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ABSTRACT. Under suitable conditions a flow on a torus C'P)—close,
with p large enough, to a quasi periodic diophantine rotation is shown
to be conjugated to the quasi periodic rotation by a map that is an-
alytic in the perturbation size. This result is parallel to Moser’s
theorem stating conjugability in class c®) for some p' < p. The
extra conditions restrict the class of perturbations that are allowed.

1. Introduction

1.1. The perturbation of the Hamiltonian of a system of ¢ harmonic oscillators with
frequencies %(wm, ..., woe) is described by the Hamiltonian

Ho(A,a) =wo-A+eA -fla)+cA-F(A,a) A, (1.1)

where (A, a) € R® x T* are the “action—angle” variables of the oscillators, - denotes the
scalar product, f is a vector and F' a matrix that describe the perturbation structure and
€ is the “intensity’ of the perturbation.

The Hamiltonian system (1.1) is not integrable in general (see for instance (4.10) in
[G3]). Nevertheless, if the unperturbed rotation vector wq of the oscillators verifies a
“diophantine condition” and if the perturbation is analytic, it is possible to add to the
Hamiltonian a suitable “counterterm” A -N.(A), analytic in the perturbative parameter
¢ and depending only on the action variables A, so that the modified Hamiltonian Hg +
A -N.(A) is integrable.

This was conjectured in [G1] and proven first in [E2], then also in [GM2] (with techniques
of [G4,GM1]), by exhibiting the details of the cancellation mechanisms operating, order
by order, in the perturbative series for the counterterm and for the equations of motion
solution for the modified Hamiltonian; a third method is in [EV].

Note that integrability of the problem (1.1) with F' = 0 is equivalent to the problem of
linearizability of the flow on the torus generated by the differential equations

da

- =wg + ¢f(a) | (1.2)

i.e. the problem of finding a change of coordinates, & = 1+ h. (1), on the torus T* such
that the equations (1.2) become the trivial quasi periodic linear flow dtp/dt = wy.
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A previous partial result about the existence of the counterterm N, (A) is in [DS,R,PF],
where the one-dimensional Schrodinger equation with a quasi periodic potential is stud-
ied: the latter problem can be shown to be equivalent to the problem of the existence of
a counterterm which makes integrable the Hamiltonian of a system of interacting oscil-
lators, provided F' = 0 and f has a very special form, (see [G2] and §5 below): restricted
to this case, the proof of existence of a counterterm making integrable the Hamiltonian
follows also from the analysis of [M1], (see Appendix A4 below).

But the “beginning” of the interest in the above questions goes back to a problem similar
to (1.2) investigated by Moser in [M1]. In the latter paper more general non linear
ordinary differential equations are perturbatively studied under the hypothesis that the
“characteristic vector” (defining the linear part of the equations) verify a generalized
diophantine condition (see Appendix A4 for details): under the assumption that the
nonlinear part f is analytic it is proved that one can add to the equations counterterms
depending (analytically) only on the perturbative parameter e and so that the modified
equations admit a solution analytic in € for € small.

The conjecture in [G1] envisages the possibility of introducing a counterterm depending
(analytically) also on the actions in the Hamiltonian in such a way that the equations
of motion admit an analytic solution: the two problems (the one studied by Moser and
the one studied in [G2]) deal in general with different equations. Nevertheless, if the
perturbation is linear in the action variables in (1.1), i.e. F' = 0, then the counterterm
N.(A) turns out to be A-independent and analytic in ¢ if f is analytic on T*: in that
case, as pointed out above, the existence and analyticity of N, is then implied by Moser’s
theorem [M1], Theorem 1. In [M1] it is also pointed out that the latter result is the “core”
of the proof of the KAM theorem in the analytic case.

However Moser’s theorem gives no analyticity result when the perturbation is non an-
alytic. So, in this paper we consider (1.1) with F = 0 or, equivalently, (1.2) and ef
modified into ef + N, with the aim of proving existence and analyticity of the coun-
terterm N, if the perturbation f belongs to a special class, specified below (see §1.3),
of functions depending non analytically on the angles. Convergence of the perturbative
series for the equations of motion solution and for the counterterm is obtained by taking
into account cancellations which include, besides the ones necessary to treat the analytic
case as in [E2] (the “infrared cancellations’), also new cancellations called “ultraviolet
cancellations” (see [BGGM)).

The analyticity (of the the equations of motion solution and of the counterterm) in the
perturbative parameter e even though the interaction f(c) is non analytic in o is a result
that we believe would be difficult to obtain by other techniques which one could use to
face this problem, like the Moser-Nash smoothing technique, [M2].

The tools are inherited from [BGGM], where interaction potentials belonging to the same
class of functions are considered and analyticity of the KAM invariant tori as functions
of the perturbative parameter is proved (near zero).

1.2. The paper is organized as follows. In the remaining part of this section we introduce
the notations and state the result (Theorem 1.4). In §2 we reintroduce our diagrammatic
formalism, referring for details to Appendix A1l and simply outlining the differences with
respect to [BGGM], §3. In §3 the so called infrared cancellations, [E1], are discussed fol-
lowing [GM2]: such cancellations allow us to solve the so called “small divisors problem”,
and they are sufficient to prove convergence of the perturbative series in the analytic case.
Since there are some differences with respect to [GM2], mostly the use of Siegel-Eliasson’s
lemma (see Lemma 3.4 below) instead of Siegel-Bryuno’s lemma ([GM2], Lemma 5.3), we
provide a selfconsistent discussion although the problem is the same as the one treated

2



in [GM2], §8. In §4, we study the “wltraviolet cancellations” which, together with the
infrared ones, make convergent the perturbative series for the class of interactions intro-
duced in §1.3. In §5, we note briefly that Theorem 1.4 for non analytic interactions does
not give really more results than the corresponding theorem for the analytic case (see
[E2], and [GM2], Theorem 1.4), if applied to the one-dimensional Schréodinger equation
with a non analytic quasi periodic potential; this is a little deceiving, but not quite un-
expected (see comments in §5). As a byproduct of the proof, analyticity of eigenvalues
and eigenfunctions in the perturbative parameter is proved under the assumption that
the interaction potential is at least in the class C®), p > 37 + £: this result improves
some aspects of [Pal, see also [PF] and §5.

Note that, compared to [BGGM], the infared cancellations discussion appears remark-
ably less involved (and therefore more suitable for a first approach to the techniques em-
ployed). On the contrary the ultraviolet cancellations analysis is essentially unchanged
compared to the one in [BGGM], notwithstanding the simplified expression of the Hamil-
tonian (1.3) below: it is repeated for selfconsistence purposes and because pointing out
the (slight but many) variations would take the same amount of work.

1.3. The Hamiltonian is
H=Ho+ A N(e) (1.3)

with Hp = wp - A + A - f(a) given by (1.1), where

(1) A € R® and a € T* are canonically conjugated variables (respectively action and
angle variables), and - denotes the scalar product;

(2) wp is a rotation vector satisfying the “diophantine condition’

Colwo -v| > [v|77 YveZ' ' v#0, (1.4)

for some positive constants Cy and 7 (here and henceforth |v| = /v v, while ||v| =
Syl if v = (i, )

(3) f has the form f = (f1,..., f¢), with each f; of the class C'")(T*) introduced in
[BGGM], for some p: namely fj(a) =3,z fiv e *, £, =f_,, with fjo = 0 and, for
v #0,

N o) @) _1\Ivll
ey’ +di’ (-1)
fv=>_ o : (15)
n>p+L

for some N > p + £ and some constants cﬁf’, dslj); and

(4) N(e), called a “counterterm”, has to be fixed in order to make the equations of motion
for the model (1.3) linearizable.

For instance we can choose fj, = a;lv|~?, with b = p + ¢ with a = (ay,...,as) € R
In the following we shall deal explicitly with such a function: the proof can be trivially
extended to the class of functions (1.5).

1.4. THEOREM. Given the Hamiltonian (1.1), with wy satisfying the diophantine condi-
tion (1.4), F =0 and £ = (f1,..., f¢), with each f; € c® (_ITZ), there exist two positive
constants €g and po = 2+37, and a function N(e) analytic in € for |e| < e¢, such that the
equations of motion corresponding to the Hamiltonian (1.3) admit linearizable solutions
in COV(TY) analytic in € for || < e, provided p > py, i.e. solutions described by (1.7)
below.



1.5. The equations of motion for the Hamiltonian (1.3) are given by

do;
— = wo; Tefj(@) + Nj(e)
1.6)
dA; (
T —eA - 0,,f(a) .
We look for solutions of the form
a(t) = wot + h(th) s h(’l,b) = Z Z hg]k) eill'w Ek ,
ez (1.7)
A(f) = AQ + H(WQt) R H('('b) = Z Z H’(/k) eiV"‘f’ Ek ,
k=lveZ
with h odd and H even in 1 so that the equations for h and H become
(wo - ) hj () = ef; (¢ +h(¥)) + Nj(e) s

(wo - Oy) Hj(¥) = —e[Ag + H(¥)] - 0o, £(¢ + h(¥)) ,

where Jq denotes derivative with respect to the argument, and N(e) has to be so chosen
that the right hand side of the first equation in (1.8) has vanishing average (see §2.1
below).

We see from (1.8) that the equation for h is closed, so that, as long as we are interested
only in the function h, i.e. in the analytic linearizability of (1.6), we can confine ourselves
to studying only the first equation in (1.8). This is the equation that one has to solve
to linearize the flow generated by da/dt = wg + ef () + N(g): hence it is not surprising
that the equation for H can be easily solved once h is known: see §2.3 below.

Note that, since f is supposed even, then we expect that h is odd and H is even: hence
while the equation for H does not seem to hit any obvious compatibility problems we
see that the equation for h does, unless N(e) is suitably chosen. In fact the function
ef (v +h(v)), being even, has no a priori reason to have a vanishing integral over 1) (as
it should, being equal to (wq - Oy )h(1))).

2. Formal solution and graph representation

2.1. We study now the equations (1.8) with f;, = a;|v|~° replaced with f;, e *|. The
parameter k is taken x > 0, and, after computing the coefficients h,(,k) in (1.7), which
will depend on &, one will perform the limit k — 0 (“Abel’s summation”).

The formal solubility of (1.8) with f;,, replaced with f;,, e %! follows from [E2], where
more general interaction potentials are considered (see also [GM2], §8.1, where the for-
malism is similar to the one used here).

One has h(lf)) = H%) =0 Vk > 1, while, when v # 0, for k =1,

J
B0 _ v gD _ Wi A 2.1
W Gw v v iwo-l/( o). 2.1)
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and, for k > 2,

1 1 o .
e SIS S A S | (TR

p>0 1" vo+vi+.. Hrp=r ki4...+kp=k—1s=1
k) 1 1 .
Hy) =———%" = > (iv05) -
wq -V p!

p>0 U+vo+vi .. AVp=V

> () I (o)

ktki+.. +kp=k—1 s=1

1 1 ,
iwg v ;}p > () (2.2)

" votvit.Arp=v

DRCVRN) | (RO

1+ Akp=k—1

provided Nj(g) = > 77, N;k) e¥, with N;k) defined by N;l) = —fjo and, for k > 2,

P
> O D SR U DI | (70 V) FECE)

p>0 4" vo+vi+... 41, =0 ki4...+kp=k—1s=1

Equality (2.3) assures the formal solubility of (1.8). The function f is even, hence h is
odd and H is even.

If f is analytic (k > 0) the convergence of the series defining the functions h and H
is a corollary of [E1,E2] (see also [GM2]|, Theorem 1.4), but the convergence radius is
not uniform in k (it shrinks to zero when x — 0). The aim of the present paper is to
show that, if f belongs to the class of functions C'(?) ('ITé), then there are cancellation
mechanisms operate that imply convergence of the series and, therefore, analyticity in ¢
of the equations of motion solution.

2.2. We shall use a representation of (2.2) in terms of “Feynman graphs” following the
rules in [BGGM], §3: the reader not familiar with [BGGM] can find in Appendix Al
below a brief but selfconsistent description of the graphs. See [GGM] for the terminology
motivation. The only difference will be that that the “value” of a graph ¥ is now given
by

val(9) =[] v tv,) (2.4)

wo -V
v<r 0 A

where

(1) v is the node immediately following v in ¥, and A, = v'v is the line (or branch)
emerging from v and entering v’;

(2) r is the “root” of the graph, and iv, denotes the unit vector in the j—th direction,
wy=e;,j=1,...,4

(3) vy is the “external momentum” associated with the “node” v, vy, =3, , Vw is the
“momentum” flowing through the line \,, and v(¥) is the momentum flowing through
the line entering the root (“root branch”). The momentum vy must be # 0 for all lines
A € 9: this has to be regarded as a restriction on the possible values of the node momenta
{v,} that we allow attributing to the nodes.

5



It can be convenient to introduce the notations

1
gk:wO'U)\ ) D(ﬁ): Hgka (25)
)
so that (2.4) becomes

val(w) = D) [T - £,) 5 (2.)

v<r

and g, will be called the “propagator” of the line X. Let us denote by 7 (k,v) the set of
non equivalent labeled graphs of order k with v () = v and iv, = e;; then

W) =— S Val(w Z W (2.7)

ﬂeT(k v) 19067’0

where ¥ = (9°,{v,}), if ¥ is a labeled graph, while ¥° is a graph bearing no external
momentum labels, 7°(k) is the set of such graphs of order k, and

wlv)y= Y Val(v). (2.8)
{v,}:v(9)=r

By comparing the expression of h( ) in (2.2) with (2.3), one realizes that N; (%) admits the

same description as hg-u) in terms of graph values, with the only difference that v(¢) = 0
and no propagator is associated to the root branch. Then the bound we shall find for

h;lfl) will hold also for N ;k) (this will appear from the analysis of §3 and §4).

2.3. The function H J(l]f) can be expressed in terms of the same graphs as in §2.2, but the
value associated with a graph ¢ is no longer given by (2.6). One defines, instead,

Val* (19) :D(ﬁ) (_inu')Z[ H (Vv’ : fl/u)]'
€Y vgC(v1,0)

1 I e ven)] (e, - Ao,

veC(v1,0)\0

(2.9)

where

(1) vy is the highest node in 9, i.e. v} = r,

(2) C(v1,0) is the collection of vertices crossed by the connected path of branches in 9
1inking the node v; with a node ¢ < vy, with C(vy,v1) = vy,

(3) v" is the node on C(v1,?) immediately preceding v.

With the above definition (2.8), one has

— ) Val¥( (2.10)

1967' k,v)

where 7 (k,v) is defined as after (2.6).



3. Infrared cancellations

The cancellations discussed in this section are sufficient to treat the analytic case (see
[E2,GM2]). Hence they are not really characteristic of the problems that we address in
this paper. Nevertheless they must be taken into account and their compatibility with
the cancellations that are typical of the differentiable problem will have to be, eventually,
discussed.

3.1. Let us define x(z) as the characteristic function of the set {x € R: |z| € [1/2,1)},
and x1(z) as the characteristic function of the set {x € R, |z| > 1}. Then each propagator
in (2.6) can be decomposed as

w (27w - v, .
g = a0 ) Z X2 w0 va) Zg(), (3.1)

n=—oo n=—oo

and, inserting the above decompositions in the definition of the value of a graph (2.3), we
see that the value of each graph is naturally decomposed into various addends. We can
identify the addends simply by attaching to each line A an “infrared scale ” (or simply
“scale”) label ny < 1, thus obtaining a new “more decorated” graph that we still call ¥.
It has to be noted that, given a graph ¥, there is only one set of scales {ny} for which

all the propagators g( n) are not identically zero: nevertheless if one uses (3.1) the scales
labels {ny} and the momentum labels {v,} are considered as independent labels, which
is useful for combinatorial purposes.

3.2. DEFINITION (CLUSTER). Given a graph 9, a “cluster” of scale n <1 is a mazimal
set of nodes connected by lines of scale > n. A line X\ which connects nodes both located
inside a cluster T is said to be “internal” to the cluster, and we write A € T'; the lines
which connect a node inside with a node outside the cluster are called “external” to the
cluster; if a line X\ is internal or external to a cluster T', we say that A intersects T', and
we write A\NT # (. A line is “outside” the cluster T if it is neither internal nor external.

The nodes of a cluster V' of scale ny may be linked to other nodes by lines of lower
scale. Such lines are called “incoming’ if they point at a node in the cluster or outgoing
otherwise; there may be several incoming lines (or zero) but at most one outgoing line,
because of the tree structure of the graphs.

3.3. DEFINITION (RESONANCE). We call “resonance” a cluster V' such that:

(1) there is only one incoming line Ay and one outgoing line Ay, and |vx, | = |vy, |;

(2) if ny is the scale of the cluster and ny, is the scale of the line Ay, one has ny >
Ny + 3.

If vy, = 0% the resonance is called a “real resonance”; if vy, = —vy,, it s called a
“virtual resonance”.

Note that V' can be a resonance only if ny,, < —2. Then the following result holds (see
[S,E.BGGM]).

3.4. LEMMA (SIEGEL-ELIASSON’S BOUND). If we consider only graphs with no real
resonances then

[[——<c* 71_[”@9 vol® (3.2)

i |wo =7 Sl

for some positive constant C and n = 6.



3.5. Consider a graph ¢ and call J the graph obtained by deleting the infrared scale
labels {n)} and 9¥° the graph obtained by deleting the scale and external momentum
labels: we shall write ¥ = (J, {n}), or (9%, {nx}, {v}).

Suppose that the set of scales {ny} for ¥° is consistent with the existence of a fixed
family V1 of mazimal real resonances, i.e. of real resonances not contained in any larger
real resonance.! If V € Vi we call Ay = v%v{, the line incoming into the real resonance
and ny, its scale; likewise \;, = v)v% is the outgoing line, (v%,v%, € V while v, v{, are
out of it).

We consider the graph values at fixed set of scales for the lines not in any V' € V; and
arbitrary values assigned to the scales of the lines inside the resonances V € V1, and we
say, in general, that a set of scales is “compatible” with V1, denoting this property by
{n,\}&Vl.Q

We introduce the momentum flowing on A, € V intrinsic to the cluster V as ng =
> v>wey Vw, and define the “resonance path” Qy as the totally ordered path of lines
joining the line coming into the real resonance V' with the outgoing line and not including
the latter two lines. Then

S vl ) =Y 3 [ T (g, XEe ], (33)

W -V
{nx) Vi {na&Vi  Anvi=o 0 FA

A=zy

IT {0 S g, £, ) XE 0200

vy (wo - vy )2 }V(wo vV {m},\ev)} ’
Vev,

where the sums are performed at fixed 9°, fixed {v,} and fixed values of the ny if X is
not in any V € V3 and with the scale labels n) compatible with the cluster structure
given by the resonances V' € V7; therefore they run over many terms, as the labels take
all possible values: all vanishing but one, because Jis a graph with given node momenta
and therefore with only one possible set {nx} of lines scales for which the addend does
not vanish; the “resonance value” V is defined by

X2 018+ 10)
VAV taher) = [T 0 ) X0

: (3.4)

with oy = 1 if X is on the resonance path Qv, (A € Qv ), else o) = 0.

Let x(mn) (z) = Z;l/:n x(277z) be the characteristic function of the set |z| € 2771, 2"").
We shall use the notation {n}gv, to denote the collection of the {ny} corresponding
to the lines A not internal to any resonance V' € Vy. Then (3.3) implies

Z Val(d, {n\}) = Z Z X1(9, {matagv,) s

{nx} Vi {natrgv, &V1
where
. X(27 ™ wg - vy)
X (0 = e By ) —-——— 2 3.5
1( 7{”)\})\¢V1) |: /\mVHIZQ (V Vy) wo - V) :| ( )
A=zy
X(27" v wo Ay )T,
H {[(V”3 'f””?/) (v, 'f"”lv) (wo - Vay, )2 }V (w: VleV)} ’

Vev,

1 This means that the V € Vj are clusters corresponding to the labeling {ny} of the branches of 99,
furthermore they have one entering line and one exiting line and such lines have the same scale.

2 This means that there is at least one graph (99, {ny}, {v}) such that among its clusters there are the
resonances V' € V1 not contained in any other resonances and each V' € V7 is a real resonance.
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with
(nxv,+3;%co)(

0
X wp - V5 +0xC)
V'(¢|V) = v, - f , 3.6
=T ) g e, (36)
A=zy
which can be rewritten, by using the interpolation formula
VI(V) =V(0[V) +Vi(C[V)
where
(nay, +3,+00) 0
/ . ) X (‘*’0 : V)\) .
Vi = (I e ) =)
AEV/Qy
A=zy
(3.7)
¢ dtv at I1 v ) " |-
erV wo -V +tv(
A=zy

A key remark, [E1,G4], will be that for the purpose of computing the sums over all scale
and momentum labels, i.e. for our purposes, we can consider the value X; with the real
resonance value (3.6) corresponding to V' € V7 always replaced by the expression defined
n (3.7); this follows from the following “cancellation”

3.6 LEMMA. Fized 9° and Vi, when all graphs values in (5.3), with the real reso-
nance value V'(C|V') replaced with V'(0|V), are summed together over {v,} and {n\}
with {ny} & V1, they give a vanishing contribution.

The proof is in Appendix A2.

3.7. We can perform explicitly the derivative in (3.7): we obtain (see also Remark after
(5.6) in [BGGM)]), neglecting the terms with ¢ = 0,

X1(9, {na}rev,) = ( H v, fyy> ( H x(2 "Awo 1/,\))

ﬁii AGﬂ/Vl
3.8
KO o i) Y
30 3 RUSTTRUEY ) ) f =R
A eQy z=0 VeV eV AV
where, for A € V, we adopt the notation vy (ty) = v + tyv,,, and
LA)()'V,\V . _
—_—— if z=1,
p(A%,z,tv)—{ o ’;”v“” ) . (3.9)
Zt; (tv —t3,) , if z=0,
where ¢, are the solutions to the equation |wp - vyo (tv)| = 2w T2 if any (there are

at most 2 solutions). The two values of z correspond to the two terms obtained by
differentiating the denominator of the term in square brackets in (3.8), (z = 1), or the
numerator, (z = 0).

We then redecompose in (3.8) the characteristic functions of the lines inside the real
resonances into individual scales from ny, + 3 up, so that (3.5) with V' replaced by V;,
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see (3.7), and with X3 replaced by

£ 000 = ([ aw)- ] <X<2:Z;‘fs;5:§“”>-

vVev, AED, A=zy
A¢ (N Yvevy

( H: Vz'fyy) (H Z Zwo o ( )’

(3.10)

Vev, )\0 €Qy zv=0

with t = {tv}vev, and we set v, (t) = v + tyvy, if A € Qv, and vy (t) = V) = v, if
A ¢ Uvev,Qv, and

wo
d;(\)/ =-1 ’ d?‘[‘)/ T TwoUx, I/>\ Zt* ( ) ’ (311)

where ¢}, is defined as in (3.9).

Each addend in (3.10), with fixed ¥ = (9, {nx}) and {\}, zv, tv }vev,, is said to be
“superficially renormalized” on the real resonances V1, on the line )\?/ and on the choices
zZv.

3.8. REMARK. Note that the case zy = 0 is special as it forces Ny = Ny + 3, so that
the ratio in the definition (3.11) of d}, is bounded above by 2*.
\4

3.9. Having dealt with the maximal real resonances (“first generation” real resonances)
we perform again the same operations, i.e. fixed 19, Vi, {)\?/, zv,tv }vev, and the scales
{na} for A & Uy v, V, we identify the “second generation” real resonances as the maximal
real resonances inside each V' € Vy; call Vs the set of the real resonances of the first and
second generations and proceed in a similar way to “renormalize” superficially the newly
considered real resonances W € Vo /Vj.

This means that we fix the scale labels of the lines outside the second generation real
resonances, and sum over the other scale labels {nx}, A € Vo \ V1, consistent with the
cluster structure of V.

We obtain that the product in (3.10) of the terms coming from the lines A € W € Vg,
W C V € Vq, can be written in a form very close to (3.6), with the difference that the
momenta flowing through the lines A € Qw N Qv are vy(t) = v + tw (l/gw + tyvay, ),
and ny, + 3 is replaced by ny,, + 3 in the characteristic functions.

We proceed to perform a Taylor expansion as above, in the variables (y = wy - (ugw +
tyvy,) if Aw € Qv or {w = wp - Vg otherwise. However this time we modify the
renormalization procedure: if W contains the line /\ we do nothing, while if /\"3, ¢ W
we write the first order remainder as above.

We then perform the derivatives with respect to the new interpolation parameters ¢y,
generated by the expression of the Taylor series remainders, hence redevelop the char-
acteristic functions and rearrange, along the lines that generated (3.10), the various
terms and get an expression very similar to (3.10), for a quantity that we could call

Xo(9, {na}trgva\v, ), such that

S Val(d, {ma}) =) > Xo (0, {nahagvarvy) -

{nx} Vo {na}agvo\v, &V2

Note that the order zero term of each Taylor expansion can be neglected, because of
Lemma 3.6, which still holds if V' is not a maximal resonance. In the same way as the X;
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was already used to start the second renormalizations, the latter X> can be subsequently
used, for the superficial renormalization of the third generation of real resonances. Then
we iterate step by step the procedure until there are no more real resonances inside the
maximal real resonances found at the last step performed and all the ny have been fixed.3

To write down the final expression we need some notations.

(1) Let us call V the collection of all real resonances selected along the iterative procedure.
For each V' € V choose a line A\, on the resonance path of V, with the “compatibility
condition” that if V.C Z € V, A} € V implies A}, = \%.

(2) Then if A} € V (so that A}, = A},) we say that A}, and V are “old’, and define

Wv(dtv) = 5(tv - 1) dtv 5 d%\r‘)/ =1 s d())\(‘)/ =0. (312)

(3) If A% ¢ V we say that the line A}, is “new” and that the real resonance V is “new’”,
and define

wo- l//\o (t)

Ty (dty) = dtv , di\?, =-1, d?\(‘)/ = Wolay ) Zt* 8(tv — i) (3.13)

where t7, are the solutions (at most 2) of the equation wo - vyo (t)| = 2" + 2 for ty,

and the interpolated momenta v, (t) are defined as vy (t) = v if X is not contained in
any resonance paths and, otherwise

nt) =+ > v, [[ tw. (3.14)

V:iAEQV WCV: AeEQw

where the sum and the product are over all resonances V, W verifying the conditions
indicated and v is the sum of all the momenta of nodes preceding A and inside the
smallest resonance containing it when A is inside a resonance, (see (5.13) in [BGGM]).
(4) Recalling that A{, denotes the line exiting the resonance V, define

H X n,\wo V)\(t))’ N('l9) _ H vy - fyy 7 (315)

AGUY AL, 0-¥a(t) e
and denote by A the function V — {A},, 2y }.
(5) Define
R Val(¥) = N(9) RD(9) , (3.16)
where
dzy
Z/ m(dty)) Po() [] ——— (3.17)
vev e ey (@o g ()7 '

and the * means that (wo - vyo (t))" = wo - ¥yo (t) if the resonance is new, and (wo
vxo ()" = wo - v, (t) if the resonance is old.

3.10. REMARK. By Definition 3.3, we have |wg - vx(t)| > 2|wp - ©/3|, uniformly in t.

3 Note that we, in fact, proceeded by first fixing the scales of the lines outside the maximal resonances,
and at the first step we fixed the scales of lines just inside such first generation resonances, at the second
step also the scales of the lines inside the second generation of resonances were fixed and so on.
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3.11. Then, from the iterative procedure and with the just introduced notations, we
obtain
> Val(@) = > R Val(®9) , (3.18)
9 9

as all terms discarded in each Taylor expansion add to zero when summed together (as
a corollary of Lemma 3.6).

The number of terms thus generated is, at fixed V, bounded by the product over V € V
of 2 times the number of pairs that are in V/ Uwcvwev W and therefore it is bounded
by 2% Ty k(V)? if k(V) is the number of nodes in V which are not in real resonances
inside V. Hence this number is < (2%)¥. The number of families of real resonances in 0
(hence at fized {v,}) is also bounded by 2F.

3.12. After applying the R operations, we see that the contribution to the new “renor-
malized value” from the divisors in (3.10) will be bounded by the same product appearing
in the non renormalized values of the graphs deprived of the divisors due to the lines X,

exiting resonances times a factor
1
2" ] — e <A T [ ]
Vl;[ﬂ minxev, |wo - Va(t)] ? ‘/1;[ |w0 vy ' ‘,1;[19 U;O h
(3.19)

9 min)\GVo
where the factor 24* arises from Remark 3.8, Cy = 2.(3/2) from Remark 3.10, C; = CyCs
and Vj is the set of nodes inside the real resonance V not contained in the real resonances
internal to V.

In order to bound the factor Py(¢)) given by (3.15), we can identify the real resonances
V € V of different generations; the set V; of real resonances of the j—th generation,
j > 1, just consists of the real resonances which are contained in (j — 1)-th generation
real resonances (of lower scale) but not in any (j + 1)—th generation real resonances

If V is areal resonance in V; with entering line Ay = v%’,vv and outgoing line \{, = ’UV’UV
with momentum v, we can construct a “V-contracted graph” by replacing the cluster
V together with the incoming and outgoing lines by the single line vJ,v{,: i.e. by deleting
the resonance V' and replacing it by a line. We can also construct the “V-cut graphs” by
deleting everything but the lines of the resonance V' and its entering and outgoing lines
and, furthermore, by deleting the outgoing line \{, as well as the node vY and attributing
to the node ’U‘l/ an external momentum equal to the momentum flowing into the entering
line in the original graph J: thus we get pya disconnected graphs.

We repeat the above two operations until we are left only with graphs ¥;, ¢ = 1,2,...
without real resonances: by construction the product [T, |wo - wa(t)| ™! is the same as
the [T, [Txe, lwo - wa(t) 7.

Then we imagine to delete as well the lines of the various 1¥; which were generated by
the old entering lines (not all ¥; contain such lines, but some do) and we call ¥ the
graphs so obtained. By doing so we change the momenta flowing into the lines of the
graphs ¢; by an amount which is either 0 or the old momentum v}, (t) entering a real
resonance V', and from Remark 3.10, we have

Po@)] < CF(TT T lwo-817") . (3.20)

i A€V?

and using Lemma 3.4 it follows

HHMwn%@H”WMP (3.21)

i )\6190 ’06190 |V'U|
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with n = 6 (see also [BGGM]. Then (3.17)+(3.21), bounding the last product in (3.17)
by (3.19), imply
]RD(m] <c*cE[[wal?™,  n=6. (3.22)
ved

Note that (3.22) and our discussion leading to it is a version of the proofs in [E1,E2] and
in the case of analytic f the Fourier coefficients f,, are exponentially bounded as |v| — oo
so that (3.22) yields the convergence of the perturbation series for h.

4. Ultraviolet cancellations

The ultraviolet cancellations are characteristic of the linearization problems relative to
(1.1), (1.2). They are quite different from the infrared ones discussed in §3 and the main
technical problem, besides their identification, is their compatibility with the infrared
cancellations. Exhibiting the two cancellations may not be possible simultaneously in
the sense that the first cancellations may require grouping graphs in classes that are
completely different from the groupings that are necessary to exhibit the second cancel-
lations. If this happens one says that the cancellations are not independent, or “overlap”,
and it is clear that one runs into serious problems.

Hence the following analysis will be mostly devoted to showing that, besides an ob-
vious incompatibility that can be explicitly resolved, the two cancellations are in fact
independent.

4.1. Given a graph ¥, we can define the (ultraviolet) “scale” h, of the node v to be the
integer h, > 1 such that 2"*~1 < |p,| < 2"*. We say that the labels {v,} and {h,} are
“compatible” if |v,| € [2"v~1 2" for all v € ¥. The compatibility relationship between
{v,} and {h,} will be denoted {v,} comp {h,}.

Then we can write

S ORVal(W) => > RVal(d’, {va}) = Y > RVal@® {v.}) . (41)
9

90 {v,} 90 {hy} {Va} comp {ha}

Here 9° denotes a graph with infrared scale labels only, ¥ = (9°,{v,}). The infrared
scale labels need not be explicitly declared. None of the following operations will modify
the infrared scale of the momentum flowing in a line, thus it is possible using a notation
in which the infrared scale labels (needed in the infrared cancellations discussions) do
not appear explicitly.

Set Q@ = UyevQy, where V is the set of all resonances of ¢ and @y is the resonance
path of the resonance V' (see §3.5): however from now on we shall consider not only real
resonances but also virtual resonances referring to them occasionally just as “resonances”.
The notion of resonance paths makes sense also for virtual resonances: see below (end
of §4.6, or [BGGM]) for a discussion of why the consideration of virtual as well as real
resonances (which seem purely infrared problem objects) is necessary in the ultraviolet
problem. Define B, the subset of the nodes w among the p, nodes immediately preceding
v such that the branch vw is not on the resonance paths Q of real or virtual resonances.
The generally larger set of all nodes immediately preceding v can be denoted B,: B, C B,.

Given a set of momenta and fixed a node v € ¥°, we define the change of variables
USw . Z'«—7Z", where w € By, by fixing a sign o, = +1 and defining U2 ({v,}) = {v.}
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as: here

v, =0y, zsw,
v, =v,, for all other z # v , (4.2)
v =v; + (1 —o0y) Z v.=v; + (1 —oy)vy, ,

z<w

so that, for any choice of the subset Bi; C B; of nodes immediately preceding v, there
are cancellations, see Remark 4.2 below, which allow us to write

0
Z RVal(9°, H Ugig{ve}) E/l ( H dty)-

{ow}weByy weEB1z wEB15

> (T i) (e Gotean) - R{Gvaran}

llms||=ps weBis

(4.3)

where

(i) Val'(9°) is a tensor containing all the other factors of the graph value relative to nodes
v’s different from 2.

(ii) The free indices of the pg-order tensor v;(t;)™? are contracted (by performing the
> m,) with the ones that appear in the tensor Val'(¢¥°), and m; is a £ dimensional
positive integer components vector (with ||mg|| denoting the sum of the components; see
comments after (1.4)) and, given a vector b, we put b™ = b""* ... b;""*; furthermore
ts = (twys - tws,, ) a0d Vg (tw,s - b, ) = Vo(ts) is defined as

V'D(t'f)):Vﬁ(twla-'-atw‘gw\):V17+ Z 2tw Ui, =Vp+ Z tw(z2’/2)a (44)

weEB1p wEB1z z<w

where v;(t;) = vp if By = 0.

(iii) The assumed form (1.5) of the f,, allows us to think that f, is defined on IR’ rather
than on Z* and hence to give a meaning to the derivatives of fy (t,)-

(iv) We use here and henceforth that R acts only on the product of propagators D(d)
(see (2.5) and (3.16)), and the fact that the definition of B, after (4.1) yields that all real
or virtual resonances remain such under the action of the change of variables (4.2).

4.2. REMARK. The cancellations are due to the fact that the change of variables (4.2)
leaves unchanged each factor (v, - £y, )[wo - va,] 71, except for the nodes w and v, whose
factors are modified in the following way:

Vyp - fuw R (Vﬁ + Cw) : fl/w

-_ node w
wo - VU, wo - V),
vy - fy, (vor) - fyﬂ+cw _
_ 5 node v
Wo - Vi, Wo - Vi

with ¢, = 2v),: then, if we set ¢, = 0, the sum of the two graph values cancel exactly:
hence their sum can be written via an interpolation formula like (4.3).

4.3. We can study the sum Si(9°) = >, [v[¥|RW (9°,v)|, where W (99, v) is defined in
(2.8) and RW (9°,v) is defined as in (2.8) with Val(d) replaced by RVal(¥).* From the

4 The reader familiar with [BGGM] can skip the following discussion, which is essentially identical to
the one in [BGGM], §4, and leap directly to the final expression (4.27) in §4.7.
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4

tree structure of the graphs defining the “value” it follows that

Sp(®%) = [vl°
= 2w, )™ R{ s TT [ W00}

WEBy  Vxy,

RW (4", u)} -
(4.5)

where vy is the highest node and v,,, = v — ZweB” vy, Witho =v — ZweEUI\B” vy, -
Fixed © and {vy, }wes,, let hy, = hy, (D, {Vx, }wes,,) be the scale of vy, i.e. vy, is
such that 2" =1 < |u,, | < 2h1. We shall say, see §3.5 and §4.1, that h,, is “compatible”
with v, if v, has scale h,,.

Given w with w' = v; we say that w is “out of order” with respect to vy if

2M > 29, (v | 0=5, (4.6)

where p,, is the number of branches entering v. We denote Bi,, = By, (¥, {va, wes,,) €
By, the nodes w € B, which are out of order with respect to v;. The number of elements
in By, will be denoted g, = |B1y,|- Note that he notion of w being out of order with
respect to vy depends on {vy, }wep,, and D.

Given a set {vy,, }wen,, for all choices of 0, = &1 we define the transformation

U({ka}wEBvl) = {owv, }wGBul ) (4.7)

and given a set C' C B, we call U(C) the set of all transformations U such that o, =1
for w & C.

If [2h_1, 2") is a scale interval I,, h =1,2,... we call
e the “first quarter” of I, the “lower part’ I, = [2"=1 22"1) of Iy,

e the “fourth quarter” of I the “upper part” I}T = [%2", 2") of I, and
e the remaining part the “central part” I} of Ip.

We group the set of branch momenta {v, }wes,, into collections by proceeding itera-
tively in the way described below. The collections will be built so that in each collection
the cancellation discussed in Remark 4.2 above can be exhibited.

Fixed © and h choose {v} }uwes,, such that |v) | € I} such {v} }ues,, is called a
“representative”. Given the representative we define
e the “branch momenta collection” to be the set of the {vy, }uwes,, of the form

U({V)l\w}weBul)v Ue M(Blvl (1)7 {V)l\w}weBul)) ) (4'8)

e the “external momenta collection” to be the set of momenta

vl =v— Z oWl for U € U(Biy, (7, {v}, YweB,,) - (4.9)

wEEvl

where, here and below, we set o, = 1 if w € B,, /B,, to unify the notation.
The elements of the above constructed external momenta collection need not be neces-
sarily contained in I}.

We consider then another representative {v3 }wes,, such that |v} | € I and not
belonging to the branch momenta collection associated with {V)l\w}wegvl, if there are
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any left; and we consider the corresponding branch momenta and external momenta
collections as above. We proceed in this way until all the representatives such that v,,
is in I}, for the given h, have been put into some collection of branch momenta.

We then repeat the above construction with the interval I, replacing the I;, always
being careful not to consider representatives {vy, }uwes,, that appeared as members of
previously constructed collections. It is worth pointing out that not all the external
momenta v, U € U(Biy, (¥, {vx, }wes,, ), are in I, but they are all in the corridor
Ih_l U, , by (4.6).

Finally we consider the interval I, ,f_l, (if h = 1 we simply skip this step). The construc-
tion is repeated for such intervals.

Proceeding iteratively in this way starting from h = 1 and, after exhausting all the h =1
cases, continuing with the h = 2,3... cases, we shall have grouped the sets of branch
momenta into collections obtainable from a representative {v),, }wegu1 by applying the
operations U € U (B, (7, {Vx,, }wes,, ) to it. Note that, in this way, when the interval
I+ 1 s considered, all the remaining representatives are such that |1/ | € I,j' 1 for all
Ue U(Bro, (0, {vr,, bwes,, ))-

The graphs with momenta in each collection are just the graphs involved in the parity
cancellation described in the previous section. In fact if U is generated by the signs
{ow }wen,, we have

L= (CID vmmoten)), -

wEB1yy

(U({%}@erl>>w:Z(< [I vimwy) .

z<w  WEBiy,

(4.10)

where, given the sets {v,} and {v),}, ({v.}), denotes the external momentum in {v,}
corresponding to the node v and ({v,})w» denotes the branch momentum in {w,}
corresponding to the branch A,.

4.4. REMARK. The complexity of the above construction is due to the necessity of
avoiding overcountings, called “overlapping divergences’ in the usual language of field
theory. In fact it is possible that, for some U € U(B1y, (¥, {Vx,, wes,, ), one has

Bl'Ul (Dv U({V)\w }wGBul )) 7£ Blm (Dv {V)\w }wGBul) ) (411)

because the scale of uf,]l may be h — 1, while that of v,, may be h; so that if one
considered, for instance, I,il before I, overcountings would be possible, and in fact
they would occur.

4.5. A convenient way to rewrite (4.5) is the following:

ZM\Z S W

hoy {va, }weg U€U(B1y, )
(4.12)

.R{wo > H W (¥ Ulw,aqu )H,

wGBvl

where E?VA Ywep, DDeans sum over the above defined representatives such that v, is
w v

compatible with h,,; and we abridge Biy, (¥, {vx,, fwes,, ) by Biv, in conformity with the
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notations introduced after (4.6). The explicit sum over the scales h,, is introduced to
simplify the bounds analysis that we perform later, see §4.8. Note that 1/1[}]1 is, in general,
not compatible with h,,, i.e. we are grouping together also terms with different scale
label (but the difference in scale is at most one, see (4.16) below).

The parity properties of f,

W(/(910)1w7 Uwykw) = Ow (1910)111)7 w)’ (4'13)
and (4.12) imply
( 'Ul)mUI :
" {%}MEB v (4.14)

-R{(H Do 1 Wkl

wWEB1y; wEBvl

We can apply the interpolation in (4.3) to the node v and rewrite (4.14) as

Sildo) =2 > /0< IT dt)- (4.15)
hoy 0} yeg,,  IImoll=pe, "1 wEBL,
H W 'U17JJ7 )}‘7

( 11 %)(][juvl(tvl)(Vvl(tvl))mn)} {

wWEB1yy wEBul

where if B1,, = () no interpolation is made; and we note that by (4.3), by the definition
of nodes out of order and by the iterative grouping of the representatives,

21172 <y, (g, )] < 2001 (4.16)

so that the interpolation formulae discussed in §4.1 can be used because no singularity
arises in performing the t,,-integrations.
By the definition of W (9%, v), (see (2.8)), we can write (4.15) as

RIS

1
1!1 {ka}weg ||mv1||:pul weBln

( 11 %)(fjun(w(Vvl(tvl))m”)] (4.17)

wEB1y,

={ wol' 1 3 Val(du,) }|

wEBy, {Vatocw: V(uyw)=ls,

If we use (see (4.3))

Oty (2”“ ai)y volbs) (Z”z 3,/)V e (4.18)

z<w
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to compute differentiations with respect to t,,, we can write (4.15) as

LY [0 @

Ul {V/\w}weg Ilmvlllzpvl weBlvl
w1
. | = (Pvy —qvy) Ny mvl) }
(|u| e p fe 0))
(4.19)
I (2] I el
weB1y;  zSw wEBy, \Bio,
1
~{ | sl
o~ 1'_[ > Val(y,0)
weBy, {Va}ao<w: V(0vyw)=Vxry,
where we recall that g,, = |Biy,|; here the factor |&|~(P»1=9%1) (which, computed for

U = vy, (ty, ), is identical to the inverse of [[[, .z \B: |y, (ty,)]]) has been introduced
vy vy

so that a “dimensional’ estimate (i.e. an estimate based on the homogeneity of the
functions involved) of the factor in the second line of (4.19) can be taken proportional to
27"1? (see the homogeneous form of the function f, §1.3, and (4.16)).

If w € By, \ Biy, we have

H o, (b0y)| = H (2°Puy) Koy (boy) *¥A, =

wGEUI\Blvl ’wegvl\Blvl (4 20)
= H (27 Poy) Royw (b)) - 2(2’/2) ;
weEul\Blul zSw

where Xy, (ty, ) is a suitable vector depending on vy, but not on the individual terms
v, and such that |Xy., (., )] < 1.
We obtain, with the above notations:

3 /Hdt

hoy {V)\w}weg Hmv1|| =Pvq weth

[Bio, | m,
~(|§r;£tf;31 e Jw ) oo iy (Yow)] w2

z<w
1
R I % Vauw} ,
0 Y weBy,  (atecw: V(Buyu)=va,,
where the tensor
YUI (t'Ul) = H 24pvliv1w(tv1) (422)

wGEvl \B1v;

depends also on & and {v),, Jwes,, (although this dependence is not shown, to simplify
the notation), and has to be contracted with the external momenta v, z < w € By, \ By, -

4.6. Developing the sum Y __. 2w, in (4.21), the quantity Sj(9°) is given by a sum of
terms corresponding to a collection of nodes lying on the paths P(vq,2(v1,w)) leading
from vy to a node z: the collection is defined by the “choices” of one particular addend
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2v, in the sum ) _ 2v., with z = z(vi,w), w € Evl. Therefore, in general, we can
think that (4.21) corresponds to a sum over a collection of paths P(vy, z(vi,w)) for the
w € By,. The paths are regarded as totally ordered (and gapless) sequences of nodes on
Jo.

We can call P; the family of the possible collections of paths that arise when expanding
the sums >, in (4.21): each element P; of P; can be identified with one contribution
o (4.21). And, by using the notation t, = {t,}wes,, as in (4.3), the result is the
following more explicit interpolation formula reexpressing the r.h.s. of (4.21)

Sult) = 3 > [ (1 w)

huy PLEPY (U, bueby,  |Imuy [|=po, 71 wEBLy,

(ﬁﬁff R AR SO | QS ST

z:P(v1,2)EPy

. R{ wOl. - 11 [ 3 Val(z%lw)} }

wEBy,  Wrta<w: V(Bogw)=Vay

)

where the interpolation is considered when By, # @ (i.e. when it makes sense), and the
indices have to be contracted suitably.
The above formula can be rewritten as

hoy {Vawt e, P167’1 velPi]{va, }, 5,

Yo, (b)) 0™ fiw (D)mvl
R Z / H dt) (|V|Pv1 1 Jp v on-u )i/:l/ul(tul) (4.24)

Hmu1|| =Dvy ’LU€B1
(Vv)varl
IS e T e}
ve[P1] [[my]|=py yeB, /[P1]
where
hd [Pl] = UweEvl P(Ul,Z(’Ul,’LU))/{Ul},
o fi = fl,,v e el,fv, with ||1]| = 1, is contracted with a factor in (v, )™, and

e 1), is equal to 1 if v = z(v1, w) for some w € B,, and 0 otherwise.

We are now in position to iterate the resummation done in the previous section leading
from (4.5) to (4.21) and “concerning” the highest node v;. For each o € Py, 0 < vy,
let hy = hg(Dxy, {Va, Jwen;) be the scale of v, i.e. vy = v, — 3 5. V», 18 such that
2Mo=1 < |yz| < 2", Here we again denote B; the set of all the nodes immediately
preceding v and

Given an immediate predecessor w of ¥ we say that w is “out of order” with respect to
v if

2M > 2%p; vy (4.25)

Wl

where pg is the number of branches entering ©. Let Bz C B be the subset of those

that are not on a resonance path. Following the definitions in §4.1 we also call Biz =

Bi15(Ux;, {Va, tweB;) C Bs the nodes w € B; which are “out of order” with respect to o.
Given a set {vy, }wep, for all choices of o,, = £1 we define

U({va, tweB;) = {owla, fweB; (4.26)
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and given a set C' C B we call U(C) the set of all transformations such that o, = 1 for
w ¢ C. Again we set, for uniformity of notations, o, = 1 for w € B;/Bj.

We group the set of branch momenta {vx, }wep, and the external momenta into collec-
tions by proceeding, very closely following the preceding construction, with vy, playing
the role of v, in the way described below.

Fixed vy, and h we choose a {l/iw bwes, such that |vl| € I¢ where v} = vy, —
Zwegqy V>1\w'

Then {l/iw twen, is called a “representative”. For such a representative we define the
“branch momenta collection”, associated with it to be the set of the {V}\w}wegﬁ having
the form U({v} }wes,) and the “external momenta collection” to be the set of momenta
vV = s, =Y e, 0wy, for U € U(Big(Da,, {3, }wes,)/[P1]). Note again that the
above constructed external momenta collection is not necessarily contained in I .

We consider then another representative {v5 }uep, such that [v2| € If and does not
belong to the just constructed branch momenta collection associated with {V)l\w}we By, if
there is any; and then we consider the branch momenta collections and external momenta
collections obtained from {uiw Ywen, by the corresponding U transformations. And, as
previously done, we proceed in this way until all the representatives such that v; is in
Iy are in some external momenta collections.

The construction is repeated for the interval I, , always being careful not to consider
{va, hwes, that have been already considered, and finally for the interval I, |, see §4.3.

Proceeding iteratively in this way and considering the same sequence of h’s as in the
previous case (i.e. the natural h = 1,2,...), at the end we shall have grouped the set of
branch momenta into collections obtainable from a representative {vx, }wen, by applying
the operations U € U(B15(Px,, {Va, twess) \ [P1]) to it.

In other words the definition of the representatives {vy, bwen, s identical to the one
for vy except that the collections are defined only by transformations changing the branch
momentum of the lines emerging from the nodes in B1y but not in P;.

We repeat the above construction for all ¥ € Py until all the v € P; are considered
starting from the ¢ with o' = v and, after exhausting them, continuing with ¢ with
9" = 9 and so on. We call B;(P1) the nodes w immediately preceding © but which are
not on the union of the paths P € Py, B;(P1) the nodes w in B; immediately preceding
© which are not in any resonance paths, and By5(P1) the nodes in B3(P1) which are out
of order with respect to v; the set of just described transformations will be denoted by
U(B15(P1)).

Proceeding as we did for the highest node v; and by performing the analogues of the
transformations leading from (4.15) to (4.24), we construct for each © € P; new paths
P5 which, by construction, will not have common branches with those in Py; call Ps the
collection of the pairs P, P2. The crucial point is that the factors X, (t,) are the same
for all the terms generated by the action of U € U(B1,(P1)), by (4.20). We iterate then
this procedure.

Eventually we end up by constructing a “pavement’” P of the graph with non overlap-
ping paths (and the union of the paths does cover the graph); note that the paths are
“ordered”, in the sense that they are formed only by comparable lines.

We call P the collection of all such pavements; B,(P), P € P, will be the set of nodes
w immediately preceding v and such that (1) vw is not in any resonance path, and (2) a
path P(v, z(v,w)) € P starting from v passes through w, and By, (P) is the collection of
nodes in B, (P) out of order with respect to v. Note that in general B,(P) C B, (unless
v is the highest node vy, when B,, (P) = B,,), and B,(P) C B,.

Note also that for all P € P the change of variables U € U(B1,(P)) changes a graph
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(9°,{v,}) into a new graph (9°, (ILwes,, @) Ui ){va}) with the same resonant clusters
(virtual or real).

The set of “path head” nodes v, i.e. the upper end nodes of paths in P, will be denoted
My (P): hence if v & M, (P) (i.e. if no path in P has v as path head) then B,(P) = 0;
likewise M, (P) will denote the set of “path end” nodes, i.e. the nodes z such that P(v, )
is a path in P.

The necessity of excluding real and virtual resonance paths from the renormalization
procedures should be now clear, see [BGGM]: it may happen that a pair of successive
nodes vw, v > w has vw on the path of a real or virtual resonance V. Then the change
of variables U € U(B1,(P)) constructs a graph (9°, {vy}, [Twes,, @) Usi{vz}) in which
the line incoming into the resonance carries some momentum —v while the outgoing line
carries a momentum v: hence in the new graph the cluster V' is no longer a resonance; or,
viceversa, it can happen that a virtual resonance becomes real. To avoid this “interference
between ultraviolet and infrared cancellations” we must exclude the resonances (virtual
or real) from the interpolations.

