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�)�|�!�$�����������!�
���y�i�_�/�������s�!�$�|�O�f�^���*���s���n���¡ �¢¤£!¥

H(x, y) ¦�§t¨ ¢D© ¦#ª«¨   ª�¬)!¬�®�¯ © ª ©\° �¬|±z¬)±_¨z®i¬|²�¬ Ḣ = 0
�n³ ¨z® ¢�© ®t§t¨z¯ ©�´yµ §   !§\®~¨

�¬|²�§t±¶¨¶ª«¨�ª © ª«¨z®i¬·�§ H(x, y) ¸

 tH(x, y) = 〈∇H, (ẋ, ẏ)〉

¯¡¨¦#§�±y¬|�¬º¹»¨ ¢ §t®i¯¬   ª«¬ ¢¤£ ¬·±_¨z®i¼ ©z !©














∂H

∂x
= −ẏ

∂H

∂y
= ẋ

½ ¬�²�ª«¨   ª © ¨_±^²«¬�¯ ©

〈∇H, (ẋ, ẏ)〉 = 〈(−ẏ, ẋ), (ẋ, ẏ)〉 = −ẏẋ + ẋẏ = 0

¬ ´�µ §   �§ H(x, y) ¾ µ!  ¨ ¢�© ¦#ª«¨   ª«¬¿!¬�®�¯ © ª © ½ ¬|²N§i®�¦�§~¦�ª«¬�¯¡¨ ����y� Ày�PÁ·Âf�$�sÃP�/Äi�^Å+Â�Ã»�ÆÃ�Ç�È_ÃÆ���/É1© § ¢¤£!¥ ¦#§ £ ¨Ê¬ ´yµ §i®t§iË�²�§ © ½ ¬|² ẋ = ẏ = 0 ²�§~¦ © ®i±^§~¨�¯ © §i®�¦�§~¦�ª«¬�¯¡¨
{

2xy = 0

(x2 − 1)(5x2 − 1) − y2 = 0
Ì ¨�®t®t¨ ½ ²«§i¯¡¨ © ª�ª�¬   §t¨z¯ ©

x = 0 y = 0
Í © ¦�ª«§hª µ ¬    ©R  ¬�®t®~¨R¦#¬ ¢D©y  !¨ x = 0

© ª#ª«¬   §~¨�¯ © y2 = 1 ¬ ´�µ §   �§ y = ±1
� Í © ¦�ª«§hª µ ¬    © y = 0

© ª�ª�¬   §t¨z¯ © x = ±1
¬ x = ±

√
5/5
É ¬|² ¢ §iÎÊ§ ½ µ�  ª«§�+Ï ¬ ´�µ §t®i§tË!²«§ © �¬|®�¦�§t¦#ª�¬|¯¨¦«¨�²¤¨  ! �©

P1 = (0, 1) P2 = (0,−1) P3 = (1, 0)

P4 = (−1, 0) P5 =
(√

5

5
, 0
)

P6 =
(

−
√

5

5
, 0
)

Ð �|��Ç1Ã»�ÆÃ��|ÑG�f�^Ã)Ò�Â��$�|Ãº�/Äi�^Å+ÂfÃÆ�»Ã»ÇfÈ¶Ã»�f�ÊÉ ¬|²·�¬Dª«¬�²«¯Ê§   ¨z²�¬�®t¨O¦�ª¤¨�Ë!§t®t§hª¤ÓO!¬�§ ½ µ!  ª�§��Ï ¬ ´yµ §i®t§iË�²�§ ©�°�¢�© ¯§  \¢ §~¨�¯ ©?¢�©z  ® ©
¦#ª µ �§ © �¬�®f¦#§~¦�ª«¬�¯¡¨Ê®i§   ¬s¨�²«§iÔ|Ô|¨¶ª ©��1Õ § ¢D© ²¤�§~¨�¯ ©¢¤£ ¬·®t¨Ê¯¡¨¶ª«²�§ ¢ ¬·�¬|®�¦�§t¦#ª�¬|¯¨Ê®t§   ¬|¨�²«§tÔ�Ô|¨�ª © ¾

A(x, y) =





∂ẋ
∂x

∂ẋ
∂y

∂ẏ
∂x

∂ẏ
∂y



 =







∂2H
∂x∂y

∂2H
∂y2

−∂2H
∂x2 − ∂2H

∂x∂y







¬ ´�µ §   �§   ¬|®  !© ¦#ª�² ©¡¢ ¨y¦ © ¨_±^²�¬|¯ ©

A(x, y) =

(

2y 2x
4x(5x2 − 3) −2y

)

Ö ¬|!§t¨z¯ ©  µ� �´�µ ¬ ¢D© ¦�¨Ê¦ µ\¢�¢ ¬s�¬¿±^§ ¢ §  !© ¨z§ ½ µ!  ª�§��Ï ¬ ´yµ §i®t§iË�²�§ ©��

A(0, 1) =

(

2 0
0 −2

)

¢¤£ ¬O¾×¼z§~Ók§   ¹ © ²�¯¡¨��§t¨z¼ ©y  ¨�®t¬ ¢�©z  ¨ µ ª © ±_¨z® © ²�§/²�¬s¨�®t§N�§�¦#¬|¼  !©�© ½!½ © ¦#ª ©\�*É ¬�²�ª«¨   ª © P1 ¾ µ!  ½ µ!  ª © +Ï ¬ ´�µ §t®i§tË!²«§ ©
§   ¦�ª¤¨�Ë!§t®t¬ ½ ¬�²�§i®�¦�§~¦�ª«¬�¯¡¨ �

A(0,−1) =

(

−2 0
0 2

)

�



´�µ §   �§�¨  �¢¤£ ¬ P2 ¾ µ�  ½ µ�  ª © +Ï ¬ ´�µ §t®i§tË!²«§ © §   ¦�ª¤¨�Ë!§t®t¬¿!¬�®�¦�§t¦#ª�¬|¯¡¨ �

A(1, 0) =

(

0 2
8 0

)

¬Ê§i®�¦ µ!© ½ © ®t§  !© ¯§ ©O¢ ¨�²¤¨¶ª#ª«¬�²«§t¦#ª�§ ¢D© ¾ P (λ) = λ2 − 16
°+´�µ §   �§1¼z®t§�¨ µ ª © ±¶¨�® © ²«§�¦ ©z !© λ1,2 = ±4

�·É ¬|²#ª¤¨   ª © ¨_±�²«¬�¯ ©¢¤£ ¬ P3 ¾ µ!  ½ µ!  ª © +Ï ¬ ´�µ §t®i§tË!²«§ © §   ¦#ª«¨�Ë�§i®t¬ �

A = (−1, 0) =

(

0 −2
−4 0

)

¬·§t®�¦ µ!© ½ © ®t§  �© ¯§ ©¡¢ ¨�²¤¨¶ª#ª«¬�²«§t¦#ª�§ ¢D© ¾ P (λ) = λ2 − 16
°!´yµ §   !§ ° !§  ^µ!© ± ©\° P4 ¾ µ!  ½ µ!  ª © +Ï ¬ ´�µ §i®t§tË!²�§ © §   ¦�ª¤¨�Ë!§t®i¬ �

A

(√
5

5
, 0

)

=

(

0 2
√

5

5

−8
√

5

5
0

)

¬�§t®+¦ µ�© ½ © ®i§  !© ¯Ê§ ©�¢ ¨�²¤¨¶ª�ª�¬�²«§~¦�ª«§ ¢�© ¾ P (λ) = λ2 + 16/5 ¬ ´�µ §   �§$¼y®i§$¨ µ ª © ±¶¨�® © ²«§ £ ¨  � !© ¬   ª«²«¨z¯AË!§ ½ ¨�²�ª�¬�²�¬s¨�®t¬  ^µ ®i®~¨ °½ ¬�² ¢ §tÎÊ§t®�¦�§t¦#ª�¬|¯¡¨�®t§   ¬|¨z²�§tÔ�Ôs¨¶ª ©Ê !©y  !¨Ê§   ¹ © ²«¯¡¨�Ô|§ ©y  §�¦ µ ®i®~¨¦�ª¤¨�Ë!§t®i§iª«Ó�§ P5

���  ���  ¬

A

(

−
√

5

5
, 0

)

=

(

0 −2
√

5

5

8
√

5

5
0

)

Ì §  ^µ!© ± © §t® ½ © ®t§  !© ¯§ ©Ê¢ ¨�²¤¨¶ª#ª«¬�²«§t¦#ª�§ ¢D© ¾ P (λ) = λ2 + 16/  µ ¬  \´yµ ¬  !©y  ¨zË!Ë!§~¨�¯ © §   ¹ © ²«¯¡¨�Ô|§ ©y  §�¦ µ ®t®t¨�¦�ª¤¨�Ë!§t®t§hª¤Ó
�§ P6

�nÕ §t¯¨   ¬R µ! \´yµ ¬R!¨�¬Dª«¬�²«¯Ê§   ¨z²�¬·¦�¬ P5 ¬ P6 ¦ ©z !© ¦#ª«¨�Ë�§i®t§ © ¯¬  !©\�P³/©z  ¦�§~�¬�²«§t¨z¯ © ®~¨¯¡¨¶ª�²«§ ¢ ¬ £ ¬|¦«¦�§t¨   ¨�§
H(x, y)

° § � ¬ �

H(x, y) =







∂2H
∂x2

∂2H
∂x∂y

∂2H
∂x∂y

∂2H
∂y2






=

(

4x(3 − 5x2) 2y
2y 2x

)

¢¤£ ¬ °!¢ ¨�® ¢D© ®t¨�ª«¨�§   P5 ¾

H

(√
5

5
, 0

)

=

(

8
√

5

5
0

0 2
√

5

5

)

¬ ´�µ §   �§ ° ½ © § ¢¤£!¥ det(H) = 16/5 > 0 ¬ H11 > 0 ¨_±^²�¬|¯ ©¢¤£ ¬ P5 ¾ µ!  ½ µ!  ª © !§�¯§   §i¯ © §~¦ © ®t¨�ª © ½ ¬�²�®~¨Ê¹ µ!  Ô|§ ©y  ¬
H(x, y)

��É ¬|²#ª¤¨   ª ©\° ¦#¬ ¢D©y  ¦�§t�¬|²�§~¨�¯ © ®t¨�¹ µ!  Ô�§ ©z  ¬
W (x, y) = H(x, y) − H(P5)

¨_±^²�¬|¯ ©×¢¤£ ¬ W (x, y) ¦ © !!§t¦#¹»¨×®i¬ ¢D©z  �§iÔ|§ ©y  §n�¬|®�ª«¬ © ²«¬�¯¡¨ �§����#¨ ½ µ! !© ±�²�§~¦ ½ ¬Dª�ª © ¨ P5 ¬ ´�µ §   �§ P5 ¾ µ!  ½ µ!  ª ©
+Ï ¬ ´�µ §t®i§tË!²«§ © ¦#ª«¨zË!§i®t¬ ½ ¬|²�§t®�¦#§~¦#ª�¬�¯¡¨ ���  ¨�® © ¼y¨z¯¬   ª�¬ °^¢ ¨�® ¢D© ®t¨    © ® Ï £ ¬|¦«¦#§~¨   ¨�§   P6 ¨zË!Ë!§~¨�¯ ©

H

(

−
√

5

5
, 0

)

=

(

−8
√

5

5
0

0 −2
√

5

5

)

¬ ° ½ © § ¢¤£�¥ detH = 16/5 > 0 ¬ H11 < 0 ¨_±�²«¬�¯ ©¡¢¤£ ¬ P6 ¾ µ�  ½ µ!  ª © !§�¯§   §i¯ © §~¦ © ®t¨�ª © ½ ¬�²�®~¨¹ µ!  Ô|§ ©y  ¬ H(x, y)
�

� µ §   �§�®~¨�¹ µ!  Ô|§ ©y  ¬
W (x, y) = H(x, y) − H (P6)

¦ © ��§t¦#¹»¨Ê®i¬·§ ½ © ª�¬s¦#§�!¬�®+ª«¬ © ²«¬�¯¡¨Ê�§��	�#¨ ½ µ! �© ± ½ ¬|² P6

¢¤£ ¬ ´yµ §   !§�²�§~¦ µ ®hª¤¨Ê¬|¦«¦#¬|²�¬ µ!  ½ µ!  ª © �Ï ¬ ´yµ §i®t§iË�²�§ © ¦#ª«¨zË!§t®i¬ ����y� 
��Ê��ÂfÈ��\�<��Ã��ÆÃ�����Æ�»�f�5³/© ¯§  �¢ §~¨�¯ ©K¢D©z  §i® ¢ ¨�® ¢D© ®~¨�²«¬¡§t®P±¶¨z® © ²�¬O�§ H   ¬|§ ½ µ!  ª�§M§   ¦�ª¤¨�Ë!§t®i§ ��� ¦«¦#¬|²�±^§~¨�¯ ©a¢¤£ ¬
H(Pi) = 0 ∀ i = 1, 2, 3, 4

© ¦«¦#§~¨ H = 0
  ¬�§ ½ µ�  ª«§�§   ¦�ª¤¨�Ë!§t®t§ � Í ª µ �§~¨�¯ © ´�µ §   �§+®~¨ ¢Dµ ²«±¶¨

Γ0 = {(x, y) ∈ R
2 : x(y − x2 + 1)(y + x2 − 1) = 0} = C1 ∪ C2 ∪ C3

 © ±y¬)®t¬ ¢Dµ ²«±z¬ Ci ¦ ©z !©

C1 = {(x, y) ∈ R
2 : x = 0}

C2 = {(x, y) ∈ R
2 : y = x2 − 1}

C3 = {(x, y) ∈ R
2 : y = −x2 + 1}

À



½ ¬�² ¢ §tÎ ¨_±�²«¬�¯ ©O��� ½ © ¦«¦#§tË!§t®i§�ª�²¤¨�§t¬Dª#ª © ²«§i¬·�§ ¢Dµ §�� ½ µ!  ª�§�§   ¦#ª«¨zË!§i®t§�¬ �y� ª�²¤¨�§t¬Dª#ª © ²«§i¬ ¢¤£ ¬¿ª�¬    ©z !© ¨y¦#§   ª © ª«§ ¢ ¨�¯¬   ª«¬¿¨z§½ µ!  ª«§�§   ¦�ª¤¨�Ë!§t®i§   ¬�®$¹ µ ª µ ² ©¡©Ê  ¬�® ½ ¨y¦�¦«¨¶ª ©��

-1.5 -1 -0.5 0.5 1 1.5

-1.5

-1

-0.5

0.5

1

1.5

� §t¼ µ ²¤¨ � ¸����
	��������������	��������	�������� � ������� Γ0

! ��È_�sÃP�fÃPÒn��È�"z�\È_È_�^��#z�+�N��  ¨�®t§iÔ|Ô�§~¨�¯ ©¡´�µ §   �§�§+±z¬|²«¦�§��§ ½ ¬�² ¢D© ²�²«¬   Ô|¨ � Í µ C1

° ½ © § ¢¤£!¥ x ≡ 0 ¨_±^²«¬�¯ ©
{

ẋ = 0

ẏ = 1 − y2

!¨ ¢�µ §1¦#§�±z¬s�¬R§t¯Ê¯¬s�§t¨�ª«¨z¯Ê¬   ª�¬ ¢¤£ ¬ ẏ > 0 ½ ¬�² −1 < y < 1 ¬A¯§  �© ²«¬A�§�Ô�¬�² © ¨�®iª�²«§t¯Ê¬   ª�§ � Í µ C2

° §   ±z¬ ¢ ¬ ° ¦#§ £ ¨
y = x2 − 1

����  ¨�®t§iÔ|Ô�§~¨�¯ © ¦ © ® © §t®�±z¬|²«¦ ©�  ¬�®t®t¨�§t²�¬|Ô�§ ©z  ¬ x
�

{

ẋ = 2x(x2 − 1)

ẏ = (x2 − 1)(5x2 − 1) − (x2 − 1)2

¬ ´�µ §   �§ ẋ > 0 ½ ¬|² −1 < x < 0 ¬ x > 1 ¬¯§  !© ²�¬�§�Ô|¬�² © ¨z®hª«²�§t¯¬   ª�§ � �  ��\  ¬® µ!  ¼ © C3 ¨zË!Ë!§~¨�¯ © y = −x+1 $
¨   ¨�®t§iÔ|Ô�§~¨�¯ © ¦ © ® © §   ±z¬|²«¦ ©Ê  ¬�®t®t¨�§t²«¬�Ô�§ ©z  ¬ x

�

ẋ = 2x(1 − x2)

¬ ´�µ §   �§ ẋ > 0 ½ ¬�² 0 < x < 1 ¬ x < −1 ¬·¯§  �© ²«¬¿!§�Ô�¬|² © ¨�®iª�²«§i¯¬   ª«§ �É1© ¦«¦#§~¨�¯ ©K© ª�ª�¬   ¬�²«¬ µ�  ¼y²«¨ �\¢D©K´�µ ¨�®t§hª¤¨¶ª«§i± © !¬�®t®i¬ ¨�®iª�²«¬ ¢Dµ ²«±z¬ �§�®i§t±z¬|®i® © ½ ¬|² �§ ½ ¬   �¬   Ôs¨ ¢D©y  ª«§  ^µ ¨ !¨z§�!¨¶ª«§
§   §iÔ|§t¨z®i§ �

-1.5 -1 -0.5 0.5 1 1.5

-1.5

-1

-0.5

0.5

1

1.5

� §t¼ µ ²«¨ À ¸&%'��	�(������������*)+	�,
�.-/�������.,0��,�10��23	
���y� � �54nÈ¶�!ÃÆ�y�|�|�\È¶Ã»� Ò/�yÈ¶ÃÆ���fÃ
"�6f��� Í ¨ ½!½ §~¨�¯ ©×¢¤£ ¬¡¦#¬¡¬s¦#§~¦#ª�¬ µ!  ¨O²«¬�¼z§ ©z  ¬ U

¢¤£ ¬ ¦�§t¨O²¤¨ ¢�¢¤£ § µ ¦«¨ ¨z®i® Ï §   ª�¬|²  �© !§ µ!  ¨¢D© ¯ ½ ©y  ¬   ª�¬ ¢D©y !  ¬|¦«¦«¨¡�§ µ!  ¨ ¢�µ ²«±_¨ �§f®t§t±z¬�®t® ©?¢¤£ § µ ¦«¨ �§ H ¬ ¢�©z  ª�¬   ¼y¨ µ� kµ!  § ¢D© ½ µ!  ª © +Ï ¬ ´�µ §t®i§tË!²«§ © x0

¢¤£ ¬�¦�§t¨





¦#ª«¨�Ë�§i®t¬ ° ¨�®t® © ²¤¨ © ¼   §�ª�²¤¨�§t¬Dª�ª © ²«§~¨ ϕ(t, x)
°!¢�©z 

x ∈ U \ {x0} ¾ ½ ¬�²«§ © �§ ¢ ¨ ° ¬º¦�§+¦#± © ®t¼z¬)¦ µ µ� ?© ²�Ë!§iª«¨ ¢¤£ ¬ ¢D©z  ª«§i¬   ¬ x0

¨�®�¦ µ!© §   ª«¬�²  !©�� � µ §   �§ ° §��¨¶ª�§+§   §tÔ�§~¨�®t§ ¢¤£ ¬·!¨  ! !©© ²«§i¼y§   ¬º¨Êª«²«¨z§i¬�ª#ª © ²�§t¬ ½ ¬|²�§ © �§ ¢¤£ ¬¿¦ ©z �©Ê  ¬�¼z®t§�¨ ½ ¬�²�ª�§
U1 =

{

(x, y) ∈ R
2 : 0 < x < 1, x−1 < y < 1 − x2

}

\ {P5}
U2 =

{

(x, y) ∈ R
2 : −1 < x < 0, x2 − 1 < y < 1− x2

}

\ {P6}���y� �y� Ð �\�ÆÂ�#yÃ»���f�O�^��Ò1�»Ã
"zÃ»�|�+��� ¦«¦�¬�²«±�§~¨�¯ © §t¯¯¬|�§~¨¶ª¤¨�¯¬   ª�¬ ¢¤£ ¬�§t®+!¨¶ª © §   §tÔ�§~¨�®t¬º¦�§�ª«² © ±¶¨�¦ µ ®t®~¨ ¢Dµ ²�±¶¨A!§�®t§t±z¬�®t® © C1

 © ±y¬)±¶¨�®t¬ ẋ = 0
�1É ¬|²#ª¤¨   ª © ¦�§$ª�²¤¨¶ª�ª«¨�§�²«§t¦ © ®t±z¬|²�¬º§t® ½ ² © Ë!®t¬�¯¡¨�§ ³ ¨ µ\¢¤£��

{

ẏ = 1 − y2

y(0) = 2
Í ¬ ½ ¨�²¤¨    © ®t¬¿±_¨z²�§~¨�Ë�§i®t§ °�© ª#ª«¬   §~¨�¯ ©

1 =
ẏ

1 − y2

´�µ §   �§ ° §   ª«¬�¼z²¤¨    © ¨z¯AË © §�¯¬�¯AË�²�§

t =

∫ y

2

 x
1 − x2

=
1

2

∫ x

2

 x
(

1

1 − x
+

1

1 + x

)

=
1

2
ln

( |1 + y|
3|y − 1|

)

−

=
1

2
ln

(

1 + y

3(y − 1)

)

!¨�ª ©¡¢¤£ ¬¿®t¨¦ © ® µ Ô�§ ©z  ¬¿!¬�±z¬¿²«§i¯¡¨   ¬�²«¬º¦ µ ®t®t¨Ê²«¬Dª�ª«¨ C1
½ ¬|² y > 1

��� ¨�®t¬º²«¬�®~¨�Ô|§ ©y  ¬º¾)¹»¨ ¢ §t®i¯¬   ª«¬·§   ±y¬�²�ª�§tË!§i®t¬ ��Õ §~¦ µ ®hª¤¨
§   ¹»¨¶ª�ª�§

2t = ln

(

y + 1

3(y − 1)

)

=⇒ e2t =
y + 1

3(y − 1)É ¬�² ¢ §tÎ�®~¨¦ © ® µ Ô�§ ©z  ¬¿¬|¦ ½ ®t§ ¢ §hª¤¨Ê¾

y(t) =
3e2t + 1

3e2t − 1

�)�|�!�$�����������+�
�ÆÀ!�i�_�N�A���|�|�!�$�s�a�f�^�P� �\�|�f�M³/©z  �§iÔ|§ ©y  ¬·¦ µ!�¡¢ §i¬   ª�¬·¨ �¡ �¢¤£!¥¿µ!  ¨Ê¹ µ!  Ô�§ ©z  ¬ H(x, y) ¦�§~¨ ¢�© ¦#ª«¨   ª«¬·�¬�®�¯ © ª © ¾















∂H

∂y
= ẋ

∂H

∂x
= −ẏ

Ì ¨�®t®t¨ ½ ²«§i¯¡¨Ê¬ ´�µ ¨zÔ�§ ©z  ¬ © ª�ª�¬   §t¨z¯ ©´�µ §   �§

H(x, y) =

∫

 y (4 − x2 − 3y2
)

= 4y − yx2 − y3 + f(x)

¢D©y 
f(x) !¨¡�¬�ª�¬|²�¯§   ¨�²«¬ � Ì ¬�²«§i±¶¨    © ²�§~¦ ½ ¬Dª�ª © ¨ x

© ª�ª�¬   §t¨z¯ ©

−ẏ =
∂H

∂x
= −2xy + f ′(x)

¬ ´yµ §   !§�¨_±�²«¬�¯ © f ′(x) = 0
¢ § © ¾ f(x) ¾ µ!  ¨ ¢D© ¦#ª«¨   ª�¬�¨z²�Ë�§hª«²«¨z²�§~¨ ¢¤£ ¬ ° ½ ¬|² ¢�© ¯ © �§iª«Ó §t¯ ½ ©y  §~¨�¯ ©? ^µ ®t®~¨ �·É ¬�² ¢ §tÎµ!  ¨ ¢�© ¦#ª«¨   ª«¬¿!¬�®�¯ © ª © ¾

H(x, y) = 4y − yx2 − y3

�ÆÀ!� Ày�PÁ·Âf�$�sÃP�/Äi�^Å+Â�Ã»�ÆÃ�Ç�È_ÃÆ���PÕ §~¦ © ®i±^§~¨�¯ © §t®�¦�§t¦#ª�¬|¯¡¨

�



{

4 − x2 − 3y2 = 0

2xy = 0

Ì ¨�®t®t¨ ¦�¬ ¢�©z  �¨ © ª�ª�¬   §t¨z¯ © x = 0 ¬ y = 0
� Í © ¦�ª«§hª µ ¬    © x = 0

  ¬�®t®t¨ ½ ²«§i¯¡¨ ° ª�² © ±^§t¨z¯ © 4 − 3y2 = 0 ¬ ´yµ §   !§
y = ±2

√
3/3
� Í © ¦�ª«§hª µ ¬    © §   ±y¬ ¢ ¬ y = 0

° ¨_±^²�¬|¯ © 4 − x2 = 0
¢ § © ¾ x = ±2

� É ¬�² ¢ §tÎ § ½ µ!  ª�§/�Ï ¬ ´yµ §i®t§iË�²�§ © �¬�®
¦�§t¦#ª�¬|¯¨¦«¨�²¤¨  ! �©

P1 = (2, 0) P2 = (−2, 0) P3 =

(

0,
2
√

3

3

)

P4 =

(

0,−2
√

3

3

)

Ð �|��Ç1Ã»�ÆÃ��|Ñ��f�^ÃPÒ1Âf�$�sÃ/�/Äi�^Å+Â�Ã»�»Ã»ÇfÈ¶ÃÆ��� ��¨Ê¯¡¨¶ª�²«§ ¢ ¬·�¬�®�¦�§~¦�ª«¬�¯¡¨Ê®i§   ¬|¨z²�§tÔ�Ôs¨¶ª © ¾

A(x, y) =

(

−2x −6y
2y 2x

)

Ö ¬|!§t¨z¯ ©¡´�µ §   �§ ¢�© ¦«¨�¨ ¢�¢ ¨z�¬¿±^§ ¢ §  �© ¨z§ ½ µ!  ª�§f+Ï ¬ ´�µ §i®t§tË!²�§ ©��

A(2, 0) =

(

−4 0
0 4

)

¢¤£ ¬/¾/¼y§tÓ�§   ¹ © ²«¯¨)�§~¨�¼ ©y  ¨�®t¬ ¢�©z  ¨ µ ª © ±¶¨z® © ²�§�²«¬|¨z®i§^�§�¦�¬�¼  �©�© ½�½ © ¦�ª © ¬ ´yµ §   !§ P1 ¾ µ!  ½ µ!  ª © +Ï ¬ ´�µ §t®i§tË!²«§ © §   ¦�ª¤¨�Ë!§t®i¬ �

A(−2, 0)

(

4 0
0 −4

)

¬ ´�µ §   �§�¨  \¢¤£ ¬ P2

°�¢D©y  ®t¬·¦�ª«¬|¦«¦#¬·¨z²�¼ © ¯¬   ª«¨zÔ�§ ©z  §$�§ ½ ²�§t¯¡¨ ° ²«§t¦ µ ®iª«¨Ê¬|¦«¦#¬|²�¬º§   ¦�ª¤¨�Ë!§t®t¬ �

A

(

0,
2
√

3

3

)

=

(

0 − 12
√

3

3
4
√

3

3
0

)

§t® ¢Dµ § ½ © ®t§  !© ¯§ ©a¢ ¨�²¤¨¶ª#ª«¬�²«§t¦#ª�§ ¢D© ¾ P (λ) = λ2 + 48

3
¬ ´�µ §   �§n¼y®i§/¨ µ ª © ±_¨z® © ²�§ £ ¨  ! !© ¬   ª�²¤¨�¯AË�§ ½ ¨�²�ª�¬¡²«¬|¨z®i¬  ^µ ®t®t¨ �É ¬�² ¢ §tÎ  !©z  ½ © ¦�¦�§~¨�¯ © !§i²«¬  ^µ ®i®~¨¦ µ ®i®~¨¦�ª¤¨�Ë!§t®i§iª«Ó�§ P3

����  ¨z® © ¼y¨z¯Ê¬   ª�¬

A

(

0,−2
√

3

3

)

=

(

0 12
√

3

3

− 4
√

3

3
0

)

¬¿§i®�¦ µ!© ½ © ®t§  !© ¯§ ©¢ ¨z²«¨�ª#ª�¬|²�§~¦#ª�§ ¢D© ¾·�§  ^µ!© ± © P (λ) = λ2 + 48

3

° ½ ¬�² ¢ §tÎ  !©z  ½ © ¦�¦�§~¨�¯ © �§t²«¬  ^µ ®t®~¨Ê¦ µ ®t®t¨Ê¦#ª«¨�Ë�§i®t§hª¤Ó�§
P4

� Ì © Ë!Ë!§~¨�¯ © ¦#ª µ !§t¨z²�¬ °^´�µ §   �§ ° ®~¨¡¦�ª¤¨�Ë!§t®t§hª¤ÓÊ!§ P4 ¬ P4

��Õ §i¼ µ ¨�²¤ © ¨ P3 ¨_±z¬|¯ ©Ê¢¤£ ¬

H (P3) =

(

− 4
√

3

3
0

0 − 12
√

3

3

)

¬ ° ½ © § ¢�¥ det(H) > 0 ¬ H < 0
° ¨z®i® © ²¤¨ P3 ¾ µ!  ½ µ!  ª © �§�¯¨y¦�¦�§t¯ © §~¦ © ®t¨�ª © ½ ¬|² H

� Ì ¬ ��  §iª«¨ ´�µ §   �§�®t¨�¹ µ!  Ô|§ ©y  ¬
W (x, y) = H(P3) − H(x, y)

¦�§ © ¦�¦�¬�²«±¶¨§i¯¯¬|�§~¨¶ª¤¨�¯¬   ª«¬ ¢¤£ ¬ W (x, y) ¦ © !�§~¦#¹»¨ ®t¬A§ ½ © ª�¬|¦�§f!¬�®fª�¬ © ²�¬|¯¡¨ �§ ���#¨ ½ µ! !© ± ½ ¬|² P3

¢¤£ ¬ ´�µ §   �§�¾ µ! ½ µ!  ª © �Ï ¬ ´yµ §i®t§iË�²�§ © ¦�ª¤¨�Ë!§t®i¬ ����  ¨z® © ¼y¨z¯Ê¬   ª�¬¿¨_±�²«¬�¯ ©¢¤£ ¬

H (P4) =

(

4
√

3

3
0

0 12
√

3

3

)

¬ ° ½ © § ¢�¥ det(H) > 0 ¬ H > 0
° ¨z®i® © ²¤¨ P4 ¾ µ!  ½ µ!  ª © �§�¯Ê§   §t¯ © §~¦ © ®~¨¶ª © ½ ¬�² H

� Ì ¬ �\  §hª¤¨ ´�µ §   �§�®~¨A¹ µ�  Ô�§ ©z  ¬
W (x, y) = H(x, y) − H(P4)

¦�§ © ¦�¦�¬�²«±¶¨§i¯¯¬|�§~¨¶ª¤¨�¯¬   ª«¬ ¢¤£ ¬ W (x, y) ¦ © !�§~¦#¹»¨ ®t¬A§ ½ © ª�¬|¦�§f!¬�®fª�¬ © ²�¬|¯¡¨ �§ ���#¨ ½ µ! !© ± ½ ¬|² P4

¢¤£ ¬ ´�µ §   �§�¾ µ! ½ µ!  ª © �Ï ¬ ´yµ §i®t§iË�²�§ © ¦�ª¤¨�Ë!§t®i¬ ��ÆÀ!� 
��Ê��ÂfÈ��\�<��Ã��ÆÃ�����Æ�»�f�5³/© ¯§  �¢ §~¨�¯ ©K¢D©z  §i® ¢ ¨�® ¢D© ®~¨�²«¬¡§t®P±¶¨z® © ²�¬O�§ H   ¬|§ ½ µ!  ª�§M§   ¦�ª¤¨�Ë!§t®i§ ��� ¦«¦#¬|²�±^§~¨�¯ ©a¢¤£ ¬
H(Pi) = 0 ∀ i = 1, 2

© ¦«¦#§~¨ H = 0
  ¬�§ ½ µ!  ª«§�§   ¦�ª¤¨�Ë!§t®i§ � Í ª µ �§~¨�¯ © ´�µ §   �§�®~¨ ¢�µ ²«±_¨

Γ0 = {(x, y) ∈ R
2 : y(4 − x2 − y2) = 0} = C1 ∪ C2

�



 © ±y¬)®t¬ ¢Dµ ²«±z¬ Ci ¦ ©z !©

C1 = {(x, y) ∈ R
2 : y = 0}

C2 = {(x, y) ∈ R
2 : x2 + y2 = 4}

½ ¬�² ¢ §tÎa¨_±�²«¬�¯ ©�� ½ © ¦«¦#§tË!§t®i§�ª«²«¨z§i¬�ª#ª © ²«§i¬¡�§ ¢Dµ § À ½ µ!  ª�§/§   ¦#ª«¨zË!§t®i§�¬ � ª�²¤¨�§t¬Dª#ª © ²«§i¬ ¢¤£ ¬ª«¬    ©z !© ¨y¦#§   ª © ª«§ ¢ ¨�¯¬   ª«¬¨z§½ µ!  ª«§�§   ¦�ª¤¨�Ë!§t®i§   ¬�®$¹ µ ª µ ² ©¡©Ê  ¬�® ½ ¨y¦�¦«¨¶ª ©��

-2 -1 1 2

-2

-1

1

2

� §t¼ µ ²¤¨ 
 ¸����
	��������������	��������	�������� � ������� Γ0

! ��È_�sÃP�fÃPÒn��È�"z�\È_È_�^��#z�+�N��  ¨�®t§iÔ|Ô�§~¨�¯ ©¡´�µ §   �§�§+±z¬|²«¦�§��§ ½ ¬�² ¢D© ²�²«¬   Ô|¨ � Í µ C1

° ½ © § ¢¤£!¥ y ≡ 0 ¨_±�²«¬�¯ ©
{

ẋ = 4 − x2

ẏ = 0

!¨ ¢�µ §$¦#§\±z¬|!¬�§i¯¯¬|!§t¨�ª«¨�¯¬   ª«¬ ¢¤£ ¬ ẋ > 0 ∀−2 < x < 2
� Í µ

C2

° ¨   ¨z®i§tÔ�Ôs¨    © ¦ © ® © §t®\±y¬�²¤¦ © �§ ½ ¬|² ¢�© ²«²�¬   Ô|¨   ¬|®i®~¨
�§t²�¬|Ô�§ ©z  ¬ x ½ ¬�²�¦�¬�¯ ½ ®t§ ¢ §hª¤Ó �

ẋ = 2(x2 − 4)

¬ ´yµ §   !§ ẋ < 0 ∀ − 2 < x < 2
� É1© ¦«¦�§t¨z¯ ©�© ª�ª�¬   ¬�²«¬ µ!  ¼z²¤¨ �\¢�©�´�µ ¨z®i§iª«¨�ª�§t± © !¬�®t®i¬×¨�®iª�²«¬ ¢�µ ²«±z¬?!§N®i§t±z¬|®i® © ½ ¬�²

�§ ½ ¬   �¬   Ô|¨ ¢�©z  ª�§  ^µ ¨��¨�§�!¨�ª�§+§   §tÔ�§~¨�®t§ �

-2 -1 1 2

-2

-1

1

2

� §t¼ µ ²«¨ ��¸&%'��	�(������������*)+	�,
�.-/�������.,0��,�10��23	
�ÆÀ!� � ��4/È¶�!Ã»���|�|�\È_ÃÆ�×Òn��È¶Ã»����Ã�"�6��\�/É ¬�²N¼z®t§+¦�ª«¬|¦«¦#§�¨z²�¼ © ¯¬   ª«§ µ ¦«¨¶ª«§$§   ���y� � � ¦«¨ ½�½ §t¨z¯ ©�¢¤£ ¬¿§�!¨�ª�§+§   §iÔ|§t¨z®i§ ¢¤£ ¬·!¨  ! !©© ²«§t¼z§   ¬º¨�ª«²«¨z§i¬�ª#ª © ²�§t¬ ½ ¬|²�§ © �§ ¢¤£ ¬·¦ ©y !©�  ¬�¼z®t§�¨ ½ ¬|²#ª«§

