)x2

�@¡� ��w�����+���w�! ��g�!���¬£��|�����|�!�

E∗(1) = {((α − 1)t , t) ∈ R
2 : t ∈ R}

�
�����!���
E∗(α − 1) = Ker(A − (α − 1)1)

�¬­�� �µ�����!�±���t�g�w�¹�|¡� ��tª��w�t���
{

− (α − 1)x1 + (α − 1)x2 = 0

− x1 + x2 = 0
=⇒ {x1 = x2

�[���¬�D�w°
� ¨ �����
�

E∗(α − 1) = {(t , t) ∈ R
2 : t ∈ R}
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v1 = (α − 1 , 1) v2 = (1 , 1)
���
�D ��

S̃ =

(
1 0
0 α − 1

) �
Q−1 =

(
α − 1 1

1 1

)
=⇒ Q =

( 1
α−2 − 1

α−2

− 1
α−2

α−1
α−2

)
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exp(At) = Q−1 exp(S̃t)Q

=

(
α − 1 1

1 1

)(
et 0

0 e(α−1)t

)( 1
α−2 − 1

α−2

− 1
α−2

α−1
α−2

)

=

(
(α−1)et−e(α−1)t

α−2
(α−1)(e(α−1)t−et)

α−2
et−e(α−1)t

α−2
(α−1)et−e(α−1)t

α−2

)
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
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x1(t) =
(α − 1)et − e(α−1)t

α − 2
x01 +

(α − 1)(e(α−1)t − et)

α − 2
x02

x2(t) =
et − e(α−1)t

α − 2
x01 +

(α − 1)et − e(α−1)t

α − 2
x02
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v1 = (1 , 0) v2 = (0 , 1)
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Q−1 = Q =

(
1 0
0 1

) �
S̃ =

(
1 0
0 1

)
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S = Q−1S̃Q = S̃ �/¶ ��� N
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N = A − S =

(
−1 1
−1 1

)
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N2 = (0)ij � �N���!�!�w�t�
�`�� ���¡� ��©���t�w���t��������¦¥ �o���[�t���|��ª������w�µ���
A
���t�
�¹�g�+�����������!�!����� « �w���|�!�f�u������ª������w�"��� S �

N
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exp(At) = Q−1 exp
(
S̃t
)

Q (1+ Nt)

=

(
et 0
0 et

)(
1 − t t

−t 1 + t

)

=

(
et (1 − t) tet

−tet (1 + t)et

)
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{

x1(t) = (1 − t)etx01 + tetx02

x2(t) = −tetx01 + (1 + t)etx02
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P (λ) = det(A − λ1) = (1 − λ)[(6 − λ)(−2 − λ) + 17] = (1 − λ)(λ2 − 4λ + 5)
�[���¬�D�w°
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P (λ) = 0 ⇐⇒ λ = 1, λ = 2 + i, λ = 2 − i
�
¡u ��g�����

Σ(A) = {1 , 2 + i , 2 − i} � � �t�w���t�w�w�t�
�®�t�¬� « �g���t ��!�������tª�� � « �����|���t�g�wª�ªo���!�	� � E∗(1) = Ker(A − 1)
�
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{

4x1 + 5x2 + 17x3 = 0

2x1 − x2 − 3x3 = 0
=⇒

{
x3 = −7x1

x2 = 23x1
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�

E∗(1) = {(t , 23t , −7t) ∈ R
3 : t ∈ R}

� �����D�u�g�����
���t�¬� E∗(2 + i) = Ker(A − (2 + i)1)
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
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− (1 + i)x1 = 0

4x1 + (4 − i)x2 + 17x3 = 0

2x1 − x2 − (4 + i)x3 = 0

=⇒
{

x1 = 0

x2 = −(4 + i)x3
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E∗(2 + i) = {(0,−(4 + i)t, t) ∈ R
3 : t ∈ R}
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ϕ = (0,−4− i, 1)
�

ϕ = (0,−4 + i, 1)
�¬­��u²]���D���g���!�+���t�
� �!�t�
���Q���+�����!�!���!�o���w��� �����!�!���g�
��� « �g�f�����w��²��!�t��� (0,−4, 1)± i(0,−1, 0) ���  ��g�f���"�f���!�!�w�t�
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u = (0,−4, 1)
�

v = (0,−1, 0)
�N���!���t�u���© ����F´��t�!�±���/�t ��!� ¨ �D�!�!�t��� « �|�����¬���w�gª|ª|���!�����w�! ��g���F�|�����|�!� u

²
v
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w = (1, 23,−7) �
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S̃ =




1 0 0
0 2 −1
0 1 2



 �
Q−1 =




1 0 0
23 −1 −4
−7 0 1



 =⇒ Q =




1 0 0
−5 −1 −4
7 0 1




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exp(At) = Q−1 exp(S̃)Q

= Q−1




et 0 0
0 e2t cos t −e2t sin t

0 e2t sin t e2t cos t



Q

=




et 0 0

23et + e2t(27 sin t − 23 cos t) e2t(cos t + 4 sin t) 17e2t sin t

−7et + e2t(7 cos t − 5 sin t) −e2t sin t e2t(cos t − 4 sin t)




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

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x1(t) = −et

x2(t) = −23et + (23 cos t − 10 sin t)e2t

x3(t) = 7et + (sin t − 6 cos t)e2t
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P (λ) = det(A − λ1) = −λ(2 − λ) − α = λ2 − 2λ − α
�[���¬�D�w°©��� ¨ �����
�©���������g� «  ������
�N�!���±���u���¦² α = −1

