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ẍ = −V ′(x) ¬  {©/­\�y®�¥�¯!°« }¨�©r¥§±¤£!¨�®c�²£!¨�©r©�³  r¯x®c¥«´xªc¨y©{¥§£�¥�©µ ¥�¡D�x¯�£��·¶
¥«¶A¸�ª��§£�¥�©{©¹³ ¥qº�»�¨�°� {�x¯!¥¼¡«¨�¶½¸! }¨�®��
£�  µ ¥«´x¯!� ¬  ¹¾ ¥x¾

V (x) =

∫ x

0

£
x

−x2 + 2x

(x2 − 2x + 2)2
¥¼ r¯x®c¥«´xªc¨y¯�£��A�y®#®c¥«¯! }¨�¶
�

V (x) =
x − 1

x2 − 2x + 2
+ c

£���¦x¥
c
±¼»!¯�¨
¡«� µ ®c¨�¯�®c¥b£+³  r¯x®c¥«´xªc¨y°« r�y¯!¥¿¨�ªc¸! {®�ªÀ¨�ªc r¨�¾uÁÂ¶
­��y¯!¥�¯�£��
­\�x  V (0) = −1/2

®cª���¦^ }¨�¶
�
c = 0

¾

Ã�Ä ¾ Ä_ÅRÆ ���!�����«�q�������(�Ç��������È���Éx�+�GÊ µ�µ ¥«ªc¦^ r¨y¶
��¡ÀË�¥ µ �y¯!�²¦x¥«ªc hÌ\¡�¨�®c¥¤©{¥? {­���®c¥ µ  P£!¥«©P©{¥�¶·¶§¨ Ã¹ÍxÎ ¾ ÄqÏxÅ ¾jÁÂ¯!¯�¨�¯�°« {®�»�®�®��
¦y¥q£� }¨�¶
�·¡ÀË�¥ ¬ ­��y¯!¥�¯�£��

x − 1

x2 − 2x + 2
= −1

5
®�ªc��¦^ r¨y¶
�

x± = (−3±
√

21)/2 Ð � µcµ ¥�ª�¦^ }¨�¶
�R r¯!�y©{®�ªc¥)¡ÀË�¥ V (x) ≤ E µ ¥�¥ µ �x©{� µ ¥ x ∈ [x−, x+]
¾1ÁÂ¯�Ì�¯!¥b¯!��®c r¨y¶
�A¡ÀË!¥

x±

¯!�x¯ µ �x¯!�½­�»!¯�®� �¡«ª� {®� }¡D  µ   V (x) ¬  {¯!Ñ�¨�®#®c 
£
V£
x

(x−) = −2(21 + 5
√

21)

25(5 +
√

21)2
6= 0

¥ £
V£
x

(x+) =
2(21− 5

√
21)

25(5−
√

21)2
6= 0

º�»! r¯�£�  ¬ ­\¥�ªN {©�©{¥�¶·¶§¨ Ã¹ÍxÎ ¾ Ä�Ï�Å  r©�¶
��®c� µ » ΓE

±¼­�¥«ªc {��£� }¡D�\¾
Ã�Ä ¾ ÍxÅ�Ò ����ÓÔ�ÕÈ����/�Ç��������È��u�/Ö��y®� }¨�¶
�§¡ÀË!¥

E − V (x) = (x − x−)(x+ − x)φ(x)
¡D�x¯

φ(x) =
1

5(x2 − 2x + 2)
ÁÂ¯!�x©h®cª�¥

φ
± µ ®�ªc¥D®�®c¨�¶
¥�¯x®c¥¼¡Dªc¥ µ ¡D¥«¯�®c¥b¯�¥«©r©�³  {¯�®c¥«ªc¦_¨y©{©r� [x−, x+]

¥Rº�»! r¯�£� �¨_¦^ªc¥«¶
�½¡ÀË!¥

φ(x−) = 2/[25(5 +
√

21)] ≤ φ(x) ≤ 2/[25(5−
√

21)] = φ(x+) ∀x ∈ [x−, x+]

­�¥«ªc r¡«×·»�¯�¨ µ ®c {¶§¨§£�¥�©+­\¥�ª� r��£��
±R£!¨�®À¨·£�¨

5π

√

5 −
√

21 ≤ T ≤ 5π

√

5 +
√

21
Ö��y®� }¨�¶
�R¡ÀË!¥N¯!�x¯ µ  �®�ªÀ¨�®�®c¨¼¡D¥�ª#®À¨�¶
¥«¯�®c¥�£� �»!¯\¨ µ ®c {¶§¨¿�y®#®� r¶§¨�©r¥ Ð  {¯!Ñ�¨�®#®c  ¬ »!¯�³ ¨y­!­!ªc� µcµ  r¶§¨�°« r�y¯�¥/¯^»!¶
¥«ªc }¡«¨¼£� �®c¨�©r¥µ ®� r¶
¨·±

10.1487 ≤ T ≤ 48.6252
Ã�Ä ¾ Ø ÅPÙ¼Ú �$�q�PÈ/Û{�^Ü Ú ������Ý��_�����NÞ/�y¯ µ  }£�¥«ªÀ¨�®c�A r© µ   µ ®�¥«¶§¨
£� r¯�¨�¶
 }¡D�§¨ µcµ �^¡« r¨�®��







ẋ = y

ẏ = −
£
V£
x �­�»!¯�®� � {¯Õ¡«»!  µ  u¨y¯!¯^»!©{©}¨§ r©u¡�¨�¶
­\�ß¦y¥D®�®��xª� }¨�©r¥ µ �x¯!�
®�»!®#®� �¥ µ �y©r � �­!»!¯�®� �£�¥«©r©r¨§Ñ��yªc¶
¨ (x0, 0)

¡D�y¯
x0

­�»!¯�®��ß¡«ª� {®� }¡D�
£�¥�©�­\�y®�¥�¯!°« }¨�©r¥ Ð ­�¥«ª�®c¨y¯x®c�§£��y¸!¸� r¨y¶·�
ªc  µ �y©r¦y¥�ª�¥)©�³ ¥�º�»�¨y°« r�y¯!¥

x2 − 2x

(x2 − 2x + 2)2
= 0

¥
ºx»�¥ µ ®c¨?Ë�¨ µ �y©r»!°� {�x¯!¥A­�¥«ª x = 0
¥

x = 2
¾A��¥�ªc¡« {×? �­!»!¯�®� �£+³ ¥�º�»! r©r {¸!ªc r�O£�¥�© µ   µ ®�¥«¶§¨ µ �x¯!�? 1­!»�¯x®c  P0 = (0, 0)

¥
P1 = (2, 0)

¾

Ä



Ò ����Ý1���������OÈ������ Ú �$�q��ÈÇÛr�^Ü Ú ������Ý������u��ÁÂ©!®c¥«�yªc¥«¶§¨¿£� ��� rªc r¡ÀË!©r¥D®P¡D \¨ µ�µ  }¡D»!ªÀ¨¿¡ÀË!¥N \­�»!¯�®� \£�³ ¥qºx»� {©r {¸�ª� r� µ �x¯!� µ ®c¨�¸� {©r 
µ ¥b¥ µ �y©r� µ ¥ x0

±¼»!¯?­�»!¯�®��¤£� �¶
 r¯! r¶·�§£�¥�©�­���®�¥�¯!°« }¨�©r¥y¾��)¥«ªc r¦_¨y¯�£��
»!©{®�¥�ª� r�yªc¶
¥«¯�®�¥b {©�­\�y®�¥«¯�°« }¨�©r¥b�y®#®c¥«¯! }¨�¶
�
£ 2V£
x2

=
2(x3 − 3x2 + 2)

(x2 − 2x + 2)3

¥
[
£ 2V/
£
x2](0) = 1/2 > 0

º�»! r¯�£� 
x = 0

±§»!¯ ­!»!¯�®��Õ£! �¶
 {¯! r¶
�j£�¥�©�­\�y®�¥�¯!°« }¨�©r¥ ¬ ­\¥�ª#®À¨�¯�®�� P0
µ ¨�ª��?»�¯K­�»!¯�®��

£+³ ¥�º�»! r©{ r¸!ªc {� µ ®À¨�¸! r©r¥?­�¥«ª
 r© µ   µ ®c¥«¶§¨!¾��½³ ¨y©h®cªc¨�­�¨�ª�®�¥ ¬ [ £ 2V/
£
x2](2) = −1/2 < 0

º�»! {¯\£� 
x = 2

±O»!¯*­�»!¯�®�� £� 
¶§¨ µcµ  r¶
�
­\¥�ªN {©�­���®c¥«¯!°� r¨y©{¥ ¬ º�»! {¯\£�  P1

µ ¨yª��½»!¯�­!»!¯�®��¤£�³ ¥qºx»� {©r {¸�ª� r�
 {¯ µ ®c¨y¸! r©{¥x¾Ã�Ä ¾ 	 Å�
 �$�q���
�q�^�y���\���/Éx�\�(�����/�������#�
V (0) = −1/2

¥
V (x) = 0 µ ¥b¥ µ �y©r� µ ¥ x = 1

¾
� ��È��!ÓÔ�^�$��� �!����Û{�����1�������u�

lim
x→±∞

V (x) = 0

� �����1Éy�ÔÈ��^�Ç�Ç�\���^���y���!�����
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V (x) 2

Ù �����u� È��������43n���q���5�)¨
E = y2/2 + V (x)

�y®#®�¥�¯! }¨�¶
�
y = ±

√

2(E − V (x))
¾��1¥«ªÀ¡D r×·¯!¥«©�­� r¨y¯!�§£�¥«©r©{¥bÑ�¨ µ  �¨_¦^ªc¥«¶
�

¡D»�ª�¦x¥ µ  r¶·¶
¥«®�ªc r¡ÀË!¥¼ªc  µ ­�¥D®�®��¤¨�©r©¹³ ¨ µ�µ ¥ x
¾PÁÂ¯!�y©{®�ªc¥

x = −1/2
±¼»!¯�¶
 {¯� {¶
�ß¨ µ�µ �y©r»�®��§£�¥�©�­���®�¥�¯!°« }¨�©r¥ ¬ ­\¥�ªc¡« {×§ r©�¶
��®c�¯!¥�©�­! }¨�¯!�§£�¥�©{©$Ñ�¨ µ   µ ¨�ª��½­\� µ�µ  {¸� {©r¥ µ �x©{�·­\¥�ª E ≥ −1/2

¾76�¦^ªc¥«¶
�·º�»! r¯�£� 

• ��¥�ª E = −1/2
 {© µ �x©{�
­!»!¯�®c�
£�³ ¥qºx»� {©r {¸�ª� r� µ ®�®c¨�¸� {©r¥ P0

¾

• ��¥�ª −1/2 < E < 0
»!¯\¨A®cª� r¥D®�®��xª� }¨A­�¥«ªc r�^£! r¡�¨½ r¯�®��xª�¯!�§¨y©+­!»!¯�®�� µ ®c¨y¸! {©r¥ P0

¾

• ��¥�ª E = 0
»!¯�¨½®�ªÀ¨� r¥D®�®��yªc }¨½¨y­\¥�ª#®À¨·¡«�y¯

limx→−∞ y(x) = 0
¾

• ��¥�ª 0 < E < 1/2
»!¯\¨¤®cªc¨y {¥«®#®��xª� }¨ß¨y­\¥�ª#®À¨?¡«�y¯

limx→−∞ y(x) = ±
√

2E
¥�£�»!¯�³ ¨�©{®�ªÀ¨ ¬ µ ¥«¶
­!ªc¥·¨y­\¥�ª#®À¨?¡«�y¯

limx→+∞ y(x) = ±
√

2E
¾

• ��¥�ª E = 1/2
£�»!¥b®�ªÀ¨� r¥D®�®��xª� r¥b¨y­\¥�ª#®c¥¼¡D�y¯

limx→−∞ y(x) = ±
√

2E ¬  r©�­!»!¯�®��
 r¯ µ ®c¨�¸� {©r¥ P1

¥¼£�»�¥)®cªc¨y {¥«®#®c�yªc {¥
¨�­�¥«ª�®�¥¼¡D�x¯

limx→+∞ y(x) = ±
√

2E

• ��¥�ª E > 1/2
£!»!¥Ç®cªc¨y {¥«®#®c�yªc {¥P£� �¡D»!  ¬ »!¯�¨b¡D�x¯ limx→±∞ y(x) =

√
2E ¬ ¥P©�³ ¨�©{®�ªÀ¨�¡«�y¯ limx→±∞ y(x) = −

√
2E
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~)���!�$�����������+� Ö�¥«© µ ¥�´y»! {®��¤©}¨_¦y�xª�¥�ª�¥�¶
� µ �y©r�¤¯!¥�©{©¹³  r¯�®�¥�ª�¦�¨�©r©r� (−3π/2, 3π/2]
¾�Þ/Ë! r¨yªc¨y¶
¥«¯�®�¥ ¬  �ª�  µ »�©h®À¨�®� u��®�®�¥«¯^»�®c  µ  ¥ µ ®�¥�¯�£��x¯!�
­\¥�ªN­\¥�ª� r��£� r¡« h®��§¨½®�»�®�®c¨
©}¨½ªc¥D®�®c¨·ªc¥�¨�©r¥y¾Ã�Í ¾ Ä_ÅNÒ ���«�q��Ó*�ÕÈu���u��ÓÔ��Éx�������q��Éy�������u�+6u¦y¥�¯�£��
­�� µ ®�� y = ẋ ¬ ��®�®�¥�¯! r¨y¶
�· r© µ   µ ®�¥�¶§¨·£! {¯�¨y¶
 r¡«�

{

ẋ = y

ẏ = cosx(x − sinx)
Ã�Í ¾ ÍxÅ¤Ò ��ÓÔÓÔ���«�����\�&Ê µ�µ ¥«ªc¦^ r¨y¶·� ¡ÀË!¥ V (−x) = V (x)

¥Õ£�»!¯\ºx»�¥² {©�­���®c¥«¯!°� r¨y©{¥²± µ  r¶·¶
¥«®�ªc r¡«� ª�  µ ­�¥D®�®�� ¨�©r©¹³ ¨ µ�µ ¥
¦y¥�ª#®c r¡�¨�©r¥
Ù¼Ú �$����É������q��Éy�#� £

V£
x

= 0
­\¥�ª

x = 0
¥

x = ±3π/2
¾�ÁÂ¯!�y©{®�ªc¥

dx > 0
­\¥�ª −3π/2 < x < −π/2

¥
0 < x < π/2 ¬ ­�¥«ªÀ¡D r×

x = 0
¥

x = 3π/2 µ �y¯!�R­�»!¯�®� �£� $¶
 {¯� {¶
� ¬ ¶
¥�¯x®cª�¥ x = ±π/2 µ �x¯!�A­�»!¯�®� +£� +¶§¨ µcµ  r¶
� � �����1Éy�KÈu�^�Ç�Ç���q�^�u�x���!���\�
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V (x) 2

Ã�Í ¾ Ø ÅMÙ¼Ú �$�q�MÈÇÛr��Ü Ú ������Ý������u�/ÁÂ¯�´y¥�¯!¥«ªÀ¨�©r¥¿ �­!»!¯�®c u£+³ ¥�º�»! r©{ r¸!ªc {� µ �y¯!�·®c»�®#®c �¥ µ �y©r �£�¥«©r©}¨·Ñ��yªc¶
¨ (x0, 0)
¡«�y¯

x0

­�»!¯�®��
¡Dªc {®� }¡D�§£�¥«©�­\�y®�¥«¯�°« }¨�©r¥¿º�»! r¯�£�  ¬ ­�¥«ª�º�»�¨y¯x®c�
¦�  µ ®��§¨�©+­!»�¯x®c�§­!ªc¥�¡D¥q£�¥«¯�®c¥ ¬  +­!»!¯�®c �£+³ ¥�º�»! r©{ r¸!ªc {� µ �y¯!�
 �­!»�¯x®c 

P0 = (0, 0) P1 =
(

3π

2
, 0

)

P2 =
(

π

2
, 0

)

P3 =
(

−π

2
, 0

)

Ò ����Ý1���������*Èu�^��� Ú �$����È/Û{�^Ü Ú ������Ý��_�����¼�1¥�ª) r©�®�¥«�xª�¥�¶§¨ß£�  �) {ªc r¡ÀË�©{¥«® ¬ P0

¥
P1
µ �x¯!� µ ®c¨y¸! r©{  ¬ ¶·¥�¯�®�ªc¥ P2

¥
P4
µ �y¯!�

 r¯ µ ®À¨�¸! r©r �¾Ã�Í ¾ 	 Å�Ù ���!���5È��^����� 3n���q��� �b¨
E = y2/2 + V (x)

��®�®�¥«¯� r¨y¶·�
y = ±

√

2(E − V (x))
¾R�1¥�ªc¡« {×?¯!¥«©�­! }¨�¯��?£�¥�©{©r¥AÑ�¨ µ  

¨_¦^ª�¥�¶
�
¡«»!ªc¦y¥ µ  {¶
¶
¥D®cª� }¡ÀË!¥¼ªc  µ ­\¥«®#®c�ß¨�©r©�³ ¨ µcµ ¥ x
¾MÁÂ¯!�y©{®�ªc¥

x = 3π/2
±¼»!¯Õ¶
 r¯! {¶
�ß¨ µ�µ �y©r»�®c�
£!¥«©�­���®c¥«¯!°� r¨y©{¥ ¬ ­�¥«ªÀ¡D r× r©�¶
��®��
¯!¥�©�­! }¨�¯!�§£�¥�©{©$Ñ�¨ µ   µ ¨yª��½­\� µ�µ  r¸! {©r¥ µ �x©{�·­�¥«ª E ≥ −(1 + 3π)/2
¾ 6u¦�ªc¥«¶
�§º�»! r¯�£� 

• ��¥�ª E = −(1 + 3π)/2
 r© µ �y©r�½­!»�¯x®c�¤£+³ ¥�º�»! r©{ r¸!ªc {� µ ®c¨�¸� {©r¥ P1

¾

• ��¥�ª −(1 + 3π)/2 < E < 1
»�¯�¨·®�ªÀ¨� r¥D®�®��yªc }¨A­�¥«ªc {��£� }¡«¨· r¯�®��yªc¯!�
¨�©+­!»�¯x®c� µ ®À¨�¸! r©r¥ P1

¾

• ��¥�ª E = 1
»!¯�¨½®�ªÀ¨� r¥D®�®��yªc }¨A­�¥«ªc {��£� }¡«¨· r¯�®��yªc¯!�§¨�©+­�»!¯�®�� µ ®À¨�¸! r©r¥ P1

¥b r©�­!»�¯x®c� µ ®À¨�¸! r©r¥ P0

¾

• ��¥�ª 1 < E < (π − 1)/2
»�¯�¨·®�ªÀ¨� r¥D®�®��yªc }¨A­�¥«ªc {��£� }¡«¨· r¯�®��yªc¯!�
¨

P1

¥�£O»!¯\¨ ¬ µ ¥«¶
­!ªc¥¿­\¥�ª� r��£� r¡�¨ ¬  r¯�®��yªc¯!�
¨ P0

¾

• ��¥�ª E = (π − 1)/2
º�»�¨�®�®�ªc�²®�ªÀ¨� r¥D®�®��xª� r¥¤¥D®c¥«ªc��¡D©r {¯!¥O¡ÀË!¥ µ  / r¯�®�¥�ª µ ¥�¡�¨�¯!�Õ¯�¥« P­!»!¯�®� P {¯ µ ®À¨�¸! r©{ N¡«�y¯ ®c¨y¯!´y¥�¯!°�¨

�y¸!©r rº�»�¨ Ã ¥ µ�µ ¥«¯\£�� [
£ 2V/
£
x2](±π/2) = 1 − π/2 6= 0

Å ¬ ¥¼´x©{  µ ®�¥ µ�µ  +­!»!¯�®c � {¯ µ ®À¨�¸! r©{  P2

¥
P3

¾

• ��¥�ª E > (π−1)/2
£�»!¥Ç®�ªÀ¨� r¥D®c�yªc {¥�­�¥«ªc r�^£! r¡ÀË!¥ ¬ »!¯�¨N®c»�®#®À¨)¡«�y¯�®�¥�¯^»�®c¨N¯�¥ µ ¥«¶
 {­� r¨y¯!� y > 0

¥/©�³ ¨�©{®�ªÀ¨ µ  {¶
¶
¥D®cª� }¡«¨
¨�©r©r¨½­!ªc {¶§¨·ª�  µ ­\¥«®#®��¤¨y©{©¹³ ¨ µcµ ¥ x
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�¼���
�q�MÈu�P�Ç����Éy�\�_�������y��� �b¨
y = ẋ ¬ µ ¨y­!­! }¨�¶
�¤¡ÀË!¥¼ r©�¦y¥�ª µ �§£� �­�¥«ªÀ¡D�yªcªc¥«¯!°q¨ ¬ ¯!¥�©{©}¨§£� rª�¥�°« r�y¯!¥ x µ ¨�ª��·­\� µ  {®� r¦y�
¯!¥�©µ ¥«¶
 {­� r¨y¯!� µ »!­�¥«ªc r�yªc¥)¥¼¯!¥�´x¨�®� r¦y�
¨�©{®�ªc {¶
¥«¯�®c �¾Ã�Í ¾ � ÅRÆ ���!�����«�q������� �Ç���_����È���É��u���Ô�1¥�ª
º�»�¨y¯�®��Õ¦^  µ ®c��¨�©M­!»�¯x®c�j­!ªc¥�¡«¥�£�¥�¯�®�¥?¨y¸!¸! }¨�¶
�Õ®cªc¨y {¥«®#®c�yªc {¥¤­�¥«ªc r�^£! r¡ÀË!¥?­\¥�ª
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