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ABSTRACT. We consider the static Holstein model, describing a chain of
Fermions interacting with a classical phonon field, when the interaction
is weak and the density is a rational number. We show that the energy of
the system, as a function of the phonon field, has two stationary points,
defined up to a lattice translation, which are local minima in the space
of fields periodic with period equal to the inverse of the density.
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1. Introduction

1.1. The Holstein model [P,H] was introduced to represent the interaction of electrons with
optical phonons in a crystal. In the original model the phonons are represented in terms of
quantum oscillators but the difficulty of understanding such a fully quantum model has led
to a modification of it, called static Holstein model (or adiabatic Holstein model), in which
the phonons are classical oscillators. This corresponds to neglect the vibrational kinetic
energy of the phonons, an approximation which can be justified in physical models as the
atom mass is much larger than the electron mass.

The Hamiltonian of the model, if we neglect all internal degrees of freedom (the spin, for
example, which play no role at zero external magnetic field) is given by
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where x,y are points on the one-dimensional lattice A with unit spacing, length L and
periodic boundary conditions; we shall identify A with {z € Z : —[L/2] <z <[(L—1)/2]}.
Moreover the matrix ¢, is defined as tzy = 05y — (1/2)[0g,y+1 + z,y—1], where d, , is the
Kronecker delta, u is the chemical potential and A is the interaction strength. The fields
yF are creation (+) and annihilation (—) fermionic fields, satisfying periodic boundary
conditions: ¢F = 1/}i:+L. We define also v = etfypFe Ht with x = (x,t), —3/2 <t < 3/2
for some 3 > 0; on ¢ antiperiodic boundary conditions are imposed. The potential ¢, is a
real function representing the classical phonon field.

At finite L, the fermionic Fock space is finite dimensional, hence there is a minimum
eigenvalue E$!(¢, 1) of the operator H$!, for each given phonon field ¢ and each value of y;
let pr(¢, 1) be the corresponding fermionic density. The aim is to minimize the functional

. 1
Fi(p,p) = EL(p,p) + 5 > e, (1.2)
zEA

subject to the condition
pL(e ) = pL (1.3)

where py, is a fixed value of the density, converging for L — oo, say to p.

The model (1.1) can be considered as an approximation of a more realistic continuous
model containing also the interaction with a fixed external periodic potential of period one.
Then the discreteness is not a pure mathematical artifice, but it has a precise physical
interpretation: the properties of the two models are expected to be the same, and we think
that this could be easily proven along the lines of the present paper.

1.2. It is generally believed that, as a consequence of Peierls instability argument, [P,F],
there is a field p(©), uniquely defined up to a spatial translation, which minimizes (1.2),
(1.3), in the limit L — oo, and is a function of the form @(2mpx), where @(u) is a 27-
periodic function. This is physically interpreted by saying that one-dimensional metals are
unstable at low temperature, in the sense that they can lower their energy through a periodic
distortion of the “physical lattice” with period 1/p (in the continuous version of the model,
since 1/p is not an integer in general): such a distortion is called a charge density wave,
as the physical lattice and the electronic charge density form a new periodic structure with
period bigger than the original lattice period.

The argument in [P,F] is quite simple: the periodic potential @(2wpzx) opens a gap in
the electronic dispersion relation in correspondence of the Fermi momentum, and a trivial
computation using degenerate perturbation theory shows that the elastic energy increase
is less than the fermionic energy decrease. However, see [LRA], in this argument one does
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not take into account the effects due to the discreteness of the lattice, in particular the
fact that the momenta are conserved modulo 27 (Umklapp). Neglecting the discreteness of
the lattice one loses the difference between commensurate or incommensurate charge density
wave (i.e. rational or irrational p) in the infinite volume limit, whose properties are supposed
to be different, especially concerning the conductivity [F,LRA].

Note also that, even if the argument in [P,F] is perturbative, Peierls instability is expected
to arise also for large interaction strength, [AL].

An exact result, [KL,LM], makes rigorous the theory of Peierls instability for the model
(1.1) in the case p = pr, = 1/2 (half filled band case), for any value of A. In fact, in this case
it has been proved that there is a global minimum of F7, () of the form £(A)(—1)%, where
g(A) is a suitable function of A. This means that the periodicity of the ground state phonon
field is 2 (recall that in our units 1 is just the lattice spacing): this phenomenon is called
dimerization. The proof heavily relies on symmetry properties which hold only in the half
filled case.

In [AAR,BM] Peierls instability for the Holstein model is proven assuming A large enough:
in that case the Fermions are almost classical particles and the quantum effects are treated as
perturbations. The results hold for the commensurate or incommensurate case; in particular
in the incommensurate case the function @(u), related to the minimizing field through the
relation ¢, = @(27px), has infinite many discontinuities. On the contrary, in the small A
case, according to numerical results, ¢(u) has been conjectured to be an analytic function
of its argument, both for the commensurate and incommensurate cases, [AAR].

In this paper we study the case of small A and any rational density, for which there are,
to our knowledge, no results in the literature besides the simulations in [AAR]. Analytical
results in the small A case can be found for a related model, the Falikov-Kimball model,
described by a Hamiltonian of the form (1.1), in which the continuous ¢, is replaced by a
discrete function taking only the values 0 or 1; see [FGM].

Let p = P/Q, with P,Q relative prime integers, and let L = L; = iQ, i € N; we shall
prove that, if X is small enough, there are two stationary points ¢(&% of Fr,(p, 1), defined
up to a lattice translation, satisfying (1.3) with pr, = p. These stationary points are periodic
functions on L; of period @ (the smallest multiple of 1/p which is an integer, hence a multiple
of the unit lattice spacing), converging for i — oo. Moreover, if we restrict Fr, (¢, p) to
functions such that ¢, = @,yq, p*? are local minima in the norm ||¢|| = sup,cz [0zl,
uniformly in 4.

The presence of the lattice has the effect that we need the smaller A\ the bigger @ is, see
(1.16). In particular we are not able to draw conclusions about the incommensurate case
neither we know if this is a technical limitation or there is some physical reason behind it,
so that we can not draw any conclusions about the analyticity conjecture in [AAR).

1.3. Let hyy = t3y — Apg0zy be the one-particle Hamiltonian and e;(¢) < ea(p) < ... <
er(p) its eigenvalues. We have

Efo,p) = > lenlp) — ) = Tr((h— p]P,) (1.4)

nien (@) <p

where P, is the projector on the subspace spanned by the eigenvectors of h with eigenvalues
< p. As it is well known (see, for example [BM]), E%(p, u) is a differentiable function of ¢
and, since Tr(hoP,/0p,) =0,

0 oh

a—%Ezl(g),‘u) = Tr([a—%} P#) = —Apz(o, ) , (1.5)

where p; (¢, i) = (Pu)zs is the density of the electrons in the point .
Let us now suppose that p is not equal to any eigenvalue of h. In this case, given @,
also pr, (¢, p) is differentiable in a neighborhood small enough of ¢ (so small that e, () — p
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stays different from zero, for any n, see again [BM]) and dpr (o, pt)/d¢, = 0. Hence, a local
minimum of (1.2) satisfying (1.3) must satisfy the conditions

Pr = )\Pm(% /14) ;
1 1.6
PL ZEme(so,u), (1.6)
0 . o .
Myy = 6py — /\Wpy(gp, 1) s positive definite . (1.7)

Note that, given ¢, the previous condition on p can be in general satisfied ouly if || — ||
is of order 1/L, so that a solution of (1.6) defines in general a local minimum only in a
neighborhood of size 1/L. It follows that the only solutions which are interesting in the
limit . — oo are those associated with a gap of h around u, whose size is independent of L.

1.4. If ¢ is a solution of (1.6), it must satisfy the condition ¢g = L™ > ¢, = Apr. On the
other hand, if we define x, = ¢, —@o, we can see immediately that pr, (¢, 1) = pr(x, p+Ado).
It follows that we can restrict our search of local minima of (1.2) to fields ¢ with zero mean,
satisfying the conditions
P = Ape (o, 1) = pL) 5
PL = % ;f&(‘/)a :u) ’ (18)
and condition (1.7).

Of course, if the field ¢, satisfies (1.8), the same is true for the translated field ¢, for
any integer n. On the other hand, one expects that the solutions of (1.8) are even with
respect to some point of A; hence we can eliminate the trivial source of non-uniqueness
described above by imposing the further condition ¢, = ¢_,. We shall then consider only
fields of the form

[(L—1)/2] ;
pr= > et @.=¢,eR,  ¢=0. (1.9)
n=—[L/2]

As we said in §1.2, we want to consider the case of rational density, p = P/Q, P and @
relatively prime, and we want to look for solutions such that ¢, = ¢, q. Hence, we shall
look for solutions of (1.8) with L = L; =iQ, pr = p and

(R
Py = Z ¢n612ﬂpnm , @n = ¢7n cR , @0 =0. (110)
n=—10/2]

Note that the condition on L allows to rewrite in a trivial way the field ¢, of (1.10) in the
general form (1.9), by putting ¢!, = 0 for all n such that (2n7)/L # 2wpm,¥m, and by
relabeling the other Fourier coefficients.

The conditions (1.8) can be easily expressed in terms of the variables ¢,; if we define p,,
so that

(Q-1)/2]
pe(ori) = D> pulip, e ™" (1.11)
n=—[Q/2]
we get
Gn =Aon(pp),  n#F0, n=-[Q/2],....[(Q —1)/2], (1.12)
pole, 1) = prL - (1.13)

Also the minimum condition (1.7) can be expressed in terms of the Fourier coefficients;
we get that the L x L matrix

J .,
9 P (@5 18) (1.14)

A
n
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has to be positive definite, if the field ¢ satisfies (1.12) and (1.13) and g/, (¢, p) is defined
analogously to ¢! in (1.9). Hence, if we restrict the space of phonon fields to those of the
form (1.10), we have to show that the @ X @ matrix

_ 9 .
Mym = 6nm — Aa—%pm(@vﬂ) (1.15)

has to be positive definite, if the field ¢ satisfies (1.12) and (1.13).

1.5. REMARK. It is easy to show (by using the expansion described in §3, for example)
that M,,, can be different from zero only if 2 (n —m)/L is of the form 2mpk for some k.
However, we are not able to get good bounds on all matrix elements M,,,, not belonging
(up to a relabeling of indices) also to the matrix (1.15); therefore, in studying the minimum
condition, we restrict ourselves to the fields of the form (1.10).

1.6. THEOREM. Let p = P/Q, with P,Q relative prime integers, L = L; = iQ. Then, for
any positive integer N, there exist positive constants €, €, ¢ and K, independent of i, p and
N, such that, if

2 ~1y-1
0< —dmo__ _yo o Wl Floguy )T (1.16)
log(vp L) KN Nllog(cQ/vg)
where
v = sin(mp) , (1.17)

there exist two solutions &) of (1.8), with L = L;, 1—pu = cos(mp) and pr, = p, of the form
(1.10). The matrices M corresponding to these solutions, defined as in (1.15), are positive
definite.

. . NeEs
Moreover, the Fourier coefficients gpgl

) verify, for |n| > 1, the bound

2 N
e < () ). (1.18)
n = v0|n| 1

Finally, )\c,bgi) is of the form

L+ 2mvg + (N, L)
AR = 42 exp{ - =2 z } : (1.19)
with )
BHN L) < ON (1 +log U—) : (1.20)
0

where C' is a suitable constant.
The one-particle Hamiltonian h corresponding to this solution has a gap of order |Aé1|
around w, uniformly on i.

1.7. The above theorem proves that there are two stationary points of the ground state
energy in correspondence of a periodic function with period equal to the inverse of the
density, if the coupling is small enough and the density is rational, and that these stationary
points are local minima at least in the space of periodic functions with that period. The
energies associated to such minima are different so that the ground state energy is not
degenerate.

The theorem is proved by writing p.(p, 1) as an expansion convergent for small A and
solving the set of equations (1.12) by a contraction method. As a byproduct we prove that
the ¢, are fast decaying, (see (1.18)), so that ¢, is really well approximated by its first
harmonics (this remark is important as the number of harmonics could be very large).

The results are uniform in the volume, so they are interesting from a physical point of
view (a solution defined only for |[A| < O(1/L) should be outside any reasonable physical
value for A\). The case in [KL] for the half filled case is contained in Theorem 1.6, but in

8/luglio/2009; 17:07 5



[KL] it is also proved that the solution is a global minimum. On the other hand this case is
quite special (see Remarks 2.5 in §2).

Finally the lower bound in (1.16) is a large volume condition: this is not a technical
condition as, if the number of Fermions is odd, there is Peierls instability only for L large
enough. The upper bound for A in (1.16) requires A to decrease as () increases: in particular
irrational density are forbidden. This requirement is due to the discreteness of the lattice
and to Umklapp phenomena. Note that the dependence of the maximum A allowed on @ is
not very strong as it is a logarithmic one.

The case of irrational densities (possible only in the infinite volume limit), excluded by
our theorem, is physically interesting, but the existence of Peierls instability in this case is
proven only for large A, [AL,BM]. In [BGM] p, (¢, 1) is shown to be well defined for small
A not only in the rational density case, (in which the proof is almost trivial), but also in
the irrational case: in fact the small divisor problem due to the irrationality of the density
can be controlled thanks to a Diophantine condition. However to solve the set of equations
(1.12) we use a contraction method which is not trivially adaptable in the latter case (see
Remarks 2.5 in §2). The same kind of problem arises in proving the positive definiteness of
M, in the rational case (and this is the reason why we are able to prove that the stationary
points are local minima only in the space of periodic functions with prefixed period). As
we said above, we do not know if such problems are only technical or there is some physical
reason for this to happen.
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2. Solution of the self-consistence equation

2.1. Let p = P/Q, with P, Q relatively prime integers such that 0 < P < Q, and L = L; =
1Q); we have to look for a solution of (1.12) and (1.13), which is well defined for |A| < &g, with
g0 independent of i (otherwise our solution is meaningless from a physical point of view). As
discussed in §1.3, this means that our solution has to be looked for in a class of functions for
which the one-particle Hamiltonian h has a gap around u of width independent of L. This
class of functions is described by the following lemma, to be proved in §5.4.

2.2. LEMMA. Let ¢, be a field of the form (1.10), L = L;, 1 — u = cos(mp), |Ap1| > 0
and |Apn| < alA@1|/|n|N for some positive constants a and N. Then there exists o > 0,
independent of i and p, such that, if |A\p1] < egvg/Q, with vy = sin(wp), the one-particle
Hamiltonian h has a gap of width > |A¢1|/2 around p. Moreover, pn(p, 1) is a continuous
function of X, which converges to a continuous function of X\ as i — oo, and po(p, 1) = p.

2.3. We can write the self-consistence equation (1.12) as
G = —=Ncn(0)Pn + Apn(0,®), 0=Ap1, D= {A@n}jni>1 - (2.1)

where ¢, (o) depends on ¢ only through o. We write p,, as a perturbative expansion in A
(different from the power expansion in A); this expansion is described in §3. If |n| > 1,
we are here defining —Ac,(0)¢, the contribution to p, proportional to ¢, of order 1 in
the expansion, while —o¢q (o) is the contribution to p; proportional to o of order < 1 in
the expansion (explicit expressions for ¢, (o) and ¢1(o) will be given in (4.16) and (4.39)
respectively); pn takes into account all the remaining terms of first order plus all terms of
order higher than 1.

The equation (2.1) has of course the trivial solution ¢,, = 0,¥n, but it is easy to see that
this is not a local minimum, by using the expansion for g, of §3. Therefore we shall look
for solutions such that o # 0, so that we can rewrite (2.1) as

(1+Xci(0) = M : (2.2)
B, = \py, = (0, @) In|] > 1. (2.3)

(14 X2¢y(0))’

Note that the equation for n = —1 does not appear simply because p_; = p1, as a conse-
quence of the condition ¢, = ¢_,, € R, see (1.10).

2.4. We prove Theorem 1.6 in three steps as follows.
e We first study the self-consistence equation (2.3), considering o as a variable belonging to
the interval

J = (—exp(—mvg/A\?) , exp(—mvo/\?)) . (2.4)

We find a solution, that we denote ®(o), if A is small enough.
e We then prove that, if L is large enough, the equation (in \)

A?pi (o, 2(0))

g

1+ Xey(o) = (2.5)
has two solutions ¢(*) € J, of the form (1.19). Therefore (¢*)(\)/\, ®(c*)(X\))/ A) turn
out to be solutions of (1.12), which verify, thanks to Lemma 2.2, (1.13) with L = L,.

e We finally prove that the Hessian matrices (1.15) corresponding to these two solutions are
positive definite.

2.5. REMARKS. The coefficient (1 has a privileged role with respect to the other coefficients.
In fact, as we shall see in §5, the properties of the system when only ¢; is different from 0
are very close to the properties of the case in which all the coefficients are non vanishing.
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This suggests that the “important” equation is (2.2), so explaining the strategy outlined
above.

The previous remark also implies that 1+ \?¢; (o) ~ 0. It follows that 1+ A%c,, (o) ~ 0, for
all n such that 2mpn ~ 27p (mod 27). Since miny,|~1 [27pn — 27p| = 27/Q, we can expect
that our bounds will not be uniform in @. This is the reason why Theorem 1.6 can not be
extended to irrational density; at most one can hope that a Diophantine condition on p is
needed, but we have only been able to prove that the @) dependence can be substituted with
a dependence on the Diophantine constants in some of the bounds described below.

Note also that, if @ = 2, the only equation to discuss is just the equation (2.2) with ® =0
and the r.h.s. equal to zero; its solution is well known in this case, see [KL,LM] for example.
If @ = 3, again (2.2) is the only equation to discuss, but the r.h.s. is different from zero;
however it is easy to prove that the solution has essentially the same properties as in the
case Q = 2. Hence, in the following we shall consider only the case Q > 4. The following
lemma, furnishing a bound on the constants ¢, (o) and their derivatives, is proven in §4.9.

2.6. LEMMA. There exists a constant C, independent of i and p, such that, if |n| > 2,

len(0)] < ¢ (1 + log i) log @, (2.6)
Vo Vo
e (o) C
‘ do | = wlo]”’ 27)

2.7. Fixed L = L;, ® is a finite sequence of @) — 3 elements, which can be thought as a
vector in ]RQfB, which is a function of o. In order to study the equation (2.2) for o, we
shall need a bound on ® and on the derivative of ® with respect to 0. Hence we consider
the space F = C!(J ,RQ_S) of C'-functions of o € J with values in RQ_3; the solutions of
(2.3) can be seen as fixed points of the operator Ty : F — F, defined by the equation:

A2 pn (o, ®(0))

Tr(®)|n(o) = —5—7, 2.8
[ )\( )] (U) (1 ¥ AQCH(U)) ( )
We shall define, for each positive integer IV, a norm in F in the following way:
_ 0%,
otr= sw Ll [lo o) +| G|} (29)
In|>1,0eJ o
We shall also define
B={®eF:|P|r<1}; (2.10)
R(®)n(0) = pn(0,®(0)) , [n[=2. (2.11)

The following two lemmata, to be proved in §5.5 and §5.6, respectively, resume the main
properties of R(®).

2.8. LEMMA. There are two constants C; > 1 and Cy, independent of i, p and N, such
that, if ®,®' € B and
C1Quy [o|[1 + log(vg/|o)] <1, (2.12)

then o3V N
3NV N! 1
IR(®) - R(@)r < 222 (1 +log U—O) & — ') (2.13)

2.9. LEMMA. There is C > 1, such that, if
CQuy*|al"?[1 +log(vg/|o)] < 1, (2.14)
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then

C 1 N/ o]\
<= — — - :
1ROl < = (1 +log vo) sup. {Inl (03) (2.15)

2.10. LEMMA. There are €, ¢, K, independent of i, p and N, such that, if o0 € J and

)\2 <e U?)(l +10gval)_l

=€ KN NTog(cQ/vd) (2.16)

there exists a unique solution ® € B of (2.3); moreover the solution satisfies the bound

o < (i)N . (217)

Vo

2.11. Proof of Lemma 2.10. It is easy to see that, if ¢ € J, the conditions on ¢ of Lemma
2.8 and Lemma 2.9 are satisfied, if

X2 < eo/ log(cQ/vi) (2.18)

with suitable values of €y and ¢. Moreover, if g9 < g1v9(1 + log vo_l) I and & is chosen
small enough, (2.6) and (2.18) imply that A\?|c,(o)| < 1/2, so that, by using (2.7), (2.8) and
Lemma 2.8, we have that, if & € B,

C C 1
[TA(®)]| £ < 4N2 (1 + )\2—) [|R(O)|]-‘ + =2 (1 + log—) 3NN!||<1>||f] : (2.19)
vo vo Vo
Therefore, by (2.15) and (2.4), there exist constants C3 and Cjy, such that, if &1 <
evg(CY N!)~1 and ¢ is small enough,

< - ! - <1. .
ITs@)lr < = (1+logvo> [3 N+ sup |n| exp( 10/\2) <1 (2.20)

n|>1

Moreover, by (2.13), if ®,®’ € B and similar conditions on X are satisfied, we have

N ATI2
ITA(@) = Ta (@)l < S (14 1og ) o - < o - @ (220
U4 Vo 2
The bounds (2.20) and (2.21) imply that B is invariant under the action of T and that
T, is a contraction on B. Hence, by the contraction mapping principle, there is a unique
fixed point ® of T in B, which can be obtained as the limit of the sequence ®*) defined
through the recurrence equation ®*+1) = T (®®*)), with any initial condition ®© € B. If
we choose ®(©) =0, we get, by (2.21),

) > . <
@) 7 <D @D -V < > 5T @Mz < oW £ . (2:22)
=1 =1
On the other hand, by (2.15),
CONNIN2 1\ /a2\ "N
20 = ITa O < 52 (110 ) (2 (223)
Vo Vo Vo

which immediately implies the bound (2.17), if &1 < evo(CY N!)~1, with & small enough. ®

2.12. Let us now consider the equation (2.5). We want to prove that it has two solutions
of the form (1.19), if o € J and L; is large enough. In order to achieve this result, we need
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some detailed properties of the function ¢ (o), which are described in the following Lemma
2.13, to be proved in §4.10. We need also the bounds on p; (o, (o)) and its derivative with
respect to o, contained in Lemma 2.14, to be proved in §5.7.

2.13. LEMMA. There is a constant C, such that, if

o _ 1 lo]
<E< — =<1 2.24
Ll-|a|_€_87r7 v% - ( )
then
(o) = = [iog & 1 11 (0) (2.25)
1o 2700 g |0_| 10 ) .
with )
lri(o)| < C <1 +1ogv—> ,
0 (2.26)

’ Or1 (o)

.-
§C<—2+i) .
vg ol

2.14. LEMMA. If o € J, X satisfies the inequality (2.16), with € small enough, ®(c) is the
solution of the equation (2.3) described in Lemma 2.10 and

ro(0) = 2mvopa (9, 8(0)) , (2.27)

rnze[(5)" )
’87‘2(0) <& (M)1/4+ (/\_2>N‘| (2.28)
9o | = Jol |\ 08 ~

2.15. LEMMA. There exist positive constants e, €, ¢ and K, independent of i, p and N, such
that, if \ satisfies the inequalities (1.16), there are two solutions o(*)(\) € J of equation
(2.5) of the form (1.19).

2.16. Proof of Lemma 2.15. By using the definitions of r1 (o) and r2(0) given in (2.25) and
(2.27), we can write the equation (2.5) in the form

+r(0) =0, (2.29)

where r(0) = r1(0) + ra(0).
Let us now suppose that A satisfies the inequalities (2.16) and that o belongs to the interval

J = (vge_47rv°/)‘2 ) vge_””/)‘2) cJ. (2.30)

If L; is large enough and the constant ¢ in (2.16) is chosen small enough, the conditions
(2.24) of Lemma 2.13 are satisfied, for o € J, and

47T’U0
22

<log(évoL;) . (2.31)

Moreover, if £ and & (hence |o|v, ?) are small enough,

or(o) 110 v}
< —|—log —| : 2.32
‘ Jdo _2‘30 Ogo ' (2.32)

8/luglio/2009; 17:07 10



hence F(o) is a monotone decreasing function of o in .J. If we define

ot = 0367277”0/)\2 ) M =sup|r(o)|, (2.33)
oeJ

we have that F(o*exp(—2M)) > 0 and F(o*exp(2M)) < 0. Moreover, the interval
(o* exp(—2M)), o* exp(2M))) is contained in J, if € is small enough, since the bounds (2.26)
and (2.28) imply that M < C(1+logvy!). Hence there is a unique solution o(+)(\) of (2.29)
in.J , which can be written as

_ 2wy +B(+) ()
A2

() = vie : (2.34)
with [ (A)] < CA%(1 +logug ).
In the same manner, we can show that there is solution ¢(=)()\) in the interval
(—vie~ g , —v(z)e_4;go) cJ, (2.35)

with the same properties. B

2.17. LEMMA. The constants €, €, ¢ and K, appearing in (1.16), can be chosen so that the
Hessian matriz (1.15) is positive definite.