U1 = {(x, y) ∈ R
2 : −1 < x < 1, 0 < y <

√

4 − x2}\{P3}
U2 = {(x, y) ∈ R

2 : −1 < x < 1
√

4 − x2 < y < 0}\{P4}�ÆÀ!� �y� Ð �\�ÆÂ�#yÃ»���f�O�^��Ò1�»Ã
"zÃ»�|�+��� ¦«¦�¬�²«±�§~¨�¯ © §t¯¯¬|�§~¨¶ª¤¨�¯¬   ª�¬ ¢¤£ ¬�§t®+!¨¶ª © §   §tÔ�§~¨�®t¬º¦�§�ª«² © ±¶¨�¦ µ ®t®~¨ ¢Dµ ²�±¶¨A!§�®t§t±z¬�®t® © C1

 © ±y¬)±¶¨�®t¬ ẏ = 0
��É ¬�²�ª«¨   ª © ¦�§+ª«²«¨�ª#ª«¨�§+²«§~¦ © ®i±y¬�²«¬)§t® ½ ² © Ë!®t¬�¯¡¨Ê�§ ³ ¨ µ�¢¤£ �

�



{

ẋ = 4 − x2

x(0) = 3
Í ¬ ½ ¨�²¤¨    © ®t¬¿±_¨z²�§~¨�Ë�§i®t§ °�© ª#ª«¬   §~¨�¯ ©

1 =
ẋ

4 − x2´�µ §   �§ ° §   ª«¬�¼z²¤¨    © ¨z¯AË © §�¯¬�¯AË�²�§

t =

∫ x

3

 y
y2 − y4

=
1

4

∫ x

3

 y
(

1

2 − y
+

1

2 + y

)

=
1

4
ln

( |2 + x|
5|x − 2|

)

=
1

2
ln

(

2 + x

5(x − 2)

)

!¨�ª ©¡¢¤£ ¬¿®t¨¦ © ® µ Ô�§ ©z  ¬º�¬|±z¬¿²«§i¯¡¨   ¬�²«¬º¦ µ ®t®t¨Ê²«¬Dª#ª¤¨ C1
½ ¬�² x > 2

� � ¨�®t¬¿²�¬|®t¨zÔ�§ ©z  ¬º¾º¹»¨ ¢ §t®t¯Ê¬   ª�¬¿§   ±y¬�²�ª�§tË!§i®t¬ ��Õ §~¦ µ ®hª¤¨
§   ¹»¨¶ª�ª�§

2t = ln

(

x + 1

5(x − 1)

)

=⇒ e2t =
x + 1

5(x − 1)É ¬�² ¢ §tÎ�®~¨¦ © ® µ Ô�§ ©z  ¬¿¬|¦ ½ ®t§ ¢ §hª¤¨Ê¾

x(t) =
5e2t + 1

5e2t − 1

�)�|�!�$�����������+�
� 
��i�_�N�A���|�|�!�$�s�a�f�^�P� �\�|�f� ³/©y  �§tÔ�§ ©z  ¬·¦ µ�� ¢ §t¬   ª�¬R¨ �¡ �¢¤£!¥¿µ!  ¨�¹ µ!  Ô|§ ©y  ¬ H(x, y) ¦�§t¨ ¢D© ¦�ª¤¨   ª�¬¿�¬|®�¯ © ª © ¾















∂H

∂y
= θ̇

∂H

∂θ
= −ẏ

Ì ¨�®t®t¨¦�¬ ¢D©y  !¨�¬ ´�µ ¨zÔ�§ ©z  ¬ © ª�ª�¬   §t¨z¯ ©´�µ §   �§

H(θ, y) = −
∫

 θ (2 sin θ cos θ) = − sin2 θ + f(y)

¢D©y 
f(y) �¨Ê!¬Dª�¬|²�¯§   ¨�²«¬ � Ì ¬�²«§i±¶¨    © ²�§~¦ ½ ¬�ª#ª © ¨ y

°!© ª�ª�¬   §t¨z¯ ©

θ̇ =
∂H

∂y
= f ′(y)

¬ ´yµ §   !§�¨_±�²«¬�¯ © f ′(y) = 2y
¢ § © ¾ f(y) = y2 + c

¢�©z 
c
¢D© ¦�ª¤¨   ª�¬¿¨�²«Ë!§iª�²¤¨�²«§t¨ ¢¤£ ¬ ° ½ ¬�² ¢D© ¯ © !§hª¤ÓR§t¯ ½ ©z  §t¨z¯ ©Ê ^µ ®t®t¨ �É ¬�² ¢ §tÎ µ!  ¨ ¢D© ¦�ª¤¨   ª�¬·�¬|®+¯ © ª © ¾

H(θ, y) = y2 − sin2 θ
� 
�� Ày�PÁ·Âf�$�sÃP�/Äi�^Å+Â�Ã»�ÆÃ�Ç�È_ÃÆ���N³ ¬�² ¢¤£ §~¨�¯ © § ½ µ!  ª�§�§   ¢Dµ §�¦�§�¨  � �µ ®i®~¨Ê§i® ¢ ¨�¯ ½ © ±y¬Dª�ª © ²«§~¨�®t¬ �

{

2y = 0

2 sin θ cos θ = 0

Ì ¨�®t®t¨ ½ ²«§i¯¡¨ © ª�ª�¬   §t¨z¯ © y = 0 ¯¬   ª«²�¬¡!¨z®i®~¨×¦#¬ ¢D©y  !¨×¨_±^²�¬|¯ © θ = 0
°
θ = π ¬ θ = ±π/2

� � µ §   !§�§ ½ µ!  ª«§
+Ï ¬ ´�µ §t®i§tË!²«§ © �¬|®�¦�§t¦#ª�¬|¯¨¦ ©z !©

P0 = (0, 0) P1 = (π, 0) P2 = (
π

2
, 0) P3 =

(

−π

2
, 0
)

Ð �|��Ç1Ã»�ÆÃ��|Ñ��f�^ÃPÒ1Âf�$�sÃ/�/Äi�^Å+Â�Ã»�»Ã»ÇfÈ¶ÃÆ��� ��¨Ê¯¡¨¶ª«²�§ ¢ ¬·�¬|®�¦�§t¦#ª�¬|¯¨Ê®t§   ¬|¨�²«§tÔ�Ô|¨�ª © ¾

�



A(θ, y) =

(

0 2
2 cos 2θ 0

)

¢¤£ ¬ ¢ ¨z® ¢�© ®~¨¶ª¤¨A§   (0, 0) !¨

A(0, 0) =

(

0 2
2 0

)

§t® ¢�µ § ½ © ®t§  �© ¯§ ©?¢ ¨�²¤¨¶ª�ª�¬|²�§~¦�ª«§ ¢�© ¾ P (λ) = λ2 − 4 ¬ ´�µ §   �§f¼y®i§�¨ µ ª © ±¶¨�® © ²«§�¦ ©y !© λ1,2 = ±2 ½ ¬�² ¢ §tÎ P0 ¾ µ!  ½ µ!  ª ©
¦«+Ï ¬ ´�µ §i®t§tË!²�§ © §   ¦�ª¤¨�Ë!§t®i¬ �

A(π, 0) =

(

0 2
2 0

)

¬R�§  ^µ!© ± © ¨_±^²«¬�¯ ©Ê¢¤£ ¬ P1 ¾ µ!  ½ µ!  ª © �Ï ¬ ´yµ §i®t§iË�²�§ © §   ¦#ª«¨zË!§t®i¬ �

A
(

0,±π

2

)

=

(

0 2
−2 0

)

§t® ¢Dµ § ½ © ®i§  !© ¯Ê§ © ¢ ¨z²«¨�ª#ª�¬|²�§~¦#ª�§ ¢D© ¾ P (λ) = λ2 + 4
° ½ ¬|² ¢ §iÎ×¼z®t§n¨ µ ª © ±¶¨�® © ²«§ £ ¨  � !© ¬   ª�²¤¨�¯�Ë!§ ½ ¨z²#ª«¬Ê²«¬|¨z®i¬ µ ¼ µ ¨�®t¬ ¨

Ô�¬|² ©O´�µ §   �§  !©z  ½ © ¦�¦�§t¨z¯ © �§t²�¬  ^µ ®i®~¨O¦ µ ®t®~¨ ¦#ª«¨�Ë�§i®t§hª¤Ó?!§ P3 ¬ P4

�³/©z  ¦�§t!¬�²«§t¨z¯ ©?´yµ §   !§�®~¨?¯¨�ª�²«§ ¢ ¬ £ ¬s¦�¦�§~¨   ¨?�§
H(θ, y)

° § � ¬ �

H(θ, y) =

(

−2 cos 2θ 0
0 2

)

¢¤£ ¬ ¢ ¨z® ¢�© ®~¨¶ª¤¨A§   P3,4 ¾

H =

(

2 0
0 2

)

½ ¬�²�ª«¨   ª © P3,4 ¦ ©z !© ½ µ!  ª�§1�§�¯§   §i¯ © §~¦ © ®~¨¶ª © ½ ¬�²)®t¨ ¢D© ¦#ª«¨   ª�¬R�¬|®�¯ © ª © ¬ H(Pi) = −1 ½ ¬�² i = 3, 4
� Ì ¬ ��  §hª¤¨¡®t¨

¹ µ!  Ô|§ ©y  ¬
W (x, y) = H(Pi) + 1

¦�§+±z¬�²«§ �\¢ ¨Ê§t¯Ê¯¬s�§t¨�ª«¨z¯Ê¬   ª�¬ ¢¤£ ¬ W ¾ µ!  ¨Ê¹ µ!  Ô�§ ©z  ¬R�§ ���#¨ ½ µ! !© ± ½ ¬�² P3,4

¢¤£ ¬ ´�µ §   �§�¦ ©z !© ¦�ª¤¨�Ë!§t®t§ �� 
�� 
��N�AÂfÈ��!� �fÃP�»Ã �\�^�»�Æ�
Γ0

Í ª µ !§t¨z¯ © ®~¨ ¢Dµ ²«±¶¨
Γ0 = {(x, y) ∈ R

2 : y2 − sin2 θ = 0} = C1 ∪ C2

 © ±y¬)®t¬ ¢Dµ ²«±z¬ Ci ¦ ©z !©

C1 = {(θ, y) ∈ T × R : y = sin θ}
C2 = {(θ, y) ∈ T × R : y = − sin θ}

½ ¬�² ¢ §tÎ¿¨_±^²«¬�¯ © � ½ © ¦«¦�§iË!§t®t§�ª�²¤¨�§t¬Dª�ª © ²«§t¬P�§ ¢Dµ § À ½ µ!  ª�§�+Ï ¬ ´�µ §t®t§iË!²«§ © ¬��ºª«²«¨z§i¬�ª#ª © ²�§t¬ ¢¤£ ¬Mª�¬    ©z �© ¨z§ ½ µ!  ª«§�+Ï ¬ ´�µ §t®i§tË!²«§ ©  ¬|®+¹ µ ª µ ² © ¬   ¬|® ½ ¨z¦«¦«¨¶ª ©×� ¬�ª�¬|² ©�¢ ®t§   ¬ �D�

-3 -2 -1 1 2 3

-1

-0.5

0.5

1

� §t¼ µ ²¤¨ � ¸����
	��������������	��������	�������� � ������� Γ0

! ��È_�sÃ���Ã�Á)��È�"y��È_È¶�^��#y�+� Í µ
C1 ¨�Ë!Ë!§~¨�¯ © y = sin θ

����  ¨�®t§iÔ|Ô�§~¨�¯ © ¦ © ® © §t®�±z¬�²¤¦ © !§ ½ ¬�² ¢D© ²�²«¬   Ôs¨   ¬�®t®t¨A�§i²«¬�Ô|§ ©y  ¬ θ
�

θ̇ = 2 sin θ

�



¬ ´�µ §   �§ θ̇ > 0 ½ ¬�² 0 < θ < π ¬   ¬�¼y¨�ª�§t± © ¨�®iª�²«§i¯¬   ª«§ � Í µ C2

° ¨zË!Ë!§~¨�¯ © y = − sin θ
Ì §  �µ�© ± ©×¢ §�®t§i¯§iª�§~¨�¯ © ¨

¦#ª µ �§~¨�²«¬¿§i®�±z¬�²¤¦ ©A  ¬|®i®~¨¡�§t²�¬|Ô�§ ©z  ¬ θ

θ̇ = 2 sin θ
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U2 = {(θ, y) ∈ T × R : 0 < θ < π, − sin θ < y < sin θ} \{P2}
U3 = {(θ, y) ∈ T × R : −π < θ < 0, sin θ < y < − sin θ} \{P3}
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U = {(θ, y) ∈ T × R : y > sin θ, y > − sin θ}
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