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�)�u�!�$�\���������!�
���{�k�_���/���!�u���j�����!�|���j���R���� j��¡g�+¢¤£q¥�¦{§D¨�¨�©|ª«§¤¬®!§/¯k°j±�¯k¦^¯�±�²�³

O′
°!§´¥�µ�¯vµ#¨�§u¶³

k · ±!³�¨«©)±!³�� (t) = (t, t2(t+1)(t+2), 0) ¸¶§´°�¨�ª«§c¥v³¹ª«©�¨®³�º´¯v©|°�§)»!²�¼½§uµ«µ#§uª�§¾ª«³|»!»!ª«§uµ�§´°�¨«³�¨«³¿±!³²!°�³¹¶½³�¨«ª�¯�¬D§À±�§u¥k¥�³¿Á�©|ª«¶³

B = B(3)(t)





cos θ(t) − sin θ(t) 0
sin θ(t) cos θ(t) 0

0 0 1





±�©�¦{§
θ(t) · ¨«³�¥v§R¬®!§¾¨�Â θ(t) = ẏO′

��Ã1©|¯�¬®!Ä
yO′(t) = t2(t + 1)(t + 2)

³_¦^ª«§´¶©
ẏO′ = 4t3 + 9t2 + 4t

»j§uª«¬´¯k¼

θ(t) =
³�ª®¬I¨�Â

(4t3 + 9t2 + 4)
§RÅ�²!¯v°�±�¯+¥�³¹¨�ª®³|µ#Á�©|ª«¶³|º´¯v©|°!§)ª�¯vÂ|¯�±!³ · ±!³�¨®³±!³





x

y

z



 = B





ξ

η

ζ



 +





t

t2(t + 1)(t + 2)
0





���{� Æ{�AÇ/�^ j \�<¡���È���jÉu�g¢5Ã�©{¯v¬®�Ä
P
µ#¯N¶¿²!©�¦|§?¯k°

K
¥v²!°!Â{©�²�°�³Ê¬D¯vª«¬´©|°�Á�§uª�§u°!ºu³ ¸ ¥v³�¥k§uÂ|Â{§O±�§u¥M¶¹©|¨�©Ê¯v° K

µ�³|ª«Ë
µ�§´¶»!¥v¯v¬´§´¶§´°�¨�§ÍÌ

(t) = (ξ(t), η(t), ζ(t)) = (cos 2t, sin 2t, 0)
� Ã1§´ªO©�¨#¨«§´°!§uª�§m¥v³*¥k§uÂ|Â|§K±�§´¥¾¶©�¨«©*¯v°

k Î ³{µ�¨«§´ª®Ë³�»�»!¥k¯�¬´³|ª�§¾¥�³¹¨�ª®³|µ#Á�©|ª«¶³|º´¯v©|°!§
D
³ÏÌ ¸ ©�¨�¨�§´°�§´°�±�©½Å�²!¯v°�±�¯





x(t)
y(t)
z(t)



 = B





cos 2t

sin 2t

0



 +





t

t2(t + 1)(t + 2)
0





=





cos 2t cos θ(t) − sin 2t sin θ(t)
cos 2t sin θ(t) + sin 2t cos θ(t)

0



 +





t

t2(t + 1)(t + 2)
0





=





t + cos 2t cos θ(t) − sin 2t sin θ(t)
t2(t + 1)(t + 2) + cos 2t sin θ(t) + sin 2t cos θ(t)

0





=





t + cos(2t + θ(t))
t2(t + 1)(t + 2) + sin(2t + θ(t))

0





���{� Ð���ÑÀ�^ÈÒ��Ó|��ÉsÔa�!�s�u�\ÈÒÕgÉu��¢PÖ�³|»!»!¯�³�¶©¹¬®�§)¥�³A¦{§´¥v©�¬D¯k¨«ËA³{µ�µ�©|¥v²�¨®³ ·¾× = ˙Ø ¸ §cÅ{²�¯k°�±!¯ Î ³|µ#¨«³¿µ#§u¶¹»�¥k¯�¬D§u¶¹§u°�¨�§c±�§´ª«¯k¦�³|ª�§¯v¥�¦|§´¨#¨�©{ª�§c¬®!§À¯v°�±�¯v¦^¯v±�²j³
P
°!§u¥�µ#¯�µ�¨«§´¶½³

k
©|¨#¨«§´°�±�§u°�±�©

× =





1 − (2 + θ̇(t))(sin 2t cos θ(t) + cos 2t sin θ(t))

