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���y�i�_�P�)�+���!�z���\���M�f�P������|���n P¡1¢z£~¤¦¥!§

m = 1 ¨ £i©+ª�¢�«¬¯®!°|£t±z©i¬²¬¯³´¤|±z¤¯¬¶µ²·!±�«�¢´·!±

V ¬¯¸ (ρ) =
α

6ρ6
− 1

4ρ4
+

L2

2ρ2
, L 6= 0

¬R¹�º!£t®�·�£+©¼» ¬s¹yº\±�°¯£t¢z®�¬½·!£�¾�¬|¿M«�¢z®Oµ

ρ̈ = −
·
V ¬D¸·
ρ

=
α

ρ7
− 1

ρ5
+

L2

ρ3

À �ÂÁ|�|�^ÃÄ�a���Â���!ÃÄ��Åz�K�!Á|Ás��Åy�Â���s�� 






ρ̇ = y

ẏ =
α

ρ7
− 1

ρ5
+

L2

ρ3

���y� Æy��Ç²���$�|�È�/Éi�^�+���ÂÊ���Ë�Ì_���� cÍ/¢y®�Î#£~·�¬|Ï±�«�¢Ð£i©¶Î#£~Î#«�¬¯Ñ´±Ò·�£t®�±zÑÓ£~¤D¢Ä±yÎ�Î�¢�¤D£~±Ô«¢ ¨ £)ª!º!®�«�£)£i®<¤¯º!£)Î�£�±z®!®^º!©i©~±Ð£t©)¤¯±zÑª\¢Õ ¬¯«#«¢zÏ£t±z©i¬Î#¢y®!¢?«�º�«�«�£n¬´Î�¢z©t£�£�ª!º!®�«�£/·�¬¯©t©t±?Ö�¢yÏ�Ñ´± (ρ0, 0)
¤D¢z®

ρ0

ª!º!®�«�¢a¤¯Ï�£i«�£~¤D¢×·�¬¯©nª\¢z«�¬¯®�°¯£~±�©t¬Ó¬¯³È¤¯±z¤¯¬zØfª\¬|Ï#«¦±�®�«�¢
·�¢yÙ!Ù!£~±�Ñ¢Ï�£~Î#¢y© Õ ¬¯Ï¬�©¼» ¬s¹�º�±�°|£i¢y®!¬

− α

ρ7
+

1

ρ5
− L2

ρ3
= 0

¬R¹�º!¬|Î#«±Ó¥�±Î�¢z©tº!°¯£t¢z®�¬¶Î�¬²¬²Î#¢y©i¢´Î�¬

L2ρ4 − ρ2 + α = 0
Ú º�·�·�£ Õ £~·�£~±�Ñ¢ª\¬|Ï#«¦±�®�«�¢£t©�ª!Ï¢zÙ!©t¬¯Ñ´±Û£i®O«�Ï¬²¤¯±yÎ#£¼�Åz��Á|�ÝÜ� 

α > 0
��Þß®×¹�º!¬|Î#«�¢´¤|±zÎ�¢Ó©¼» ¬|¹�º�±�°|£i¢y®!¬¶¥�±´Î#¢y©iº�°¯£t¢z®!¬¶ª\¬|Ï

4αL2 < 1
��à Õ Ï¬¯Ñ¢´¹�º!£t®�·�£

•
ª\¬|Ï

4αL2 > 1
®!¬sÎ�Î�º!®Oª!º!®�«�¢´·+» ¬|¹�º!£t©t£iÙ!Ï£t¢��

•
ª\¬|Ï

4αL2 = 1
º!®×Î�¢z©t¢Óª�º!®�«�¢´·+» ¬|¹�º!£t©i£tÙ!Ï£i¢£t®

(1/
√

2L2, 0)
�

•
ª\¬|Ï

4αL2 < 1
·�º�¬¶ª�º!®�«�£�·+» ¬|¹�º!£t©t£iÙ!Ï£t¢�á

P1 = (ρ1, 0) =





√

1 −
√

1 − 4αL2

2L2
, 0



 P2 = (ρ2, 0) =





√

1 +
√

1 − 4αL2

2L2
, 0





Åz��Á|��â� 
α = 0

�Þß®Ò¹yº�¬|Î#«�¢�¤¯±yÎ#¢O©�» ¬|¹�º�±z°¯£t¢z®!¬´±zÑÓÑ¬¯«#«�¬´º�®�±×Î#¢y©iº!°|£i¢y®!¬ª\¬|Ï²¢zãy®!£ Õ ±�©t¢zÏ¬·!£ L ¨ ª�¬¯Ï¦¤D£tä×£i©/Î#£~Î�«¬¯Ñ´±± Õ ÏåÓ¤D¢yÑ¬¶º�®!£t¤¯¢ª!º!®�«�¢È·+» ¬|¹�º!£t©t£iÙ!Ï£t¢Ó£t©+ª!º!®�«¢

P0 = (ρ0, 0) =

(

1

|L| , 0
)

Åz��Á|�Äæ� 
α < 0

��¡1¢y®!¬¯®�·!¢
β = −α > 0

± Õ Ï�¬|Ñ¢Û¤¦¥!¬²©¼» ¬s¹�º�±�°|£i¢y®!¬)¥\±ÓÎ�¢z©tº!°|£i¢y®!¬½ª\¬|Ï

ρ+ =

√

1 +
√

1 + 4βL2

2L2

¬R¹�º!£t®�·�£+£t©�Î#£~Î#«�¬¯Ñ´±±�ÑÑ¬D«�«�¬²º!®×ª!º�®y«¢È·+» ¬|¹�º!£t©i£tÙ!Ï£i¢
P+ = (ρ+, 0)

�
À �|��Ë1�ÂÊ����|ç��f�^�Pè1�f�$�s�/�/Éi�^�+���ÂÊÂ�ÂËfÌÔ���� Pé�¬|Ï�£ Õ ±�®�·�¢º!©i«�¬|Ï�£t¢zÏÑ¬¯®�«�¬¶£t©�ª\¢z«�¬|®!°¯£~±�©t¬½¢�«#«¬¯®!£~±�Ñ¢