4.7. Then we see that (4.22) leads to the following “path expansion” for Si(¥°) summa-
rizing our analysis

S W )| =
v {ha} PEP {vs} vEML(P)

{ /10( H dt) > Ou(E ) (ub))™ Yalts)) f RO

weB1,(P) [lm, [|=py

(4.27)

where
(1) P is a partial pavement of the graph with non overlapping “paths” such that: (1.1) a
path P(v, z) is a connected set of comparable lines (“ordered paths”) connecting the node
v to the node z < v; (1.2) the resonance paths are not contained in any path; (1.3) for
any line A which is not contained in any resonance path there is one path in P covering
it: A € P(v, z) for some P(v,z) € P;
(2) M}, (P) is the collection of upper end nodes of the paths in P, and M.(P) of lower
end nodes;
(3) B,(P) is the set of nodes w immediately preceding v suach that (3.1) vw is not in
any resonance path, and (3.2) a path P(v,z(v,w)) € P starting from v passes through
w, and By, (P) is the set of nodes w € B,(P) which are out of order with respect to v,
i.e. such that

2M > 2%p, s, | (4.28)

(4) Y, (ty) is defined as

Yo(ty) = 4 Hues,@ns,, @) (2 Pokou(t)) , if v e My(P) (4.29)
vy 1 otherwise ,

)

if Xy (ty) is the vector defined via the implicit relation
|VU (tv)l = 25pv Xow (tv) Ul (430)

0 that |Xyw(ty))] < 1 and X, (t,)) depends on vy, but not on the individual external
momenta which add to v, ;
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(5) the operator O, is defined as

Ov((uv(tv))mv Y, () fyu(tv)) -

( Yo (t) oI5 (P)]

o (4.31)
DB E @ 5@ v )7 (20) )l—,:,,vw’

with 7, = 1 if v € M, (P), and 7, = 0 otherwise, and f}} defined after (4.24);

(6) the sum over {v,} has the restriction that the external momentum configuration
{vs} is compatible with the scales {h};

(7) RD(9°) is the same for all graphs involved in the cancellations mechanisms, as the
moduli of the momenta do not change under the action of the change of variables (4.2),
and the signs are taken into account by the interpolation formula (4.3) (see Remark 4.2).

4.8. We can bound

i T |00 (8w tt)™ vittn) )| <
veV0

4.32
< H D, Db g, b~ ghv(1=bts+n.) < H DgDzzvpv!Qhu(l—b-i-s-f-nu) 7 ( )
veyo veyo
for suitable constants D;, and use [], g0 lv,|27 < | S 2m37 5o that
>l | Yo RW (0 v)| <
290
v k o ¢ b) (hs—ho) (4.33)
o(Pots+l+gT— z—hy
g (T X IT sy TT avoi)

v<vo {h«} v<vo P(v,z)eP

where the number of pavements P is estimated by 2¥, see appendix A2, in [BGGM].
Then, setting b =2+ s+ £ + 37 + p, with 4 > 0, and exploiting the identity

> hpe =Y by, vi=r, (4.34)

v<vy v<vy

one obtains for (4.5) the bound

Z |1/|5‘ ZRWWO, u)’ <

v} 90

<k Hpu! Z {2—(2+#)hu0 H 9~ (1+m)hy H ghrhw} , (4.35)

v {ha} v<vg vweQ

for a suitable constant C.

We see that there is at most one factor 2"*~"» per node v, because the resonance paths
are totally ordered, so that the factors 2~"» in 2=(1+Whv compensate (when necessary)
the factors 2"v in 27+ ="» (and 27" < 1): then the sum over the scales can be performed.

There are k!/ ], po! graphs with given p,’s and fixed shape (“Cayley’s formuld”, see
[HP]), so that the sum over the graph orders weighed by £* can be performed if ¢ is small
enough; in particular we obtain that h € C®)(TY), if f € CR+s+37+1 (T with pu > 0.
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4.9. Then we can pass to the equation (2.10) for H, with Val*(¢) defined in (2.9). In such
a case we give the extra prescription not to apply the ultraviolet interpolation procedure
to the path C(v1,?); equivalently, modify slightly the definition of the set B, after (4.1):
B, is the the subset of the nodes w among the p, nodes immediately preceding v such
that the branch vw is neither on the resonance paths Q nor on C(vy, 7).

Then we obtain again a formula like (4.17), with respect to which there are the following
differences.

(1) P is the partial pavement such that, besides the conditions (1.1)+(1.3) after (4.27),
verifies the further condition: (1.4) there is no overlapping between C(v1,0) and any
P(v,z) € P.

(2) If v € C(v1,7), £}, has to be contracted with a factor in (v, )™, where v’ € C(v1,)
is the node on C(vy, ) immediately preceding v.

(3) If v € C(v1,0), the factors (v,)™> arise from the p, — 1 branches not contained in
C(v1,?) and entering v and from the branch on C(v1,?) exiting from v and pointing to
v,

Since the bound in §4.8 is independent on the exact structure of the contractions, the
bound (4.35) can be still obtained, so that also H € C®)(T*), if f € C2+st37Hm (),
with ¢ > 0.

Of course in deriving the above formulae one should take into account also the cut
off factors e~ *| appearing in the Fourier coefficients f,,, which may be stricken by
differentiations: but their contribution is not worse than the terms that we have treated,
as briefly commented in [BGGM], comment following (4.39).

Thus the proof of Theorem 1.4 is complete.

5. Comparison with the one-dimensional
Schrodinger equation in a quasi periodic potential

5.1. From Theorem 1.4, one could deduce the existence of Bloch waves for the one-
dimensional Schrodinger equation with a potential belonging to a certain class of non
analytic quasi periodic functions, and one could be tempted to compare the result with
[Pa], see also [PF], where the existence of Bloch waves is proven with the Moser-Nash
techniques for quasi periodic potentials having p > 2(¢+ 1) continuous derivatives (if ¢ is
the dimension of the frequency vector of the quasi periodic potential and 7 is supposed to
be 7 > £ — 1), with no other restriction on the potential regularity. However, in order to
perform a meaningful comparison between the two results, one has to consider carefully
the exact form of the interaction potential.

5.2. The problem studied in [DS,R,Pa] is the Schrédinger equation

d2
 da?

+eV(@)| (@) = Bu(@) (5.1)
where V(z) is a quasi periodic function of the form

V(z) = Z ewrTY, (5.2)

veZ*?!

with w e IR*™! satisfying a diophantine condition.
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The problem to find eigenvalues and eigenfunctions of (5.1) can be easily seen, see
for instance [G2], to be equivalent to solving the equations of motion of the classical
mechanics system described by the Hamiltonian

2 2
H:%+w~3+%[E—5V(ﬁ)}, (5.3)

with (p,q) € R? and (B,8) € R x T*"'. In fact the evolution equation for the
coordinate ¢ is the eigenvalue equation (5.1).

Then it is possible to introduce a canonical transformation C: (p,q) — (41, a1), [G2],
such that the hamiltonian (5.3) becomes

H=VEA +w-B+ecf(,B), f(al,ﬁ):—% (sin® 1) V(B) , (5.4)

which can be reduced to the form (1.3), with A = (4;,8) € R, a = (ay,8) € T, and
f(a) = (f(e),0,...,0). For the proof of such an assertion, we refer to [G2].

And the equations of motions for 8 give B(t) = By + wt, and the derivatives whose
number can grow up indefinitely, in the expansion described in §2, are those acting on
the ay variable: however the perturbation is always analytic in o.

Thus the assumptions on the interaction potential V' can be weakened, compared to the
ones following from the general result in Theorem 1.4, simply because the one-dimensional
Schrédinger equation can be reduced to a classical mechanics problem with Hamiltonian
of the form (1.1), but the interaction term depends analytically on «;, independently on
the regularity of the quasi periodic potential.

In this case the existence of the counterterm can be proved without exploiting ultraviolet
cancellations, and the infrared cancellations are sufficient to give convergence of the
perturbative series, provided the quasi periodic potential is so regular to guarantee the
summability on the Fourier components in the perturbative series: the analysis in §3,4
gives p > ¢ + 37, see Appendix A3 for details.

Then, if 7 > ¢ — 1, one has p > 4¢ — 3. With respect to [Pa], the result is weaker
for £ > 3 but, in some respects, better for £ = 2. The result in [Pa] has been obtained
by using the Moser-Nash techniques for KAM theory, and it is known that the class
of differentiability of the perturbations of integrable systems can be raised in the KAM
theory above Moser’s result, [P]: then one can conjecture that also for the Schrodinger
equation the ideas in [P] could lead to p > 2¢. Our result p > 4¢ — 3 can be considered,
for ¢ = 2, a partial improvement of [Pa] in this direction.

We stress that with the techniques described in the present paper, the ultraviolet cancel-
lations do not enter into the analysis to obtain analyticity in the perturbative parameter
of the eigenvalue F and of the corresponding eigenfunction ¢ (z) in (5.1). It follows that
the techniques of [E2] imply , in this case, our results, although the question was not
relevant for that paper.

5.3. The situation is essentially identical if one consider the Schrédinger equation
d2
[ o2 +U(x) + EV(:E)] Y(x) = Ey(x) (5.5)

where U(z) is a periodic potential with frequency ws and V' (z) a quasi periodic function

of the form ‘
V(z) = Z vy, (5.6)
veZ'~?
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with w € IR“"2, such that w, and w satisfy a diophantine condition.
The Hamiltonian of the corresponding classical mechanics problem is

p? 'S
H=2 4B +w B+ L[E-U@) -v@), (5.7)

with (p,q) € R?, (By,32) € R' x T!, and (B,8) € R"2 x T2 If e = 0, the
Hamiltonian is integrable, [G2,C], so that (5.7) becomes

H=wondi +wnds+w-B+ecA flar,a2,8),

flar, az, B) = —=G(a, a2) V(B) , (58)
where G(a1, asg) is a function which depends analytically on a4, [C], §V, VI, independently
on the regularity of U and V in (5.5). The fact that the interaction is proportional only to
A; (i.e. independent on the other action variables) implies that the equations of motion
for a; and B can be trivially integrated and give as = oo + woot and 3; = B0 + woj,t,
2 < j < {. Then we can reason as in §5.2, and the same conclusions hold.

Appendix Al. Graphs and graph rules

We lay down one after the other, on a plane, k pairwise distinct unit segments oriented
from one extreme to the other: respectively the “initial point” and the “endpoint” of the
oriented segment. The oriented segment will also be called “arrow”’, “branch” or “line”.
The segments are supposed to be numbered from 1 to k.

The rule is that after laying down the first segment, the “root branch”, with the endpoint
at the origin and otherwise arbitrarily, the others are laid down one after the other by
attaching an endpoint of a new branch to an initial point of an old one and by leaving
free the new branch initial point. The set of initial points of the object thus constructed
will be called the set of the graph “nodes” or “vertices”. A graph of “order” k is therefore
a partially ordered set of k nodes with top point the endpoint of the root branch, also
called the “root” (which is not a node); in general there will be several “bottom nodes”
(at most k — 1).

We denote by < the ordering relation, and say that two nodes v, w are “comparable” if
v<worw <.

With each graph node v we associate an “external momentum” or “mode” which is
simply an integer component vector v, # 0; with the root of the graph (which is not
regarded as a node) we associate a label j =1,...,£.

For each node v, we denote by v’ the node immediately following v and by A\, = v’v the
branch connecting v to v’ (v will be the initial point and v’ the endpoint of A,). If vy is
the node immediately preceding the root r (“highest node”) then we shall write v} =7,
for uniformity of notation (recall that r is not a node).

We consider “comparable” two lines \,, Ay, if v, w are such.

If p, is the number of branches entering the node v, then each of the p, branches can be
thought as the root branch of a “subgraph” having root at v: the subgraph is uniquely
determined by v and one of the p, nodes w immediately preceding v. Hence if w’ = v it
will be denoted .

We shall call “equivalent” graphs which can be overlapped by
(1) changing the angles between branches emerging from the same node, or
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(2) permuting the subgraphs entering into a node v in such a way that all the labels
match.

The number of (non equivalent numbered) graphs with & branches is bounded by 4Fk!,
[HP].

Appendix A2. Proof of Lemma 3.6

We consider all the graphs we obtain by detaching from each resonance the subgraph
with root v%’,, if v%’, is the node in which the resonance line Ay enters, then reattaching
it to all the nodes w € V. We call this set of contributions a “resonance family”. If one
sets ¢ = wo - vy, = 0, no propagator changes inside the resonance, and the only effect of
the above operation is that in the factor

[CRRERICHRE :

\% v A% vV (wo . VAV) (A21)

appearing in (3.3) the external momentum v,p assumes successively the values v,,, w €
V. In this way, by summing over all the trees belonging to a given resonance family, we
build a quantity proportional to ) . v = 0, by Definition 3.3 of real resonance.

It is important to note that, by the definition of real resonance, the scale of the lines
internal to V cannot change too much, certainly not enough to break the cluster V'
(i.e. no scale of a line internal to V' can become smaller than ny, .

Appendix A3. Regularity of the potential
for the Schrodinger equation in a quasi periodic potential

The equations of motion of the Hamiltonian system (5.4) for the angle variables are

% =k— <€L(sin2 a1)V(wot) + Ny,
t VE (43.1)
g
E =Wwo ,
where VE = k + N, which can be discussed as in §2.

We look for a “Block wave” with momentum & and energy E assuming that the vector
(k,wp) is diophantine (i.e. a quasi periodic solution with rotation vector (k,wy)). Fol-
lowing [G2] we regard the ﬁ in (A3.1) as a parameter to be fixed later: we can deduce
in fact that the solution to (A3.1), and in particular Ny = N; (e, E) as a function of € and
E, is analytic in ﬁ and therefore the “dispersion relation” equation vVE = k+ Ny (e, E)
can be easily solved (see [G2]). A formula in terms of graphs (2.6) can be still obtained,
where Val(1), defined in (2.4), becomes

1 Vy' Su, Vi,

v<r

where v, vy, € V/ AR {—=2,0,2} Vv € 9, 549 = =471, 590 = 271, and we decomposed

V@) = Y P, sifar= ) @M, (43.3)

veZtt v=0,£2
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Then one sees that no problem arises from the numerators, (as the only appearing ex-
ternal momenta are of the form v,, and sin? a; is a trigonometric polynomial in 1),
while the small divisors can be dealt with through Lemma 3.4. This gives a factor |v, >
per node, so that summability on the Fourier labels requires at least V € C'(®) ('ITg_l),
p>31r+4—1.

The equations of motion for the action variables give
dA; A dsin? oy
W - Eﬁ 6a1
dB Al ., OV(B)
o= aﬁ sin® ag 98 |pwnt’
so that we can reason as above, with the only difference that the highest node of the graph

vy has a factor v, which requires, to guarantee the summability on v,,,, V € C®) (Tlil),
with p > 37 4+ £.

V(wot) ,
(43.4)

Then one has to require at least V € C® (-“-eq)’ p > 37 + ¢, in order to have h; €
C(TY), as it has to be for the Schrodinger equation (5.1) to be meaningful, if one recalls
that (1) the wave function t(z) solving (5.1) has to be of class C(Y) for V € € and
(2) ¥(x) = q(z), where ¢ is the variable related with «; by the canonical transformation
C defined before (5.4).

Appendix A4. Comparison between Moser’s counterterms theorem
and the counterterms conjecture in [G1].

A4.1. In [M1] a perturbation theory for quasi-periodic solutions of a nonlinear system of
ordinary differential equations is developed. Up to a (trivial) coordinate transformation,
the system can be written in the form
dx
— =w+ef(x,y5¢) ,
o (x,y;¢€)
dy
— =Qy +eg(x,y;¢),
o = W teslxyie)
where x = (21,...,2,) € R", y=(y1,...,ym) € R", w € R", Q is a constant m x
m matrix with eigenvalues 1,...,€,,, and f and g are functions with period 27 in
Z1,...,%, and analytic in x,y and ¢ (in suitable domains).

If the characteristic numbers wy, . ..,w,, 1, ..., Q, verify the “generalized diophantine

condition”
n m
Co‘i Z vjw; + Z i€
j=1 i=1

with v = (v1,...,vm) € Z", [v| = 377 vj, and (p1, ..., m) € Z™ then there exists
unique analytic vector valued functions A(e) and p(e) and a unique analytic matrix
valued function M (g) such that the modified system

B ety +AE)
t (A4.3)

dy
o =y Teslxyie) + w(e) + M(e)y ,

(A4.1)

> (v +1)7", (A4.2)

5 Note that, if we confine ourselves to the classes of functions introduced in §1.3, item (3), then we have
to require V € C'(p)(-"—Z71)v p > 37 +1, in order to have ¢ € C(1),
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admits a quasi periodic solution with the same characteristic number as the unperturbed
one, [M1], Theorem 1.

A4.2. Let us consider the case in which m = n = ¢, Q = 0, and there exists a function
Ho = w-y +ef(x,y;¢) such that f = 9y f and g = —0xf. Then the system (A4.1)
becomes the system studied in [GM2], §8.

Under the same hypotheses, if moreover f(x,y;e) = ey -f(x) for some function f, (A4.1)
and (A4.3) become the equations of motion of systems described by the Hamiltonians,
respectively, (1.1) and (1.3). In fact the linearity in the action variables of the term
added to the Hamiltonian Hy in (1.3) leads to a term independent of the action variables
in the equations of motion, i.e. N(¢) = A(¢), while the counterterms p(e) and M(e) are
identically vanishing as a consequence of the symplectic structure of the equations of
motion (as one can argue a posteriori from Theorem 1.4 in §1).

In the general case in which the function f(x,y;e) appearing in the Hamiltonian H
depends arbitrarily (but always analytically) on y, the systems studied in [M1] (under
the same hypotheses as above) and in [GM2] are no longer equal to each other, i.e. the
modified system (A4.3) is not the system with Hamiltonian considered Eq. (1.10) of
[GM2], so that Theorem 1.4 in [GM2] can not be reduced to the results of [M1]: in fact
not only there will be no more a trivial relation between the counterterms N(e) and A(e),
but also the equations of motion solutions will be different from each other.

Note however that the result following from Moser’s theorem applied to such a system
(i.e. a Hamiltonian system with € = 0) can be (trivially) reproduced with our techniques.
Also an extension of our techniques to Hamiltonian systems (verifying the anisochrony
condition) such that € # 0 could been envisaged:® an example in this direction is in [Ge],
where has eigenvalues Q; = ... = Q,_1 =0, 0y = ¢2, and the existence of a counterterm
M () analytic in ¢ is proven (while A(e) = u(e) = 0 again for the symplectic structure
of the equations of motion).
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