4t3 + 9t2 + 4t + (2 + θ̇(t))(cos 2t cos θ(t) − sin 2t sin θ(t))
0



 =





1 − (2 + θ̇(t)) sin(2t + θ(t))¨«Â
θ(t) + (2 + θ̇(t)) cos(2t + θ(t))

0





±�©�¦{§¾¬®!¯�³�ª®³�¶§u°{¨«§
θ̇(t) =

12t2 + 18t + 4

1 + (4t3 + 9t2 + 4t)2

ÑÀ�^ÈÒ��Ó{��ÉuÔ���^ÈÒ�!Éu� × ��¢¤Ù�§uª�¯v¦�³�°�±!©)¯v¥�¦|§´¨#¨�©{ª�§P¬®!§P¯k°�±!¯k¦^¯�±�²�³ P
°!§u¥!µ#¯�µ�¨«§´¶½³

K ¸ ©�¨�¨�§u°!¯v³|¶© ˙Ì = (−2 sin 2t, 2 cos 2t, 0)»\§´ª®¬D¯v¼¹¥�³¹¦|§u¥k©�¬D¯k¨«Ë¹ª«§´¥�³�¨«¯k¦�³ · ±!³�¨®³¹±�³

× ′ = B ˙
Ì

=





−2 sin 2t cos θ(t) − 2 cos 2t sin θ(t)
−2 sin 2t sin θ(t) + 2 cos 2t cos θ(t)

0



 =





−2 sin(2t + θ(t))
2 cos(2t + θ(t))

0





�



���{� �^���A�\���¤�\�����$És�OÉ´���!�sÈÒ��És�����Ò��¢MÙ¾³ × 0 = ˙
�A¨�ª«©�¦^¯v³|¶¹© × 0 = (1, 4t3 + 9t2 + 4t, 0) = (1,

¨�Â
θ(t), 0)

�
���{� �{���¿�\���¤�\�g�^�$Éu�a�_�jÉu�!Éu�j�_���+¢¿Ö�³|»!»!¯�³�¶©Ï¬®!§ × T = [ω, Ø − � ] ¸ ¬D©{° |ω| = θ̇

�)Ù�� ³�¥k¨�ª®³½»�³�ª�¨�§ ¸ »\©|¯�¬®!Ä¿¥	� ³|µ«µ#§¿±�¯ª«©�¨«³|º´¯v©|°!§c±�§u¥�µ#¯�µ#¨�§´¶½³ · »�³�ª®³�¥v¥v§´¥v©¹³|¥k¥
� ³{µ�µ�§ z
±�¯

k ¸ ³_¦^ª«§´¶© ω(t) = (0, 0, θ̇(t))
��Ù)³½¬´¯k¼©�¨�¨�§u°!¯v³|¶©Å�²!¯v°�±�¯

× T = (−θ̇(t) sin(2t + θ(t)), θ̇(t) cos(2t + θ(t)), 0)

���{� ������j���|�ÍÓ|�^�$Éu�_����Õg \�+¢¾Ö!³�»!»!¯�³�¶© ¬®!§
F ¬IÁ = −[Ω, [Ω,

Ì
]]
±�©�¦|§

Ω = Bω
§RÅ�²!¯k°j±�¯ ¸ °!§u¥�°!©{µ#¨�ª«© ¬´³{µ#© ¸ Ω = ω

�
Ã1§´ª®¬D¯v¼©�¨#¨«§´°!¯�³�¶©

F ¬IÁ = (θ̇2(t) cos 2t, θ̇2(t) sin 2t, 0) = θ̇2(t)
Ì

(t)���{���|�����j�_�{�Ê¡g���¿�����Ò�\ÈÒ���|¢PÙ)³
F
¬D©{ª

= −2[Ω, ˙Ì ]
¨�ª«©�¦�¯�³�¶©

F
¬´©|ª

= (4θ̇(t) cos 2t, 4θ̇(t) sin 2t, 0) = 4θ̇(t)
Ì

(t)
�

�)�u�!�$�\���������+�
��Æ!�k�_���/���!�u���j�����!�|���j���K���Ò \�Ò¡��+¢��/§´ª®¬®!¯v³|¶©Ï¯v°{¨®³�°�¨�©?¥v³?¥v§´Â|Â{§¹±!§´¥1¶©�¨�© ±�¯

O′
�AÃ1§´ª¾¯v°�±�¯v¦�¯�±�²�³|ª�§¹¥�³?¬´²!ª�¦�³?¥k²�°!Â|©

¬D²�¯�µ#¯+¶¿²!©�¦|§
O′
°�©�¨�¯�³�¶©½¬®!§c¥v§Rµ#²!§À¬´©|¶»j©{°!§´°�¨«¯�µ#©{°!©½µ#©{¥k²!ºu¯k©{°!§c±�§´¥�»�ª�© Î ¥k§u¶½³¹±!¯��P³�²�¬®��

{

ż = Az

z(0) = (1, 0)
z ∈ R

2 A =

(

1 −ω

ω 1

)

§c¨«³|¥k§Àµ�¯vµ#¨�§u¶½³ ¸ ¬D©{¶§cµ«³�»�»!¯v³|¶© ¸ �³¹»\§´ª�µ�©|¥v²!º´¯v©|°!§

z(t) = z(0) exp(At) exp(At) =

(

et cosωt −et sin ωt

et sin ωt et cosωt

)

§)Å�²!¯v°�±�¯\�
(t) = γ(t) = (et cosωt, et sin ωt, 0)

µ#§)¦^¯vµ#¨«³R¬´©|¶§�¬´²!ª�¦�³À¯v¶¶§´ª®µ�³À¯v°
R

3
����� ³�°!Â{©|¥v©R±�¯jª«©�¨®³�ºu¯k©{°!§ · ±!³�¨�©±!³

¨�Â
θ(t) =

γ̇2

γ̇1
=

cosωt − ω sin ωt

sinωt + ω cosωt§RÅ�²!¯v°�±�¯
θ(t) =

³�ª®¬I¨�Â (cosωt − ω sin ωt

sinωt + ω cosωt

)

Ã1§´ª�¨«³|°{¨«©»j©�µ�µ�¯v³|¶©¹µ«¬Dª«¯k¦{§´ª«§)¥�³¿¨�ª®³|µ#Á�©|ª«¶½³�º´¯v©|°�§�ª«¯kÂ{¯v±!³¹¬D©{¶§




x

y

z



 = B





ξ

η

ζ



 +





et cosωt

et sin ωt

0





±�©�¦{§

B = B(3)(t) =





cos θ(t) − sin θ(t) 0
sin θ(t) cos θ(t) 0

0 0 1





��Æ!� Æ{��Ç/�� \ \� ¡g�^ÈO���jÉu�	�Ò���Ê¢¾Ã1©|¯�¬®!Ä
P
µ#¯c¶A²�©�¦|§m¥v²!°!Â{©G¥
� ³|µ«µ#§

ξ ¸ ¥�³*¥v§´Â{Â|§�±!§´¥À¶©�¨«©*¯v° K
µ�³|ª«Ë*±�§´¥c¨«¯k»\©

Ì
= (ξ(t), 0, 0)

¬´©|°
ξ(t)
¬®!§À¦{§´ª«¯��\¬´³¹¥	� §uÅ�²�³|º´¯v©|°!§

ξ̈ + λξ = 0
§RÅ{²�¯k°�±!¯

ξ(t) = ξ0 cos
√

λt + ξ̇0 sin
√

λt
±�©�¦{§

ξ0 ·¥�³¹¬´©^©|ª®±�¯k°j³�¨«³¿¥v²!°!Â|©¥
� ³{µ�µ�§
ξ
±!§´¥v¥v³¹»\©{µ�¯kºu¯k©{°!§c¯k°!¯vº´¯�³�¥v§À±�¯