·
2V ¬D¸·
ρ2

=
7α

ρ8
− 5

ρ6
+

3L2

ρ4

�



Åz��Á|�	Ü�  Ú ¬
4αL2 = 1

Î#£ Õ ¬¯Ï£��\¤|±a£tÑÑÓ¬s·�£~±Ô«±zÑ¬¯®�«�¬O¤¦¥!¬ [
·
2V ¬¯¸ / · ρ2](1/

√
2L2) = 0

�ÒéA» ±�©i«�Ï¦±aª\±�Ï�«�¬ ¨ Î#£ Õ ¬s·�¬ÖÂ±z¤¯£i©tÑ¬¯®�«�¬×¤¦¥!¬
[
·
V ¬¯¸ / · ρ] ≤ 0

¹�º!£i®\·�£M£i®
ρ = 1/

√
2L2
± Õ Ï�¬|Ñ¢aº!®5ª!º!®�«�¢Ð·�£NÎ#¬|©i©~±aª�¬¯Ï£t©Mª\¢z«�¬¯®�°¯£~±�©t¬?¬¯³´¤|±z¤¯¬ ¨ª�¬¯Ï¦¤D£täÓ£t©�ª!º�®y«¢

(1/
√

2L2, 0)
µ²£t®�Î�«¦±�Ù!£t©t¬z� Ú ¬½£t® Õ ¬|¤¯¬ 4αL2 < 1

± Õ Ï¬¯Ñ¢

de2V ¬¯¸·
ρ2

∣

∣

∣

∣

ρ1

=
7α − 5ρ2

1 + 3L2ρ2
1

ρ8
1¬RÎ#«�º�·�£~±�®\·�¢´Î#¢y©i¢Ó£i©fÎ#¬|ãz®!¢·�¬¯©�®�º�ÑÓ¬|Ï±�«�¢yÏ�¬½·�£+«¦±�©t¬¶¬sÎ#ª�Ï�¬sÎ�Î�£i¢y®!¬ Õ ¬|·!£t±zÑÓ¢¤¦¥!¬

7α − 5

(

1 −
√

1 − 4αL2

2L2

)

+
3

4L2

(

1 −
√

1 − 4αL2

)2

= 4α − 1

L2
+

√
1 − 4αL2

L2

> 4α − 1

L2
+

1 − 4αL2

L2
= 0

·�¢ Õ ¬kª�¬¯Ï×©t±GÑ´±�ãyãz£t¢zÏ¦±�°¯£t¢z®�¬a±�Ù!Ù!£~±�Ñ¢Gº�Î�±�«�¢G£i©½ÖÂ±�«#«�¢Ý¤¦¥!¬ 1 − 4αL2 < 1
� à�®\±�©t¢zãy±zÑ¬¯®�«�¬KÎ�«º�·�£~±�®�·�¢ÝÎ�¢z©t¢*£t©

®^º!Ñ¬¯Ï¦±Ô«¢zÏ¬¶·�£
[
·
2V/
·
ρ2](ρ2)

±�Ù�Ù!£t±zÑ¢

7α − 5

(

1 +
√

1 − 4αL2

2L2

)

+
3

4L2

(

1 +
√

1 − 4αL2

)2

= 4α − 1

L2
−

√
1 − 4αL2

L2

< 4α − 1

L2
− 1 − 4αL2

L2

= 8α − 2

L2
< 0

·�¢ Õ ¬�®!¬¯©t©t±Äª!Ï�£tÑ´±Ä·�£~Î#º�ãzº�±zãz©t£t±z®!°|±Ò±zÙ!Ù!£~±�Ñ¢Òº�Î±Ô«�¢*£i©)ÖÂ±Ô«�«�¢*¤¦¥!¬ 1 − 4αL2 < 1 ¨ ¬�®!¬¯©t©~±ÄÎ#¬s¤D¢y®�·!±Ð£t©�ÖÂ±�«#«�¢G¤¦¥!¬
4α < 1/L2

��¡1¬|Ï¤¯£iä´± Õ Ï�¬|Ñ¢Ó¤¦¥!¬ P1

µ²º!®×ª!º!®�«�¢´·+» ¬|¹�º!£t©t£iÙ!Ï£t¢Î#«±zÙ!£t©i¬½Ñ¬¯®�«�Ï¬
P2

µ¶£t®�Î#«±zÙ!£i©t¬z�
Åz��Á|�*â�  Ú £ Õ ¬|Ï�£��\¤¯±Û£tÑÓÑ¬s·�£t±�«±zÑÓ¬|®�«�¬R¤¦¥!¬ [

·
2V/
·
ρ2](ρ0) = −2L2 < 0

¬²¹yº�£i®�·!£�£i©�ª!º!®�«�¢
P0

µ½£i®\Î�«¦±�Ù!£t©i¬y�
Åz��Á|�Äæ� ��¶º\±�Ï¦·!±�®�·!¢ÓÎ�¢z©t¢´±�©�·�¬|®!¢zÑ£t®�±Ô«¢zÏ¬¶·�£

[
·
2V/
·
ρ2](ρ+) Õ ¬|·!£t±zÑÓ¢´¤¦¥!¬

−7β − 5

(

1 +
√

1 + 4βL2

2L2

)

+
3

4L2

(

1 +
√

1 + 4βL2

)2

= −
(

4β +
1

L2
+

√

1 + 4βL2

L2

)

< 0

ª�¬¯Ï¦¤D£täÓ£t©�ª!º�®y«¢
P+

µ²£i®\Î�«¦±�Ù!£t©i¬y�
���y� ����� ���f�!Ã*���$�s�Ð�!ÊÂÊ#Éi�Â�	�1�f�Â�|�f 

lim
ρ→+∞

V ¬¯¸ (ρ) = 0

Þß®!¢y©h«Ï�¬²Î�¬
α > 0

± Õ Ï�¬|ÑÓ¢
lim

ρ→0+
V ¬D¸ (ρ) = +∞

Ñ¬¯®�«�Ï¬²Î#¬
α ≤ 0

lim
ρ→0+

V ¬D¸ (ρ) = −∞

 ÌÔ���1Åz�Ä���^Ênèn�\�|�^���z���!ÊÂ�� 

Åz��Á|�ÝÜ� 
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� £iãyº!Ï¦±Ý�zá���������������������! ���"�#�$%�!�&�'�����

4αL2 > 1

0.4 0.6 0.8 1.2

0.5

1

1.5

2

� £tãzº!Ï¦±ÄÆ�á(����������)���������! *��"�#�$%�!�&�+�����

4αL2
= 1

0.4 0.6 0.8 1.2 1.4 1.6
-0.25

0.25

0.5

0.75

1

1.25

� £iãyº!Ï±���á,��*�����-�)�����	�.�! ���"�#�$%�!�&�+�.���

4αL2 < 1

Æ



Åz��Á|�*â� 
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� £tãzº!Ï¦±���á ���������� �����,���! ��-" #-$%�!�&�
����� �!��� �����

α = 0 �

Åz��Á|�Äæ� 

0.2 0.4 0.6 0.8 1 1.2 1.4

-15000

-10000

-5000

� £tãzº!Ï¦±���á ���������� �����,���! ��-" #-$%�!�&�
����� �!��� �����

α < 0 �

���y� �^��Ç²�Â���f���f�^ÊÂÊ����p�!Á|�# Pé¶±
E = y2/2+V ¬D¸ (ρ)

¢�«�«�¬|®!£t±zÑ¢
y = ±

√

2(E − V ¬¯¸ (ρ))
�1¡1¬¯Ï¦¤D£täR®!¬¯©�ª!£~±�®!¢Û·�¬¯©t©i¬�ÖÂ±zÎ�£

± Õ Ï�¬|Ñ¢Ó¤¯º!Ï Õ ¬¶Î�£tÑÓÑ¬¯«�Ï£t¤¦¥!¬½Ï£tÎ�ª�¬D«#«¢È±�©t©�» ±zÎÎ�¬ ρ
� Ú º�·!·!£ Õ £~·�£t±zÑ¢·!º!®�¹�º!¬²£i©�ª!Ï�¢yÙ!©t¬¯Ñ´±A®�¬¯£+«Ï�¬²¤¯±yÎ#£¼�Åz��Á|�(Ü� NÞß®a¹�º!¬|Î#«�¢È¤|±zÎ�¢£i©�ª�¢�«¬¯®!°|£t±z©i¬²¬¯³È¤¯±z¤¯¬²µ²©i£tÑ£h«¦±Ô«¢ ·!±�©�Ù�±zÎÎ#¢\��Þß®×ª�±�Ï�«�£~¤D¢y©t±zÏ�¬²Î�¬

4αL2 > 1
±z·O¢yãz®!£ Õ ±�©t¢zÏ¬·�£�¬|®!¬¯Ïãz£~±Ó± Õ Ï¬¯Ñ¢Óº!®�±Û«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±¤D¢z® limρ→+∞ y(ρ) = ±

√
2E
� Ú ¬²£i® Õ ¬|¤D¬ 4αL2 = 1

± Õ Ï�¬|ÑÓ¢

•
¡�¬|Ï

0 < E < V ¬¯¸ (1/
√

2L2)
º!®�±Ó«Ï±z£i¬¯«#«¢zÏ£t±Ó±�ª�¬¯Ï�«±¤D¢y®

lim ρ → +∞y(ρ) = ±
√

2E
�

•
¡�¬|Ï

E = V ¬D¸ (1/
√

2L2)
·�º!¬½«�Ï¦±�£t¬D«�«�¢yÏ�£t¬¶±zª\¬|Ï#«¬RÎ#£tÑÑ¬D«�Ï£~¤¦¥!¬½Ï�£~Î#ª�¬D«�«�¢´±�©t©¼» ±yÎ�Î�¬

ρ

•
¡�¬|Ï

E > V ¬D¸ (1/
√

2L2)
º!®�±Ó«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±Û¤¯¢z®

limρ→+∞ y(ρ) = ±
√

2E
�

0.12 0.14 0.16 0.18

-300
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-100
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� £tãzº�Ï±
	!á�� $%�!"��������&�&�� ����$��
4αL2 > 1

1.25 1.5 1.75 2.25 2.5 2.75 3

-0.15

-0.1

-0.05

0.05

0.1

0.15

� £tãzº!Ï¦±
��á�� $%�!"��������&�&�� ���*$��
4αL2 = 1

Ú ¬È£t®���®�¬
4αL2 < 1

µÈ®!¬s¤D¬sÎ�Î±�Ï£i¢�Î�º�·!·�£ Õ £t·!¬¯Ï¬È±�®�¤¯¢zÏ¦±?£t®Ò«Ï�¬È¤|±zÎ�£��×Þß®�ÖÂ±�«#«�£ ¨ ãzº�±zÏ·�±�®�·�¢�±z©/Î�¢z©t¢�®�º�ÑÓ¬|Ï±�«�¢yÏ�¬·�¬|©i©¼» ¬sÎ#ª�Ï�¬sÎ�Î�£i¢y®!¬½·�£
V ¬D¸ (ρ1)

±�Ù�Ù!£t±zÑ¢

2α − 3

(

1 −
√

1 − 4αL2

2L2

)

+
3

2L2

(

1 −
√

1 − 4αL2

)2

= −4α +
3

2L2
− 3

2L2

√

1 − 4αL2

¬AÎ#«�º�·!£t±z®�·�¢´£t©�Î�¬¯ãy®!¢´·�£�¹�º!¬sÎ�«s» ¬sÎ#ª�Ï�¬sÎ�Î�£i¢y®!¬²Î#£ Õ ¬¯Ï£��\¤¯±ÓÖÂ±y¤D£t©iÑ¬¯®�«¬A¤¦¥!¬²µRª�¢yÎ�£h«£ Õ ¢´ª\¬|Ï αL2 < 3/16
�n¡1¬|Ï#«¦±�®�«�¢ ¨ ®!¬¯©¤¯±yÎ#¢Ó£t®×¤¯º!£

αL2 < 3/16 ¨ £i©�ª�¢�«¬¯®!°|£t±z©i¬²µ½©t£iÑ£i«±�«�¢È·!±z©+Ù�±zÎÎ#¢·!±z©i©¼» ±yÎ�Î�¬ ρ
¬R¹yº�£i®�·!£�®!¬¯©+ª�£t±z®!¢´·�¬¯©t©i¬½ÖÂ±yÎ#£�± Õ Ï¬¯Ñ¢

