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V ¬¯¸ (ρ) =
α

6ρ6
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4ρ4
+
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, L 6= 0
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ρ̈ = −
·
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=
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
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ª\¢Õ ¬¯«#«­¢zÏ­£t±z©i¬
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¢
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− α
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− L2

ρ3
= 0

¬R¹�º!¬|Î#«­±Ó¥�±
Î�¢z©tº!°¯£t¢z®�¬¶Î�¬²¬²Î#¢y©i¢´Î�¬
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¢
ª\¬|Ï#«¦±�®�«�¢
£t©�ª!Ï­¢zÙ!©t¬¯Ñ´±Û£i®O«�Ï­¬²¤¯±yÎ#£¼�Åz��Á|�ÝÜ� 
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•
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
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± Õ Ï�¬|Ñ
¢Û¤¦¥!¬²©¼» ¬s¹�º�±�°|£i¢y®!¬)¥\±ÓÎ�¢z©tº!°|£i¢y®!¬½ª\¬|Ï

ρ+ =

√

1 +
√
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Åz��Á|�	Ü�  Ú ¬
4αL2 = 1

Î#£ Õ ¬¯Ï­£��\¤|±a£tÑ
ÑÓ¬s·�£~±Ô«­±zÑ
¬¯®�«�¬O¤¦¥!¬ [
·
2V ¬¯¸ / · ρ2](1/

√
2L2) = 0

�ÒéA» ±�©i«�Ï¦±aª\±�Ï�«�¬ ¨ Î#£ Õ ¬s·�¬ÖÂ±z¤¯£i©tÑ
¬¯®�«�¬×¤¦¥!¬
[
·
V ¬¯¸ / · ρ] ≤ 0

¹�º!£i®\·�£M£i®
ρ = 1/

√
2L2
± Õ Ï�¬|Ñ
¢aº!®5ª!º!®�«�¢Ð·�£NÎ#¬|©i©~±aª�¬¯Ï
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± Õ Ï­¬¯Ñ
¢
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∣

∣

∣

∣
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=
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1
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√
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¢Gº�Î�±�«�¢G£i©½ÖÂ±�«#«�¢Ý¤¦¥!¬ 1 − 4αL2 < 1
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[
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·
ρ2](ρ2)

±�Ù�Ù!£t±zÑ
¢
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1 +
√

1 − 4αL2

2L2

)

+
3

4L2
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1 +
√

1 − 4αL2
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L2
−

√
1 − 4αL2
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< 4α − 1
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− 1 − 4αL2

L2
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·�¢ Õ ¬�®!¬¯©t©t±Äª!Ï�£tÑ´±Ä·�£~Î#º�ãzº�±zãz©t£t±z®!°|±Ò±zÙ!Ù!£~±�Ñ
¢Òº�Î­±Ô«�¢*£i©)ÖÂ±Ô«�«�¢*¤¦¥!¬ 1 − 4αL2 < 1 ¨ ¬�®!¬¯©t©~±ÄÎ#¬s¤D¢y®�·!±Ð£t©�ÖÂ±�«#«�¢G¤¦¥!¬
4α < 1/L2

��¡1¬|Ï­¤¯£iä´± Õ Ï�¬|Ñ
¢Ó¤¦¥!¬ P1
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Î#«­±zÙ!£t©i¬½Ñ
¬¯®�«�Ï­¬
P2
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·
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·
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√
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+
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√
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1
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√
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lim
ρ→+∞

V ¬¯¸ (ρ) = 0

Þß®!¢y©h«­Ï�¬²Î�¬
α > 0

± Õ Ï�¬|ÑÓ¢
lim

ρ→0+
V ¬D¸ (ρ) = +∞

Ñ
¬¯®�«�Ï­¬²Î#¬
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lim
ρ→0+

V ¬D¸ (ρ) = −∞
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���y� �^��Ç²�Â���f���f�^ÊÂÊ����p�!Á|�# Pé¶±
E = y2/2+V ¬D¸ (ρ)

¢�«�«�¬|®!£t±zÑ
¢
y = ±

√

2(E − V ¬¯¸ (ρ))
�1¡1¬¯Ï¦¤D£täR®!¬¯©�ª!£~±�®!¢Û·�¬¯©t©i¬�ÖÂ±zÎ�£

± Õ Ï�¬|Ñ
¢Ó¤¯º!Ï Õ ¬¶Î�£tÑÓÑ
¬¯«�Ï­£t¤¦¥!¬½Ï­£tÎ�ª�¬D«#«­¢È±�©t©�» ±zÎ­Î�¬ ρ
� Ú º�·!·!£ Õ £~·�£t±zÑ
¢
·!º!®�¹�º!¬²£i©�ª!Ï�¢yÙ!©t¬¯Ñ´±A®�¬¯£+«­Ï�¬²¤¯±yÎ#£¼�Åz��Á|�(Ü� NÞß®a¹�º!¬|Î#«�¢È¤|±zÎ�¢
£i©�ª�¢�«­¬¯®!°|£t±z©i¬²¬¯³È¤¯±z¤¯¬²µ²©i£tÑ
£h«¦±Ô«­¢ ·!±�©�Ù�±zÎ­Î#¢\��Þß®×ª�±�Ï�«�£~¤D¢y©t±zÏ�¬²Î�¬

4αL2 > 1
±z·O¢yãz®!£ Õ ±�©t¢zÏ­¬·�£�¬|®!¬¯Ï­ãz£~±Ó± Õ Ï­¬¯Ñ
¢Óº!®�±Û«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±
¤D¢z® limρ→+∞ y(ρ) = ±

√
2E
� Ú ¬²£i® Õ ¬|¤D¬ 4αL2 = 1

± Õ Ï�¬|ÑÓ¢

•
¡�¬|Ï

0 < E < V ¬¯¸ (1/
√

2L2)
º!®�±Ó«­Ï­±z£i¬¯«#«­¢zÏ­£t±Ó±�ª�¬¯Ï�«­±
¤D¢y®

lim ρ → +∞y(ρ) = ±
√

2E
�

•
¡�¬|Ï

E = V ¬D¸ (1/
√

2L2)
·�º!¬½«�Ï¦±�£t¬D«�«�¢yÏ�£t¬¶±zª\¬|Ï#«­¬RÎ#£tÑ
Ñ
¬D«�Ï­£~¤¦¥!¬½Ï�£~Î#ª�¬D«�«�¢´±�©t©¼» ±yÎ�Î�¬

ρ

•
¡�¬|Ï

E > V ¬D¸ (1/
√

2L2)
º!®�±Ó«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±Û¤¯¢z®

limρ→+∞ y(ρ) = ±
√
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Ú ¬È£t®���®�¬
4αL2 < 1
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V ¬D¸ (ρ1)

±�Ù�Ù!£t±zÑ
¢
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)
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¬AÎ#«�º�·!£t±z®�·�¢´£t©�Î�¬¯ãy®!¢´·�£�¹�º!¬sÎ�«s» ¬sÎ#ª�Ï�¬sÎ�Î�£i¢y®!¬²Î#£ Õ ¬¯Ï­£��\¤¯±ÓÖÂ±y¤D£t©iÑ
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• ª\¬|Ï 0 < E < V ¬D¸ (ρ1)
º�®�±´Î#¢y©t±A«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±
¤D¢z®

limρ→+∞ y(ρ) = ±
√

2E
�

•
ª\¬|Ï

E = V ¬D¸ (ρ1)
º!®�±Û«­Ï­±z£i¬¯«#«�¢yÏ�£~±
±�ª�¬¯Ï�«­±Û¬²£i©�ª!º!®�«�¢´Î#«­±�Ù�£i©t¬
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•
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V ¬¯¸ (ρ1) < E < V ¬¯¸ (ρ2)
º!®�±Ó«�Ï¦±�£t¬D«�«�¢yÏ�£~±Û±zª\¬|Ï#«¦±Ó¬|·?º!®�±
ª�¬¯Ï­£i¢�·�£~¤¯±Ó£t®y«­¢zÏ­®!¢
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•
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E = V ¬¯¸ (ρ2)
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•
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º!®�±Û«­Ï­±z£i¬¯«#«�¢yÏ�£~±
±�ª�¬¯Ï�«­±��

¾�¬|©�¤¯±yÎ#¢
£t®×¤¯º!£
αL2 = 3/16
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•
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E = 0
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• ª\¬|Ï 0 < E < V ¬D¸ (ρ2)
º!®�±×«­Ï­±z£i¬¯«#«�¢yÏ�£~±�±�ª�¬¯Ï�«­±�¤¯¢z®

limρ→+∞ y(ρ) =
√
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º!®�±×«­Ï­±z£i¬¯«#«­¢zÏ­£t±×¢yÑÓ¢�¤¯©i£t®�±×¬ ·�º�¬ ±�ª�¬¯Ï�«�¬È¤¦¥!¬?Î#£/£i®�«�¬|Ï­Î�¬|¤|±�®!¢�¤¯¢z®Ð«­±z®!ãz¬|®!°|±×¢yÙ!©t£t¹�º�±×®!¬|©

ª!º!®�«�¢
£t®�Î�«¦±�Ù!£t©t¬
P2

�

•
ª\¬|Ï

E > V ¬D¸ (ρ2)
º!®�±Û«­Ï­±z£i¬¯«#«�¢yÏ�£~±
±�ª�¬¯Ï�«­±��

Þß®���®�¬ ¨ ®!¬|©�¤¯±yÎ#¢Ó£i®�¤¯º!£ αL2 > 3/16
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√
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