SCALING PROPERTIES FOR THE RADIUS OF CONVERGENCE
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ABSTRACT. For a class of symplectic two-dimensional maps which generalize
the standard map by allowing more general nonlinear terms, the radius of
convergence of the Lindstedt series describing the homotopically non-trivial
invariant curves is proved to satisfy a scaling law as the complexified rotation
number tends to a rational value non-tangentially to the real axis, thus gener-
alizing previous results of the authors. The function conjugating the dynamics
to rotations by w possesses a limit which is explicitly computed and related to
hyperelliptic functions in the case of nonlinear terms which are trigonometric

polynomials. The case of the standard map is shown to be non-generic.

RESUME. Pour une classe d’applications symplectiques bidimensionneles qui
généralisent I’application standard avec des termes non linéaires plus generaux,
on prouve que le rayon de convergence de la série de Lindstedt qui décrit les
courbes invariantes homotopiqueement non triviales satisfait une loi d’échelle
lorsque le nombre de rotation complexifié tend a une valeur rationelle non tan-
gentiellement a 1’axe réel, generalisant ainsi des résultats précédents des mémes
auteurs. La fonction qui conjugue la dynamique & des rotations de w admet
une limite qui est calculée explicitement et reliée a les fonctions hyperelliptiques
dans le cas de termes non linéaires qui sont des polindmes trigonometriques.

On montre que le cas de ’application standard est non generique.
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1. INTRODUCTION

In this paper we generalize the results of [1] considering maps of the kind

v =x+y+ef(a)
T, r: (1.1)
Y =y+ef(a),
where f(z) is a 2m-periodic function of z, analytic in a strip S = {|Im(z)| < £} of

width 2¢ around the real x axis. The nonlinear term f(z) can be expanded in a
1
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Fourier series:

fl@) =Y fe™ (1.2)
VEZL
the Fourier coefficients f, then decay exponentially:

Ve < €30 |fy] < Cre €L (1.3)
If we denote by B, the Banach space B, = {g|||gl|, < oo}, where

lglle = lgu| e, (1.4)

vET
then f € Be V& < &.

As we assume f real, the Fourier coefficients f, satisfy f = f_,. We also assume
that f has zero average, i.e. that fo = 0. The case where f(x) is a trigonometric
polynomial has been especially studied numerically and in this case we call Ny the
largest absolute value of the index v for which the coefficient f, is nonzero (that is,
the maximal frequency appearing in the Fourier expansion (1.2)).

Maps which fall into the class we are considering (actually with f(x) an odd
trigonometric polynomial) have been considered in [3] and [4], where the analytic
structure of their KAM invariant curves was investigated numerically. In [5] the
map with f(z) = sinz + (1/20) sinz was studied and the same problem solved in
this paper was studied numerically.

The variable y can be easily eliminated from (1.1) to obtain the second order
recurrence

Tnt1 — 2T + Tt = f (xy). (1.5)
As it is well known from KAM theory, the homotopically non-trivial invariant curves
C,f(w) with rotation number w of the map T y may be determined by finding a

coordinate transformation

ou
= 1+—>0 1.6
r=a+ula,e,w), + 90 > 0, (1.6)

such that in the coordinate a the dynamics is a rotation by w:
o =+ 2nw. (1.7)
It is easy to see that the conjugating function u satisfies
Dyu(a,e,w) = ef(a+ ul(a, e,w)), (1.8)
where the operator D,,, acting on 27-periodic functions of «, is given by
D,o(a) = pla + 2mw) — 2¢(a) + d(a — 27w). (1.9)

The fact that the perturbation f(x) is given by a general Fourier series and is
not necessarily odd in x raises the issue of the existence of the formal solution of

(1.8). While this problem, in a different context, was basically solved by Poincaré,
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we believe that a simple proof of this fact using the same combinatorial tools we use
for the rest of the paper (i.e. trees) is interesting, especially as it provides additional
clues to the renormalization method used to deal with resonances. The proof of the
existence of the formal solution of (1.8) will be achieved in sect. 3.

The Lindstedt series for the problem is the formal expansion of u as a Taylor
series in € and a Fourier series in a:

(o, e,w) Z eFu® (o, w) ZZE’“ o (w). (1.10)
k>1 k>1veZ

More generally, given any function F' of ¢ and «, 27-periodic in «, we write
[F(e, a)]l(,k) the k-th Taylor coefficient of the v-th Fourier coefficient of its (formal)
Lindstedt-type expansion:

Z Z Ek wa a)]l(jk)

k=0veEZ

The radius of convergence of the Lindstedt series is defined as

1/k\ 1
) . (1.11)

See e.g. [1], [5], [6] for further details and references on these rather standard

u® (o, e,w)

pr(w) = p(w) = inf <hm sup
a€T\ koo

matters.

As in [1], to which we refer for more introductory details and motivations, we
are interested in the behaviour of the radius of convergence p(w) of the Lindstedt
series (1.10) as the complexified rotation number w tends to a resonant value p/q,
with ged(p, ¢) = 1.

In the class of analytic perturbations f € B, the property that f, # 0 Vv € Z
is generic (i.e. it holds on a set of second category, [7], [8]). We first state our
results for generic perturbations, then we shall consider more general situations
which require a deeper discussion, also only in stating the results, as the latter will
be shown to depend on the arithmetic properties of the Fourier labels with respect

to the value p/q.

Theorem 1. Let f € B,, with p > 0, such that f, # 0 Vv € Z. Consider the cone
Cprg3=12€C: |Imz| >0, |Rez—p/q| < fB|Imz|, B> 0}; let we Cpqp. Then

the rescaled conjugating function

ﬂp/q(a,s,w)—u(a,s(w—§)2,w> (1.12)

extends to a function continuous in w in the closure of the cone C

p/a.p and analytic

in w in the interior of Cp/q 5, for any 3 >0, analytic in e for |e| < a and analytic

in a for |[Imal < b, with a, b two positive constants. In particular, the following
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limit exists:

Upq(a,e) = lim (o, e,w), (1.13)
w—p/q
and it is independent from the non-tangential path chosen either in the complex

upper half plane Imw > 0 or in the complex lower half plane Imw < 0.

To state our results for more general perturbations, we need first some arithmetic
definitions. Let w — p/q, where ged(p,q) = 1, in the complex plane. We then
consider the ¢ sequences fc(f) = {fig+ctiez,, c=1,...,q (recall that fy is assumed

to vanish). For each sequence fc(f), c=1,...,q,let

L(f) = {fv € L.(f)|f, # 0}

be the set of nonzero values of the sequence I.(f).

We define the following sets of integers:

Apsa(f) ={ce{1,...,q}|I(f) #0}. (1.14)
and

Be(f) ={l € Z+|fig+e # 0} (1.15)
Of course Ay, /q(f) = {c1,...,em}, where 1 < ¢; < --- < ey < g, and M < gq.
Note that A, /,(f) is the set of equivalence classes modulo g of frequencies actually

appearing in the Fourier expansion of the perturbation,
Lemma 1. If q ¢ Ap/o(f) and |I.(f)| =1 Ve € Ay )q(f), define

A(f) ={v eN|f, # 0} (1.16)
then A(f) ={v1,...,vm}, with1 <M <qg—1andv; —v; ¢ qZ Vi # j.
Proof. 1f ¢ & A,q(f) then f, = 0 for all v € ¢Z, so that I,(f) = 0: then M =
|Ap/q(f)l < q—1. As [I.(f)| = 1 Ve € Ay)q(f), for any ¢ € A, /,(f) there is only
one v € N of the form v = ¢+ lg, with [ € Z,, such that f, # 0. So the number

of Fourier labels v’s for which f, # 0 is given by M < ¢ — 1; of course the bound
M > 1 is obvious. O

If g ¢ Ayq(f) and |I.(f)| = 1 Ve € A, q(f), we define 2M integers r1,...,7ar,
i, ...y, with 7,7 > 0, and an integer R > 0 as those integers which satisfy the

following conditions:

(7‘1 —7“/1)1/1+"'+(TM —T‘M)VM:RQ, (1178“)
7”1+"”11+"'+7"M+T/M:T022a (1.17b)
ro is minimal, (1.17¢)

where {v1,...,vam} = A(f).
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We observe that this problem is reminiscent of the so called “knapsack problem”,
which is believed to be computationally “hard” (see [10] for details on knapsacks
and on what “hard” really means).

The meaning of the above definition will be clear after proposition 1 in sect. 2,
while its relevance for the problem we are studying will appear in theorem 2 below.

As we now show, integers satisfying the conditions (1.17) always exist. Some

properties of the solutions will be explicitly discussed in sect. 6.

Lemma 2. The Diophantine problem (1.17) has always a finite, nonzero number

of solutions and ry < q.

Proof. Solutions to (1.17a) and (1.17b) do exist: one is given for example by R = v,
for some ¢ and r; = ¢, while r; = 0 Vj # i and 7*;- = 0 Vj. Note that in this case
(1.17b) yields 79 = g. As the set of solutions to (1.17a) and (1.17b) is not empty
and as each solution has associated a positive value of rg, there must be at least one
such that r¢ is minimal. On the other hand, a minimal solution has ry < g because

of the above note, so there can be only a finite number of them. O

Remark 1. Of course one can exhibit functions in which r9 = ¢: an example is the

standard map itself (for which M =1 and 14 = 1).
Define r*(f) = r* as

1 1fq€AP/q(f)7
=42 if ¢ ¢ A,/q(f) and 3¢ € Ay, (f) such that |I(f)] >2,  (1.18)
0 otherwise,

where 7 is defined as in (1.17). Note that 1 < r* <g.

We can now state our main result.

Theorem 2. Let f be any function in B,, with p > 0. Consider the cone C,/q 3 =
{z€ C: |[Imz] >0, |Rez —p/q| < B|Imz|, B > 0}; let w € Cp/q.3. Then the

rescaled conjugating function

2/r*
Up/q(a, e, w) —u<a,5(w—§) ,w> (1.19)

extends to a function continuous in w in the closure of the cone C,,q 3 and analytic
in w in the interior of C,/q 5, for any B > 0, analytic in ¢ for |e| < a and analytic
in a for |[Ima| < b, with a, b two positive constants. In particular, the following
limit exists:

ﬁp/‘](ave) = wl—igl/q ﬁ(a,s,w), (120)

and it is independent from the non-tangential path chosen either in the complex

upper half plane Imw > 0 or in the complex lower half plane Imw < 0.
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We can therefore let u(a, e,p/q) = tp/q(a,€). We shall see in sect. 6 that the
function (1.20) will be defined as the solution of a differential equation; in particular
if f(x) is a trigonometric polynomial, then w,,4(c,€) is related to hyperelliptic

functions.

Remark 2. Note that the limit in (1.20) is taken along any path inside the cone
Cp/q,8, therefore non-tangential to the real axis; consideration of tangential limits

would be much more difficult.

Remark 3. If the limit function w,,,(c, ) has a finite radius of convergence, the
above theorem implies a scaling law for the radius of convergence p(w) of the Lind-

stedt series; in particular

q

However we do not know in general if the radius of convergence is finite. For the

plw) = 0<(w _ 2)2”*). (1.21)

case of trigonometric polynomials this should follow from the theory of hyperelliptic

functions.

The proof of theorem 2 is achieved through a series of lemmata in the following
sections. Theorem 1 then follows as a particular case: we stated it first for clarity

and to emphasise the generic case.

2. TREES, CLUSTERS AND OTHER COMBINATORIAL TOOLS

By inserting (1.10) into the functional equation (1.8) we can find the recursion

relation satisfied by the coefficients ul) =P (w)

=g Y S ) [, @)

m>1 " ki4oAkm=k—1, vot+vi+-Frp=v, Jj=1
k]‘GN VjEZ
where
1 1
g(v) = = (2.2)

v(v)  2(cos2mwr — 1)
is called propagator.

The coefficients ul(,k) can be expressed graphically in terms of semitopological
labelled trees by iterating (2.1). We refer the reader to the now large literature on
the topic, and in particular to [11] for a review, to [12] and [14] where the formalism
we use was first introduced and to [1] where a result analogous to the one of this
paper was proved, in the specific case of the standard map (that is, f(z) = sinx); the
first proof of existence of invariant tori for Hamiltonian systems by tree expansions
of the Lindstedt series is due to Eliasson, [15].

The trees are defined as in [1] (see also [2] and the references quoted therein).

Note that, as our perturbation f(z) is more general than the one considered in [1],
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[2], the mode label v, associated to each node u € ¥ can now assume all values
in Z, except of course 0 since f has zero average. In case the perturbation is a
trigonometric polynomial, i.e. only a finite number of Fourier coefficients f, are
different from 0, the mode label can assume any value such that the corresponding
Fourier coefficient is nonzero; in particular, |v,| < Ny.

For our models we have

ulP) = Z Val(9), (2.3)

’L9€Tuyk

where
Moy

. fouv
Val(9) = iF~1 [H Tn'} [H g(w)} (2.4)
u€w =
and 7,1 is the set of semitopological trees with k£ nodes and momentum v flowing
through the root line; compare with eq. (2.2) of [1], which is obtained from (2.4)
by setting f,, = —iv,, with v, = £1.
As in [1], m, denotes the number of lines entering the node u; one has
> my=k—1. (2.5)
u€Y

The estimates on the propagators are fairly trivial and can be borrowed by [1].

Lemma 3. In the cone Cp,/q 3, the propagators g(v) satisfy the estimates:

%, for v a non-zero multiple of q,

lg(w)| < (2.6)
%, otherwise,
q

where ( = w —p/q and C is a constant (depending on (3).

Proof. The proof can be done as in [1], sects. 3 and 7; or one could use dimensional

(Cauchy) estimates in a fairly obvious way. O

To each line ¢ of a tree ©}, we associate a scale label ny which takes values 0 or
1: ng = 0 if its momentum vy is a multiple of ¢ (so that the propagator associated
to that line diverges as w — p/q = ¢ — 0 as O(¢™?), see lemma 3), while n, = 1
otherwise. If we could neglect the problem of resonances (see below), we could just
count the number of lines on scale 0 to obtain the scaling behaviour of the radius

of convergence. We now define our main combinatorial tools.

Definition. A cluster T of a tree ¥ is a maximal connected set of nodes connected
by lines on scale n = 1; such lines are called internal lines, and we shall write £ € T'.
The line exiting and the lines entering a cluster are all on scale n = 0 and they are
called the external lines of T'. Let k1 be the number of nodes in T: the case kr = 1

is possible and corresponds to the case of a single node such that the exiting line
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and the entering ones are all on scale n = 0. We define also my as the number of
lines entering the cluster T (of course there is always a single line exiting 7). A

node u is said to be internal to T if u e T.

Definition. A resonance (or resonant cluster) is a cluster V' such that:

> v =0; (2.7)

ueV

in this case, we shall say that the line exiting the resonance is a resonant line.

Given a resonance V in the tree ¢, with resonant line ¢y, we define its resonance

factor as

w) =11 f”;%?HH ! )] (2.8)

ueV Lev FY(VZ“
We now prove a simple but important fact about the minimal size of clusters.

Proposition 1. A nonresonant cluster has at least r* nodes. If ¢ > N¢, then

r* =rg.

Proof. A cluster T has mp entering lines, carrying momenta v; = s;q,4 = 1,...,mp,
as they are on scale 0, and one exiting line carrying a momentum vy = sgq, as it
is also on scale 0; of course s;, sg are all different from 0. Each node u € T has a
mode label v, = s,q + sign(vy) ¢y, where s, € Z and ¢, € A,/,(f); note that v,
uniquely identifies the integers s,,, ¢,,. Then

mrT mT
vy = ZVU-FZW = <Zsu+25i>q+ Zsign(uu)cu = 50q.
-1 i=1

ueT 4 ueT ueT
This implies that

Z sign(vy,) ¢y, = Sq, (2.9)

ueT

S =59 — <Z su—l-%si) € Z. (2.10)

ueT

where

If g € A,/q(f), then we can make a cluster containing only one node u with mode
label v, € qZ, which yields S = +1 in (2.9).

If ¢ ¢ A,/e(f) and |Ie(f)| > 2 for some ¢ € Ap/,(f), then we can make a
cluster with only two nodes which is not a resonance; in fact, there are at least two
frequencies v1 = s1q+ ¢, V2 = S2q+ ¢, $1,82 > 0, $1 # s2 and a cluster can be built
with only two nodes u;, ug with mode labels v,,, = v; and v, = —vs: it is a cluster
since the sum v — v5 is a multiple of ¢, while neither v; nor vy are (so the only
internal line of the cluster is on scale 1), but it is not a resonance since v — vy # 0.

Note that S =0 in (2.10), in such a case.
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If g ¢ Apjq(f) and |I(f)| =1 Ve € Ay q(f), set A(f) = {v1,...,var}; then

M
Z vy = Z(Tz —r))v; = Ry,
ueT i=1

where 7; is the number of v,,’s equal to +v; and 7} is the number of 1,’s equal to
—v;. Of course R # 0 as T is not a resonance. Then (1.17a) must hold. Moreover,
a cluster must have at least two nodes in it if ¢ ¢ A,/,(f), so that ro > 2 and
also (1.17b) holds; and of course, a cluster has the least possible number of nodes
if (1.17c) is satified.

Finally, if ¢ > Ny, then ¢ ¢ A,,,(f) and |I.(f)] = 1 Vc € Ap/4(f), so that

r* = rg. In fact the integers ¢; are the actual frequencies appearing in the Fourier

expansion of the perturbation f(x), that is s, = 0 and sign(vy,) ¢, = va. O

3. EXISTENCE OF THE FORMAL SOLUTION

The first step is, of course, to show that (1.8) actually has a formal solution,
i.e. that a Taylor series in e, whose coefficients admit a Fourier expansion in «,
satisfies order by order eq. (1.8), disregarding any issue of actual convergence.

This fact was essentially proved by Poincaré, [16], in the case of Hamiltonian
flows and it was explicitly worked out by [18] in the case of area-preserving maps.
We believe that a direct, purely combinatorial proof of the existence of the formal
solution is of some interest, especially as it helps to understand the mechanism of

the renormalization of resonances in the following sections.

Proposition 2. If fo = (f) = 0, then (1.8) has a formal solution u, such that
(u) = (1/27) [ dau(a,e,w) = 0.

Proof. First, note that it is always possible to choose u((JO) = 0, since (1.8) is invariant

with respect to the transformation

a— «a+c,
U U —C.
Next, for k =1, we let
ult =0, (3.1)
ul) =gW)fo, v#0, (3.2)

since DuM (a,w) = f(a) and fo = 0.

To order k in g, equation (1.8) becomes

Yl = [f(a+u(a))]fY.

For this to be soluble, one must have

[fla+u@)){ =0 Vk, (3.3)
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since v(0) = 0. We prove this by induction on k, considering that the case k = 1 is
trivial since [f(a + u(a))]go) = fo = 0 (see above).

Of course, once (3.3) has been proved, the formal solubility of (1.8) immediately
follows, as |y(v)| > C7Y¢|> Vv € Z, for ( = w — p/q fixed with |Im (| # 0; see
lemma 3 in sect. 2.

We therefore assume that (3.3) holds V&' < k. Note that [f(a + u(a))],(,k) has

. . k+1
the same representation, in term of trees, of uf, +1)

, with the only difference that
the propagator associated to the root line is neglected — i.e. taken to be identically
1. We denote with @(19) the value of a tree ¥ according to this new rule; then
[Flatu(@)]y” = Y Val(®),
9ETh 0

and, by the induction hypothesis, all lines of ¥ have nonzero momentum.

We now define a group G of transformations acting on 7;9. A generator of G is
a transformation of the following type: detach the root line of ¢ and reattach it to

a node of 9. The action of G on a tree ¥ defines the G-family Fg(1) of the tree ¥.

Then we have the following.

(1) G leaves T, invariant: that is, all trees obtained from trees in 7 by
transformations of G still belong to 7y .

(2) If G € G, ¥ = G, then on some lines the arrows indicating the flow of the
momentum change direction so that the partial ordering relation defined in
¥ is different than the one in ¢; if £ € 19, denote by ¢ the same line seen
as an element of ¢/. Consequently, on lines ¢ where the direction did not
change vy = vy, while on lines ¢ where the direction did change vy = —vy;
in fact, if £ is the exiting line of u, vy = Y vy and vy = Uy (using

wu wu

the ordering of ¥ in both cases), so that
Vo + vy = Zuw—l—ZVw:ZVw:O.
w=xu w-u wed

(3) Suppose that the root line is detached from the node uy and reattached to
the node uy: set P(ug,u1) = {w € Y|us < w < uo}. Then, forgetting for
a moment the combinatorial factor, the value of the tree changes because
a factor v, is replaced with a factor v,,,. This follows from the fact that
for each node u € ¥ there is a factor (iv,)™* and, by shifting the root
line from ug to uy, for each node w € P(ug,u1) an entering line becomes
an exiting one and wvice versa, except for ug and wy: the node ugy simply
loses an entering line, while the node u; turns out to have an extra entering
line. So m,, keeps the same value for all u € ¥, except for up and ui: My,
becomes m,, — 1 and m,,, becomes m,, + 1. Therefore when we sum over

all the trees in the same G-family, assuming that all combinatorial factors
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are the same, we get a factor > _,v, = 0 and therefore we obtain 0:

ueY
— 1 —
> Val@) = ) T > Val(@') =0, (3.4)
9eTh.0 ﬂeTM' (V)| 9 € Fg (V)
=0

and this concludes the proof of theorem 2, provided everything goes well

with the combinatorial factors.

We are therefore left with the task of proving that all combinatorial factors inside
a G-family do match. First, we note that it is convenient to use topological trees
instead of the usual semitopological ones used throughout the paper (in [1] only
semitopological trees were used).

We briefly outline the differences between the two kinds of trees, deferring to
[13] and [11] for a more detailed discussion of the differences between what finally
amounts to a different way to count trees. Define a group of transformations acting
on trees generated by the following operations: fix any node u € ¥ and permute the
subtrees entering such a node. We shall call semitopological trees the trees which
are superposable up to a continuous deformation of the lines, and topological trees
the trees for which the same happens modulo the action of the just defined group
of transformations (see Fig. 3.2 in [11] for a concrete example of trees which are
different as semitopological trees and not as topological trees).

We define equivalent two trees which are equal as topological trees.

Then we can still write ul(,k) in the form (2.3), restricting the sum over the set of
all nonequivalent topological trees with k& nodes and momentum v flowing through
the root line — we can denote it by ’Z:ff,)cp —, provided that to each node u € 9 we
associate a combinatorial factor which is not the 1/m,! appearing in (2.4).

In fact for topological trees the combinatorial factor associated to each node is
different, because we have to look now to how the subtrees emerging from each
node differ. For semitopological trees we have a factor 1/m,! for each node w,
where m,, is the number of lines entering u disregarding the kinds of the subtrees
entering u, so counting as different many trees otherwise identical, while in the case
of topological trees we consider one and the same tree those trees that are different
as semitopological trees, but have the same value because they just differ in the
order in which identical subtrees enter each node w: therefore, if 5,1, ..., 545,
are the number of entering lines to which are attached subtrees of a given shape
and with the same labels (so that s, 1+ -+ Suj, = My, 1 < ju < my), the
combinatorial factor, for each node, becomes

1 mMy,! 1

b
my! Syl sug! Su1! Sug!
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note in the second factor in the above formula the multinomial coefficient cor-
responding to the number of different semitopological trees corresponding to the
same topological tree, for each node.

So in terms of topological trees u,(,k) can be expressed as

ulf) = " Val(v), (3.5)
IET,P
where

Val(d) _ikl[g f”“ s HHg W} (3.6)

g Sutle sug,!

Still, when computing the combinatorial factors 1n51de each G-family, they do
differ. But this is actually an apparent, not a real discrepancy. In fact, due to
symmetries in the tree (that is, to the fact that the subtrees emerging from some
node are sometimes equal, i.e. that some s, ; are greater than 1), the actual number
of topological trees in a given G-family is less than the total number of trees obtained
by the action of the group G: in other words some trees obtained by the action of
G are equivalent as topological trees. When moving the root line from a node wg
to another node wg, so transforming a tree ¥ into a tree 1 € Fg(v), for some
nodes w € P(ug,u1) the factor 1/s, ;! can turn into 1/(s,; — 1)!, but then this
means that the same topological tree could be formed by the action of s,, ; different
transformations of the group G: each of the s, ; equivalent subtrees entering w
contains a node such that, by attaching to it the root line, the same topological tree
is obtained. Therefore, by counting all trees obtained by the action of the group G (as
done to implement the cancellation (3.4)), the corresponding topological tree value
is in fact counted s, ; times, so to avoid overcounting one needs a factor 1/s,, ;:
this gives back the same combinatorial factor 1/s,,;!. Analogously one discusses
the case of a factor 1/s,, ;! turning into 1/(s, ; + 1)!, simply by noting that the
same argument as above can be followed also in this case by changing the réles of
the two nodes ug and u;.

Considering the argument in pts. 1, 2, 3, the proof is complete. O

Remark 4. If one wants to prove the formal solubility of the equation (1.8) for w € R,
one has to impose some condition on w. In the case of trigonometric polynomials
(Nf < 00), it is enough to require the rotation number w to be irrational. For really

analytic perturbations (Ny = oo) the weakest condition is

i log gn+1
m ————

n—os

=0, (3.7)

where {g,} are the denominators of the convergents arising from the continuous

fraction expansion for w: in this way the Fourier labels can be summed over. Note
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that such a condition is guaranteed by the Bryuno condition,

0o 1 ”
Z O84nt1 _ 0, (3.8)
=y n
under which the formal series defining the conjugating function can be proved to

converge (for ¢ small enough).

4. ESTIMATES ON THE RADIUS OF CONVERGENCE

Let N, (9), n = 0, 1, be the number of lines of ¥ on scale n and let N () be
the number of lines of ¥ on scale 0 which are not resonant lines, i.e. exiting lines of
any resonance. We then have the following fundamental estimate (the argument is

adapted from [17]).

Lemma 4. The number of nonresonant lines satisfies of any tree 9:

NE(9) < [@J

,r.*

if k() is the order of V.

Proof. We prove by induction on the order of the tree that Nj(¢) < k() /r*.
For k() = 1 the bound is trivially satisfied.
If the root line of 9 is on scale 1 or is on scale 0 but is resonant, let ¥4, ..., ¥y,

be the subtrees of ¢ entering the last node ug of ¥. Then

. ~  k(0;) _ k(9)
No(ﬁ):ZNO(ﬁj)SZT—*J <= (4.1)
j=1 j=1
If the root line of ¥ is on scale 0 and is not resonant, then let ¥4, ..., ¥, be the

subtrees entering the cluster T' that the root line of ¥ exits. Then

k(9) = bz _ k()

3

,r»* ,r.*

N () = 1+ZNO(z9j) < 1+Z r*J -1+

Jj=1 Jj=1
where in the last step b is the size of the cluster 7" and use was made of proposition
1 in sect. 2. Then, by taking into account that N§(¥) has to be an integer, the

lemma follows. O

We now have to deal with the problem of resonances, i.e. we have to produce a
partial resummation of the trees expansion in such a way that extra ¢? factors are
produced, one for each resonant line (as in [1]). The proof goes much along the way
of the analogous proof in [1], except that now we have to take into account that the
perturbation is no longer necessarily odd in the angle variable «, so one cannot use
symmetry arguments but rather has to enlarge the group of transformations (with
respect to [1]) to include transformations of the type used in sect. 3 to show the
existence of the formal series (where the problem was just the absence of parity in

the perturbation).
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Like in sect. 3, to better implement the cancellation mechanisms, let us use

topological trees, so that a factor

4.2
Su,l!--- ( )

Suju!
will be associated to each node u € ¥ (we use the same notation as in sect. 3).
In particular, if V is a resonance in ¢ and v € V, then j, = j., + j//, where
Sul t ...t Sy 18 the number of non-equivalent subtrees entering v and internal
to V, while sy, jr + ...+ Sy 47 is the number of non-equivalent subtrees entering
u and entering V; in fact a subtree entering V cannot be equivalent to a subtree
internal to V.

This allows us to rewrite the resonance factor Vy (9) in (2.8) as

[H eri ). (4.3)

sual. . sugnd Loy v(ve)
Note also that, for any tree ¥ and for any resonance V in ¢, one has
Val() = W )Sv (@), Sv) = [] ﬁ] 11 ﬁ} (4.4)
u€d\vV "~ JuT Teeg\v v
Given a tree ¥ and a resonance V with my incoming lines ¢4, ..., £, and with
kv nodes, we define the family Fy () of V in ¢ as the set of trees obtained from
¥ by the action of a group of transformations Py on ¥, generated by the following
operations.
(1) For each entering line, detach it and reattach it to all nodes of the resonance.
(2) We include in the group Py transformations like those of the group G defined
in sect. 3: detach the exiting line of V' and reattach it to all nodes of V.

We shall call transformation of type 1 and 2 the operations described above.
We note also that the idea of including the transformations of type 2 in order
to implement the cancellation mechanism comes back to [19], in the context of
continuous Hamiltonian systems.

We then have the following lemma, where the cancellations are exhibited for a
resonance, and its corollary, for trees which contain more than one resonance (as it

generally happens).

Lemma 5. Given a tree 9 with a resonance V, let v1, ..., Vm, be the momenta
flowing through the entering lines {1, ..., bm, of V; then we have, for any & > § >
0,

|-7:v ‘ Z VV

v eFyv
mv
Sqz(k‘,Jﬂ)DOCicvDllcv—l—wnv((;)]ﬁ%e*(f*ts)luv\ Z |Vmvme 2|, (4.5)

m,m’=1
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for some constant Dy and with D1(8) diverging as 6= for § — 0F.

The proof of this lemma is fairly standard but rather technical, so we defer it to

the next section.

Corollary. For a tree 9 € 7, with resonances Vi, ..., Vs, consider the family
F(9) obtained by the action on ¥ of all the groups Py,, ..., Py.; the number of

trees in this family is then given by

kro) = H | Fv. (D),
i=1

and we have the estimate:
1

kr )

Val(d)
9 EF(9)

< @M@ DECEDE R e I (4.6)

where Dy and D1(3) are the same constants as in lemma 5.

Proof. Note that this is possible since the mechanisms generating the cancellations
for each resonance V;, i = 1,...,s, do not interfere with each other. Note also that
in our case, as well as in [1], no combinatorial problems arise due to resonances
contained inside others, as there are only two scales: that is, scales are used just
to account for singular (divergent) and regular propagators. So we have just to use
lemma 5 for each resonance Vj: see [1] for more details, as the proof is identical
in that case. A minor observation is that, if V denotes the set of resonances,
V ={Vj,...,Vs}, then

D (kv —1+my)+ > my =k, (4.7)

vev ugVv

where u ¢ Vmeansu ¢ V; Vj =1,...,s. O

Next, we estimate |u*) (a,w)|. Let N (9) = No(d) — N (9) be the number of
resonant lines in a given tree 9 (as each resonance has one exiting line, the number
of resonances is the same as N{¥(¢9), of course). By the corollary to lemma 5, with

s = N§(9), we obtain

! Y vaw)

k7o) 9 €F(9)

<

< qzk|C|—2(N§(19)+Ng(ﬁ))DéV[?(ﬂ)Cfle(5)k4lc|2N§(ﬂ)e—(5—5)\u| <

k- r*] —(&=9)|v
< (e'CiDaD1(6)¢%) " [¢| 2/ e E= 1 (4.8)
where lemma 4 was used in the last step and Dy = max{1, Dy}. Then we can write
the sum on the trees in the following way:

S vl = Y —— 3 val@),

k
9ET, 1 veT, T D) yeF(o)
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from which it easily follows that
[uf| < BECEDY(9)[¢| 2/ el (4.9)

for some constant By, as the number of trees of order %k is bounded by a constant
to the power k.
So from (4.9) one deduces that, for any § > 0, u*)(a,w) is analytic in « in a

strip of width £ — ¢ around the real axis and satisfies the bound
[u® (-, w)lle-s < B1(8)CE DY(B)[¢| 4/, (4.10)

for some constant B;(6), diverging as 61 for § — 0F. Therefore, for any § > 0,
the conjugating function u is analytic in « for « in a strip |o| < £ — § and in ¢ for
el < o = CTI DT )21/,

This implies that the limit (1.20) exists and, under the additional assumption
that the radius of convergence is finite, that the scaling property (1.21) holds. The
full proof of theorem 2 will be achieved in sect. 6, where it will be shown that
the limit (1.20) is independent on the non-tangential path chosen in the complex
w plane and where this limit can be explicitly computed (at least in principle) as

solution of a differential equation, proving that it is actually a function of " and

qo.
5. RENORMALIZATION OF RESONANCES

For each resonance V' in ¢ and for each node u € V', write

ve, = vy + Z Ver, (5.1)
L€l (V)

where

v = Z Vi (5.2)

weV,
wu

and, if L(V) = {¢1,...,4n, } denotes the set of lines entering V and u € V, one

sets
L(V)=L,(V)UL,V), (5.3a)
L.(V) = {¢ € L(V)|{ enters a node w € V such that w < u}, (5.3b)
Lo(V) = L(V)\ L,(V). (5.3¢)

Note that each line ¢,, € V induces a natural splitting of V' into two disjoint sets:
V =V1(4,) U Va(ly), (5.4a)
Vi(t,) ={w e V|w 5 u}, (5.4b)
Va(lu) = V A\ Vi(lu). (5.4c)
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Under the action of the group Py the propagators of any line ¢,, € V' can change
for the following two reasons.
(1) The set L, can change as the entering lines of V' are shifted.
(2) The arrow superimposed to ¢, can change its direction if the root line is
shifted from a node in V2(¢,,) to a node in V;(4,,).

To avoid confusion, in the following discussion, as in sect. 3, for any tree ¥’ €
Fv(¥) we use the partial ordering relations defined in ¢ (which of course can be
different from those of ).

It is easy to reason as in sect. 3 to conclude that the action of the transformations
of the group Py does not modify the combinatorial factors (4.2) if each tree obtained
through a transformation is counted once and only once: simply repeat iteratively
the same argument as in sect. 3, by noting that each transformation in Py can be
obtained by combining a finite number of elementary operations consisting just in
shifting a single line. So in the following analysis the combinatorial factors play no
role as they are invariant under the action of the group Py .

Then for any line £ € L(V), write

wyg = gw + pe, e = Cuy, (5.5)
and, for any tree 9 € Fy (), consider the resonance factor (4.3) as a function of
the quantities g, , ..., f1e,,

Vv (19/) = VV (19/; Moy ,p,gmv). (5.6)

As in [1] we can write
VV(ﬁl; Heyye - 7M€m‘/) =

my 9
=V (9;0,...,0) + Zuzjﬁvv(y;o, L 0)+
N 0 ;
Jj=1 J

my 1 o2
g, [ dt (1 —t)=————Vy (s tue,, ... t , (5.7
# 3 e, [ Q0= 05 Tttt ). 6T
with the same notations as in [1] to denote the derivatives.

Now we pass to the proof of lemma 5.

Proof. We can reason as in sect. 3 to deduce that
> Sy W (950,...,0)] =0 (5.8)
19’6.7'—\/(19)
simply noting that Sy (¢), defined in (4.4), assumes the same value for any tree
¥ € Fy(¥) and that the argument given in sect. 3 applies identically because of
(2.7).
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To prove that also the terms to first order cancel in (5.7), we shall prove now

that

> Sv() {%Vv(ﬁ’;o,...,o)} =0 (5.9)
VEFy(9) He;
for any j = 1,...,my. First note that
0
—Vy(¥;0,...,0) =
Dne, Vv (9':0,...,0)
0 0 fo vl
][ [0 5]}
lev J eV, ueV ’ W
040

Then take the term in (5.10) in which the derivative acts on the line £ = £, exiting
the node u € V. Consider together all the trees ¥ € Fy (¢) obtained through the

following operations in Py .

(1) Either attach the root line to any node wg € V2(¢,) and the entering line
£; to any node w; € Vi (4y);

(2) or attach the root line to any node wo € Vi(¢,) and the entering line ¢; to
any node w; € Va(4y,);

(3) in both cases attach any line £;, i # j, to any node w; € V.

If we define, analogously to (2.7),
vy, = Z Uy = V?u, vy, = Z V- (5.11)
weVy(Ly) weVa(£y)

Each tree ¥ obtained in this way has a value given by a common factor — call
it O(¢') = ©(9¥) — times a factor which, on the contrary, depends on the particular
transformations which have been performed — call it () —.

The factor ©(¥') contains the derived propagator in (5.10) times a factor which
is given as follows. Either the operation 1 produces a factor v, wo € Va(£,,), the
operation 2 produces a factor vy, w; € Vi(f,) and the operation 3 produces a
factor v,,, w; € V for each entering line ¢; (case 1), or the operation 1 produces a
factor vy,, wo € Vi(£y), the operation 2 produces a factor vy, w; € V2(¢,) and the
operation 3 produces a factor vy, w; € V for each entering line ¢; (case 2).

Then by summing over all the considered trees we obtain

o) Z Z mzv Z VaoVaw; Vs {%g(u?j)} =

woGVg(fu) wjevl(fu) 7;.:1‘7 w; eV
i#]

my — a
= 0@ 5omg0d)] (512)

J

for case 1 and
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w0 T F S e )

wo€EV] (Zu) w; GVQ(EH) w; €V i=1, w; €V
1#]

= -0 vyry YT 1[88 (ng)} (5.13)
b

for case 2. We used that in the second sum (5.13) the derived propagator has
changed its sign: the propagator is indeed even (so that its derivative is odd) and
the arrow superimposed to the line ¢,, has a different direction in the sets of trees
corresponding to the two sums above.

Then the sum of (5.12) and (5.13) gives zero, hence implies (5.9).

In order to conclude the proof of lemma 5, it is enough to use the following
properties.

By using (1.3), (2.5) and the fact that ™ < mlp~™ef® for all z,p € Ry, one
finds

(H |fl/u| |VU| ) < Cl Dkv 1+mv(5)e*(5*5)"/|, (514)
ueV
for any £ > ¢ > 0 and some constant D1 () such that

0 < lim D;(0)6 < oo.
6—0+

Furthermore the second derivative of a propagator on scale 1 is trivially bounded
by CDog~* (C is the same bound as in (2.6)), so that the second line in (5.7) gives
a contribution which cancels exactly when summed together with the values of all

trees in Fy (1), while the third line admits the bound (4.5). O

6. ASYMPOTICS

Define u(a, g,w) = ty/q(a, €,w) and u(a,€) = Up/q(a,€) as in (1.19) and (1.20)

and write

(a,e) ZZsk we (k) (6.1)

k>1veZ
As we shall show now, only the trees without resonances can contribute to a(a, ¢).

Lemma 6. If 9 € 7, and NE(9) # 0, then N (9) < k(9)/r*

Proof. The proof is by induction on the order of the tree. Of course for k£ = 1 there
can be no resonance, so that the bound is trivially satisfied.

If the root line of ¢ is either on scale 1 or on scale 0 and resonant, then (4.1)
shows that N§(¥) < k(9)/r*.

If the root line of ¥ is on scale 0 and nonresonant, then

19):1+zm:zvg(z9])

where 91,...,9,, are the subtrees entering the cluster 7: by lemma 4 one has

k(1) + ...+ k() < k—r*. Then we can iterate the procedure by considering the
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trees ¥y, ..., 9,,. If at least one of them, say ¥7, with 1 < m < m, has the root line
either on scale 1 or on scale 0 and resonant, one can reason as above to deduce that
Ni(¥7) < k(9m)/r* and the statement is proven. Otherwise one continues until
a line ¢ on scale 0 and resonant is reached (as N{*(9) # 0 such a line exists). For
the subtree having ¢ as root line one can reason as above and the statement follows

again. O
Then the following result can be proven.

Lemma 7. The function @(«a,e) admits the tree representation

/ ! . %
a® — ZﬁeTm Val'(¥), ifveqzZ\{0},kerN, (6.2)

0 otherwise,
where Y means that only trees ¥ with NE(9) = 0 and Ng(9) = k/r* have to be
summed over and Val'(9) differs from Val(9) as, for v multiple of q, v(v) has to be
replaced with (2miv)?.

Proof. As~v(v) = O(¢?) for v € ¢Z and v(v) = O(1) otherwise (see (2.6)), by lemma

4, lemma 6 the cancellation mechanisms, one has that
lim [Val(9)] ¢/ =0,

whenever Nf*(9) > 1, so that only trees without resonances are not vanishing
for ¢ — 0; this means that one must have No(¢) = N§(¢). Moreover No(9) <
|k(9)/r*| and

for any k > 1 and for any v € Z. Then if k € r*N and No(¢) = k/r* one has

< 0

lim ’ag’“’ >0,
¢—0

while

lim @¥) = 0
¢—0

otherwise. So rescaling ¢ — (/7" and taking the limit ¢ — 0, one finds that only
the trees with k € r*Z and Ny(9) = k/r* can have a nonvanishing value contributing
to ﬁl(,k). Finally, for such trees to have really a nonvanishing contribution, one can
easily see, by using that Nj(9) = k/r and NE(J) = 0, the scale of the root line
must be 0 (otherwise Nj(¥) < k/r* by (4.1)), so that the momentum v flowing

through the root line has to be a multiple of q. O

Now we come back to (1.17) and prove the following trivial properties.

Lemma 8. There exists a solution to (1.17) with ro = 2 if and only if there exist

v;,v; € A(f), withv; < vj, such that v; = ¢;+1;q and vj = ¢j+1;q, with ¢;+¢; = q.
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Proof. If (1.17) has a solution with ro = 2 then there exist ¢ # j such that either
i +1; =2o0r T+ 7“3» = 2. The first relation gives v; + v; = Rq for some R > 0,
while the second one would give v; — v; = Rgq, so that it has to be discarded, if
[I.(f)| =1 for any c € A,/4(f), by lemma 1. Writing v; = ¢; +1l;q and v; = ¢; +1;q,
with I;,l; € Zy and ¢;,¢; < ¢, one has v; + v; = (¢; + ¢;) + (li + 1j)g = Rq so that
ci +c¢j = sq, with s € N, and ¢; + ¢; < 2¢: then ¢; +¢; = g. O

Lemma 9. For any solution to (1.17) one has riv, =0V¥i=1,..., M.

Proof. Suppose both r; # 0 and r} # 0. Set s1 = min{r;, 7;} and so = max{r;,r;} —
s1: then (1.17a) does not change by replacing (r;, ;) = (s1,s1 + s2) with (0, s2),
while (1.17b) is decreased by 2s;. O

Remark 5. Note that when ¢ ¢ A, /,(f) and [Iz(f)| > 2 for some ¢, then we can
also consider the Diophantine problem (1.17) and it is easy to see that in general
there can be solutions to (1.17) with 7o = 2. This does not modify the value of r*
in (1.18), but, as we shall see below, it is a case which has to be explicitly taken

into account if one wants to construct all possible clusters with two nodes.

Given any tree 9, to any node u € 9 we associate the labels

oy = +1, (6.3a)
cu € Apsqe(f), (6.3b)
ly € Be, (f), (6.3¢)

where A, /,(f) and B.(f) are defined in (1.14) and (1.15), respectively; then for any

node u € 9 one has that its mode label v, can be expressed as
vy = 0y (Cy +1uq) ; (6.4)

note that o, = sign(v,) and oyl, = s, with the notations used in the proof of
proposition 1.
Given A,/4(f), define the set

C(f) = {e € Apg(NI ()] = 2} (6.5)
Then the minimal trees ¥ (i.e. the trees with the minimal number of nodes) such
that Val’(¥) # 0 have order k(9) = 7* and they are obtained in the following way.
o If r* =1, fix 0 = £1 and | € By(f): the only line £ € ¥ has momentum

v =o(q+1q).
o Ifr* =2 fixo = £1. Forany ¢ € C(f), fix l1,l2 € B.(f) with o(l; —l2) > 0:
then the two nodes w1 and us of ¥ have mode labels 11 and —vs such that

v; = ¢+ 1;q for i = 1,2. Otherwise fix {c1, co} such that ¢; + co = ¢ and set
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v; = ¢; + lig with [; € B.,(f) for i = 1,2. Of course, if £ is the root line of

9, vp = o(l; — l2)q in the first case, while vy = ¢ + (I1 + l2)g in the latter.
o If r* =1y > 3, fix 0 = £1 and {v1,...,4,}, with v; € A(f) for j =

1,...,r0, such that v1 +...+ v, = Rq, with R > 0: the root line ¢ of 9 has

momentum vy = Rq.

Remark 6. Note that, in the case r* > 3, Ve € Ap/,(f) one has |I.(f)] = 1 and
|B.(f)| = 1, that is there is only one integer | € B.(f) and one integer v € A(f)
such that v = ¢+ lg.

By using the above results and reasoning as in [1], sect. 6, we can prove the

following result, analogous to lemma 5 of [1].
Lemma 10. The function u(a,€) defined in (1.20) satisfies the differential equation:
d _
dTu(are) =Y Y el explilo+ Vgt ae)] . (6.6)

o=+11eBy(f)

forr* =1,

duioze 2 Z [ Z Z C;‘/‘Iq(f) exp [ipg (o + u(a, e))] +

o==+1 ceC(f) li,l2€Bc(f),
p=o(l1—1l2)>0

+ Y S e f) explio(h +la + 1)g (o + d(aye))] |, (6.7)

p/q
C17C2€Ap/q(f)v 1 GBcl (f)
c1+ca=q l2€Bc, (f)

forr* =2 and

M: NS () explioRg (o + Gi(aye))], (6.8)

o=1x1 R>0vy,...,vg €A(f),
vi+...+vrg =Rgq

for r* > 3, with boundary conditions u(0,e) = u(2m,e) =0 and

VL= 3 Var (), (6.9)

9ETn
where r* = r*(f) is defined in (1.18).
We can define
{veN|v e I,(f)}, if r* =1,
{v=uv1 + wa|(v1,12) € N?
N(f) = and either 11 +va =qor vy — e € ¢Z}, ifr* =2, (6.10)

{v=wv1+ ... +v|v1,..., V) EZ™

and v1 + ...+ vy, = Rq with R > 0}, if r* =rg >3,
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so that the three differential equations appearing in the statement of lemma 10 can

be all expressed as

M— Z Z /() exp [iov (a + u(a, €))], (6.11)

o==+1 yeN(j
where v € gN.

Remark 7. For f(x) = sinz (standard map), (6.11) reduces to Eq. (6.13) of [1]
and (6.9) reduces to Eq. (6.14) of [1]. So lemma 10 extends lemma 5 of [1] to more

general perturbations.
Remark 8. In the case r* = 1, one immediately sees that C}', = (2miv) L f,.

Note that, by the bounds of sect. 4, one has

p/q(f)‘ < BO Cl DT (6) 67(575”1’\7

for any £ > 6 > 0 (see (1.3)), assuring summability on v € N(f) in (6.11).

Eq. (6.11) is easily reducible to an ordinary differential equation with separable
variables (just take £ = a + @(a,¢€) to reduce it to the Hamilton equations of a
one-dimensional system); moreover if f(z) is a trigonometric polynomial then

> Cor(f) expliov (o +u(a, )]
veN(f)
is a trigonometric polynomial, so that - by a classical change of variable, see e.g. [20],
p. 72 - the solution of (6.11) is the inverse of an hyperelliptic integral (which reduces
to an elliptic function in the case of the standard map explicitly considered in [1]);

see [21], [22] for an introduction to the theory of hyperelliptic functions.

7. CONCLUSIONS

Theorem 1 shows that generically the radius of convergence of the KAM invariant
curves for the generalized standard maps of the form (1.1) scales as p(w) = O(¢?),
for w = p/q+(, because for generic analytic perturbations f(x) one has ¢ € A, ,/4(f).

The situation is quite different if trigonometric polynomials are explicitly consid-
ered. In such a case there is strong dependence of the scaling factor on the rational
rotation number p/q (more precisely on ¢); compare with the numerical results in
[5]. So a first conclusion we can draw from our analysis is that the case of the
standard map is non-generic.

Note that proposition 1 yields r* < g, so that the best behaviour one can hope
to get for the radius of convergence is of the form O(¢?/9).

Consider the set of analytic functions f with (arbitrarily) prefixed norm, say

[Ifllo = 1: we shall denote it by S, with

St ={f e B V¢ <l fllo =1}, (7.1)
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using the notations introduced in sect. 1. Define

B = ) R = o) (72)
r*(f)=r

Theorem 2 shows that
R.(w) > C, ¢, R(w) > Col¢?, (7.3)

for some constants C, and Cj.

On the other hand if r* = ¢ one has at least one function f € &1 such that
ps(w) < C|¢|?/4 for some constant C: just take f(x) = sinw, see [1].

More generally, for any r € {1,...,q}, one can consider a function f which
is a trigonometric polynomial of degree Ny < ¢ and with r* = r: the radius
of convergence of the solution @ to the equation (1.20) is nonvanishing, as this
solution must depend analytically on € in a neighborhood of the origin, and cannot
be infinite, by the properties of the hyperelliptic functions, [22]. As the radius of
convergence py(w) is related to the radius of convergence of u by the scaling law
e — eC?/™" | this means that there exists a constant C'y such that ps(w) < Cy[¢[?/"
for such a function f.

So we can conclude that
Ry(w) = Dr(w)I¢P", R(w) = Do(w)[¢?, (7.4)
where D, (w) and Dg(w) are bounded functions such that
0< Dy < Dp(w) < Dy < 00, 0 < Dg1 < Do(w) < Do < 00, (7.5)

for some constants D,1, D,2, D1, Dg2, independent on w.

Note that the behaviour ps(w) = C(w)|¢|?/?, with Cf(w) uniformily bounded,
holding for the standard map, f(z) = sinz, is related to the interpolation through
the Bryuno function of the radius of convergence ps(w) for real w which has been
proven in [2]; the relation can be exactly formulated by using [23], where the exten-
sion to the complex plane of the Bryuno function is discussed.

Therefore no universal dependence of the radius of convergence on p/q is ex-
pected in general for the invariant curves of maps of the forms (1.1): therefore no
interpolation through the Bryuno function (or possible generalizations of it) can be
attempted generically for pr(w) or R(w), in the case of real rotation numbers, as
done in [2] in the case of the standard map. Compare also the results holding for
the Siegel problem, [24], for which the situation is quite different.

On the contrary if we restrict ourselves to the space {f € Si|r*(f) = r}, at
least for r* = ¢ the interpolation through the Bryuno function holds for R,(w); see
above. Then one could conjecture that some possible generalization of the Bryuno

function interpolates R, (w), but of course one needs to work it out.
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As a final comment, we note that, instead of generalized standard map like (1.1),
one can study also generalized semistandard maps, by considering perturbations
f(z) of the form (1.2), with the sum only over the integers v > 1, i.e.,

flo) =Y fe™, (7.6)
v>1
where the coefficients f, satisfy (1.3). If f; =1 and f, = 0 Vv > 2, (7.6) reduces
to the semistandard map.

Note that in such a case the analysis performed in this paper could be easily
adapted (and less work would be required, as there would not be the problem of
resonances: all clusters are nonresonant for perturbations of the form (7.6)) and
results similar to the theorems in sect. 1 would immediately follow.

However the absence of negative Fourier labels induces a condition which can be
different to (1.17) to determine the scaling of the radius of convergence, as it can
be easily checked. For instance it is straightforward to see that, even if there is a
c € A, q(f) such that ¢ # ¢ and |I.(f)| > 2 (the same symbols introduced for the
maps (1.1) can be used with the same meaning), it is no longer possible to form
a (nonresonant) cluster with two nodes uq and ug such that v, — vy, € ¢Z and
Vu, + Vi, € qZ, simply because all mode labels are strictly positive. An explicit
example can be the following. Consider f(z) = 2sinx + 2sin4x as generalized
standard map and f(z) = €™ +¢e** as generalized semistandard map, for ¢ = 3: one
obtains 7*(f) = 2 for the generalized standard map, while the analogous exponent
for the generalized semistandard map would be 3.

This means that the scaling behaviour of the radii of convergence for generalized
standard and semistandard maps having the same Fourier labels (i.e., admitting the
same sequences fm( f)) can be completely different (as the above example shows):
this is a feature quite new with respect to the case of the standard and semistandard
maps, for which the scaling behaviour is the same (and whose radii of convergence,
for real rotation numbers, admit the same interpolation in terms of the Bryuno
function; see [2] and [9]). Note that such differences may arise only in the non-

generic case (of theorem 2).
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