�



• ª\¬|Ï 0 < E < V ¬D¸ (ρ1)
º�®�±´Î#¢y©t±A«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±¤D¢z®

limρ→+∞ y(ρ) = ±
√

2E
�

•
ª\¬|Ï

E = V ¬D¸ (ρ1)
º!®�±Û«Ï±z£i¬¯«#«�¢yÏ�£~±±�ª�¬¯Ï�«±Û¬²£i©�ª!º!®�«�¢´Î#«±�Ù�£i©t¬

P1

�

•
ª\¬|Ï

V ¬¯¸ (ρ1) < E < V ¬¯¸ (ρ2)
º!®�±Ó«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±Ó¬|·?º!®�±ª�¬¯Ï£i¢�·�£~¤¯±Ó£t®y«¢zÏ®!¢±�©+ª!º!®�«¢ÈÎ�«¦±�Ù!£t©i¬y�

•
ª\¬|Ï

E = V ¬¯¸ (ρ2)
º!®�±×«Ï±z£i¬¯«#«¢zÏ£t±×¢yÑÓ¢�¤¯©i£t®�±×¬ ·�º�¬ ±�ª�¬¯Ï�«�¬È¤¦¥!¬?Î#£/£i®�«�¬|ÏÎ�¬|¤|±�®!¢�¤¯¢z®Ð«±z®!ãz¬|®!°|±×¢yÙ!©t£t¹�º�±×®!¬|©

ª!º!®�«�¢£t®�Î�«¦±�Ù!£t©t¬
P2

�

•
ª\¬|Ï

E > V ¬D¸ (ρ2)
º!®�±Û«Ï±z£i¬¯«#«�¢yÏ�£~±±�ª�¬¯Ï�«±��

¾�¬|©�¤¯±yÎ#¢£t®×¤¯º!£
αL2 = 3/16

± Õ Ï�¬|Ñ¢Û£t® Õ ¬|¤¯¬

•
ª\¬|Ï

E = 0
£t©�Î�¢z©t¢Ûª�º!®�«�¢ÈÎ#«±�Ù�£i©t¬

P1

�

• ª\¬|Ï 0 < E < V ¬D¸ (ρ2)
º!®�±×«Ï±z£i¬¯«#«�¢yÏ�£~±�±�ª�¬¯Ï�«±�¤¯¢z®

limρ→+∞ y(ρ) =
√

2E
¬|·Ðº�®�±�ª�¬¯Ï£i¢�·�£~¤¯±�£t®�«�¢yÏ�®!¢�±z©

ª!º!®�«�¢´Î#«±�Ù�£i©t¬z�

•
ª\¬|Ï

E = V ¬¯¸ (ρ2)
º!®�±×«Ï±z£i¬¯«#«¢zÏ£t±×¢yÑÓ¢�¤¯©i£t®�±×¬ ·�º�¬ ±�ª�¬¯Ï�«�¬È¤¦¥!¬?Î#£/£i®�«�¬|ÏÎ�¬|¤|±�®!¢�¤¯¢z®Ð«±z®!ãz¬|®!°|±×¢yÙ!©t£t¹�º�±×®!¬|©

ª!º!®�«�¢£t®�Î�«¦±�Ù!£t©t¬
P2

�

•
ª\¬|Ï

E > V ¬D¸ (ρ2)
º!®�±Û«Ï±z£i¬¯«#«�¢yÏ�£~±±�ª�¬¯Ï�«±��

Þß®���®�¬ ¨ ®!¬|©�¤¯±yÎ#¢Ó£i®�¤¯º!£ αL2 > 3/16
± Õ Ï�¬|Ñ¢

•
ª\¬|Ï

E = V ¬D¸ (ρ1)
£t©�Î#¢y©i¢Óª!º!®�«¢ÈÎ�«¦±�Ù!£t©i¬

P1

�

•
ª\¬|Ï

V ¬¯¸ (ρ1) < E ≤ 0
º!®�±Ó«Ï±z£i¬¯«#«¢zÏ£t±Ûª\¬|Ï�£t¢�·�£~¤¯±Ó£i®�«¢zÏ®!¢Ó±

P1

�

•
ª\¬|Ï

0 < E < V ¬D¸ (ρ2)
º�®�±Ó«�Ï¦±�£t¬D«�«�¢zÏ£~±Aª�¬¯Ï£i¢�·�£~¤¯±Ó¬s· º!®\±´±�ª�¬¯Ï�«±Ó¤D¢z®

limρ→+∞ y(ρ) = ±
√

2E
�

•
ª\¬|Ï

E = V ¬¯¸ (ρ2)
º!®�±×«Ï±z£i¬¯«#«¢zÏ£t±×¢yÑÓ¢�¤¯©i£t®�±×¬ ·�º�¬ ±�ª�¬¯Ï�«�¬È¤¦¥!¬?Î#£/£i®�«�¬|ÏÎ�¬|¤|±�®!¢�¤¯¢z®Ð«±z®!ãz¬|®!°|±×¢yÙ!©t£t¹�º�±×®!¬|©

ª!º!®�«�¢£t®�Î�«¦±�Ù!£t©t¬
P2

�

• ª\¬|Ï E > V ¬D¸ (ρ2)
º!®�±Û«Ï±z£i¬¯«#«�¢yÏ�£~±±�ª�¬¯Ï�«±��

1.5 2 2.5 3

-0.15

-0.1

-0.05

0.05

0.1

0.15

� £tãzº!Ï¦±��!á � $%�!" �,�����&�&�  ���*$ "���$ �-���*$

4αL2 < 1 ���
�! *�!��� ����� ��� ��"�$&�-� ��� � �

�	��� � ��
��$%� "���$  ���� �*�!  *� �-���*$�� $&���!�!�&� ���
��$ ��"������ $%� �����	����$ �-��
 ���!$&� "��� ��*�!$&�   *� � $&�
�.��� $&� � $&�	���

�

Åz��Á|�)âÒ�Kæ� ���Ï¦±Ô«�«�£~±�Ñ¢´º!®!£i«±zÑÓ¬|®�«�¬R£1¤¯±yÎ#£
α ≤ 0

ª\¬|Ï¤¦¥!§²ª�Ï�¬sÎ#¬|®y«¦±�®!¢È¹�º�±z©i£i«±�«�£ Õ ±�Ñ¬¯®�«�¬A©t±ÈÎ#«�¬sÎ�Î±´Î�£h«º�±�°|£i¢y®!¬R®!¬|©ª!£~±�®!¢×·�¬|©i©t¬ÓÖÂ±zÎ�£����¶Î�Î�¬¯Ï Õ £t±zÑ¢È£iÑÑ¬|·!£t±�«±�Ñ¬|®y«¬´¤¦¥!¬ ¨ ª�¢z£~¤¦¥!§£i©�ª�¢�«¬¯®!°|£t±z©i¬Ó¬D³È¤|±z¤D¬Ó®!¢y®�µ©t£iÑ£i«±Ô«¢�·!±�©1Ù�±yÎ�Î�¢ ¨ £t©Ñ¢�«¢?Î±�Ï¦å´ª\¢�Î�Î�£tÙ!£i©t¬Û±y·�¢zãy®!£ Õ ±z©i¢yÏ�¬Ó·�£f¬|®!¬¯Ïãz£~±!�)Þß®�·�£~¤¯±z®�·�¢?¤¯¢z® ρ0

£t© Õ ±�©t¢zÏ¬A·�£ ρ ª�¬¯Ï²¤¯º!£ ¨ £t®a¬¯®�«Ï±zÑAÙ!£�£�¤¯±zÎ�£ ¨ £t©ª�¢�«�¬|®!°¯£~±�©t¬N¬D³È¤|±z¤D¬�±yÎ�Î�º!Ñ¬MÑ´±zÎÎ#£tÑ¢�Â¬�¹�º!£t®�·�£\¤¯¢z®
P0

£i©�¤D¢zÏÏ£tÎ�ª\¢y®�·�¬|®y«¬Mª!º!®�«�¢²£t®�Î#«±�Ù�£i©t¬s� ¨ £t®´ª�±�Ï�«�£~¤D¢y©t±zÏ�¬M± Õ Ï�¬|ÑÓ¢

•
ª\¬|Ï

E ≤ 0
º�®�±Û«�Ï¦±�£t¬D«#«¢zÏ£t±Ó±�ª�¬¯Ï�«±¤¯¢z®

limρ→0 y(ρ) = ±∞
�

•
ª\¬|Ï

0 < E < V ¬¯¸ (ρ0)
·�º!¬Ó«�Ï¦±�£t¬D«�«�¢yÏ�£t¬Ó±zª\¬|Ï#«¬ ¨ º!®�±×Î#£tÑ£i©t¬´±×¹yº�¬¯©t©t±?«�Ï¢ Õ ±Ô«¦±?±z©�ª!º!®�«�¢×ª!Ï¬|¤¯¬|·�¬|®y«¬¬|·�º!®�±¤D¢z®

limρ→+∞ y(ρ) = ±
√

2E
�

•
ª\¬|Ï

E = V ¬¯¸ (ρ0)
¹�º�±Ô«�«�Ï¢Û«Ï±z£i¬¯«#«¢zÏ£i¬R±zª\¬|Ï#«¬R¤¦¥!¬RÎ¯» £t®y«¬¯Ï¦Î#¬s¤¯±z®!¢Ó¤¯¢z®O«±z®!ãz¬|®!°|±Ó¢yÙ!©i£~¹�º�±®!¬|©�ª!º!®�«�¢´£t®�Î#«±zÙ!£i©t¬

P0

�

�
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-2000

-1000

1000
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� £tãzº!Ï¦±���á � $%�!"�� � �-�&�&�� ���*$ "���$ � ����$�� �
� �

•
ª\¬|Ï

E > V ¬D¸ (ρ0)
·�º!¬½«Ï±z£i¬¯«#«¢zÏ£i¬½±�ª�¬¯Ï�«�¬ ¨ Î#£tÑÑ¬D«�Ï£~¤¦¥!¬½Ï�£~Î#ª�¬D«�«�¢´±�©t©¼» ±yÎ�Î�¬ ρ

�
���y� �y���/ÌÔ�!�Â���|�|�\Ì_���Oèn��Ì_�������ÂÅ��f�� �¡1¬|ÏM¹�º�±z®�«�¢ Õ £~Î�«¢Ó±z©$ª!º!®�«�¢Óª!Ï¬|¤D¬s·�¬¯®�«¬ ¨ ± Õ Ï¬¯Ñ¢A«�Ï¦±�£t¬D«#«¢zÏ£i¬�ª\¬|Ï�£t¢�·�£t¤¦¥�¬¶Î�¢z©t¢A®!¬|©¤¯±yÎ#¢

4αL2 < 1
�1Þß®×ª�±�Ï�«�£~¤D¢y©t±zÏ�¬¶¤D£tä´± Õ�Õ ¬¯ÏÏåAª\¬|Ï V ¬D¸ (ρ1) < E < V ¬D¸ (ρ2)

¬
ρ < ρ2

�

�)�|�!�$���������
	+�
��Æ!�i�_�P�)�+���!�z���\���a���/������|���/ ��nÎÎ�¬¯®�·�¢

m = 1 ¨ £t©�ª�¢�«�¬|®!°¯£~±�©t¬½¬D³È¤¯±y¤D¬½µR·!±�«�¢´·!±

V ¬D¸ (ρ) =
α

2(ρ2 + 1)
+

L2

2ρ2
L2 6= 0

¬R¹�º!£t®�·�£+©¼» ¬s¹yº\±�°¯£t¢z®�¬½·!£�®!¬¯¿M«¢z®×·�¬¯©fÎ#£~Î�«¬¯Ñ´±Óµ

ρ̈ = −
·
V ¬¯¸·
ρ

=
αρ

(ρ2 + 1)2
+

L2

ρ3

À �ÂÁ|�|�^ÃÄ�����Â���!ÃÄ�ÂÅy����Á|Ás��Åz�����|�f Mà Õ ¬¯®�·�¢ª�¢yÎ#«�¢ y = ρ̇ ¨ ¢z«#«¬¯®!£~±�Ñ¢£i©fÎ#£~Î�«¬¯Ñ´±·�£t®�±�Ñ£~¤D¢










ρ̇ = y

ẏ =
αρ

(ρ2 + 1)2
+

L2

ρ3

��Æ!� Æy��� ���f�!Ã*���$�s�Ð�!ÊÂÊ#Éi�Â�	�1�f�Â�|�f 

lim
ρ→+∞

V ¬¯¸ (ρ) = 0
¬

lim
ρ→0

V ¬D¸ (ρ) = +∞
£t®�·�£tª\¬|®�·�¬¯®�«¬¯Ñ¬¯®�«�¬R·�±�£ Õ ±�©t¢zÏ£+·�£ α ¬ LÇ²���$�|�MÅ�ÌÔ���s�ÂÅy��  Ú £+«�Ï¦±Ô«�«±·�£�Ï£~Î#¢y© Õ ¬¯Ï¬�©¼» ¬s¹yº\±�°¯£t¢z®�¬

− αρ

(ρ2 + 1)2
− L2

ρ3
= 0

¤¦¥!¬½¥�±´Î�¢z©tº!°¯£t¢z®�¬¶Î�¬½¬RÎ#¢y©i¢Î#¬

(L2 + α)ρ4 + 2L2ρ2 + L2 = 0
Þß®!®�±z®!°¯£i«�º!«#«�¢´Î�¬

α = −L2
©�» ¬|¹�º�±z°¯£t¢z®!¬½Î�£�Ï�£~·�º�¤¯¬²±

2L2ρ2 + L2 = 0

¤¦¥!¬O®!¢z®5±�ÑÑ¬D«�«�¬�Î#¢y©iº�°¯£t¢z®!£¼� Ú ¬
α > −L2

·�£M®�º�¢ Õ ¢k©¼» ¬|¹�º�±�°|£i¢y®!¬ ®�¢z®Ý±�ÑÑ¬D«#«¬OÎ�¢z©tº!°|£i¢y®!£��*Þß®�ÖÂ±Ô«�«�£ ¨ ª�¢z®!¬|®�·�¢
t = ρ2 ¨ «Ï�¢ Õ £~±�Ñ¢Û¤¦¥�¬R·�¬ Õ ¬¶¬sÎ�Î�¬¯Ï¬

t± =
−L2 ±

√
−αL2

L2 + αª�¬¯Ï¦¤D£täÈ·�¬ Õ ¬ Õ ±z©i¬|Ï�¬ −L2 < α < 0
�PéA» ±�©i«�Ï¦±ª�±�Ï�«�¬²£t®�¹�º!¬|Î#«�¢È¤|±zÎ�¢ ¨ Î�£ Õ ¬s·�¬²£tÑÓÑ¬s·�£t±�«±zÑÓ¬|®�«�¬R¤¦¥!¬ t± < 0

¬Û¹yº�£i®�·!£
©¼» ¬s¹yº\±�°¯£t¢z®�¬´£i®

ρ
®!¢z®Ä±zÑÑÓ¬¯«#«¬?Î�¢z©tº!°¯£t¢z®!£¼�×Þß®���®!¬?Î#¬

α < −L2
®!¢z«�£~±�Ñ¢k¤¦¥!¬

t+ < 0
Ñ¬¯®�«Ï�¬

t− > 0
��)º�£i®�·!£

± Õ Ï�¬|Ñ¢Ó¤¦¥!¬ [
·
V ¬D¸ / · ρ] = 0

Î�¬¶¬²Î�¢z©t¢´Î#¬
α < −L2

¬²£t®�¹�º!¬|Î#«�¢´¤¯±yÎ#¢± Õ Ï�¬|Ñ¢Ûº!®�» º!®�£t¤|±ÓÎ�¢z©tº!°|£i¢y®!¬²·!±Ô«¦±Ó·�±

ρ0 =

√

−L2 −
√
−αL2

L2 + α

�



Þß®!¢y©h«Ï�¬½£t®a¹yº�¬|Î#«�¢´¤¯±yÎ#¢ Õ ¬s·�£~±�Ñ¢È¤¦¥!¬ [
·
V ¬¯¸ / · ρ] > 0

ª�¬¯Ï
ρ > ρ0

¬|·OµR®!¬|ãy±�«�£ Õ ¢Óª\¬|Ï ρ < ρ0

¹�º!£i®\·�£
V ¬D¸ (ρ)

¥�±
º!®×Ñ£i®�£iÑ¢´£t®

ρ0

�

 ÌÔ���1Åz�Ä���^Ênèn�\�|�^���z���!ÊÂ�� 

1 2 3 4

1

2

3

4

5

� £iãyº!Ï¦± ���!á����! ��-" #-$%�!�&� �����
α ≥ −L2

1 2 3 4

-0.1

0.1

0.2

0.3

0.4

0.5

� £tãzº!Ï¦±O�z�yá�� �! ���"�#�$%�!�&� �.���
α < −L2

��Æ!� ����Ç²���$�|�½�/Éi�^�+���ÂÊÂ�ÂËfÌÔ���*�ÒÁ|�|��Ë1�ÂÊ����|ç� ÓÞß®Kãz¬|®!¬¯Ï¦±�©t¬A£1ª!º�®y«£�·+» ¬|¹�º!£t©i£tÙ!Ï£i¢×Î#¢y®!¢È«º�«#«£�¬Î#¢y©i£�·�¬|©i©~±ÈÖ�¢yÏ�Ñ´±
(ρ0, 0)¤D¢y®

ρ0

ª!º!®�«�¢´¤¯Ï�£i«�£~¤D¢·�¬¯©�ª\¢z«�¬¯®�°¯£~±�©t¬ ¨ ¹�º!£t®�·�£�Î�¬ α ≥ −L2
£t©�Î�£tÎ#«�¬|Ñ±Û®!¢y®O±zÑÓÑ¬¯«#«�¬½ª!º�®y«£�·+» ¬|¹�º!£t©i£tÙ!Ï£i¢ ¨ Ñ¬¯®�«�Ï¬¶Î�¬

α < −L2
£t©�Î#£~Î#«�¬¯Ñ´±±�ÑÑ¬D«�«�¬²º!®�Î�¢z©t¢Ûª�º!®�«�¢È·+» ¬|¹�º!£t©i£tÙ!Ï£i¢´Î#«±zÙ!£i©t¬½¬²¤D£t¢�µ

P0 = (ρ0, 0) =





√

−L2 −
√
−αL2

L2 + α
, 0





��Æ!� �^��Ç²�Â���f���f�^ÊÂÊ����p�!Á|�# Pé¶±
E = y2/2+V ¬D¸ (ρ)

¢�«�«�¬|®!£t±zÑ¢
y = ±

√

2(E − V ¬¯¸ (ρ))
�1¡1¬¯Ï¦¤D£täR®!¬¯©�ª!£~±�®!¢Û·�¬¯©t©i¬�ÖÂ±zÎ�£

± Õ Ï�¬|Ñ¢Ó¤¯º!Ï Õ ¬¶Î�£tÑÓÑ¬¯«�Ï£t¤¦¥!¬½Ï£tÎ�ª�¬D«#«¢È±�©t©�» ±zÎÎ�¬ ρ
� Ú ¢�·!·�£ Õ £t·�£~±�Ñ¢´¹�º!£i®\·�£�®!¬|£�·�º!¬²¤¯±yÎ#£

� �!Ás�(Ü\ 
α > −L2

�NÞß®a¹�º!¬sÎ�«¢ ¤¯±yÎ#¢´®�¢�«�£~±�Ñ¢È¤¦¥!¬
V ¬¯¸ (ρ) > 0

ª�¬¯Ï)¢zãy®!£ Õ ±�©t¢zÏ¬R·�£ ρ ¬A¹�º!£t®�·�£�ª\¬|Ï�¢yãz®!£ Õ ±z©i¢yÏ�¬R·�£
E > 0

± Õ Ï�¬|Ñ¢Ûº!®\±Ó¤¯º!Ï Õ ±±zª\¬|Ï#«¦±Ó¤¯¢z® limρ→+∞ y(ρ) = ±∞ �� �!Ás�*â+ 
α < −L2

�

•
¡�¬|Ï

E = V ¬D¸ (ρ0)
£t©�Î�¢z©t¢Ûª!º�®y«¢ÈÎ�«¦±�Ù!£t©t¬

P0

�

•
¡�¬|Ï

V ¬¯¸ (ρ0) < E < 0
º!®\±A«Ï±z£i¬¯«#«¢zÏ£t±Ûª\¬|Ï�£t¢�·�£~¤¯±Ó£i®�«¢zÏ®!¢´±

P0

�

• ¡�¬|Ï E > 0
º!®�±Û«�Ï¦±�£t¬D«�«�¢zÏ£~±Û±zª\¬|Ï#«¦±Ó¤¯¢z®

limρ→+∞ y(ρ) = ±∞ �
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� £iãyº!Ï¦±?�_Æ�á�� $%�!" �������&�&�� ���*$��
α > −L2

1 2 3 4 5 6 7
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-0.4

-0.2
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0.6

� £tãzº�Ï±?� ��á�� $%�!"���� �-�&�&�� ���*$��
α < −L2

��Æ!� �y���/ÌÔ�!�Â���|�|�\Ì_���Oèn��Ì_�������ÂÅ��f�� �¡1¬|ÏM¹�º�±z®�«�¢ Õ £~Î�«¢Ó±z©$ª!º!®�«�¢Óª!Ï¬|¤D¬s·�¬¯®�«¬ ¨ ± Õ Ï¬¯Ñ¢A«�Ï¦±�£t¬D«#«¢zÏ£i¬�ª\¬|Ï�£t¢�·�£t¤¦¥�¬¶Î�¢z©t¢A®!¬|©¤¯±yÎ#¢
α < −L2

��Þß®?ª�±zÏ#«£t¤¯¢z©~±�Ï¬¶¤¯£iä´± Õ^Õ ¬|Ï�Ï¦åRª�¬¯Ï V ¬D¸ (ρ0) < E < 0
�

��Æ!� 	���� �\�|�GÅz��ÃÒè1ÊÂ�^Á|Ás������ Rà Õ Ï�¬|Ñ¢ÈÑ¢�«�¢O¤D¢yÑÓª�©i¬sÎ�Î�£ Õ ¢Èª�¬¯Ï£i¢�·�£~¤D¢È£t®�±y¤¯¤¯¢zÏ¦·�¢ ¤D¢y®a©t¬Û¤D¢y®�·�£t°¯£t¢z®!£1·!±�«�¬Û±z©fª�º!®�«�¢ª!Ï¬|¤¯¬|·�¬|®y«¬ ¨ ¬²ª�¬¯Ï ρ = ρ0

��Þß®!¢y©h«Ï�¬ ¨ ¬|ÎÎ#¬|®�·�¢

∆θ = 2

∫ ρ2

ρ1

·
ρ

ρ2

√

2L−2
(

E − V ¬¯¸ (ρ)
)

{ρ1, ρ2} ⊂ V −1¬D¸ (E)

·�¢ Õ Ï¦å Õ ±�©t¬¯Ï¬½±�®�¤¦¥!¬ ∆θ = 2πq
ª�¬¯Ï�¹�º�±z©t¤¦¥!¬

q ∈ Q
�

	



�)�|�!�$�����������+�
� ���i�_���?�^ÁsÅ�ÌÔ�Â�y�Â���f�����^ÊMÃÄ���s�� ��N£~¤D¢zÏ¦·�£~±�Ñ¢´¤¦¥!¬½®!¬¯©fÎ#£~Î�«¬¯Ñ´±´·�¬|©�¤D¬|®y«Ï�¢´·�£�Ñ±yÎ�Î± ¨ £t©�Î�£tÎ#«�¬|Ñ´±ÓÎ�£�·�£~Î±z¤¯¤¯¢zª!ª�£t± ¨ £i®¤D¢^¢yÏ·�£t®�±�«�¬¶ª\¢y©t±zÏ�£ ¨ ®!¬¯£f·�º!¬²ª!Ï¢zÙ!©t¬¯Ñ£

µρ̈ = −
·
V ¬¯¸·
ρ

θ̇ =
L

2µρ2

¤¦¥!¬½®!¬|©�®!¢yÎ#«�Ï¢¤¯±zÎ�¢ª�±�Ï�«�£~¤D¢y©t±zÏ�¬ ¨ ¬sÎ�Î�¬¯®\·�¢ µ = 1 ¨ ·�£ Õ ¬|®y«¦±

ρ̈ = 6ρ5 − 2ρ +
L2

ρ3
θ̇ =

L

2ρ2

¡1¢z£~¤¦¥!§È©~±aª�±zÏ#«¬ ±�®�ãz¢z©~±�Ï¬È·�£tª\¬|®�·�¬O¬|Î¤D©tº�Î�£ Õ ±�Ñ¬|®y«¬ ·!±z©i©~±aª�±zÏ#«¬ÈÏ¦±z·�£~±�©t¬ ¤D£M¤D¢y®�¤D¬|®�«�Ï¬¯Ï¬¯Ñ¢aÎ#¢y©i¢�Î#º!©t©~±aª!Ï£iÑ´±¬|¹�º�±z°¯£t¢z®!¬ ¨ £i©�¤¯º!£�Î�£tÎ#«�¬|Ñ´±Ó·!£i®�±zÑ£t¤¯¢±yÎ�Î�¢�¤D£~±Ô«¢Ûµ






ρ̇ = y

ẏ = 6ρ5 − 2ρ +
L2

ρ3

� ��� Æy��Ç²�f�$�s���/Éi�^�+�f��ÊÂ�ÂËfÌÔ�Â�f  Ú ±zª!ª!£~±�Ñ¢¶¤¦¥�¬/£�ª!º�®y«£�·+» ¬|¹�º!£t©i£tÙ!Ï£i¢½·�¬|©!Î#£~Î�«¬¯Ñ´±¶·�£i®\±�Ñ£t¤¯¢²±zÎÎ#¢�¤D£~±Ô«¢)Î�¢z®!¢)«�º!«#«�£�¬MÎ�¢z©t£^£
ª!º!®�«£�·�¬|©i©~±²Ö�¢yÏ�Ñ´±

(ρ0, 0)
¤D¢y®

ρ0

ª!º!®�«�¢Ó¤DÏ£h«£t¤¯¢A·�¬|©\ª�¢�«¬¯®!°|£t±z©i¬�¬¯³È¤¯±z¤¯¬ ¨ ª\¬|Ï#«¦±�®�«�¢Û·�¢zÙ!Ù�£t±zÑÓ¢AÏ�£~Î#¢y© Õ ¬¯Ï¬M©�» ¬|¹�º�±z°¯£t¢z®!¬
·
V ¬D¸·
ρ

= 2ρ − 6ρ5 − L2

ρ3
= 0

¤¦¥!¬½¥�±´Î�¢z©tº!°¯£t¢z®�¬¶Î�¬½¬RÎ#¢y©i¢Î#¬
6ρ8 − 2ρ4 + L2 = 0¬È¹�º!¬|Î#«±O¥�±×Î�¢z©tº!°¯£t¢z®�¬Óª�¬¯Ï

6L2 ≤ 1
�´Þß®Ðª�±zÏ#«£t¤¯¢z©~±�Ï¬Ó± Õ Ï¬¯Ñ¢×¤¦¥!¬ ¨ Î�¬ 6L2 > 1 ¨ £t©nÎ�£tÎ#«�¬|Ñ´±?®�¢z®Ò±�ÑÑ¬D«�«�¬´ª!º!®�«£·+» ¬|¹�º!£t©i£tÙ!Ï£i¢\Ø!Î#¬

6L2 = 1
£t©�Î#£~Î#«�¬¯Ñ´±±�ÑÑ¬D«�«�¬²º!®�Î�¢z©t¢Ûª�º!®�«�¢È·+» ¬|¹�º!£t©i£tÙ!Ï£i¢´·!±�«�¢´·!±

P0 =
(

1/ 4
√

6, 0
)

Þß®���®�¬¶ª�¬¯Ï
6L2 < 1

«Ï�¢ Õ £~±�Ñ¢·�º!¬½ª!º!®�«�£�·+» ¬|¹�º!£t©i£tÙ!Ï£i¢\á

P− = (ρ−, 0) =





4

√

1 −
√

1 − 6L2

6
, 0



 P+ = (ρ+, 0) =





4

√

1 +
√

1 − 6L2

6
, 0





À �|��Ë1�ÂÊ����|çG�f�^�)è����$�|�¶�/Éi�^�+�f��ÊÂ�ÂËfÌÔ�Â� Ú ¬
6L2 = 1

®!¢z«�£~±�Ñ¢×¤¦¥!¬
[
·
V ¬¯¸ / · ρ] ≤ 0

ª�¬¯Ï½¢zãy®!£ Õ ±z©i¢yÏ�¬Ó·�£ ρ ¨ ª\¬|Ï¤¯£iä ρ0µ´º!®Ðª!º!®�«¢×·!£���¬|ÎÎ�¢Oª�¬¯ÏA£i©�ª�¢�«¬¯®!°|£t±z©i¬¬¯³´¤|±z¤¯¬z� )º!£t®�·�£
P0

µº!®Ðª!º!®�«�¢�£t®�Î#«±zÙ!£i©t¬z� Ú ¬´£i® Õ ¬s¤D¬ 6L2 < 1
Î�£ Õ ¬s·�¬±�©i«�Ï¬D«�«±z®y«¢´ÖÂ±z¤¯£i©tÑ¬¯®�«�¬¤¦¥!¬

[
·
Veff /

·
ρ] ≥ 0

ª\¬|Ï Õ ±z©i¢yÏ�£�·�£ ρ ®!¬|©i©¼» £i®�«�¬|Ï Õ ±z©i©t¢ [ρ,ρ+]
¬Û®�¬¯ãy±�«�£ Õ ¢ ±z©h«Ï�£tÑ¬¯®�«�£ ¨ ¹�º!£i®\·�£

ρ−
µÈº!®Òª!º!®�«¢k·�£nÑ£t®!£tÑÓ¢�·�¬¯©/ª\¢z«�¬¯®�°¯£~±�©t¬ÈÑ¬¯®�«�Ï¬

ρ+

µÈº�®Òª!º!®�«�¢k·!£nÑ´±zÎÎ#£tÑ¢�ª\¬|Ï¤¯£iä
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