2.18. The proof of Lemma 2.17 is in §5.8. This completes the proof of Theorem 1.6.
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3. Graph formalism

3.1. In this section we shall describe the expansion of p, (¢, 1), used to get the results of
this paper.

Let us consider the operators 1y = ety fe ™t with x = (x,t), —3/2 < t < 3/2 for some
B > 0; on t antiperiodic boundary conditions are imposed. As explained, for example, in
[BGM], there is a simple (well known) relation between p,(p, 1) and the two-point Schwinger
function, defined by

Tr [exp(—BH) (0(z0 > yo)vx ¥y — O(z0 < yo)vx by )]

ShB(x;y) = T+ [exp(—BH)] ’

(3.1)

given by
1
pr = — lim lim EsLﬁ(:c,T;:c,o). (3.2)

B—oo T—0—

In [BGM], which we shall refer to for more details, it is also explained that the two-point
Schwinger function can be written as

S40(x;y) = lim J ) D) iy

where ¥F are now anticommuting Grassmanian variables and P(d1) is a Grassmanian Gaus-
sian measure, formally defined by

P(a)={ TI L8a0k)}expd— > (LBIR)vifvg pdvdvt,  (3.4)

kE'DL’g kEDL,ﬁ

k = (k,ko), Drg = Dy, x Dg, D, = {k = 2rn/L,n € Z,—[L/2] < n < [(L —1)/2]},
Dy ={ko =2(n+1/2)7/B,n € Z,—M < n < M — 1}, in the limit M — oo,

1
—tky + cospp — cosk

9(k) = (3.5)

is the propagator or the covariance of the measure, pr = wp is the Fermi momentum, defined
so that cospr =1 — u, and

v@) =X [ dmreaivs] 39)

zeEA —B/2

If we insert (1.10) in the r.h.s. of (3.6), we get

[(@-1)/2] 1
V)= > 5] > A U Uicsanpy - (3.7)
n=—[Q/2] keDr,p

where pr = (pr,0) and k + 2npp is of course defined modulo 2.

3.2. Note that g(k)~! is small for k ~ +pp. Hence there is no hope to treat perturbatively
the terms with n = £1 and k near Fpp, but we can at most expect that the interacting
measure is a perturbation of the measure (whose covariance is not singular at k = +pp)

PA(dy) = 5 P(dy)
(3.8)
1 1 _ _
exXp /\8015 Z i3 Z {‘/’I‘/’kww"‘%twppwk} ’

ko€Dg kel
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where A is a normalization constant and I_ is a small interval centered in —pg, so small
that I_ NI, =0,if I, ={k=Fk+2pp,kecI}.

This remark suggests to apply a multiscale expansion to the integral (3.3), in order to
treat in a different way the momenta near £pp and the others. This procedure was applied
in [BGM] to study systems of electrons in presence of a potential of the form @(2pz), with
@ 2m-periodic, p/m an irrational Diophantine number and pp = mp, m arbitrary integer.
In [BGM] the aim was mainly to get the best possible results about the dependence of the
two-point Schwinger function on A and we found it useful to realize the multiscale expansion
by dividing the momenta near pr into a number of “slices” of order |log \|.

This expansion could be applied also the case pr = p with p = pp /7 rational, without no
important difference, and we could get immediately Lemma 2.2. However, in this paper we
prefer to use a simpler expansion into only two scales; this expansion gives weaker results
about the dependence on A, but it is sufficient in order to prove Lemma 2.2 and it is more
suitable for studying the equation (1.12).

3.3. Let us introduce a smooth positive function fo(k’) on the one dimensional torus T!,
such that

n_ |1, if & | < to/2,
fO(k)_ {0, if Hk/”Tl >t , (3'9)
where
to = min{pr/2, (m — pr)/2} . (3.10)
and the norm [|k’||1 on T' is defined so that ||k||p = |K’|, if ¥’ € [—7, 7). Then we write
k) =1~ fo(k+pr) = folk —pr),  folk)=1- fi(k), (3.11)
so that (3.5) becomes
fu(k)

(3.12)

glk) = g (k) + 5 (k) = 3

—iko + cospp —cosk ’
h=o1 0+ Pr

and, for h = 0, we define

) = > i), (3.13)

w==1
where, if k' = k — wppF,

fo(K")

0 (k' =3O K) =
g, (kK +wpr) =g, (k) —iko + cospp — cos(k’ + wpr) ’

(3.14)

with k' = (K, ko); we set also §i (k') = g (k), with k = K + pp, and f1(K') = fi(k), in
order to simplify the notations in the following sections.

3.4. We can associate with the decomposition (3.12) of g(k) a decomposition of the Grass-
manian Gaussian measure P(dv) into a product of two independent Grassmanian Gaussian
measures:

P(dy) = P(dypM)P(dp?) (3.15)

if P(dy) is defined as in (3.4), with ¢ (k) in place of (k).
If we insert (3.15) in (3.3) and we perform the integration over the field 1), it is easy to
show (see [BGM], §4) that

SE(xyy) = gV y) + K (xiy) + SO (x;y) (3.16)

where gV (x;y) = (LB) ™' Yep, , 5V (k) exp[—ik - (x —y)] and

0? 1
SO(x;y) = 965007 No /P(d¢(0))

(3.17)
o ax (60O 1% g ) VOGO +W O ()

¢pt=¢-=0"

8/luglio/2009; 17:07 13



in (3.17) [dx is a shorteut for > fféz dxo,

No = [ P(dyp®) exp[V O ()], {¢} are Grassmanian variables anticommuting with {1F}

and V(© (1/)(0 ), the effective potential on the small momenta scale, can be easily represented

as a series in \, as well as the function W ()(°) ¢) and the function Kgf;(x; y) appearing
n (3.16).

A precise description of these series in terms of Feynman graphs can be found in [BGM]; see
in particular the equations (4.3), (4.4) and (4.6) in [BGM]. Here we want only to stress that
the involved graphs are chains formed by vertices, associated with the Fourier components
of the potential ¢,,, connected through lines, associated to the propagators ¢!); hence by
using the bound (3.27) below, it is easy to prove that these series are convergent, uniformly
in L and 8. On the contrary, the series obtained by integrating the field 1/(®) do not have
this property, for the reason explained before, and we have to look for a different expansion,
based on the idea outlined in §3.2.

We can associate with the decomposition (3.13) of §(%) (k) a decomposition wl({o) = 1/11(31 +
1/)1(3)_ of the field 1/)1((0). The support properties of fo(k'), see (3.9), and the definition (3.14)
imply that the field ¥ ), has support on the set {k = k' + wpr : fo(k') # 0} and that the
supports of @[Jl(fl and wl({?l are disjoint.

The idea is to modify the free measure P(d¢(0)) by multiplying it by the terms present in
VO (h(0)) (see [BGM], §3), which couple the variables w 0 and wkaF +; then we expand
the integral by using the new measure as the free measure. The new graphs differ from
the previous ones for two respects; first of all they are not singular anymore at k = +pp,
but they are bounded by C|Ap1]|~!, see below; moreover the two propagators exiting and
entering in the same vertex can not have both the momentum equal to +pg. As we shall
see, these two properties are sufficient to control the expansions.

The two properties of the new free measure described above are realized also if we only
extract from V(© (w( ) the first order terms coupling ¢k 7 and wkaF 4 It is easy to see

that these terms are equal to )\golFéo (¢(0)), with

(0)+ 0)—
FC('O) (1/)(0)) - Z Z 1/)k/zi-wpp w l(c’—wpp,—w : (318)
w:il k’eDL 5
Hence we define
P(dp©) = N P(dgp ) F ) (3.19)

where N is a suitable constant, and
VO@O) = vO () —ag FO () . (3.20)

By proceeding as in [BGM], §3, one can show that the Grassmanian integration P(dy(©))
has propagator

Oy = Y et g0 ey 321)
w,w'==£1
with
(0) o ik -(x—y (0) /
Wb =15 X e ), 3.2
K'EDL g
_0) i L—tiko — F1(K') — wF(K')] fo(K')
) = iy = RO — (7200 + 30T 329
) = joo()] fo(K) '
o [—iko — Fy(KN)]? — [FF(K') + 0§ (k)] °
oo(k') = o fo(K'), if o = Ap1 # 0, and (see (1.17) for the definition of v)
Fi(K') = (cosk’ — 1) cospr , Fy (k') = vg sink’ . (3.24)
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3.5. REMARK. Note that, if |k'| < to, 2(1 — cosk’)/|sin k| = 2|tan(k’/2)| < 2tan(ty/2) <
| tan pr|; hence

1
Bk < 5 B0, for [ <to. (3.25)

It immediately follows that

k2 + (’Uokl)2
~(0) k/ < C 0 k/
|!Zu,u)( )| — }Cg + (1)016/)2 + CT2 0( ) )
o]

k).
BT (k)2 1 o2 o)

(3.26)

9 k) < C

where C' denotes a suitable constant. From now on, for simplifying the notation, the symbol
C will be used everywhere to denote a generic constant, that we do not need to better
specify.

It is also easy to prove that

1— fo(k)

~(1) /9.1
Gk < Crem——m——=,
) < e P

(3.27)

3.6. We now insert (3.19) and (3.20) in (3.17) and represent the result of the integration
in terms of Feynman graphs, by using P(d@[}(o)) as the free measure and V(©) (1/1(0)) as the
effective potential; then we apply (3.2). By proceeding as in [BGM], it is easy to show that
we get an expansion for p,, which can be described in the following way.

3.7. A graph ¥ of order ¢ > 1 is a chain of ¢ 4+ 1 lines ¢1,...,{441 connecting a set of ¢
ordered points (vertices) vi,...,vq, so that ¢; enters v; and ¢;41 exits from v;, ¢ < g; the
lines ¢; and ¢,41 are the external lines of the graph and both have a free extreme, while the
others are the internal lines; we shall denote int(:}) the set of all internal lines. We say that
v; < v; if v; precedes v; and we denote vé the vertex immediately following v;, if j < ¢. We
denote also by ¢, the line entering the vertex v, so that ¢; = ¢,,, 1 <i < q. We say that a
line ¢ emerges from a vertex v if ¢ either enters v (¢ = ¢,,) or exits from v (¢ = ¢,+). By a
slight abuse of notation, if v = vy, we still denote by évé the line {441 exiting from v, even
if there is no vertex vgy1.

We shall say that 9 is a labeled graph of order ¢ > 1, if 9 is a graph of order ¢, to which
the following labels are associated:
e a label n, for each vertex,
e a frequency (or scale) label h, for each (internal or external) line, with the constraint that,
if n, = 1 for some v, then hy, = hy, = 0 is not possible,
e for each line ¢, two labels w}, wf, such that wl} = wf =1ifhy=1,
e a momentum ky, =k = k' + wipp for the first line,
e a momentum

ke, = k' + Z [2n1~,pp + (WZ; — w}ﬁ, )pp} (3.28)
<V
for each internal line,
e 3 momentum
ke, =k + Z |:27’L{}pF + (wfﬁ — wéﬂ,)pp} (3.29)
vEY

for the last line.
~(he)

If g, . (kj) denotes the propagator associated with the line ¢, we will use the shorthand
L0708
- _(h
ge = gu(,ﬁlg (kp).
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Let us call 7, , the set of the labeled graphs of order ¢ and such that

ZvapF + Z — Wz pr =2npr mod 27 . (3.30)
veY =

Then, if p,,(p, 1) is defined as in (1.11), we have

ﬁn(%ﬂ): hm - 75 Z Z 5nwg ww I) + ZP%(‘L@) ,

k’EDL pw=%1 a=1 (3.31)

ph(o,®) = Y Val(®
VET 4

where

Val(d Z (qﬁ gzi) ( I1 A@nu) . (3.32)

k'eDL s i=1 ved

Hence, the function p, (o, ®) defined in (2.1) can be written as

5 (0.0) = 1 ;
G ﬁ:H;OZP
Lo, ®) = pi(o, @), ifg>2 (3.33)
pn(0,®) = > (1= yn,)Val(®) .

V€T, 1

after substituting in the r.h.s. of (3.32) A, either with @, , if |n,| > 1, or with o, if
|ny| = 1.
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4. First order graphs

4.1. In this section we study the first order contributions to the density, i.e. the terms
corresponding to graphs with only one vertex in the perturbative expansion (3.31), calculated
in the limit 8 — oo. For these graphs we have, if L = L; = iQ,

Jim Val() =
(4.1)

dko _(n h
)\me Z / fal)w (k') fwij (k' + (2m + wi — w2)Pr) ,
k/e'D/

where D7 is the set of possible values of the variable &’ introduced before (3.14) as the differ-
ence between the “space momentum” k and +pp. Since pp = 7wp = 7P/Q = (27 /L)(iP/2),
we have

Z(n+6/2),neL~[L/)<n<[(L-1)/2}, (4.2)
where § = 1, if iP (the number of particles) is odd, while § = 0, if ¢P is even.

Note that the value of § will be in general not relevant, except in the proof of Lemma 2.13
in §4.10, the only place were there is a non trivial dependence on the volume.

Note also that, if the graph value (4.1) contributes to p, (¢, i), then

D} = (K =

2mpp = 2npp + (w1 — W) + ws — wh)pr mod 27 . (4.3)
The r.h.s of (4.1) can be easily bounded, by using (3.27) and (3.26) and the remark that
lim,, .0 to/vo = 1/2. If h = k' =1, one gets, for any integer 7,

dk;
3 / S |t 3 (6 + 2rpe)| <

k’eD],

o[ [1—fo(K)] [1—= fo(k' +2rpp)]
CLw " / ho \/k2 (vok')2 \/kE + 2 (K + 2rpp)? = (44)

)?
C
!
dk/ k2 ’Uok/ _1)_ (1+10g—) .

If h=0,h =1, for any w,w’, one gets

dko |.
23 [ S0 + 2| <

k’eD],

O/t“ dk’/ dkg C
0 \/k2 (vok') \/k2+v0_vol

The bound (4.5) can be improved for o — 0, if v’ = —w; we have

dk
=Y / I 592, 0) 3K + 20pr)| <

k€D’

(4.6)

to gk’ dko C|o| V3
Oa/ / < <1+1o —0) .
i [k2 4 (vok!)2 + 02\ /K2 +0d — v 1o

Let us now consider the case h = b’ = 0; for any w;, w,, we get

dko - ~(0)
Iy / 800,03, (& + 2rpr) | <

k€D’

oo !/ /
— \/kz—i- vok')2 + 02 \/kZ + 3 (k' + 2rpr)? + 02

to , C 2
c/ dk/ k+v0k, S (1+10 ﬁ)'
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If h=h =0 and wy # W] or wy # w), the last bound can be improved; in fact we get

dk
P 0080 + 2| <

k’eD’
dko C
C dk’ < =
|U|/ / k2 ’Uok/ +U2]3/2 ~

The previous bound can be further improved, if we suppose also that r # 0, by taking
into account that, in this case, max{|k’|, |k’ + 2rpr|} > 7/Q. Let us suppose, for example,
that wy = —wh; we have

d’fo 5 _(0)
T Z / wl,wl (kl) gLUQ —w2 (kl + 2TPF)‘ S
k/eD/

(4.8)

oo ! /
Clo] dk’/ dko folk) , f;“‘j +2TpF>2 < (49
0 \/k2 + (vok")2 + 02 [k§ + v (K" + 2rpp)? + 0?]

Clo|Q / , /°° dky 0|o|cz( )
_— dk < 1+log— ) .
w Jo o Btk +o? = 0 %8 1]

In the following we shall need also the bounds of the expression obtained substituting in
the r.h.s. of (4.1) one of the two propagators with its derivative with respect to o. By
proceeding as before, one can easily prove that, for any w and any integer r,

dk k' C
- Z / 0 ( ) FN +2rpr)| < =, (4.10)
k’eD/ Y%
 dko |93 k' C 2
S Z / dhy |03 ( ) (K +2rpr) §U—3(1+1og|%0|> ; (4.11)
k’eD’ 0
that, for any w;, w, and any integer r,
> dk gw o, (k’)
k/eD/ n volo]
and finally that, for any wy,w],w and any integer r # 0,
(0) ’
% dkg | 99w (K) C
— Z / 0 1870 ~(0) oK +2rpr)| < v—? , (4.13)
k’eD’ 0
* dky | 935 cQ
T Z / S gg?.,w/l(k’) 5o (K +2rpr)| < — . (4.14)
k/eD/ 0

4.2. REMARK. All the previous bounds are valid also if we exchange in the Lh.s. k’ with
k' + 2rpp; this immediately follows from the observation that the variable &’ is defined
modulo 27.

4.3. We shall now consider the graphs contributing to the constants ¢, (c) introduced in
(2.1), in order to prove Lemma 2.6. We can write

N cn(0) =Y Onn,Val(®@ (4.15)
V€T 1
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The equations (4.15), (4.1) and (4.3) imply, if |n| > 2,

Z / dko 1) g (& + 2npp)

k'eD’

+ Z { 111) k') g (k/ +2npr+ (1 —w)pr) (4.16)
w==+1
+39, () g (K + 2npr — (1 —w)pr) + 30, (K) 3 L (K + 2npr)

+50, () 30 + 2npr) + 0, () 5, (K + (20 + 20)pr)| } -
By using the bounds (4.4), (4.5) and (4.8), we see that the first four terms in the r.h.s. of

(4.16) are bounded by (C/vo)(1 + logvy '). However, the remaining terms, i.e. those with
h=h =0and w; —w] = wy —wh = 0, need a more careful analysis; these terms will be

denoted as "
> / S0 59,(') 59, (K + 2npr) | (4.17)
k/eD’
when w; = ws, and
LS [0 K e (418)
k'eD’
when w; = —ws. The following two Lemmata 4.5 and 4.7 show that the dimensional bounds

which would follow from (4.7) in fact can be improved.

4.4. REMARK. Note that a, is a w-independent quantity, so that we can set w = 1 in
(4.17); this property easily follows from the observation that gLE, Z,(k’ ko) = g(_OLl _o (=K ko),
see (3.23). It is also easy to prove that b, 1 = b_,, _1.

4.5. LEMMA. Let |n| > 2 and let a,, be defined as in (4.17); then |a,| < C/vy.

4.6. Proof of Lemma 4.5. By Remark 4.4, it is enough to study the case w = 1 in (4.17).
Define .
Jo(K")

=(0) —__ JOr)
Gou) = —iko + F(wk') ’ (4.19)
F (k') = sign (K')\/F3 (k') + o2(K') — F1(K') ,
and S
G = z/ g (g (! + 20pr)
k’eD’
(4.20)
k'eD’

where A, (k') is obtained by explicitly performing the integral on kq. It is easy to see that,
defining

s(k") = sign (f(k’)) : (4.21)
if s(k") = s(k’ 4+ 2npr), one has A, (k') = 0, while, if s(k') = —s(k’ + 2npF), one has
-1

An (k') = s(k') [f(k’ + 2npp) — f(k/)} . (4.22)

Note that, by (3.25), s(k') = sign (k'), if |k’| < tg, i.e. on the support of fo(k’); hence we
have

1 Z Jo(K") fo(K" + 2npr) (4.23)

Qn = i n )
webrnD, |F (k)| + |F (K" 4 2npp)|
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where
D, ={k' € [~to,to] : sign(k') = —sign (k' + 2npr)} . (4.24)

We want to show that
c
max{|F(k")|, |F (k" + 2npp)[} > §2H2WPFHT1 =Ar, (4.25)
if k' € DL, k' + 2npr € [~to,to] and ca = (v/2/7)vo.

If |F(E)| > Ay, (4.25) is immediately verified. Let us suppose now that |F(k')] < Aq;
then, by using (3.25), we get

1
|F(K)| > [Fa (k)| — [F1(K)] > §|F2(k’)| > colK| (4.26)
so that A .
K| < = = S |2nppllr, | (4.27)
Co 2
implying
K"+ 2npplir, > |I12npFliT, — [K']| > _H2”pFHT1 : (4.28)

Moreover, since ||k’ 4+ 2npr||T, < to, then
|F (k" + 2npp)| > ca||K" + 2npr||T, ; (4.29)
hence, by using (4.28) and (4.29), we get
¢
|F (k' + 2npp)| > 52||2on||']1‘1 =Aq, (4.30)

which implies (4.25) also when |F(k')| < A;.
Inserting (4.25) into (4.23) leads to

!
|an| s/ LI @, (4.31)
D

. ez 2nprllT, T vo
as the size of the set D), is bounded by 2|[2npr||T, .
In order to complete the proof of Lemma 4.5, we note that
o= 3[R0 - 0o + 2npr)
k’GD/ (4.32)
+ g0 () 3 (& + 2npr) — 1% (0 + 20p5)] |
Moreover, by (3.23) and (4.19),

Fy(k')* + o5 (k') — | Fa (k)|

5% (k) — g% )| = K 4.33
|gl,l( ) gl,l( )l H_ZkO_Fl(k/)]2_ [F22(k,)+0_8(k,)”|f0( )| ’ ( )
so that, by using also (3.25), we get
to &) 2 O
lay, — an| < O/ dk’ dko < —. (4.34)
\/W k& + (vok')2 + 02]3/2 ~ wo

The bounds (4.31) and (4.34) imply Lemma 4.5. ®
4.7. LEMMA. Let |n| > 2, and let by, be defined as in (4.18); then |by, .| < (ClogQ)/vo.

4.8. Proof of Lemma 4.7. Let us define lf)nﬁw as

- 1 °° dk
bo=7 X [ G005 k). (4.35)
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where k!, = kK’ + (2n 4+ 2w)pr and gﬁ%(k’) is defined in (4.19), and set by, o, = by + Z'.
By dimensional bounds analogous to those which led to (4.34), it is easy to prove that
|Z'| < C'/vg. Moreover, by proceeding as in §4.6, we see that

7 1 Jo(K') fo(ri,)
bn,w = -7 Z 7 = 7 y (436)
b, TR+ F(—wr)
where D/, = {k' € [—to,t0] : sign (wk') = sign (wk.,)}.
By using the bound (4.26), we have
[ Fk)] + |F(—wrg)] 2 e2(IK] + s, ) (4.37)
Moreover, since |n| > 2, ||2npr £ 2pp|T, > %T; hence
- dk’ C1
o] < / LAk L (4.38)
oy, 2mea(|K| + (|65 ]|, ) vo

This completes the proof of Lemma 4.7. B

4.9. Proof of Lemma 2.6. The bound (2.6) immediately follows from the remark after
(4.16), Lemma 4.5 and Lemma 4.7. The bound (2.8) is easily proven from (4.16) by using
the bounds (4.10)+(4.12). m

4.10. Proof of Lemma 2.13. The definition of ¢;(0) in §2.3, (3.31), (4.1) and (4.3) imply
that

alo)=17 ¥ / " o (0 e 580 + 201)
k/eD’
+ Y [0 00 + (3 - wipr) + 3 K) FRK + (1 +wpr)] |
w==+1
=—F(o,L)+ ¢ (o), (4.39)

where —F'(o, L) denotes the first term in the r.h.s. of (4.39), while ¢; (o) is the sum of the
other ones. It turns out that —F'(o, L) is the leading term for o — 0; moreover it is the only
term whose dependence on L is not trivial, hence we decide to indicate it explicitly.

By using the definition (3.23) and by performing the integration over kg, we get

2
Fo,l) == fo(K) , (4.40)
2L 2 win2 L 2 12
keD, \/vgsin® k' + o2 fo (k)

The definition (4.2) of D} implies that, for any finite volume L = L,, the r.h.s. is singular
for ¢ — 0, only if 6 = 0, that is only if the number of Fermions is even; in that case, in fact,
k" = 0 belongs to the set D} . It follows that, if 6 = 1, the equation (2.5) has no solution for
A2 very small, how small depending on L; this is the main source of the lower bound on A of
Theorem 1.6. [Equivalently, for fixed A verifying the inequality to the right in (1.16), which
is uniform in L, L has to be large enough so that also the inequality to the left in (1.16) can
be fulfilled.] We separate the term with k' = 0, if it is present, by writing

Flo,0) = =2 4 By, 1) . (4.41)
2Lo
It is easy to see that
Fo(O',L)ZFl(U,L)+d1(O',L)+d2(0,L) R (442)
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where

1
Fi(o,L) = > , (4.43)
n#£0:|2r L~ (n+6/2)|<to/2 \/(27’1”1}0)2(” + 6/2)2 + (UL)2
1 k/ 2
di(0,L) = 57 > fol¥) , (4.44)
KeD) \/vg sin? k' 4+ o2 fo (k)2
[k |>to /2
1 1 1
dy(o, L) = — Y - . (4.45)
2L K eD! \/U(Q) sin? k! + o2 \/(Uok/)2 + 0?2

0|k |<to/2

Note that the sum in the r.h.s. of (4.43) is empty, if [toL/(47) + §/2] < 1; in that case
the equation (2.5) may have a solution, for A small enough, only if 6 = 0. Hence we shall

suppose that:
toL > 47 | (4.46)

a condition which is certainly verified, if the conditions (2.24) are satisfied, since

CHIS

<oty < 2. (4.47)

By using (4.47) and supposing that

— <1 4.48
G (1.45)
it is easy to show that
2
C ad; (o) C
d; < =, < —=. 4.49
;| (o) < . ; o 3 (4.49)
By substituting the sum in the r.h.s. of (4.43) with an integral, we can write
Fl(aa L) = FQ(Uv L)+d3(0', L) ) (450)
where oL/ (4m)
0 ™ d
Fy(o,L) = / < . (4.51)
1-8/2 V/(2mvgz)? + (oL)?
It is easy to see that, if the condition (4.48) is verified, together with
Vo -
<E<1 4.52
S sEst, (4.52)
then o dds(0) o
d <4 30 3 . 4.
I (4.53)
The integral defining F5(o, L) can be explicitly calculated; we get
1 Voto + (U0t0)2 +1
Fy(o,L) = log 2lel 20 (4.54)
27TU0 27vg 1 9 27vg 1 5\2 1
T (1= 5) + (L|U|) (1-35)"+
If we write )
1
Fy(o,L log = + da(0, L 4.55
2(07 ) 27T’UO g |O'| + 4(07 ) ; ( )
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it is easy to prove, using (4.47), (4.48) and (4.52), that

< ¢ <1 + i) : (4.56)

vo o]

O 8d4(0’)
< =
O

Finally, the function ¢ (o) introduced in (4.39) and its derivative can be bounded, by
using (4.4), (4.5) and (4.10), as

~ C 1 851(0’) C
< — - < — . .
e1(o)] < ” <1 + log UO) : ‘ 9o | = (4.57)
It is now sufficient to define
1 1-6
r1(o) = 2mvo lz; di(0,L) + o7— = 51(0’)] : (4.58)

to complete the proof of Lemma 2.13. ®
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5. Bounds on the density perturbative expansion

5.1. In this section we give some bounds about the perturbative expansion (3.33) of the
function py, (o, @), introduced in (2.1), and we prove Lemmata 2.2, 2.8, 2.9 and 2.16.
Given @ € F, let us define

R(®){(0) = pi(o,®(a)) . |n|>0, ¢>0. (5.1)

Moreover, if J is the space of the C*-functions of o € J with values in R, and r(0) € 7,
we shall define, in agreement with (2.9),

B or
Irll = sup [|a| (o) +| 2 )
oeJ U

] . (5.2)

5.2. LEMMA. If ® € B and |o| < v3, then, for any n # 0 and q > 0,

IR(®)\V]| 7 <
Do (1 +log %) (C)q (Fq') {1 + (1= 34.1)log %} (jo]Q)le/2 | (5:3)

where C and D are suitable constants.

5.3. Proof of Lemma 5.2. In order to bound p% (o, @), we shall use the expansion in (3.33).
Let ¥ € 7,4 be one of the graphs contributing to (o, ®) and v one of its vertices. If
[ny| # 1, one has (see §3 for notations)

2w

ke, = ko, lp = [12nop + (w7, — wp )Pl > = 0 (5.4)
so that
mas{ |, 71, K, I} 2 55 (5.5)
Then there is a constant Cy such that, Vo € 9, |n,| # 1, if |o| < 1,
|Ge,3e,,| < % (5.6)
min {|ge, |, [ge,, 022Q : (5.7)

by (5.5), (3.27) and (3.26), since vy < 1.

Note that (5.6) and (5.7) still hold for |n,| = 1, as, in such a case, hy, = hy, = 0 is not
allowed (see §3.7) and the support properties imply that both propagators are bounded by
C/v3.

Note also that, thanks to (3.30),

Pl <g+1+) Inul <3Y In| = 3 fne| > o (5.8)

Let us now suppose that ¢ = 2¢, with ¢§ > 1. It is easy to see that, in this case, it is
possible to couple 2¢ among the 2G + 1 propagators appearing in the expression of Val(4),
see (3.32), in g pairs {ggv,gzu,} with v # v*; let Gy, £ = £,-, the propagator left alone
after this coupling operation. We select in an arbitrary way one of the ¢ couples and we use
the bound (5.7) for one of the propagators belonging to it; let g, the other propagator of
the selected couple. The propagators of all the other couples will be bounded by (5.6). We
get

o|atl
Val(0) = (€07 T (HI

)Lﬁ Z |§é(1)§e<2>|. (5,9)

k'eDr s
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Let us now suppose that |o| < v; then we can use the bounds (4.4)—(4.8), valid also for
finite (3, to prove that, for any choice of g,y and gy,

1 ~ ~ D2 1 ’Ug
— E |gg(1)gl<2> | < —(1+log— 1+log— ) . (5.10)
Lj o o lo|
k'eDr s

Hence, if ® € B, by using (2.10), (5.8) and (5.10), we get

D 1
S valto)] < oy 1+ tog )
v Vo

VETh 2 0

- - V2 3q N
Do (1o]Q)" (1+1og—0)( ) ,

o]/ \Inl

(5.11)

where Diq takes into account the fact that there are 5 possible choices for the w},w?, hy
labels for each line, and ¢ possible choice for the vertex v*; then the bound (5.3) is proved
for even gq.

The case ¢ = 2¢+ 1, with ¢ > 1, can be treated in a similar way. We note that it is always
possible to couple 2¢ among the 27 + 2 propagators appearing in the expression of Val(1})
in ¢ pairs {ggv , gzu,} with v # v*; let §yy and gy2) be the propagators left alone after this
coupling operation. Then we use (5.6) for all the couples and the bound (5.10) for the two
remaining propagators. We get a bound similar to (5.9), with |o|~7 in place of |o|~7"!, but
the final bound is the same as before.

We still have to consider the case ¢ = 1. We could of course get again the previous bound
with ¢ = 0, but there is now an improvement, which will play an important role. The
improvement follows from the observation that, if ¢ = 1, the graphs contributing to p. have
only one vertex with Fourier index n,, # n, so that at least one of the two propagators must
have different w-indices. By using the bound (4.8), this implies that the bound (5.10) can
be improved by erasing the factor [1 + log(v3/|o])].

In order to complete the proof of (5.3), we have to bound also
9pi (o, ®(c))/ do. We can proceed as before, by noticing that 9Val()/do can be written as
the sum of 2¢q+ 1 terms, each term differing from Val(#) only because there is the derivative
acting on a single propagator or a single vertex function. If the derivative acts on one of the
coupled propagators, one can use the bounds (5.6) and (5.7) modified so that the r.h.s. is
multiplied by |o|~!; if the derivative acts on a vertex function, since ® € B, one can use the
bound |0®,,(c)/dc| < |n|~V; if the derivative acts on one of the propagators left alone after
the coupling operation, one can use the bound, following from (4.10)=-(4.12), if |o| < v3,

1 99p) - D3
T2 - 9| S — - 5.12
Lg k/eZDL,g do 7t volo] ( )
We get, for any ¢ > 0,
(9)
OR(D)y, ()| < Z dVal(19) <
do 0T do
€in.2q (5.13)
Ds q,.q q 3q N
(29 +1)—,=5D{aC5(|o|Q)* { ) -
Vg |7’L|

with § = [¢/2]. This complete the proof of (5.3). B

5.4. Proof of Lemma 2.2. The bound (5.3) immediately implies that 54 (o, @) is summable
over g, for 0Q /v small enough, uniformly in i, p and 3. On the other end, it is easy to
see that the bound is valid also if we substitute in the expression (3.32) of Val(d) the sum
over ko with the integral on the real axis and that lims—.oc >~ pi (0, ®) is obtained from
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2211 P2 (0, ®) by doing this substitution. The claim of the Lemma about the continuous
dependence on A of p,(p, 1) is an easy consequence of this remark and (3.31).

In a similar way, one can see that lim; . pn(p, 1) is obtained by substituting in the
expression of Val(¢) the sum over k' with an integral over the interval [—7, 7| and that this
limit is also continuous in A near 0.

The other claims of the Lemma about the density and the gap of h can be proved as in
[BGM], §4.5 and §4.6. In [BGM] a more complicated expansion was used (involving a further
decomposition of the field ¥(9), but the proof of these two points can be even more simply
reached by using the expansion of this paper and bounds of the graphs similar to (5.11).
We shall not give here the details, but we only remark that the main point in the proof is
the remark that the propagators (3.23) are analytic in kg in the strip [Im k| < |o]/2. ®

5.5. Proof of Lemma 2.8. By the remark in §5.4, limg_.o can be exchanged with the sum
over ¢ in (3.31) and (3.33). In the following, for simplicity, we shall use the notation p (o, @)
to identify limg o0 pl (o, @).

Let us suppose that ®, @' € B and g > 2; then, by (3.31)

ph(o,®) = ph(o,®) = > Val(¥), (5.14)
V€T, q(P,P')

where 7, ,(®,®’) is a set of labeled graphs whose definition differs from the definition of
Ty.q, see §3.7, only because there is a new label a, € {0, 1,2} for each vertex; moreover

Val(¥ :——E:/wdmjnm)<nﬁm), (5.15)

k'€D] ved
o if ey =0,
Fy‘l)‘vv =< 9, ifa,=1, (5.16)

o, — P, ifa,=2,

and there is the constraint that at least one vertex has label o, = 2.
By proceeding as in the proof of Lemma 5.2 and using the definitions (2.9) and (5.1), we
get, if ¢ > 2,

IR(®)@ — R(®) V|5 <

1\ /C\* (5.17)
D (141052 ) (S) 19— 030" (14108 75 ) (o172
Vo Vo | |
Hence, if Quy *|o|[1 4 log(v3/|o])] < 1 and |o]|Quy* < 1/(2C?), we have
N _ R(@)@ 01 N /
Z IR(®) @ — R(®)W |7 < = 1+log BVN! P — @5 . (5.18)

with a suitable constant C;.

In order to complete the proof of the lemma, we have to estimate | R(®')") — R(®)(|| .
The bound (5.17), with ¢ = 1, is still valid, but it is not sufficient; however there is the
improvement with respect to (5.17) due to the fact that, if ¢ is a graph contributing to
pL(o,®) — pl (o, ®), the only vertex belonging to ¥ has a Fourier index n,, # n. As in the
proof of Lemma 5.2, this remark allows to eliminate the factor [1 +log(vZ/|o])] in the bound
(5.17) for any value of n. The previous remark implies that

C 1
IR@)D — R@) ) < (1 +log U—O) & — o (5.19)
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This bound and (5.18) immediately imply Lemma 2.8. B

5.6. Proof of Lemma 2.9. The graph expansion of 5% (o,0) has the property that, given a
graph ¥ € 7, , with Val(9) # 0, each vertex of ¥ has Fourier index n, = +1. This implies
that, for any v € 9 (see §3.7), hy, = hg,, = 0 is not allowed, so that the number of non
diagonal propagators is less or equal of ¢+ 1, if § = [¢/2]. Hence (3.30) implies that

In| <q+q+1. (5.20)

We can bound Val(¥) # 0 as in §5.3, by choosing in an arbitrary way the vertex v* (since
we do not need now to extract the factor |n|=%), and we get

2

S [Val(w <1+log )5q+10q|a|(|a|Q) <1+1og|”—0|> . (5.21)
g

0T 4

It is easy to see that, if ¢ > 2, § > |n|/5; hence, if Quy *|o|'/?[1+log(v3/|o|)] is small enough,

[n]

> 1 To
S IRO@, < & (14108 1) ()T (5.22)
q=2 Yo Yo UO

In order to complete the proof of Lemma 2.9, we have to improve the bound (5.21) in the
case ¢ = 1. Note that g} (c,0) is different from 0 only if |n| = 2 (only one propagator may

have frequency label h = 0) and it is given, if n = 2 (the case n = —2 is similar), by
oy /m 0 300) 3K +4pr) +3%,0) 30 +200)] . (5.29)
L k'eD! VT 2
L

Hence, by using (4.6) and (4.11), we get

c @Y _ O (lo\*
1RO < Sof (1 +1og—0) < C (u) | (5.24)
) |U| )

V0
This bound and the bound (5.22) imply (2.15). ®

5.7. Proof of Lemma 2.14. By Lemma 5.2, if Quy®|o|'/2[1 + log(v3/|o])] is small enough,
which is certainly true if condition (2.16) is satisfied, with ¢ small enough, we have

Z 1p1(o, @)| < |o| (1 + log v_) (F) . (5.25)
q>2 0

0

Moreover, since the graphs contributing to pi(o, ®) have only one vertex with index n, =
42, 43, at least one of its two propagators has frequency index A = 0 and different w-indices.
It follows, by (4.6), (4.8) and Lemma 2.10, that

2
A0 < S (@200 + 125(0)]) < o] (A ) | (5.26)
Uo

Vo

Hence, if |o|'/*CNN!(1 + logvy ') < vé/z, which is certainly true if condition (2.16) is
satisfied, with € small enough, and ra(c) is defined as in (2.27), we get

@] e

which implies the bound in the first line of (2.28).

|1 (o )\<C|U|

Vo
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Let us now consider the derivative of ro(c). By Lemma 5.2, if [o|'/2[1 +log(v¢/|o])] Quy*®
is small enough, we have

> a,;g(a,cp(a))’ _ O (1+1ogi> (%)W , (5.28)

= do o )

Moreover, by Lemma 2.10 and the remark preceding (5.26),

24002000 < €y, < € (A_)N | (5.29)

do vy \ Vo

t follows that, 1if |o (1+logvy ") < v,y ~, which is certainly true if condition (2.
It follows that, if |o|'/*CN NI(1+logvy ') < vi/?, which i inl if condition (2.16

is satisfied, with ¢ small enough,
N
o] 1/4 A2
— 5.30
(%) +(%) | (5:30

which immediately implies the bound in the second line of (2.28). m

ors ’ 2mvg C
—(0)| < R <
)| < TriR@llr <

5.8. Proof of Lemma 2.17. The Hessian matrix M, defined in (1.15), is a real matrix; hence,
we have to show that

Q-2
TnMpmTm >0, (5.31)
nm=—(Q/2)
for any {xn} Q- g//il € R, This will be done by writing
-1/
Ly Mpm Ly 2>
nm=—[Q/
(5.32)
[(@-1)/2] 1 [(Q@-1)/2]
5 | - . .
~T1Q/ =10/

and showing that the right hand side 9f the above equation is strictly positive.
Let us find first a lower bound for M,,,. If |n| # 1, by (1.15), (1.12) and (2.1) we have

9pn

Mnnzl 2n —\?
+ Aen(o) /\aq)n,

(5.33)
where 1+ M\¢,(0) > 1/2, see §2.11, and 9p,,/0®,, obeys to the same bound of dp,/dc, see
§5.3, up to the factor |n|~": simply note that the derivatives can act only on the vertex

functions (and not on the propagators), and |0®,,/0c| < |n|~" has to be replaced with
|0®,,/0P,,| < 1. Then, analogously to (5.13), we obtain, for any ¢ > 0,

)\2 6ﬁ(111

< Doy (%)qq%sqmomqm , (5.34)
0

n

so that, if |o|Qug * is small enough, we have

0pn _
PRl 55, < O\ '3V N, (5.35)
It follows that 1
M, > 3 In| #1, (5.36)
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for A satisfying (1.16), with & small enough and K > 3.
In the case n =1 (the case n = —1 is discussed in the same way) we have

dci(o) _\ Op

0p1 o1
Note that our definitions of ¢1 (¢) and g, (o, ®) do not distinguish the dependence on ¢ and
$_1, which are equal in the fixed points we are studying (see discussion in §1.4). However,
in the definition of M, ¢; and ¢_; have to be treated as independent variables. By taking
into account this remark and by using Lemmata 2.13 and 2.14, with & and |o|vy? small
enough, we get

My =1+ X ¢ (0) + Ao

(5.37)

2
W2 L 000, 1
0p1 2 0o 67 vo
oot [/le Y /an\ "
1422 = <ZZ (= A
14 X2 (o) ] < <Ug) +(UO> , (5.38)
opr <‘)\2% <O)\2 M 1/4+ )\_2 N
8@1 - do | = g ’Ug Vo ’
so that
|M,| > L =+1 (5.39)
nn| — 87T /UO b n= ) *

under the hypotheses of Theorem 1.6.
The non diagonal terms (n # m) are of the form

8Cm (U) 577,,1 + 577,,71 8/~)m

My = N2®,, - : 4
A 9 5 /\692771 (5.40)
By using (2.7) and (2.17), the first term in the r.h.s. of (5.40), where m # n implies |m| > 1,
can be bounded as N1
8cm(0) On1+0n 1 A2
N o, ’ —|<C(—= : 5.41
do 2 - v ( )
Moreover, by proceeding again as in §5.3, we obtain
5P 2 c\* 2 N
< €N Dug | — 3 (a/2] 5.42
5| < xDug () 730 (0lQ)? (5.42)
o that [(QR-1)/2]
/2] oo 9
Z Z < CAZ3V N |"|§2 (5.43)
—[Q/2)intm a=2 Yo

The contributions with ¢ = 1 need an improved bound. Let us first suppose that |n| > 1;
in this case the derivative can act only on the vertex function of the graphs contributing to
pL . Then, if the derivative is different from 0, the vertex function is equal to ®,, and, since
m —n # 0, at least one of the two propagators must have different w indices; this follows
from (4.3), which also implies that the integer which multiplies pr in the value (4.1) of the
graph is different from 0. Hence, by using (4.6), (4.9) and the fact that |n — m| < 2, we get

[(@-1)/2] 2
3 < CA2% <1 + log ”—0) . (5.44)
Yo o]
n=—[Q/2lm#m
The case ¢ = 1 and |n| = 1 can be treated in a similar way; the main difference is that the
derivative can act also on the propagators of the graphs contributing to gL, but it is still
true that the integer which multiplies pr in the value (4.1) of each graph is different from 0,
an essential point in the previous bound, since it allowed to use the improved bound (4.9) in
place of (4.8). By using again (4.6) and (4.9), as well as the improved bounds (with respect
0 (4.12)) (4.13) and (4.14), we get again the bound (5.44).

The r.h.s. of (5.41), (5.43) and (5.44) can be made arbitrarily small with respect to A% /vy,

by suitably choosing the constants in (1.16); hence Lemma 2.17 is proved. ®

apl
2 m
A 0P

n
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