P
§

ξ̇0 · ¥v³µ�²�³¹¦|§u¥k©�¬D¯k¨«Ë¹¯v°!¯vº´¯�³�¥v§|�1£q°�±�¯�¬®!¯�³�¶© α =
√

λ
�

Ç¤�^ \ j� ¡���Èm����És� �Ò� ��¢�Ã1§´ªa±�§´¨�§´ª«¶¯k°j³�ª«§Í¥v³5¥v§´Â|Â{§Í±�§´¥R¶©|¨�©(°!§u¥Aµ#¯�µ#¨�§´¶½³(³{µ�µ�©|¥v²�¨�© Î ³{µ�¨«§´ª®Ë5³|»!»!¥v¯v¬u³�ª«§�¥�³¨�ª®³|µ#Á�©|ª«¶½³�ºu¯k©{°!§
D
³ Ì

(t)
��Ã1§´ª�¨«³�°�¨«©¹¦�³|¥k§

Ø (t) = B





ξ(t)
0
0



 +





et cosωt

et sin ωt

0





=





ξ(t) cos θ(t)
ξ(t) sin θ(t)

0



 +





et cosωt

et sin ωt

0





=





ξ(t) cos θ(t) + et cosωt

ξ(t) sin θ(t) + et sinωt

0





��Æ!� Ð��/Ñc�^È���Ó|�ÒÉuÔm���u�s�jÈ�Õ�És�+¢MÙ�§uª�¯v¦�³�°�±�©¯v¥�¦|§´¨#¨«©|ª«§ Ø (t) ¨�ª«©�¦�¯�³�¶©

× =





ξ̇(t) cos θ(t) − ξ(t)θ̇(t) sin θ(t) + et(cos ωt − ω sin ωt)

ξ̇(t) sin θ(t) + ξ(t)θ̇(t) cos θ(t) + et(sin ωt + ω cosωt)
0





Æ



±�©�¦{§
ξ̇(t) = ξ̇0α cosαt − ξ0α sin αt

§

θ̇(t) = − ω(1 + ω)

1 + ω + ω2 − ω(1 + ω) cos(2ωt) − ω sin(2ωt)

ÑÀ�^ÈÒ��Ó{��ÉuÔ*����È���Éu� × ��Ù)§´ª«¯v¦_³|°�±�©O¯k¥�¦{§D¨�¨�©|ª«§¬®!§¯k°�±!¯k¦^¯�±�²�³ P
°!§u¥�µ#¯�µ�¨«§´¶½³

K
¨«ª�©�¦^¯�³�¶© ˙Ì = (ξ̇(t), 0, 0)

»j§uª«¬´¯k¼O¥�³
¦|§u¥k©�¬´¯i¨®Ë¿ª«§´¥�³�¨«¯k¦�³ ·

× ′ = B ˙Ì =





ξ̇(t) cos θ(t)

ξ̇(t) sin θ(t)
0





��Æ!� �^���A�\���¤�\�����$És�OÉ´���!�sÈÒ��És�����Ò��¢MÙ¾³ × 0 = ˙
�A¨�ª«©�¦^¯v³|¶¹© × 0 = (et(cosωt − sin ωt), et(sin ωt + cosωt), 0)

�
��Æ!� �{� �A�\���¤�\�����$És�Ê����És��Éu�j���Ò�+¢ Ã1©|¯�¬®!Ä¥	� ³|µ«µ�§±!¯�ª�©|¨«³|º´¯v©|°!§±�§´¥/µ#¯�µ�¨«§´¶½³ · »�³�ª®³�¥v¥v§´¥v©O³|¥k¥
� ³{µ�µ�§ z