²
α > −1

�
α < −1 � � �t�
�w���D�����
�¤�D�u�&�w�/���u��� α > −1

� �g�
¡� ��|���!�±�|�t�!���g� �f�u�g�w���u���w�±���t�������������w���!���D�
­����� ��@���u�����D�����|�t�g���Q�g�±�!�f�������!�®�����w�w�
�������!���D�

A
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Σ(A) = {1+
√

1 + α , 1−
√

1 + α } ��§ ¨ �!�|����¡u ��g����� E∗(1 +
√

1 + α) = Ker(A− (1 +
√

1 + α)1)
�¬­���� �����!�

���t�g�w�¹�|¡� ���ª|�g�u���
{

(1 −
√

1 + α)x1 + αx2 = 0

x1 − (1 +
√

1 + α)x2 = 0
=⇒

{
x1 = (1 +

√
1 + α)x2

�[���!���������
E∗(1 +

√
1 + α) = {((1 +

√
1 + α)t , t) ∈ R

2 : t ∈ R}
§ �f���w� « �t�
�����!� E∗(1 −

√
1 + α) = Ker(A − (1 −

√
1 + α)1)
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{
(1 +

√
1 + α)x1 + αx2 = 0

x1 − (1 −
√

1 + α)x2 = 0
=⇒

{
x1 = (1 −

√
1 + α)x2

���
�D ������!�!�����w�t���

E∗(1 −
√

1 + α) = {((1 −
√

1 + α)t , t) ∈ R
2 : t ∈ R}

¶ ��� « �w�����
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���w��²�� ¨ �D�!�!�u�!�

v1 = (1 +
√

1 + α , 1)
�

v2 = (1 −
√

1 + α , 1)

� �©¡u ��|���!�
�
�]���±� ¨ �����
�

S̃ =

(
1 +

√
1 + α 0

0 1 −
√

1 + α

) �
Q−1 =

(
1 +

√
1 + α 1 −

√
1 + α

1 1

)
=⇒

Q =

(
1

2
√

1+α

−1+
√

1+α

2
√

1+α

−1
2
√

1+α

1+
√

1+α

2
√

1+α

)
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�
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exp(At) = Q−1 exp(S̃t)Q

= Q−1

(
e(1+

√
1+α)t 0

0 e(1−
√

1+α)t

)
Q

=




(1+
√

1+α)e(1+
√

1+α)t−(1−
√

1+α)e(1−
√

1+α)t

2
√

1+α

α(e(1+
√

1+α)t−e(1−
√

1+α)t)

2
√

1+α

e
(1+

√

1+α)t−e
(1−

√

1+α)t

2
√

1+α

(−1+
√

1+α)e(1+
√

1+α)t+(1+
√

1+α)e(1−
√

1+α)t

2
√

1+α




�[���¬�D�w°����
���u�g �ª��w�t���¹�




x1(t) =
(1 + α +

√
1 + α)e(1+

√
1+α)t − (1 + α −

√
1 + α)e(1−

√
1+α)t

2
√

1 + α

x2(t) =
e(1+

√
1+α)t + e(1−

√
1+α)t

2

¶ �@�w� ¨ �o�D� α < −1
�g�>���[�D�!�!���®���

A
�

Σ(A) = {1 + i
√
|1 + α| , 1 − i

√
|1 + α|} � � �����D�t�w�����
� « �w� �� ��!�u�!���tª��« �|�����¬���w�wª�ª|���!� � E∗(1 + i

√
|1 + α|) = Ker(A − (1 + i

√
|1 + α|)1)

�@�����!�������w�w� �o¡� ���ª|�g�u���
{

(1 − i
√
|1 + α|)x1 + αx2 = 0

x1 − (1 + i
√
|1 + α|)x2 = 0

=⇒
{
x1 = (1 + i

√
|1 + α|)x2

�@¡� ��w������� ¨ �!�|�
�

E∗(1 + i
√
|1 + α|) = {((1 + i

√
|1 + α|)t , t) ∈ R

2 : t ∈ R}
������ ������!� ¨ �����
������ �� ¨ �D�����t�����D�u���w  « ���!� (1, 1) ± i(

√
|1 + α|, 0)
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u = (1, 1)
�

v = (
√
|1 + α|, 0)
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S̃ =

(
1 −

√
|1 + α|√

|1 + α| 1

) �
Q−1 =

(√
|1 + α| 1

0 1

)
=⇒ Q =

(
1√

|1+α|
− 1√

|1+α|
0 1

)

¶ � ¨ �|��� ·¸�t���g�w�
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exp(At) = Q−1 exp(S̃t)Q = A
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√
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√
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√
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√
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√

|1+α| cos(t
√
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√

|1+α|))√
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√
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√
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√
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√
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√
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√
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x1(t) = et(cos(t
√
|1 + α|) −

√
|1 + α| sin(t

√
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x2(t) = et cos(t
√
|1 + α|)
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E∗ = E∗(1) = Ker(A − 1)2
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v1 = (1, 0)
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v2 = (0, 2)
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exp(A) = exp(S̃)(1+ Nt)
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=

(
et(1 + t) −tet

tet (1 − t)et

)

�@¡� ��w�����+�������u�g �ª|�g�u���¹�������!�����������
�!�t��£
{

x1(t) = et

x2(t) = et

�


