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√
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√
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√
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√
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√
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• ¢�¥�Ä E = 0 ¸ ¤�©M§�Ä´©�¨|¥D§�§�£zÄ�¨ª©M£y«£�¯D¬|¨k¤j©N©�¯ ¸  Ã ¨ª¦�¥o¨|¤�§�£zÄ�¤!£�© P1 Å ¸ ¤�©N§�Ä´©�¨|¥D§#§d£yÄd¨|©N© Ã ¥�Ä#§´©�¯D£z¤ limx→−∞ y(x) = 0¥c¨|¬ Ã ¸ ¤z§d£®¦+È ¥ ·�¸ ¨k¬|¨|ï!Ä�¨|£¨k¤j�§´©�ï!¨|¬k¥ P0
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√

2) ¸ ¤�© §�Ä´©�¨|¥D§�§�£zÄ�¨ª© Ã ¥�Äd¨k£�¦�¨ª¯�© ¨k¤�§�£zÄ�¤�£?© P1 Å ¸ ¤�©O© Ã ¥�Ä�§d©?¯D£z¤ limx→−∞ y(x) = ±
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¢�¥�Ä

V (−1/
√
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√

3) ¸ ¤�©§dÄd©y¨k¥�§#§d£yÄd¨|©®© Ã ¥�Ä#§´©Ç¯D£z¤ limx→−∞ y(x) = ±
√

2E
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√
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√
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¥ ¦ ¸ ¥§�Ä´©�¨|¥D§#§d£yÄd¨k¥µ© Ã ¥�Ä�§�¥º¯�£y¤ limx→+∞ y(x) = ±
√
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√
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√
3, V (−

√
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y2

2
+ V (x) < 0}
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√
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√
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2
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ẋ = y

ẏ = −
¦
V¦
x

= −4x3 − 1

x2
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E(x, y) ³ ¯D£��§´©�¤�§�¥µ¦�¥�¬�«£�§�£®�¥ Ė = 0
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Ė =
∂E

∂x
ẋ +

∂E

∂y
ẏ =

(

4x3 +
1

x2

)

y + y
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−4x3 − 1
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y = 0

x4 − 1

x
= 0

£�§�§�¥�¤!¨|©y«£
V (x) = 0 Ã ¥�Ä x = 1 Å ¦ ¸ ¤ ·z¸ ¥c¬ÊÈ ¸ ¤!¨ª¯D£ Ã ¸ ¤�§d£¦�È ¨|¤�§�¥�Ä´�¥�É�¨|£y¤�¥ ³ P = (1, 0)
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lim
x→±∞

V (x) = +∞ lim
x→0+

V (x) = −∞
¥

lim
x→0−

V (x) = +∞

ÒºÓ �$�����y½s�������y��¡ ¦
V¦
x

= 0 Ã ¥�Ä x = −1/ 5
√

4
¯´Í�¥ ·�¸ ¨|¤�¦�¨ ³ ¬ÊÈ ¸ ¤!¨|¯�£ Ã ¸ ¤z§d£Ö¯�Ä�¨k§�¨ª¯D£A¦!¥�¬ Ã £y§�¥�¤!É�¨ª©�¬|¥y�1Ôq¤!£z¬Õ§dÄ�¥

¦
V¦
x

> 0 Ã ¥�Ä
x > −1/ 5

√
4 Ã ¥�Äd¯�¨	�®©sÂ^Äd¥�«£¹¯´Í�¥ x = −1/ 5

√
4 ³ ¸ ¤ Ã ¸ ¤z§d£®¦�¨�«¨k¤�¨k«£Ç¦�¥�¬ Ã £y§�¥�¤!É�¨ª©�¬|¥y�× ½¾��Ñ1�y ����^²oØo j���^��¿y���!²��\¡

-3 -2 -1 1 2 3

-20

20

40

Ù ¨|Ë ¸ Äd©»!Ú�Û�ÜÊÝdÞsß#à�ásâ�ã^ä�à´å�â�æsç�èiÝ´ãéâ
V (x) ê

��°!� ë^� ÒºÓ �$��� �/Ðk�^ì Ó ��²���í�½s��  � ���_��í���²������+¡�Ô Ã ¸ ¤�§�¨µ¦+È ¥ ·�¸ ¨k¬|¨|ï!Ä�¨|£�¦�¥�¬)�¨|#§�¥�«©*¦�¨k¤j©�«¨|¯�£�©yd#£�¯�¨|©�§�£ #£z¤!£Ï§ ¸ §#§�¨c¥�£y¬|¨�¨ Ã ¸ ¤z§d¨�¦�¥�¬|¬ª© ��£zÄ�«®© (x0, 0)
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x0 Ã ¸ ¤�§�£ ¯DÄd¨k§�¨ª¯D£ ¦�¥�¬ Ã £�§d¥�¤!É�¨|©y¬k¥ Å ·z¸ ¨k¤�¦!¨�¬ÊÈ ¸ ¤!¨ª¯D£ Ã ¸ ¤�§�£ ¦+È ¥ ·�¸ ¨|¬k¨|ï!Äd¨k£ ³ P =
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√
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E = y2/2 + V (x)
£�§�§�¥�¤�¨|©y«¹£

y = ±
√

2(E − V (x))
�R¢1¥�Äd¯�¨	�?¤!¥�¬ Ã ¨ª©�¤�£?¦�¥�¬k¬|¥
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√
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√
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ẋ = y

ẏ = −
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= 4x3 − 10x
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V (−x) = V (x) ·�¸ ¨k¤j¦�¨^¨k¬ Ã £�§d¥�¤!É�¨|©y¬k¥ ³ �¨|«¹«¥�§�Äd¨|¯�£�Äd¨| Ã ¥�§#§d£µ©y¬k¬ÊÈ ©yd#¥�Âz¥�Ä�§�¨ª¯�©y¬k¥z�Î �����!���^�$�� Ï�!²�²�Ðk����Ñ1������ �¡

lim
x→±∞

V (x) = −∞

ÒºÓ �$���M��½¾���_���z��¡ ¦
V¦
x

= 0 Ã ¥�Ä x = 0
¥

x = ±
√

5

2

��Ôq¤!£y¬k§�Äd¥ ¦
V¦
x

> 0 Ã ¥�Ä x < −
√

5/2
¥ Ã ¥�Ä 0 < x <

√

5/2 Å ·�¸ ¨|¤�¦�¨
x = 0 ³ ¸ ¤ Ã ¸ ¤z§d£®¦�¨�«¨k¤�¨k«£®«¥�¤�§�Äd¥ x = ±

√

5/2
�£y¤!£ Ã ¸ ¤�§d¨�¦�¨+«®©yd�¨k«£®¦�¥�¬ Ã £y§�¥�¤�É�¨ª©�¬|¥y�× ½¾��Ñ1�y ����^²oØo j���^��¿y���!²��\¡

-3 -2 -1 1 2 3

-7.5

-5

-2.5

2.5

5

Ù ¨kË ¸ Ä´© ��Ú�Û�ÜÊÝdÞsß#à�ásâ�ã!ä�à´åÊâ�æsç�èiÝ´ãéâ
V (x)
ä�â�Ü

α = 0 ê�� è�æsà´å�è�ß��sâoèéã��IÝ´ãéàIÜ�âPásè α èéæsásèéß#Ý �Êâ	�Näsãéèéß�â	�Nâ�æ�å�â�ãiÝMä�à �Êèéç�èéàIæsâPá_â#ã�ä�à´å�â�æsç�èiÝ´ãéâÜ�è �Êä�âqå�å�à�Ý´ãéã�
 Ý� ��â
x ê

��»�� »�� ÒºÓ �$���A�/Ðk�^ì Ó ��²���í�½s�� <�5���_��í���²������+¡K¢1£y¨ª¯´Í!î �¨/Í�©�¥ ·�¸ ¨|¬k¨|ï!Äd¨k£ Ã ¥�Ä¹¨ Ã ¸ ¤z§d¨ (x0, 0)
¯D£z¤

x0 Ã ¸ ¤�§�£a¯�Ä�¨k§�¨ª¯D£�¦�¨
V (x) ÅjÃ ¥�Ä ·�¸ ©�¤�§�£Â^¨ª�§d£©y¬ Ã ¸ ¤�§�£ Ã Ä�¥_¯D¥�¦!¥�¤�§�¥ Å ¨ Ã ¸ ¤�§�¨�¦�È ¥ ·z¸ ¨k¬|¨kï�Ä�¨|£®¦�¥�¬��¨ª�§d¥�«®©¦�¨k¤j©�«¨|¯�£®©yd#£�¯D¨ª©¾§d£¹d©�Ä´©�¤�¤!£

P0 = (0, 0) P1 =

(

√

5

2
, 0

)

, P2 =

(

−
√

5

2
, 0

)

ë



Ôq¤!£z¬Õ§dÄ�¥ Å ¦!©�¬�§�¥�£yÄd¥�«®©®¦�¨�Æ)¨|Ä�¨ª¯´Í!¬|¥D§)d© Ã!Ã ¨|©y«¹£Ç¯´Í�¥º¨ Ã ¸ ¤z§d¨�#§d©yï!¨k¬|¨��£y¤�£§ ¸ §�§�¨�¥A#£z¬k¨�¨ Ã ¸ ¤�§d¨�¦�¥�¬k¬ª© ��£yÄd«®© (x0, 0)¯D£z¤
x0 Ã ¸ ¤z§d£ ¦�¨�«¨|¤!¨|«¹£?¦�¥�¬ Ã £�§d¥�¤!É�¨|©y¬k¥ V (x)

�M¢�¥�Äd¯�¨	�Ç©sÂ^Äd¥�«£¯´Í!¥
P0 ³ #§d©�ï�¨k¬|¥º«¥�¤�§�Äd¥ P1

¥
P2

#£z¤!£¨k¤�#§d©yï!¨|¬k¨Ê�
� £y§�¨ª©�«£®¨|¤!£y¬k§�Äd¥A¯´Í!¥

V (
√

5/2) = V (−
√

5/2)
¥Ö¯´Í!¥

V ′′(x) 6= 0 Å ¨|¬�¯´Í�¥R¯D¨�d©�Ä� ¸ §d¨k¬|¥R¤!¥�¬k¬ÊÈ ©y¤�©�¬|¨ª#¨�¦!¥�¬ Ã ¨|©y¤!£Ç¦�¥�¬k¬|¥��©y�¨Ê�
��»�� ë^� Ò ���!�� 5���^²�²���� �!�_��¡®Æc©

E = y2/2 + V (x)
£�§�§�¥�¤�¨|©y«¹£

y = ±
√

2(E − V (x))
�R¢1¥�Äd¯�¨	�?¤!¥�¬ Ã ¨ª©�¤�£?¦�¥�¬k¬|¥
��©z#¨©sÂ^Ä�¥�«£¯ ¸ ÄdÂy¥A�¨k««¥D§dÄ�¨ª¯´Í!¥ºÄd¨| Ã ¥D§#§d£ ©�¬|¬ÊÈ ©z��¥ x

�NÔq¤!£z¬Õ§dÄ�¥A£zd#¥�Ä�Â^¨ª©�«£®¯´Í!¥
infx∈RV (x) = −∞ ·�¸ ¨|¤�¦�¨�¨|¬�«£�§d£Ç¤!¥�¬

Ã ¨ª©�¤!£®¦�¥�¬k¬|¥ ��©y�¨ ³ºÃ £zd#¨|ï!¨|¬k¥ Ã ¥�ÄN£yËz¤!¨+Â¾©�¬|£yÄd¥c¦!¥�¬|¬�È ¥�¤!¥�Ä�Ëz¨|©��1Ôq¤ Ã ©�Ä�§�¨ª¯D£y¬ª©�Äd¥)©sÂ^Äd¥�«£

• ¢�¥�Ä E < V (0)
¦ ¸ ¥µ§dÄd©y¨k¥�§#§�£zÄ�¨|¥µ© Ã ¥�Ä�§�¥y�

• ¢�¥�Ä E = V (0)
¦ ¸ ¥µ§dÄd©y¨k¥�§#§�£zÄ�¨|¥µ© Ã ¥�Ä�§�¥º¥µ¨k¬ Ã ¸ ¤�§�£®¦+È ¥ ·�¸ ¨|¬k¨|ï!Äd¨k£®#§d©yï!¨k¬|¥ P0

�

• ¢�¥�Ä V (0) < E < V (
√

5/2) ¸ ¤�©Ö§�Ä´©�¨|¥D§�§�£zÄ�¨ª© Ã ¥�Äd¨|£^¦!¨|¯�©Ö¨|¤�§�£zÄ�¤�©y£¹© P0

¥º¦ ¸ ¥µ§�Ä´©�¨|¥D§#§d£yÄd¨k¥µ© Ã ¥�Ä�§�¥z�

•
¢�¥�Ä

E = V (
√

5/2)
¦ ¸ ¥¹§�Ä´©�¨|¥D§�§�£yÄd¨|¥Ö¥�§�¥�Äd£�¯D¬|¨k¤�¥Ö¤!£z¤��q¯ ¸  Ã ¨ª¦�¨ Å ·z¸ ©¾§#§dÄ�£?§�Ä´©�¨|¥D§�§�£zÄ�¨|¥Ö© Ã ¥�Ä#§d¥¹¥¨ Ã ¸ ¤!¨�¨k¤j�§´©�ï!¨|¬k¨

P1

¥
P2

�

•
¢�¥�Ä

E > V (
√

5/2)
¦ ¸ ¥M§�Ä´©�¨|¥D§#§d£yÄd¨k¥N© Ã ¥�Ä#§d¥ Å ¸ ¤j©c§ ¸ §�§d©º¯D£z¤�§�¥�¤ ¸ §´©c¤!¥�¬��¥�«¨ Ã ¨ª©�¤!£ y > 0

¥N¬�È ©�¬k§�Ä´© Å �¨|«¹«¥�§�Äd¨|¯�©©�¬|¬|© Ã Äd¨k«®©¹Ä�¨ª Ã ¥�§#§�£Ç©y¬k¬ÊÈ ©yd#¥ x
�

-3 -2 -1 1 2 3
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5

7.5

Ù ¨|Ë ¸ Äd©��!Ú�Û�ÜÊÝdÞsß#à�ásâ�ãzäsèiÝ´æsàMásâ�ãéãéâ��|Ý�Êè ê�� � �Êâ�Ü ��èiÝ �NàPß �sâ�èéã �´Ý´ãéàIÜ�â�ásè α �
èéÜ�Ü�èéãéâ �IÝ´æDåÊâoæsâ�ã�ä_èiÝ´æsàMásâ�ãéãéâ��|Ý�Êè ê

� ��½s�_�M���PØo��½¾�y j½s½¾����¿y��¡)Æc©
y = ẋ Å �© Ã!Ã ¨ª©�«£Ç¯´Í!¥º¨|¬�Ây¥�Äd�£®¦�¨ Ã ¥�Ä´¯D£yÄdÄd¥�¤!É_© Å ¤!¥�¬k¬ª©®¦�¨|Ä�¥�É�¨|£y¤!¥ x

d©�Ä� Ã £�#¨k§�¨|Ây£¤!¥�¬�¥�«¨ Ã ¨|©y¤!£¨k¤ ¯ ¸ ¨ y > 0
�

��»�� �z���o½¾�!���z���� j½¾��� Øo��½¾�� ����������\¡o¢1¥�Ä ·�¸ ©y¤�§�£Â^¨|#§�£®©�¬ Ã ¸ ¤�§�£ Ã Äd¥�¯�¥�¦�¥�¤z§d¥º©�ï!ï!¨ª©�«£Ö§�Ä´©�¨|¥D§�§�£yÄd¨|¥ Ã ¥�Äd¨|£^¦!¨|¯´Í!¥ Ã ¥�Ä