±�¯
k ¸ ³ Î!Î ¯�³�¶©

ω(t) = (0, 0, θ̇(t))
�¤Ù¾³½¬D¯v¼©�¨#¨«§´°!¯�³�¶©½Å�²!¯v°�±�¯ × T = [ω, Ø − � ] = (−θ̇(t)ξ(t) sin θ(t), θ̇(t)ξ(t) cos θ(t), 0)

�
��Æ!� �������j���|��Ó{�^�$É´���Ò��Õ� j�+¢AÖ!³�»!»!¯�³�¶©Ï¬®�§

F ¬DÁ = −[Ω, [Ω,
Ì

]]
±�©�¦{§

Ω = Bω
§AÅ�²!¯v°�±�¯ ¸ °!§´¥g°!©{µ#¨�ª«©Ï¬´³{µ#© ³_¦^ª«§´¶©

Ω(t) = ω(t)
��Ã1§´ª®¬D¯v¼©�¨�¨�§´°�¯v³|¶¹©

F ¬DÁ = (θ̇2(t)ξ(t), 0, 0)��Æ!���|�����j�_�{�Ê¡g���¿�����Ò�\ÈÒ���|¢PÙ)³
F
¬D©{ª

= −2[Ω, ˙Ì ]
¨�ª«©�¦�¯�³�¶©

F
¬´©|ª

= (0,−2ξ̇(t)θ̇(t), 0)
�

�)�u�!�$�\������� � �
�ÒÐ��k�_�$�¤���!�s�����������|�Ò�\���c�_�� j��¡g��¢�£q¥{¦|§´¨#¨�©{ª�§�¬®!§�¯v°�±�¯v¦^¯v±!²�³

O′
°�§´¥{µ�¯�µ�¨«§´¶½³

k · ±!³�¨«©�±!³M� (t) = (2 cosω1t, 2 sinω1t, 0) ¸¶§´°�¨�ª«§c¥v³¹ª«©�¨®³�º´¯v©|°�§)»!²�¼½§uµ«µ#§uª�§¾ª«³|»!»!ª«§uµ�§´°�¨«³�¨«³¿±!³²!°�³¹¶½³�¨«ª�¯�¬D§À±�§u¥k¥�³¿Á�©|ª«¶³

B = B(3)(t)





cos θ(t) − sin θ(t) 0
sin θ(t) cos θ(t) 0

0 0 1





±�©�¦{§
θ(t) · ¥	� ³�°!Â{©|¥v©Ï±�¯1ª«©�¨«³|º´¯v©|°!§{����©�¨�¯�³�¶©O¬®!§A¯v¥1¦|§´ª®µ�©|ª«§ ξ̂ ¸ §uµ«µ#§u°�±�©?©|ª�¨�©|Â{©|°�³|¥k§R³|¥k¥�³Ï¬´¯kª®¬D©{°�Á�§´ª«§´°�ºu³ ¸\· ±!¯kª«§D¨�¨�©¬D©{¶§¾�

(t)
§cÅ�²!¯v°�±�¯

θ(t) = ω1t
»\§´ª®¬D¯v¼¥v³¿¨«ª«³{µ�Á�©{ª�¶½³�ºu¯k©{°!§¾ª�¯vÂ|¯�±!³ · ±!³�¨®³¹±�³





x

y

z



 = B





ξ

η

ζ



 +





2 cosω1t

2 sinω1t

0





�ÒÐ�� Æ{�MÇ¤�^ \ j�a¡��^ÈN���jÉu�g¢PÃ1©{¯v¬®!Ä
P
µ�¯�¶A²�©�¦|§c¯k°

K
¥v²!°!Â{©½¥	� ³|µ«µ�§

ξ ¸ ¥v³¥v§´Â{Â|§R±�§u¥�¶©�¨�©Ï¯k° K
µ«³�ª®Ë¹µ�§´¶»!¥v¯�¬D§´¶§u°{¨«§

Ì
(t) = (ξ(t), 0, 0) = (cos t, 0, 0)

��Ã1§´ªM©�¨�¨�§´°�§´ª«§¾¥�³¿¥k§uÂ|Â|§c±�§u¥+¶¹©|¨�©¯v°
k Î ³|µ#¨�§uª«Ë¹³�»!»�¥k¯�¬´³|ª�§)¥v³¿¨�ª®³|µ#Á�©|ª«¶½³�ºu¯k©{°!§ D

³
Ì ¸ ©|¨#¨«§´°!§u°�±�© Å�²!¯v°�±�¯





x(t)
y(t)
z(t)



 = B





cos t

0
0



 +





2 cosω1t

2 sinω1t

0





=





cos t cosω1t

cos t sin ω1t

0



 +





2 cosω1t

2 sinω1t

0





=





(2 + cos t) cosω1t

(2 + cos t) sin ω1t

0





�ÒÐ�� Ð���ÑÀ�^ÈÒ��Ó|��ÉsÔa�!�s�u�\ÈÒÕgÉu��¢PÖ�³|»!»!¯�³�¶©¹¬®�§)¥�³A¦{§´¥v©�¬D¯k¨«ËA³{µ�µ�©|¥v²�¨®³ ·¾× = ˙Ø ¸ §cÅ{²�¯k°�±!¯ Î ³|µ#¨«³¿µ#§u¶¹»�¥k¯�¬D§u¶¹§u°�¨�§c±�§´ª«¯k¦�³|ª�§¯v¥�¦|§´¨#¨�©{ª�§c¬®!§À¯v°�±�¯v¦^¯v±�²j³
P
°!§u¥�µ#¯�µ�¨«§´¶½³

k
©|¨#¨«§´°�±�§u°�±�©

× =





− sin t cosω1t − ω1(2 + cos t) sin ω1t

− sin t sin ω1t + ω1(2 + cos t) cosω1t

0





ÑÀ�^ÈÒ��Ó{��ÉuÔ ���^ÈÒ�!Éu� × ��¢PÙ)§´ª«¯k¦�³|°�±�©A¯v¥$¦|§´¨#¨�©{ª�§)¬®!§)¯v°�±�¯v¦^¯v±!²�³ P
°�§´¥+µ#¯�µ#¨�§´¶½³

K ¸ ©�¨�¨�§´°�¯v³|¶¹© ˙Ì = (− sin t, 0, 0)
»\§´ª®¬D¯v¼

¥�³¿¦{§´¥v©�¬D¯k¨«Ë¹ª�§u¥v³�¨�¯v¦�³ · ±!³�¨«³±!³

× ′ = B ˙Ì =





− sin t cosω1t

− sin t sinω1t

0





�ÒÐ�� �^���A�\���¤�\�����$És�OÉ´���!�sÈÒ��És�����Ò��¢MÙ¾³ × 0 = ˙
�A¨�ª«©�¦^¯v³|¶¹© × 0 = (−ω1 sin ω1t, ω1 cosω1t, 0)

�

Ð



�ÒÐ�� �{� �¿�j���/�j���^�$Éu�O����És��Éu�j���Ò�+¢�Ö�³|»!»!¯�³�¶©½¬®!§ × T = [ω, Ø − � ] ¸ ¬D©{° |ω| = ω1

�¤Ù�� ³|¥i¨«ª«³»�³|ª#¨«§ ¸ »\©|¯�¬®!ÄÀ¥
� ³{µ�µ�§À±�¯ª«©�¨«³|º´¯v©|°!§c±�§u¥�µ#¯�µ#¨�§´¶½³ · »�³�ª®³�¥v¥v§´¥v©¹³|¥k¥
� ³{µ�µ�§ z
±�¯

k ¸ ³_¦^ª«§´¶© ω(t) = (0, 0, ω1)
�/Ù)³¬D¯v¼©�¨�¨�§´°�¯v³|¶¹©½Å�²!¯v°�±�¯

× T = (−ω1 cos t sin ω1t, ω1 cos t cosω1t, 0)

�ÒÐ�� ������j���|�ÍÓ|�^�$Éu�_����Õg \�+¢¾Ö!³�»!»!¯�³�¶© ¬®!§
F ¬IÁ = −[Ω, [Ω,

Ì
]]
±�©�¦|§
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