U = {(x, y) ∈ R
2 : −

√

5/2 < x <
√

5/2, V (0) <
y2

2
+ V (x) < V (

√

5/2)}
��»�� �����)�_�������^��¿y�a��� Ó ������½¾�!�������� j½s���aØ/�z½¾�� ������y�+¡/¢1¥�Ä

α = 4
©�ï!ï!¨ª©�«£

V (x) = −(x4 − 5x2 + 4) = (x2 − 1)(4 − x2)
·�¸ ¨|¤�¦�¨ V (0) = −4

¥
V (
√

5/2) = 21/4 Ã ¥�Äd¯�¨	� −4 < E < 21/4
¥ ¦ ¸ ¤ ·z¸ ¥ ÅMÃ ¥�Ä ·�¸ ©�¤�§�£ÏÂ^¨ª�§d£Ï©y¬ Ã ¸ ¤�§�£

Ã Äd¥�¯�¥�¦�¥�¤z§d¥ Å ¥_#¨ª�§d¥ ¸ ¤�©¹§�Ä´©�¨|¥D§�§�£zÄ�¨ª© Ã ¥�Äd¨|£^¦!¨|¯�©¹©Ö§´©�¬|¥c¬|¨|Ây¥�¬|¬|£¦!¨�¥�¤!¥�Ä�Ëz¨|©����»����y� Ò ��½¾�� ��� O�y \������$���^Àj½¾�!²��®����Ñ������_ �¡�Ôq« Ã £y¤!¥�¤�¦�£ V (x) = 0
§�Äd£¾Â�¨ª©�«£µ¨ Ã ¸ ¤z§d¨ x = ±1

¥
x = ±4

���	�®¤�¯´Í!î
�¨|©Ö#£�¦!¦�¨ª ��©¾§#§´©R¬ª©Ö¯�£y¤�¦!¨kÉ�¨k£z¤!¥�¦�¨$¥��¨ª�§d¥�¤!É_©A¦�¥�¬k¬ª©R§dÄd©y¨k¥�§#§d£yÄd¨|© Ã ¥�Äd¨|£^¦!¨|¯�© Å ¦�¥�Âz¥�Â¾©�¬|¥�Äd¥ −√5/2 < x <

√

5/2 Å ·�¸ ¨|¤�¦�¨¨ Ã ¸ ¤z§d¨� ¸ ¬k¬ª©Ö§�Ä´©�¨|¥D§�§�£yÄd¨ª© Ã ¥�Äd¨k£�¦�¨ª¯�©�£y¤!£ x± = ±1
�1Ôq¬ Ã ¥�Äd¨k£�¦�£®¦�¨+§´©�¬|¥c§�Ä´©�¨|¥D§#§d£yÄd¨|©¹d©�Ä� ·�¸ ¨|¤�¦�¨

T =
√

2

∫ 1

−1

¦
x

(x2 − 1)(x2 − 4)�������*� ���^²�Ø/�z½¾�� ��� �¡ � £�§d¨|©y«¹£O¯´Í!¥
E − V (x) = −V (x) = (1 − x2)(4 − x2) = (x + 1)(1 − x)(4 − x2)

¯´Í�¥ ³·�¸ ¨|¤�¦�¨�¦!¥�¬|¬|© ��£zÄ�«®© (x − x−)(x+ − x)φ(x)
¯D£z¤

φ(x) = 4 − x2
¥º¨|¤!£y¬k§�Äd¥

3 ≤ φ(x) ≤ 4 ∀x ∈ [−1, 1] Ã ¥�Ä´¯D¨�� ¸ ¤�©#§�¨|«©¦�¥�¬ Ã ¥�Äd¨k£�¦�£ ³ ¦!©�§d©¦!©

π√
2
≤ T ≤

√

2

3
π

�


