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Abstract

We study the problem of subharmonic bifurcations for analytic systems in the plane with pertur-
bations depending periodically on time, in the case in which we only assume that the subharmonic
Melnikov function has at least one zero. If the order of zero is odd, then there is always at least one
subharmonic solution, whereas if the order is even in general other conditions have to be assumed to
guarantee the existence of subharmonic solutions. Even when such solutions exist, in general they
are not analytic in the perturbation parameter. We show that they are analytic in a fractional power
of the perturbation parameter. To obtain a fully constructive algorithm which allows us not only to
prove existence but also to obtain bounds on the radius of analyticity and to approximate the solu-
tions within any fixed accuracy, we need further assumptions. The method we use to construct the
solution — when this is possible — is based on a combination of the Newton-Puiseux algorithm and the
tree formalism. This leads to a graphical representation of the solution in terms of diagrams. Finally,
if the subharmonic Melnikov function is identically zero, we show that it is possible to introduce
higher order generalisations, for which the same kind of analysis can be carried out.

1 Introduction

The problem of subharmonic bifurcations was first considered by Melnikov [8], who, by continuing
Poincaré’s investigations [12], showed that the existence of subharmonic solutions is related to the zeroes
of a suitable function, nowadays called the subharmonic Melnikov function. The standard Melnikov the-
ory usually studies the case in which the subharmonic Melnikov function has a simple (i.e. first order)
zero [3, 7]. In such a case the problem can be reduced to the application of an implicit function theorem.

Nonetheless, it can happen that the subharmonic Melnikov function either vanishes identically or has
a zero which is of order higher than one. In the first case hopefully one can go to higher orders, and if
a suitable higher order generalisation of the subharmonic Melnikov function has a first order zero, then
one can proceed very closely to the standard case, and existence of analytic subharmonic solutions is
obtained. Most of the papers in the literature consider this kind of generalisations of Melnikov’s theory,
and often a second order analysis is enough to settle the problem.

The second case is more subtle. The problem can be still reduced to an implicit function problem,
that is to an equation of the form F(z,y) = 0 for suitable variables x,y such that F(0,0) = 0. However,
the fact that the zeroes of the subharmonic Melnikov function are no longer simple prevents us from
applying Dini’s implicit function theorem in order to express y as a function of x around x = 0. Thus,
other arguments must be used, based on the Weierstrass preparation theorem and on the theory of the
Puiseux series [13, 2, 3, 1]. However, a systematic analysis is missing in the literature. Furthermore, in
general, these arguments are not constructive: if on the one hand they allow to prove (in certain cases)



the existence of at least one subharmonic solution, on the other hand the problem of how many such
solutions really exist and how they can be explicitly constructed has not been discussed in full generality.

The main difficulty for a constructive approach is that the solution of the implicit function equation
has to be looked for by successive approximations. At each iteration step, in order to find the correction
to the approximate solution found at the previous one, one has to solve a new implicit function equation,
which, in principle, still admits multiple roots. So, as long as the roots of the equations are not simple,
one cannot give an algorithm to produce systematically the corrections at the subsequent steps.

A careful discussion of a problem of the same kind can be found in [1], where the problem of bifurca-
tions from multiple limit cycles is considered — cf. also [10, 11], where the problem is further investigated.
There, under the hypothesis that a simple (real) zero is obtained at the first iteration step, it is proved
that the bifurcating solutions can be expanded as fractional series (Puiseux series) of the perturbation
parameter. The method to compute the coefficients of the series is based on the use of Newton’s polygon
[2, 3, 1], and allows one to go to arbitrarily high orders. However, the convergence of the series, and hence
of the algorithm, relies on abstract arguments of algebraic and geometric theory, such as the theory of
analytic set germs or Artin’s approximation theorem.

To the best of our knowledge, the case of subharmonic bifurcations was not discussed in the literature.
Of course, in principle one can think to adapt the same strategy as in [1] for the bifurcations of limit
cycles. But still, there are issues which have not been discussed there: mainly an explicit bound for
the radius of convergence, and the case in which at the first iteration step one still has multiple roots.
Moreover we have a twofold aim. We are interested in results which are both general — not generic —
and constructive. This means that we are interested in problems such as the following one: which are
the weaker conditions to impose on the perturbation, for a given integrable system and a given periodic
solution, in order to prove the existence of subharmonic solutions? Of course the ideal result would be to
have no restriction at all. At the same time, we are also interested in explicitly construct such solutions,
within any prefixed accuracy.

The problem of subharmonic solutions in the case of multiple zeroes of the Melnikov functions has
been considered in [16], where the following theorem is stated (without giving the proof) for C” smooth
systems: if the subharmonic Melnikov function has a zero of order n < r with n odd, then there is at
least one subharmonic solution. (Note that for even n subharmonic solutions can fail to exist; cf. the
counterexample discussed in Appendix D of [6]). In any case the analyticity properties of the solutions
are not discussed. In particular the subharmonic solution is found as a function of two parameters — the
perturbation parameter and the initial phase of the solution to be continued —, but the relation between
the two parameters is not discussed. We note that, in the analytic setting, it is exactly this relation which
produces the lack of analyticity in the perturbation parameter. Furthermore, in [16] the case of zeroes of
even order is not considered: as we shall see, in that case the existence of subharmonic solutions cannot
be proved in general, but it can be obtained under extra assumptions.

In the remaining part of this section, we give a more detailed account of our results. One can formulate
the problem both in the C™ Whitney topology and in the real-analytic setting. We shall choose the latter.
From a technical point of view, this is mandatory since our techniques requires for the systems to be
analytic. However, it is also very natural from a physical point of view, because in practice in any physical
applications the functions appearing in the equations are analytic (often even polynomials), and when
they are not analytic they are not even smooth. Also, we note since now that, even though we restrict
our analysis to the analytic setting, this does not mean at all that we cannot deal with problems where
non-analytic phenomena arise. The very case discussed in this paper provides a example: the equations
of motion are analytic in a parameter €, and yet the subharmonic solutions in general are non-analytic
in £ (even if generically they are).

We shall consider systems which can be viewed as perturbations of integrable systems, with the
perturbation which depends periodically in time. We shall use coordinates («, A) such that, in the



absence of the perturbation, A is fixed to a constant value, while « rotates on the circle: hence all
motions are periodic. As usual [7] we assume that, for A varying in a finite interval, the periods change
monotonically. Then we can write the equations of motion as & = w(A) + eF(a, A, t), A = eG(a, A, t),
with G, F' periodic in « and ¢t. All functions are assumed to be analytic. More formal definitions will be
given in Section 2.

Given a unperturbed periodic orbit t — (a(t), Ag(t)), we define the subharmonic Melnikov function
M (tp) as the average over a period of the function G(ag(t), Ag,t+tg). By construction M () is periodic
in to. With the terminology introduced above, ¢ is the perturbation parameter and ¢ is the initial phase.
The following scenario arises.

o If M(to) has no zero, then there is no subharmonic solution, that is no periodic solution which
continues the unperturbed one at € # 0.

e Otherwise, if M(tg) has zeroes, the following two cases are possible: either M(¢p) has a zero of
finite order n or M (to) vanishes with all its derivatives. In the second case, because of analyticity,
the function M (tg) is identically zero.

e If M(tp) has a simple zero (i.e. n = 1), then the usual Melnikov’s theory applies. In particular
there exists at least one subharmonic solution, and it is analytic in the perturbation parameter €.

o If M(ty) has a zero of order n, then in general no result can be given about the existence of
subharmonic solutions. However one can introduce an infinite sequence of polynomial equations,
which are defined iteratively: if the first equation admits a real non-zero root and all the following
equations admit a real root, then a subharmonic solution exists, and it is a function analytic in
suitable fractional power of |¢|; more precisely, if one writes ¢ = on™, with ¢ = sign(¢) and n > 0,
and considers the subharmonic solution as a function of ¢ and 7, then the solution is analytic in 7,
and hence it is analytic in the variable |5|1/ ' If at some step the root is simple, an algorithm can
be given in order to construct recursively all the coefficients of the series.

o If we further assume that the order n of the zero is odd, then we have that all the equations of
the sequence satisfy the request made above on the roots, so that we can conclude that in such a
case at least one subharmonic solution exists. Again, in order to really construct the solution, by
providing an explicit recursive algorithm, we need that at a certain level of the iteration scheme a
simple root appears.

e Moreover we have at most n periodic solutions bifurcating from the unperturbed one with initial
phase ty. Of course, to count all subharmonic solutions we have to repeat the argument for all the
zeroes of the subharmonic Melnikov function.

e Finally, if M (tg) vanishes identically as a function of ¢y, then we have to extend the analysis
up to second order, and all the cases discussed above for M (¢y) have to repeated for a suitable
function M (to), which is obtained in the following way. If M(t;) = 0 then the solution t —
(a(t), A(t)) is defined up to first order — as it is easy to check —, so that one can expand the function
G(a(t), A(t),t + to) up to first order: we call M (to) its average over a period of the unperturbed
solution. In particular if also M;(t9) vanishes identically then one can push the perturbation theory
up to second order, and, after expanding the function G(«(t), A(t),t + to) up to second order, one
defines My (tg) as its average over a period, and so on. If all the functions My (tg) vanish identically,
then the parameter t; can be arbitrarily chosen. Hence there is an invariant torus of periodic
motions — a very unlikely situation, as discussed at the end of Section 2 in [6].

The first conclusion we can draw is that in general we cannot say that for any vector field (F, G) there
is at least one subharmonic solution of given period. We need some condition on G. We can require for



G to be a zero-mean function, so that it has at least one zero of odd order. For instance, this holds true
if the vector field is Hamiltonian, since in such a case G is the a-derivative of a suitable function. The
same result follows if the equations describe a Hamiltonian system in the presence of small friction — how
small depends on the particular resonance one is looking at [6]. But of course, all these conditions are
stronger than what is really needed.

A second conclusion is that, even when a subharmonic solution turns out to exist (and to be analytic
in a suitable fractionary power of the perturbation parameter), a constructive algortithm to compute it
within any given accuracy cannot be provided in general. This becomes possible only if some further
assumption is made. So there are situations where one can obtain an existence result of the solution, but
the solution itself cannot be constructed. Note that such situations are highly non-generic, because they
arise if one finds at each iterative step a polynomial with multiple roots — which is a non-generic case; cf.
Appendix A.

The methods we shall use to prove the results above will be of two different types. We shall rely on
standard general techniques, based on the Weierstrass preparation theorem, in order to show that under
suitable assumptions the solutions exist and to prove in this case the convergence of the series. Moreover,
we shall use a combination of the Newton-Puiseux process and the diagrammatic techniques based on
the tree formalism [4, 5, 6] in order to provide a recursive algorithm, when possible. Note that in such
a case the convergence of the Puiseux series follows by explicit construction of the coefficients, and an
explicit bound of the radius of convergence is obtained through the estimates of the coefficients — on the
contrary there is no way to provide quantitative bounds with the aforementioned abstract arguments.
These results extend those in [6], where a special case was considered.

The paper is organised as follows. In Section 2 we formulate rigorously the problem of subharmonic
bifurcations for analytic ordinary differential equations in the plane, and show that, if the subharmonic
Melnikov function admits a finite order zero, the problem can be reduced to an analytic implicit equation
problem — analyticity will be proved in Section 4 by using the tree formalism — for which the Newton-
Puiseux process can be applied. In Section 3 we discuss the latter process, which will be used to solve the
problem with an iterative scheme. At each iteration step one has to solve a polynomial equation. Thus,
in the complex setting [2] the process can be pushed forward indefinitely, whereas in the real setting one
has to impose at each step that a real root exists. If the order of zero of the subharmonic Melnikov
function is odd, the latter condition is automatically satisfied, and hence the existence of at least one
subharmonic solution is obtained (Theorem 1). If at some step of the iteration a simple root appears,
then we can give a fully constructive algorithm which allows us to estimate the radius of analyticity and
to approximate the solution within any fixed accuracy (Theorem 2). This second result will be proved
in Sections 5 and 6, again by relying on the tree formalism; some more technical aspects of the proof
will be dealt with in Appendix B. Finally in Section 7 we consider the case in which the subharmonic
Melnikov function vanishes identically, so that one has to repeat the analysis for suitable higher order
generalisations of that function. This will lead to Theorems 3 and 4, which generalise Theorems 2 and 1,
respectively.

2 Set-up

Let us consider the ordinary differential equation

a=w(A)+eF(a,At),
. (2.1)
A=eG(a, AL,
where (o, A) € M :=T x W, with W C R an open set, the map A — w(A) is real analytic in A, and the
functions F, G depend analytically on their arguments and are 27-periodic in « and ¢. Finally € is a real
parameter.



Set ap(t) = w(Ao)t and Ag(t) = Ap. In the extended phase-space M x R, for ¢ = 0, the solution
(ao(t), Ao(t), t+1to) describes an invariant torus, which is uniquely determined by the “action” Ag. Hence
the motion of the variables («, A, t) is quasi-periodic, and reduces to a periodic motion whenever w(Ap)
becomes commensurate with 1. If w(Ag) is rational we say that the torus is resonant. The parameter
to will be called the initial phase: it fixes the initial datum on the torus. Only for some values of
the parameter to periodic solutions lying on the torus are expected to persist under perturbation: such
solutions are called subharmonic solutions.

Denote by Tp(Ag) = 2m/w(Ag) the period of the trajectories on the unperturbed torus, and define
W'(A4) == dw(A)/dA. TIf w(Ag) = p/q € Q, call T = T(Ap) = 2mq the period of the trajectories in the
extended phase space. We shall call p/q the order of the corresponding subharmonic solutions.

Hypothesis 1. One has w'(Ap) # 0.

Define

T
M(to) := %/O dt Gaw(t), Ao, t + to), (2.2)

which is called the subharmonic Melnikov function of order q/p. Note that M (ty) is 2m-periodic in ¢.
Hypothesis 2. There exist tg € [0,27) and n € N such that

dk q"

—M(t)) =0 VO<k<n-1 D(ty) == —M(t 0 2.3

) Sk<n—1, Dito) = gaMito) £0, (23)
that is tg is a zero of order n for the subharmonic Melnikov function.

For notational semplicity, most of the times we shall not make explicit the dependence on ty; for
instance we shall write D(¢y) = D. For any T-periodic function F' we shall denote by (F') its average
over the period T.

The solution of (2.1) with initial conditions («(0), A(0)) can be written as

() ) o fown(@). e

where we have denoted by
!
W(t) = <(1) ¢ (‘f(’)t> (2.5)

the Wronskian matrix solving the linearised system, and set
D(t) = eF(t) + w(A(t)) — w(Ao) —w'(Ao) (A(t) — Ao),  T'(t) =eG(?). (2.6)
shortening F(t) = F(a(t), A(t),t + to) and G(t) = G(a(t), A(t),t + to).
By using explicitly (2.5) in (2.4) we obtain
t t T
a(t) = a(0) + £/ (Ao) A0) + / dr B(r) + w’(Ao)/ dT/ (),
. 0 0 0
A(t) = A(0) + / drT'(7),
0

with the notations (2.6).

In order to obtain a periodic solution we need for the mean (I') of the function I" to be zero. In this
case, if we fix also

(2.7)

1

A0 =~ - 0, o) = [ a6 - m). (2.



then the corresponding solution turns out to be periodic. So, instead of (2.7), we consider the system
t t
a(t) = al0) + [ dr (B(r) = (@) + /(o) | dr(G() - (G))
0 0
A(t) = A(0) + G(¢),
) =0,

(2.9)

—~

where A(0) is determined according to (2.8) and «(0) is considered as a free parameter.
We start by considering the auxiliary system

o(t) = a(0) + [ dr (@(r) = (8)) +o/(40) [ ar(@lr) - (0)) (2.10)
A(1) = A(0) + ()

that is we neglect for the moment the condition that the mean of I' has to be zero. Of course, only in
that case the solution of (2.10) is solution also of (2.9), hence of (2.7).

It can be more convenient to work in Fourier space. As we are looking for periodic solutions of period
T = 27q, i.e. of frequency w = 1/g, we can write

alt) =ao(t) +B(t),  Bt)=)_e“8,,  Alt)=A+B(t), B(t)=)» “'B,. (211)
veZL vEZ
If we expand
G(av Aa t+ to) = Z Z Ciya+iyl(t+tO)Gu,u/(A)a Gu,u/(Av tO) = CiultOGu,u’ (A)a (212)
vELV'EZ

with an analogous expressions for the function ®(t), then we can write

D(t) =Y _e“'T,,  o(t)=)» “'o, (2.13)

VEZ VEZL
with
o0 o0 1 ) s
L,=e) Y > o (#0) 043Gy (Ao, t0) Buy - Bu Buy - Buy (214a)
=0 5=0 pro+quj+vi+... 4 Vpys=r
o0 o0 1 ] s
CI)U :EZZ Z @(Zl/o) aAFl,mU(/)(Ao,to)ﬁyl ...ﬁUTBUTJrl "'BVr+s
r=0 s=0 pro+qui+vi+...dvpps=r
o0 1 .
+> ) —03w(Ao) B, - By, (2.14b)
s=2v1+...4+vs=v
Then (2.10) becomes
b, r,
51/ = - +w/(A0),72,
zaf‘y (iwv) (2.15)
By = - Y 5
iwv
for v # 0, provided
P r
_ 0) — v v
fo = a(0) Ziwu ( O)Z (iwv)?’
7 Z (2.16)
v v 2.16
r, o
By = A(0) — =—
0 ©) Ziwz/ w'(Ap)’
VEL
v#0



for v = 0. Also (2.9) can be written in the same form, with the further constraint I'y = 0.

Then we can use (y as a free parameter, instead of «(0). This means that we look for a value of 3y
(depending on €) such that, by defining By according to the second equation in (2.16), the coefficients
0., B, are given by (2.15) for v # 0. In other words, in Fourier space (2.10) becomes

ﬁy—

By =~

(A ) ) Bl/ - = 5 14 7& 0,
<I>0 0 (u.u/)2 iwvy (2.17)

w'(Ag)’

whereas (3 is left as a free parameter.

We look for a solution (@(t), A(t)) of (2.10) which can be written as a formal Taylor series in & and
3o, so that

alt) = alt: e, Bo) = ot +ZZ a8 (1), (2.18a)

k=1 35=0

A1) = At fo) = Ao + 3 F ) B 0, (218)

k=1 j=0

which reduces to (ag(t), Ag) as ¢ — 0. By comparing (2.18) with (2.11) we can write the Fourier
coefficients of the solution (@(t), A(t)), for v # 0, as

B, = B,(e, fo) = Z€kﬁo ., B,=B,(e,() = ZZ&’“%B ) (2.19)
k=1j=0 k=1 j=0

(k.3)

and, analogously, By " is the contribution to order k in ¢ and j in By to By.

By analyticity also the function T'(t) = eG(a(t), A(t),t +to) can be formally expanded in powers of &
and 3y, and one has

() = T(te. o) = 33 T (1) = 3% b 3 eont ), (2.20)
k=1 j=0 k=1 j5=0 VEZ
where each f(yk’j) is expressed in terms of the Taylor coefficients of (2.19) of order strictly less than k, j.
By definition one has <f(k’])> = fék’]). The same considerations hold for ®(t) = ®(al(t), A(t),t + to).

Hence one can formally write, for all k > 1 and j >0

=(k,j) w=(k,5) w(k.5)
—(k,j ® r —(k,j r
51(, 7) _ .1/ +w'(A0) .V 5, Bl(/ 7) _ .11 , V#O
n (iwv) n
(2.21)
(k)
E(k»j) _ @,
‘ w'(Ao)

Lemma 1. For any (y € R the system (2.10) admits a solution (a(t), A(t)) which is T-periodic in time
and analytic in €, depending analytically on the parameter By.

Proof. One can use the tree formalism introduced in Section 4; see in particular Proposition 1. L]



It can be convenient to introduce also the Taylor coefficients

—(k i —(kj —(k i —(k,j
860 =S BB, BB =S 8 B,
jz0 j>0
, , (2.22)
—(k i —(k, —(k p—y
06 =3 BT 800 =Y 5 e,
j=>0 7=>0

Note that f,(jk)(O) = f,(jk’o), and so on.

Lemma 2. Consider the system (2.10). Assume that fék)(O) =0 for all k € N. Then for By = 0 the

solution (a(t), A(t)) of (2.10) is also a solution of (2.9).

Proof. Simply note that (2.10) reduces to (2.9) if f(()k) (0) =0 for all k € N. =

Of course we expect in general that fgk) (0) do not vanish for all ¥ € N. In that case, let kg € N be
such that f(()k)(O) =0fork=1,...,k and f(()kOH)(O) # 0. From now on we shall concentrate on this

case.
Let us define o o (k+1.9)
j =(k+1,5
FO(e,p0) =Y fary,  FAY=Ty 7,
k,j>0
so that eF(V (e, By) = (T'( - ;,80)). Given a formal power series f(z,y) = > "y f; ;, we shall say that
it is y-general of order n if fo ; =0 for j =0,...,n — 1, while fy,, # 0.

(2.23)

Lemma 3. F(O (e, 8y) is By-general of order n.

Proof. One has ‘
=L . M
JTS = (81.G(a0(-), Ao, +t0)) = (—w(Ag)) 7 7 (fo), (2.24)
0

where the second equality is provided by Lemma 3.9 on [6]. Then F (0) (e, Bo) is Bp-general of order n by
Hypothesis 2. n

Our aim is to find By = Bo(e) such that F (g, By(c)) = 0. For such Fy a solution of (2.10) is also
solution of (2.9). If we are successful in doing so, then we have proved the existence of subharmonic
solutions.

3 The Newton-Puiseux process and main results

Given a convergent power series F() (e, 3y) € R{e, fo} as in (2.23), we call carrier of F(© the set
AFD) = {(k,j) e Nx N : F) # 0}. (3.1)

For all v € A(F©) let us consider the positive quadrant 2, := {v} + (R;)? moved up to v, and define

A= ) . (3.2)

vEA(F(D)

Let C be the convex hull of 2. The boundary dC consists of a compact polygonal path P(®) and two half
lines R§°> and Réo). The polygonal path P(©) is called the Newton polygon [2] of F(). Notice that if the



Newton polygon is a single point or, more generally, if F, ,503 = 0 for all £ > 0 then there exists J > 1 such

that FO) (e, By) = ﬁo G(e, Bo) with G(g,0) # 0, hence By = 0 is a solution of equation F()(g,0) = 0,
that is the conclusion of Lemma 2 will hold. Otherwise, if we further assume that F(©) is S;-general of
some finite order n, there is at least a point of A(F (0)) on each axis, then the Newton polygon P is

formed by Ny > 1 segments Pfo) P(O) and we write P(0) = Pfo) U...u ’PJ(\?O); cf. Figure 1.

Figure 1: Newton polygon.

Foralli=1,..., Ny let fl/uz(-o) € Q be the slope of the segment Pi(o), so that one can partition F©)
. . . (0.
according to the weights given by p; ’:
F0) (e, B0) = ~¢ (e, B0) + g( ) (e, B0) = Z ]_-(0) kﬂo + Z ]_-ko) kﬁO’ (3.3)

ketjpl® =e(® kg >

where tgo)

is the intercept on the k-axis of the continuation of Pi(o).
Hence the first approximate solutions of F(e,8y) = 0 are the solutions of the quasi-homogeneous

equations

]_—1(0)(5 Bo) = Z _7-';0]) kﬁo =0, i=1,..., Ny, (3.4)
EO)J"./h,(;O)— 50)
where U(O)/P( — ufo) with h(o),pgo) relatively prime integers, and 550) = pz('o)tzgo).

We introduce the polynomials P( ) = P(O)( ) in such a way that

FOe,e(oe) ") = (02) 30 Qusc = (0e)" PO(e), o= sign (), (3.5)
kp (¥ 45p (V=5

where Q ; = f,g?;ak

Lemma 4. With the notation introduced before, let H(O be the projection of the segment Pi(o) on the

j-azxis and let £; = £(I1 0)) be the length of 11, © " Then P( )( ) has £; complex non-zero roots counting
multiplicity.

Proof. Let m,n be respectively the maximum and the minimum among the exponents of the variable g
in ]_-i(o). Then ¢; = m — n. Hence Pi(o) is a polynomial of degree m and minimum power n: we can write

P(O)( ) = ¢"P(c), where P has degree ¢; and P(0) # 0. Fundamental theorem of algebra guarantees that

P( ) = 0 has ¢; complex solutions counting multiplicity, which are all the non-zero roots of P(O) L]

Let R = Ro(0) be the set of all the non-zero real solutions of the polynomial equations Pi(o)(c) =0.

We notice that, as the coefficients of the polynomials PZ-(O) (¢) depend on o, also their roots will depend
on o. If Ry = () the system (2.1) has no subharmonic solution, as one can easily verify.

Let us suppose then that there exists ¢y € Ry, such that 00(05)“50> is a first approximate solution of
the implicit equation F(© (e,80) = 0 for a suitable i = 1,..., Ng. From now on we shall drop the label
© ) ©
i to lighten the notation. We now set ¢; = (06)1/”(0), and, as s{m) divides F©) (ge? cosfl) +yie] ’ )s
we obtain a new power series (1) (g1, y;) given by

) o) © 5(0)

[
FO o eoel " +y1e? ) =8 FW(eq, 1), (3.6)



which is y;-general of order n; for some n; > 1.

Lemma 5. With the notations introduced before, let us write P (c) = go(c)(c — o)™ with go(co) # 0
and mg < n. Then ny = myg.

Proof. This simply follows by the definitions of F() and P(®). In fact we have

5(0)

© j
" FO ey, ) = €3 Z Qrjlco+y) +el.)], (3.7)
k4p1(0) j=¢(0)

so that F(0,y1) = PO (co +y1) = golco +y1)yi™, and go(co +y1) # 0 for y1 = 0. Hence F is
y1-general of order n; = my. u

Now we restart the process just described: we construct the Newton polygon P of F() | If F, ,513 =0

for all k& > 0, then F(M(g;,0) = 0, so that we have ]—"(O)(a,co(crs)“(o)) =0, i.e co(as)“(o) is a solution

of the implicit equation F(©) (€,80) = 0. Otherwise we consider the segments Pfl), ey ](\;1) with slopes

—1/,uz(»1) for alli=1,..., Ny, and we obtain

FOler,yn) = FO ) + 6P ) = Y Flebyl + Y Flebyl, (3.8)
kgD = kgD >
where tgl) is the intercept on the k-axis of the continuation of Pi(l). Hence the first approximate solutions
of F (1)(51, y1) = 0 are the solutions of the quasi-homogeneous equations
Fenm) = Y. Fldyl=0  i=1...,N, (3.9)

kp () 45D =g

i

where hgl)/pgl) = u(l), with hgl),pgl) relatively prime integers, and 551) = pgl)tgl).

Thus we define the polynomials Pi(l) such that
~ e ey . m
FM (e, eelt ) = e Z f,ilij =l PW(e), (3.10)

kp( 40 =5

and we call R; the set of the real roots of the polynomials Pi(l). If $; = 0, we stop the process as there
is no subharmonic solution. Otherwise we call P(!) (i.e. again we omit the label ¢) the polynomial which

TS . . . .
has a real root ¢y, so that c1e] ~ is an approximate solution of the equation F (1)(51, y1) = 0. Again we

. 1/pM .
substitute g9 = sl/p , and we obtain

(1 h(l)

& ) e
FO@EE 7 e1e) + ) ) =63 ' F@ (g9, ), (3.11)

which is ya-general of order ny < ny, and so on. Iterating the process we eventually obtain a sequence of
approximate solutions

(0) &) @)
Bo = (o) (co + 1), y1=¢t (c1+y2), Yo = b (c2+y3), (3.12)

where ¢, is a (real) root of the polynomial P such that

n (n) (n) "
FO (e cel™) =" (P(e) +nl..) (3.13)

10



(n) (n) (n)
for all n > 0, where the functions (™ (e, y,) are defined recursively as 7™ (P |, cn€2+1 +yn+152+1) =

n (n)
ef;Jr;]:("“)(EnH, Yna1) forn > 1, with e, 41 = /7" and the constants ™ e () h) 5 defined

as in the case n = 0 in terms of a segment 732-(”) of the Newton polygon of F(™). Therefore
B = co(aa)“m) +oe (05)“<0>+#(1>/p<0> n c2(as)"(o)‘*‘/‘(1)/p(0)+“(2>/"(0)"(1) Lo (3.14)

is a formal expansion of Jy as a series in ascending fractional powers of oe. This iterating method is
called the Newton-Puiseuz process (the algorithm was introduced by Newton [9], and Puiseux proved the
convergence of the series [13]). Of course the process cannot be indefinitely iterated if ®,, = () at a certain
step n, with n > 0 — a hindrance that does not arise when working in the complex setting.

From now on we shall suppose ®,, # 0 for all n > 0. Set also ng = n.

Lemma 6. With the notation introduced before, if niy1 = d; := deg(P®) for some i, then u is integer.

Proof. Without loss of generality we shall prove the result for the case i = 0. Recall that

FOO0m) = > Quilco+m) =POco+ ), (3.15)
k+p(0) j=2(0)

with (0 = p(Ody. If dy = ny, then PO is of the form P©)(c) = Ro(c —co)™, with Ry # 0. In particular
this means that Q. n,—1 # 0 for some integer £ > 0 with the constraint k + ,u(o)(nl —-1)= 1 ©n;. Hence
19 = k is integer. ]

Lemma 7. With the notations introduced before, there exists ig > 0 such that u is integer for alli > i.

Proof. The series F() are y;-general of order n;, and the n; and the d; form a descending sequence of
natural numbers

n:n02d02n12d12... (316)
By Lemma 6, (¥ fails to be integers only if d; > n;;1, and this may happen only finitely often. Hence
from a certain ip onwards all the (") are integers. L]
By the results above, we can define p := p(® . . ... p(®) such that we can write (3.14) as
fo=Bole) = 3 By (00)"”, (3.17)
h>ho
where hg = h(@p®) ... . plio) By construction F©) (e, 3y(¢)) vanishes to all orders, so that (3.17) is a

formal solution of the implicit equation F(© (e, 3y) = 0. We shall say that (3.17) is a Puiseux series for
the plane algebroid curve defined by F(©) (g, 5y) = 0.

Lemma 8. For all i > 0 we can bound p(i) <nmn;.

Proof. Without loss of generality we prove the result for ¢ = 0. By definition, there exist k', j' integers,
with 7/ < ng, such that
h(© ©) (0 _ gt

p(T) =p T? (3.18)
and h(@, p©) are relatively prime integers, so that p(® < j’ < ny. L]
Note that by Lemma 8 we can bound p <ng-...-n;, < npl

Lemma 9. Let F (e, 8y) € Rie, By} be Bo-general of order w and let us suppose that R, # O for all
n > 0. Then the series (3.17), which formally solves F©) (e, Bo(g)) = 0, is convergent for ¢ small enough.
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Proof. Let Pro(e;3) be the Weierstrass polynomial [2] of F(©) in C{e}[Bo]. If F© is irreducible in
C{e, By}, then by Theorem 1, p. 386 in [2], we have a convergent series Gy(g'/™) which solves the equation
FO) (e, By) = 0. Then all the following

B <€1/n) . Bo ((627”’5)1/“) B ((ezw(nq)is)un) (3.19)

are solutions of the equation F(® (€, Bp) = 0. Thus we have n distinct roots of the Weierstrass polynomial
Prw) and they are all convergent series in C{/*}. But also the series (3.17) is a solution of the equation
FO (e, 8y) = 0. Then, as a polynomial of degree n has exactly n (complex) roots counting multiplicity,
(3.17) is one of the (3.19). In particular this means that (3.17) is convergent for € small enough.

In general, we can write

N
FOUe, Bo) = [T(F (e, Bo))™, (3.20)

=1

for some N > 1, where the ]_.Z_(o) are the irreducible factors of F(°). Then the Puiseux series (3.17) solves

one of the equations .7-'1-(0) (¢,00) = 0, and hence, by what said above, it converges for € small enough. ®
As a consequence of Lemma 9 we obtain the following corollary.

Theorem 1. Consider a periodic solution with frequency w = p/q for the system (2.1). Assume that
Hypotheses 1 and 2 are satisfied with n odd. Then for e small enough the system (2.1) has at least one
subharmonic solution of order q/p. Write e = on™, with o = sign(e), and consider the solution as a
function of o and n: then such a solution admits a convergent power series in 1, and hence a convergent
Puiseux series in the variable |e|.

Proof. If n is odd, then ®,, # 0 for all n > 0, regardless of o = sign (¢). This trivially follows from
the fact that if n is odd, then there exists at least one polynomial Pi(o) associated with a segment Pi(o)

whose projection HZ(.O) on the j-axis is associated with a polynomial ]5;(0) with odd degree ¢;. Thus such
a polynomial admits a non-zero real root with odd multiplicity ny, so that f(l)(sl,yl) is y1-general of
odd order n; and so on.

Hence we can apply the Newton-Puiseux process to obtain a subharmonic solution as a Puiseux series
in |e| which is convergent for € sufficiently small by Lemma 9. u

Remark that, although the existence of the convergent Puiseux series does not depend on ¢ for n odd,
the coefficients of the series may depend on o, as in general Ro(1) # Ro(—1).

Theorem 1 extends the results of [16]. First it gives the explicit dependence of the parameter 3y on
€, showing that it is analytic in |5|1/ ™ Second, it shows that it is possible to express the subharmonic
solution as a convergent fractional power series in |¢|, and this allows us to push perturbation theory to
arbitrarily high order.

On the other hand, the Newton-Puiseux algorithm does not allow to construct the solution within
any fixed accuracy. In this regard, it is not really constructive: we know that the solution is analytic in
a fractional power of €, but we know neither the size of the radius of convergence nor the precision with
which the solution is approximated if we stop the Newton-Puiseux at a given step. Moreover we know
that there is at least one subharmonic solution, but we are not able to decide how many of them are
possible. In fact, a subharmonic solution can be constructed for any non-zero real root of each odd-degree
polynomial Pi(") associated with each segment of P(™) to all step of iteration, but we cannot predict a
priori how many possibilities will arise along the process.

However, we obtain a fully constructive algorithm if we make some further hypothesis.

12



Hypothesis 3. With the notations introduced before, there exists ig > 0 such that at the ig-th step of
the iteration, there exists a polynomial Pi(zo) = Pi(“))(c) for some i =1,...,N;, which has a simple root
Cig S R.

Indeed, if we assume Hypothesis 3, we obtain the following result.

Theorem 2. Consider a periodic solution with frequency w = p/q for the system (2.1). Assume that
Hypotheses 1, 2 and 3 are satisfied. Then there exists an explicitly computable value g > 0 such that
for || < eo the system (2.1) has at least one subharmonic solution of order q/p. Write ¢ = an™, with
o = sign(e), and consider the solution as a function of o and n: then such a solution admits a convergent
power series in 1, and hence a convergent Puiseuz series in the variable |e|.

We shall see in Section 5 that, by assuming Hypothesis 3, we can use the Newton-Puiseux algorithm
up to the ip-th step (hence a finite number of times), and we can provide recursive formulae for the
higher order contributions. This will allow us — as we shall see in Section 6 — to introduce a graphical
representation for the subharmonic solution, and, eventually, to obtain an explicit bound on the radius
of convergence of the power series expansion.

4 Trees expansion and proof of Lemma 1

A tree 6 is defined as a partially ordered set of points v (vertices) connected by oriented lines ¢. The
lines are consistently oriented toward a unique point called the root which admits only one entering line
called the root line. If a line ¢ connects two vertices vy, 05 and is oriented from vy to vy, we say that
v2 < vy and we shall write £,, = ¢. We shall say that ¢ exits vs and enters v;. More generally we write
vo < v; when v is on the path of lines connecting v to the root: hence the orientation of the lines is
opposite to the partial ordering relation <.

We denote with V() and L(6) the set of vertices and lines in 6 respectively, and with |V (8)| and
|L(0)| the number of vertices and lines respectively. Remark that one has |V (0)| = |L(6)].

We consider two kinds of vertices: modes and leaves. The leaves can only be end-points, i.e. points
with no lines entering them, while the nodes can be either end-points or not. We shall not consider the
tree consisting of only one leaf and the line exiting it, i.e. a tree must have at least the node which the
root line exits.

We shall denote with N(6) and E(6) the set of nodes and leaves respectively. Here and henceforth we
shall denote with v and e the nodes and the leaves respectively. Remark that V() = N(6) I E(9).

With each line £ = £, we associate three labels (hg, d¢,v¢), with hy € {a, A}, 6; € {1,2} and vy € Z,
with the constraint that vy # 0 for hy = a and §; = 1 for hy = A. With each line ¢ = ¢, we associate
he = a, 6p =1 and vy = 0. We shall say that hy, §; and v, are the component label, the degree label and
the momentum of the line ¢, respectively.

Given a node v, we call r, the number of the lines entering v carrying a component label h = o and
Sy the number of the lines entering v with component label h = A. We also introduce a badge label
by € {0,1} with the constraint that b, = 1 for hy, = « and &y, = 2, and for hy, = A and v,, # 0, and
two mode labels oy, 0, € Z. We call global mode label the sum

Uy = POy + QO (4.1)

where ¢, p are the relatively prime integers such that w(Ag) = p/q, with the constraint that v, = 0 when
b, = 0.
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For all ¢ = /,,, we set also the following conservation law

Ve =g, = Z Vios (4.2)
e N(0)
v =<v
i.e. the momentum of the line exiting v is the sum of the momenta of the lines entering v plus the global
mode of the node v itself.
Given a labeled tree 6, where labels are defined as above, we associate with each line ¢ exiting a node,
a propagator
(A de—1
%7 h€:a7Aa V@#Ov
(fwwy)0e (4.3)
1

—m» he=A, v =0,

while for each line £ exiting a leaf we set g, = 1.

gr =

Moreover, we associate with each node v a node factor

MFGU o (A07t0)7 héu = «, 5@0 = la bu = 17 Ve, 7£ 0’
To!Sp! e

oy

s IW(A())v hey =, b, =1, by=0, v #0,
v

(o)™ O

A Gy or(Aosto), hey=a, 8, =2, by=1, vy #0,

’
v v v

ls,.!
NU _ Ty Syp: (44)

(ILO—D)iAGO'U o (A07t0)7 hfu = A7 6€u = 17 bU = 1’ Ve, ?é 0’

To!Sp! e
. To ASv

(,La-t')iAFon o (A07t0)7 h[u = A7 5&, = la bl" = 17 Ve, = O’
To!8p! e

oy
|W(AO)7 hZu = Av 550 = 13 bU = 07 Ve, = O’

Sp!

with the constraint that when b, = 0 one has r, = 0 and s, > 2.

Given a labeled tree 8 with propagators and node factors associated as above, we define the value of
0 the number

val(0) = | [ o IR (4.5)
(e L(0) vEN(H)

Remark that Val(0) is a well-defined quantity because all the propagators and node factors are bounded
quantities.

For each line ¢ exiting a node v we set b, = b,, while for each line ¢ exiting a leaf we set by = 0. Given
a labeled tree 6, we call order of # the number

k() = [{£ € L(O) : by = 1}]; (4.6)

the momentum v(6) of the root line will be the total momentum, and the component label h(6) associated
to the root line will be the total component label. Moreover, we set j(0) = |E(0)].

Define 7y, .5, ; the set of all the trees 6 with order k(#) = k, total momentum v(6) = v, total component
label h(0) = h and j(6) = j leaves.

Lemma 10. For any tree 0 labeled as before, one has |L(0)| = |V (0)| < 2k(6) + j(0) — 1.
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Proof. We prove the bound |N ()| < 2k(#) — 1 by induction on k.

For k = 1 the bound is trivially satisfied, as a direct check shows: in particular, a tree 6 with k(0) = 1
has exactly one node and j(6) leaves. In fact if 6 has a line ¢ = £, with by = 0, then v has s, > 2 lines
with component label h = A entering it. Hence there are at least two lines exiting a node with b, = 1.

Assume now that the bound holds for all ¥’ < k, and let us show that then it holds also for k. Let £
be the root line of # and vy the node which the root line exits. Call r and s the number of lines entering
0o with component labels o and A respectively, and denote with 6y,...,60,, the subtrees which have

those lines as root lines. Then .
TS

IN@O =1+ INGn)l- (4.7)
m=1

If 49 has badge label by, = 1 we have |[N(0)] < 1+ 2(k—1) — (r +s) < 2k — 1, by the inductive
hypothesis and by the fact that k(61) + ... + k(0,4+s) = k — 1. If £y has badge label by, = 0 we have
|IN(0)] <142k—(r+s) < 2k—1, by the inductive hypothesis, by the fact that k(61)+...+k(0r4s) = k,
and the constraint that s > 2. Therefore the assertion is proved. |

(k. —(k.j . .
Lemma 11. The Fourier coefficients ﬂ,(j J), v #0, and Bf, 9) can be written in terms of trees as

Bl(,k’j): Z Val(9), v #0, (4.8a)
€T v, a,j

B = S val), vez, (4.8D)
0€T 0, A,j

forallk>1,5>0.

. . . . . —(k,0) —(k,0) .
Proof. First we consider trees without leaves, i.e. the coefficients 3, ", v # 0, and B, "". Fork=11isa
direct check. Now let us suppose that the assertion holds for all & < k. Let us write fo, = 3, fa = B and

represent the coefficients fy(’k,;O) with the graph elements in Figure 2, as a line with label v and h = «, A
respectively, exiting a ball with label (k,0).

Figure 2: Graph elements.

Then we can represent each equation of (2.21) graphically as in Figure 3, simply representing each

factor f,(LkUO) in the r.h.s. as a graph element according to Figure 2: the lines of all such graph elements
enter the same node vg.

Figure 3: Graphical representation for the recursive equations (2.23).

The root line £y of such trees will carry a component label h = a, A for f = 3, B respectively, and a
momentum label v. Hence, by inductive hypothesis, one obtains

(E,O) — * (kho) (kmvo)
hyv Z gZUNUthth © S v

=3 0, Ne, S vale) | .. SNooovae) = > val),

eeTﬁlavlthO 0€T, QETE,u,h,o

(4.9)

m>vm>hm,0

where m = 7 + s, and we write Y_" for the sum over all the labels admitted by the constraints, so that
the assertion is proved for all k£ and for j = 0.
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Now we consider k as fixed and we prove the statement by induction on j. The case j = 0 has already
been discussed. Finally we assume that the assertion holds for j = j’ and show that then it holds for
j" + 1. Notice that a tree 6 € T 1.1, jr41, for both h = a, A can be obtained by considering a suitable
tree Oy € Ty 15,5 attaching an extra leaf to a node of 6y and applying an extra derivative d, to the node
factor associated with that node. If one considers all the trees that can be obtained in such a way from
the same 6y and sums together all those contributions, one finds a quantity proportional to 9, Val(fy).

. . . —(k,j'+1 (k5 +1
Then if we sum over all possible choices of 0y, we reconstruct ﬂ,(, 7 for h = o and Bl(, T for h = A.
Hence the assertion follows. L]

Proposition 1. The formal solution (2.19) of the system (2.10), given by the recursive equations (2.21),
converges for € and By small enough.

Proof. First of all we remark that by Lemma 10, the number of unlabeled trees of order k and j leaves
is bounded by 42F+7 x 22k+7 = 82k+7 The sum over all labels except the mode labels and the momenta
is bounded again by a constant to the power k times a constant to the power j, simply because all such
labels can assume only a finite number of values. Now by the analyticity assumption on the functions F’
and G, we have the bound
(i0g)" 0%
! gFao,oé(AmtO)
(Z'O'())T

r!

< QR"§%e r(looltlool)

(4.10)

os o
1 Covay (Ao to)| < QR7 S (70lH1oD),

for suitable positive constants Q, R, S, k, and we can imagine, without loss of generality, that Q and S

are such that |05w(Ap)/s!| < QS®. This gives us a bound for the node factors. The propagators can be

bounded by

w'(4o)
2

1
A ,1}, (4.11)

so that the product over all the lines can be bounded again by a constant to the power k times a constant
to the power j.

1

w

) )

lge] < max{

Thus the sum over the mode labels — which uniquely determine the momenta — can be performed by
using for each node half the exponential decay factor provided by (4.10). Then we obtain

B < oyckcie2, [BRD) < oy chcgevIr2, (4.12)

for suitable constants C, Cy and Cs. This provides the convergence of the series (2.19) for |e| < Cy*
and |B] < C3 . u
5 Formal solubility of the equations of motion

Assume that Hypotheses 1, 2 and 3 are satisfied. Let us set 1 := |¢|'/?, where p = p(® . ... - plio), We
search for a formal solution (a(t), A(t)) of (2.1), with a(t) = ao(t) + Bo + 3(¢) and A(t) = Ay + B(t),

where
Bo=S "B, By= et S yhpl, By =Y et kB, (5.1)

k>1 vEZ E>1 VETL E>1
v#0
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and the coefficients ﬁ([Jk], ~£’€] and B[Vk] solve

~ k] (k] k]
B =2 )y, B =T g0
iwy (iwv)? iwv )
N oIt . (5.2)
B =0 | R
0 w/(Ao) ’ 0 0’

with the functions Fl[,k] and <I>,[jk] recursively defined as

(i00)" 9; A lke
=2 > > o ooy (Ao, to) B B BY ) B (5.30)
m2>0 r+s=m poo+qoy+vit...+Um=v
kf1+-<~+k7n=k_p

k (ioo)" 0% k ke plkn K
ok = Z Z Z 0 ?Fgo,gé (Ao, to) B ... gl ]Bx[/rfll] .. Blkml
m2>0 r+s=m poo+qoy+vit...+Um=v ' '
ki+...+kn=k—p

as
> S—‘?w(AO)BL’?]...Bl[,’zS], (5.3b)

§>2 vi+...tVUs=V
ki+...+ks=k

where ﬁyﬂ = Bl[,k] for v #£ 0 . We use a different notation for the Taylor coefficients to stress that we are
expanding in 7.

We say that the integral equations (2.9), and hence the equations (5.2), are satisfied up to order k if

there exists a choice of the parameters ﬂ([)l], .. .ﬂ([)%] which make the relations (5.2) to be satisfied for all
k=1,...,k.

Lemma 12. The equations (5.2) are satisfied up to order k = p — 1 with Bl[,k] and BL’“] identically zero
forallk=1,...,p —1 and for any choice of the constants ﬂ([)l], e ([)p_l].

Proof. One has ¢ = on®, with o = sign(e), so that o =l = 0 for all k < p and all v € Z,
independently of the values of the constants 6([)1], e ([)pfl]. Moreover ﬁLk] = BL’“ =0 for all k£ < p. n
Lemma 13. The equations (5.2) are satisfied up to order k = p, for any choice of the constants

Jo S L2
Proof. One has TPl = G(ag(t), Ag,t + to) and ®P! = F(ag(t), Ag,t + to), so that

FBJ] - Z Gag,(ré(AO)a (I)BJ] = Z FU(),U(/)(AO)' (54)

poo+qoy=v poo+qo=v

Thus, ¥ and BY! can be obtained from (5.2). Finally F([)p] = M (to) by definition, and one has M (tg) =0

by Hypothesis 2. Hence also the last equation of (5.2) is satisfied. n
Let us set ) _
o = hHOpM) . . plio) s =s5OpM . . plio)
hl — bo + b(l)p(Q) . p(io)’ 51 = 8¢ 4+ 5(1)p(2) . p(io)’
o = by + hPpB) . plio) 59 =851 +6pB . plio) (5.5)
Bio = bip—1 + 51", Sip = 5351 + 500,
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Lemma 14. The equations (5.2) are satisfied up to order k = p + s;, provided ﬁ([)hi] = ¢;, with ¢; the
real Toot of a polynomml P (¢) of the i-th step of iteration step of the Newton-Puiseus process, for

i=0,...,i, and ﬁo =0 for all k' < b;,, k' #b; for any i.

Proof. If ﬁ([)k/] =0 for all 1 < k' < g, one has P([)k} =0 for all p < k < p + 50, while I‘BHSO] = PO (6([)”0]),
so that ngﬂ"] = 0 for ﬁéh"] = ¢p. Thus I‘[Ok] =0 for p+5s9 < k < p+ s; provided ﬁ(gk,] = 0 for all
ho < k' < b1, while Fg’ﬂl] = P(l)(ﬁ([)hl]), so that r{;’*’“] =0 for 6([;“] = ¢y, and so on.

Hence if we set ﬂ([)m] =¢, foralli =0,...,4p, and ﬁ([)k/] =0forall k' < b;,, k' # b, forany i =0,..., 1o,
one has ng] =0 forall p < k < p+s;,. Moreover, (I>,[,k] and F,[,k] are well-defined for such values of k.
Hence (5.2) can be solved up to order k = p + s;,, indipendently of the values of the constants ﬁ([)k,] for
k' > b;,. n

By Lemma 14 we can write

60 — 50(,'7) = Conho + Clnhl 4+ L+ Cionhlo + Zﬁ([)b ot ]nhlo+k' (56)
E>1
Lemma 15. The equations (5.2) are satisfied up to any order k = p + 8,y + k, kK > 1 provided the

ﬂ([)hio +r']

constants are suitably fized up to order k' = k.

Proof. By substituting (5.6) and e = on?, with o = sign(e), in T'y(e, Bp) we obtain
FO(UTIP,/BO(TI)) :Uﬂp Z Q51,j7751p Z J(jamOa'--amiovm) X

$1,j20 mo+...4+mi,+m=j
m,m; >0 (5 7)
n;>1
0) _s;
where Qs, j = Fg ";0°" and

il

. ].
TG, migm) = (58)

mo!...m;,'m!

For any x > 1 one has, by rearranging the sums,

[p+si,+r] . m s 2 : [bs +n1] h7 +Nom ]
O'PO 0 = g J(]7m07"'7migvm)Q817jCO0"‘ ’ ﬁ 0 o ’ ’ (59)
m,m;,n,s1,j>0 n1+ Anm=Kk—n
mo+...+mi, +m=j ni>1

s1p+mobot...+mighig+mbig=s;,+n

so that the last equation of (5.2) gives for k > 1

. mo Mig—1 Mig— [h?g""R]
E Mo J (4, Mo, - ., Mig, M) Qsy jC07° - Gty o
m;,s1,5>0
Mot kg H1=]
s1p+mobhot...+mighin =54,

+ Z ‘](jvm()a---vmiovm) Qshjcglo"' mYO Z ﬁ[hm""”l] ”ﬁblo_HLM]

Meys1,j>0,m>2 it Trm= (5.10)
mo+...+m;,+m=j 1<n;<k—1
s1p+mobho+...+mighig+mbig=s;,

Y TG migm) Quy e e ST gt gt — g,

m,m;,s1,j>0,n>1 n1+ Anm=Kk—n
mo+...4+mi+m=j nizl
s1p+mobot+...+mig by +mbig=s;,+n
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where all terms but those in the first line contain only coefficients ﬂ([)bi" ] with &/ < K.

Recall that by Hypothesis 3

. mo Mig—1 Mig—1 dP(io)
g Mg J (J, M0, - -, Mg, M) Qs 55" -+ ¢ 01 ¢ =~ (ciy) =: C #0, (5.11)
51,§20
mg+...+mi0:j
siptmobo+...+miybig =5,

[hio‘i"{] []7;0+I€/

so that we can use (5.10) to express G, in terms of the coefficients ﬂ([) Vof lower orders 1’ < .

Thus we can conclude that the equations (5.2) are satisfied up to order k provided the coefficients ﬂg)io ]

are fixed as

i w 1 ~r ./ i 1 i k' —1
gt ]:—aG["](c07...,cio,Béh°+],..., 1o 711y (5.12)
for all 1 < k' < Kk, where G+l (co,- - ,cio,ﬁg’ioﬂ], e ([)h”’%%”) is given by the sum of the second and
third lines in (5.10). ]

We can summarise the results above into the following statement.

Proposition 2. The equations (5.2) are satisfied to any order k provided the constants ﬁ([)k] are suitably
fiwed. In particular B = B¥ = B = 0 for k < p and B = 0 for k < by, k # b, for anyi=0,... .

6 Diagrammatic rules for the Puiseux series

In order to give a graphical representation of the coefficients ﬁ([)k], 3% and BI in (5.1), we shall consider
a different tree expansion with respect to that of Section 4. We shall perform an iterative construction,
similar to the one performed through the proof of Lemma 11, starting from equations (5.2) for the

coefficients 5,[,k], Bl[,k] for k > p, and from (5.12) for ﬂ})k], k>b; + 1.

Let us consider a tree with leaves. We associate with each leaf ¢ a leaf label a, =0, ..., ig.

For k = p we represent the coefficients El[,p] and Bl[,p] as a line exiting a node, while for £ = b;,
1=0,...,7) we represent ﬂ([)b"'] as a line exiting a leaf with leaf label a;.

Now we represent each coefficient as a graph element according to Figure 4, as a line exiting a ball
with order label k, with k > b;, + 1 for the coefficients B([)k], and k > p + 1 for the coefficients B,Ek] and

B[Vk}; we associate with the line a component label h, € {50,5, B}, a degree label §, € {1,2} with the
constraint that §, = 1 for hy = B, fy, and momentum label v, € Z, with the constraint that v, # 0 for
hy = (3, while v, = 0 for hy = .

Figure 4: Graph elements.

Hence we can represent the first three equations in (5.2) graphically, representing each factor ﬁl[,]f]
and B,[,]fi] in (5.3) as graph elements: again the lines of such graph elements enter the same node vg.

We associate with vy a badge label b,, € {0,1} by setting by, = 1 for hy, = B and dg, = 2, and for
he, = B and vy, # 0. We call r,, the number of the lines entering vy with component label h = ﬁO,B,
and s,, the number of the lines entering vy with component label h = B, with the constraint that if
bu, = 0 one has r,, = 0 and s,, > 2. Finally we associate with vy two mode labels oy, o, €L and the
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global mode label vy, defined as in (4.1), and we impose the conservation law

Tno“rsno

Ve,, = Vo, + Z vy, (6.1)
i=1

where (1, ..., 4, 45, are the lines entering vg.
We also force the following conditions on the order labels

TUOJFSUU
Z ki:k_pa btlo:17
=t (6.2)
vo
> ki=k, by, =0,
i=1

which reflect the condition on the sums in (5.3).

Finally we associate with b = vy a node factor N = 6% N, with o = sign (¢) and N, defined as in
(4.4), and with the line ¢ = ¢,, a propagator g; = gy, with g, defined as in (4.3). The only difference
with respect to Section 4 is that the component label can assume the values ﬁ , B, which have the role of
a, A respectively.

[hig+k]

The coefficients , & > 1, have to be treated in a different way.

. . . =(k,j) . .

First of all we point out that also the coefficients I‘é D in (2.20) can be represented in terms of sum
of trees with leaves as in Section 4. In fact we can repeat the iterative construction of Lemma 11, simply
by defining 7 or,; as the set of the trees contributing to F(() ’]), setting go, = 1, hey =T, 0gy = 1, vp, = 0,
be, =1 and

(iono)noasno

N\JO = . Gano,ogo (A()atO)a (63)

Toy S0, !
and no further difficulties arise. 4
Recall that the coefficients Qs, ; in (5.10) are defined as Qs, ; = FO go1 = fésl+1’])asl so that

S1,]

Qs, j =0 Z Val(9). (6.4)

0€Ts, +1,0,1,5

Hence the summands in the second and third lines in (5.10) can be imagined as “some” of the trees in
75, 4+1,0,r,; Where “some” leaves are substituted by graph elements with h; = 3. More precisely we shall
consider only trees 6 of the form depicted in Figure 5, with s; 4+ 1 nodes, so = sp,0 + ... + 50,5, leaves,
where s q is the number of the leaves with leaf label a, and sj graph elements with hy = 5y, such that

i
sip+ > s0.ibi + sobi, = i, + 1,
=0 (6.5)

50
> ki =(sh— Dby, +k—n,
=1

for a suitable 0 < n < k — b;,, with the constraint that when n = 0 one has s{; > 2. We shall call ¢; the
sq lines with hy, = fy. Such conditions express the condition on the sums in the second and third lines
in (5.10).

The propagators of the lines exiting any among the s; + 1 nodes and the node factors of the nodes
(except the root line and the node which the root line exits) are g; = g, and NF = ol N, with the
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Figure 5: A tree contributing to /B([)k].

component labels assuming the values B, B, which have the role of a, A, respectively. We associate with

the root line a propagator
. 1
9o =~ (6.6)

where C' is defined in (5.11), while the node v = vy which the root line exits will have a node factor
Ny =Ny, as in (6.3) Finally we associate with each leaf ¢ a leaf factor N = cq,.

We now iterate such a process until only nodes or leaves appear. We shall call allowed trees all the
trees obtained in such a recursive way, and we shall denote with ©y,, ;, the set of allowed trees with order
k, total momentum v and total component label h.

Given an allowed tree 6 we denote with N(6), L(0) and E(#) the set of nodes, lines and leaves of

6 respectively, and we denote with F,(6) the set of leaves in 6 with leaf label a. We point out that
E(0)=Ey(0)11... 11 E; (0). We shall define the value of 0 as

val'(0) = | ] @ I ~ IT ~o |- (6.7)

LeL(0) vEN(0) c€E(0)

Finally, we denote with A(6) the set of the lines (exiting a node) in # with component label h = [y
and with N*(#) the nodes with b, = 1; then we associate with each node in N*(#), with each leaf in
E4(0) and with each line in A(0) a weight p, b, and h;, — p — s;,, respectively, and we call order of 6 the
number

k(8) = pIN*(0)] + (hig — b — 50 )JAO)] + D hal Ea(6)]. (6.8)
a=0
Note that b;, —p —s;, <O.

Lemma 16. The Fourier coefficients B([Jk], NL’“] and BLk] can be written in terms of trees as
gl = > Val'(0),  k>bi, +1, (6.9a)
0€O,0,5,
B =N val'(0),  k>p, (6.9b)
96@,@7”’5
B = " val'(0), k=>p. (6.9¢)
0€OL L. B

Proof. We only have to prove that an allowed tree contributing to the Fourier coefficients ﬁ([)k]7 E[Vk}

and B,[,k] has order k. We shall perform the proof by induction on £ > bh;, + 1 for the coefficients ﬁ([Jk],
and k > p for 5,[,k] and B,[,k]. Let us set fﬁ = f and fg = B. An allowed tree 6 contributing to f,[LpL

has only one node so that k() = p, while an allowed tree # contributing to ([)hiJrl], 1 =20,...,17 has

s1 + 1 nodes, so = 0,0 + ... + S0, leaves, and one line A(f), and via the conditions (6.5) we have

S1p —+ SO,OhO + ...+ SO,iohio = §j, —+ 17 so that k(9) = bio + 1.
Let us suppose first that for all &’ < k, an allowed tree 6’ contributing to 5([)k/] has order k(8") = k'.
By the inductive hypothesis, the order of a tree € contributing to ([)k] is (we refer again to Figure 5 for
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notations)

i0 50
k(0) = (81+1)p+230,ihi+zki+hio — P — Siys (6.10)
i=0 i=1
and via the conditions in (6.5) we obtain k(0) = k.
Let us suppose now that the inductive hypothesis holds for all trees 6’ contributing to f,[Lk;], kK < k.

An allowed tree 6 contributing to f,[f]y is of the form depicted in Figure 6, where sg o is the number of
the lines exiting a leaf with leaf label a and entering vg, s; is the number of the lines exiting a node and
entering vg, and s, s} are the graph elements entering vy with component label 8y and either 3 or B,
respectively.

Figure 6: An allowed tree contributing to ff[fl

If by, = 1, by the inductive hypothesis the order of such a tree is given by

10 so+sy
R(O) = (s1+ Do+ > sobi+ > ki (6.11)
1=0 =1

and by the first condition in (6.2) we have k() = k. Otherwise if b,, = 0, we have so + s, = 0 and, by
the inductive hypothesis,

k(0) =sip+ > ki =k, (6.12)
=1

via the second condition in (6.2). ]

Lemma 17. Let q := min{ho,p} and let us define

M =2
q

+ 3. (6.13)
Then for all § € Oy, 5, one has
|L(6)| < Mk. (6.14)

As the proof is rather technical we shall perform it in Appendix B.
The convergence of the series (5.1) for small 7 follows from the following result.

Proposition 3. The formal solution (5.1) of the system (2.9), given by the recursive equations (5.2) and
(5.12), converges for n small enough.

Proof. By Lemma 17, the number of unlabeled trees of order k is bounded by 4™*. Thus, the sum over
all labels except the mode labels and the momenta is bounded by a constant to the power k because all
such labels can assume only a finite number of values. The bound for each node factor is the same as in
Proposition 1, while the propagators can be bounded by

w'(Ao)

" 1
il < max {15

1
"|w!(Ao)

w

1
c

) )

,1}, (6.15)

so that the product over all the lines can be bounded again by a constant to the power k. The product
over the leaves factors is again bounded by a constant to the power k, while the sum over the mode labels
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which uniquely determine the momenta can be performed by using for each node half the exponential
decay factor provided by (4.10). Thus we obtain

|§1[/k]‘ < Clcéce—m\vlﬂ’ |Bz[/k]‘ < 01056—5\14/2’ (6.16)
for suitable constants C; and Cy. Hence we obtain the convergence for the series (5.1), for |n| < Cy'. m

The discussion above ends the proof of Theorem 2.

7 Higher order subharmonic Melnikov functions

Now we shall see how to extend the results above when the Melnikov function vanishes identically.

We are searching for a solution of the form (a(t), A(t)) with a(t) = ag(t) + Bo + B(t) and A(t) =
Ap + B(t), where

Bt) = €e""B,(c,50),  B(t) =Y ™' By(c, f). (7.1)
vEZ vEZ
v#0

First of all, we notice that we can formally write the equations of motion as

=(k) =(k) (k)
—(k ®, r, —(k L, (6
5 () = 20 gl B 50 g S L B
iwy (iwv) iwy (72)
—=(k) '
—(k) @y (Bo)
B =———".
0 (ﬁo) UJ/(A())
where the notations in (2.22) have been used, up to any order k, provided
fo(ﬁ»ﬁo) =0. (73)
If M (tp) vanishes identically, by (2.24) we have fél’j) = 0 for all j > 0, that is f(()l)(ﬂo) = 0, for all

Bo, and hence Ty (e, By) = e2F P (g, fy), with F?) a suitable function analytic in ¢, 3.

Thus, we can solve the equations of motion up to the first order in ¢, and the parameter Sy is left
undetermined. More precisely we obtain

By = Eﬁl(,l) +e8M(e, Bo), B, = ng,l) +eBM(e, Bo), (7.4)

— 1 J— ~, ~
where ﬁl(, ), B ,(/1) solve the equation of motion up to the first order in e, while ﬂgl), B£1) are the corrections
to be determined.

Now, let us set
—(2
Mo(to) = M(to),  Mi(to) = T52(0, ), (7.5)

(k,5)

v

where ff,k)(ﬂo, tg) = f(uk)(ﬁo), i.e. we are stressing the dependence of T' on tyg. We refer to M (to) as

the second order subharmonic Melnikov function. Notice that My(to) = fgl)(o,to).

If there exist to € [0, 27) and n; € N such that ¢ is a zero of order n; for the second order subharmonic
Melnikov function, that is

k ny
%Ml(to) =0 VO < k < n — 1, D= D(to) = d‘7‘11]\41@0) 75 O, (76)
dtg dt;
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then we can repeat the analysis of the previous Sections to obtain the existence of a subharmonic solution.
In fact, we have

- =(k+2,j
FOe,po) = Y mr?,  F =Ty (1), (7.7)
k,j>0
where ¢y has to be fixed as the zero of M;(¢g), so that, as

i dd =2,
(—w(Ao)) ™ = Mi(to) = JIT5 (o), (7.8)
dt;
for all j, as proved in [6] with a different notation, we can construct the Newton polygon of F (), which
is Bo-general of order ny by (7.6), to obtain 6D, BM and 3, as Puiseux series in ¢, provided at each step
of the iteration of the Newton-Puiseux algorithm one has a real root.

Otherwise, if M;(tp) vanishes identically, we have féz)(,é’o) = 0 for all 3y, so that we can solve the
equations of motion up to the second order in € and the parameter 3y is still undetermined. Hence we
set My(tg) = féS)(O,to) and so on.

In general if My (to) = 0, for all ¥’ = 0,...,x — 1, we have Ty(c, By) = e*F " (e, By), so that we can
solve the equations of motion up to the x-th order in ¢, and obtain

B, =B e B 4B (e, By, (7.9a)
B, = EE,(}) +...+ SKEI(,K) +e"BW (e, Bo), (7.9b)
where Bf,k ), El(,k ), k' =0,...,k— 1 solve the equation of motion up to the x-th order in e, while E,SK'),

Eﬁ“) are the correction to be determined.
Hence we can weaken Hypotheses 2 and 3 as follows.

Hypothesis 4. There exists k > 0 such that for all k' =0,...,k — 1, My (to) vanishes identically, and
there exist to € [0,27) and n € N such that

J n
di.Mﬁ(to) =0 VO < ] <n-— 1, D= D(to) = diMN(to) 75 O7 (710)
dt), dtg

that is tg is a zero of order n for the k-th order subharmonic Melnikov function.

Hypothesis 5. There exists ig > 0 such that at the ig-th step of the iteration of the Newton-Puiseur
algorithm for F%) | there exists a polynomial Pi(“’) = Pi(“’)(c) for somei=1,...,N;,, which has a simple
root c* € R.

Thus we have the following result.

Theorem 3. Consider a periodic solution with frequency w = p/q for the system (2.1), and assume that
Hypotheses 1, 4 and 5 are satisfied. Then there exists an explicitly computable value €9 > 0 such that
for |e| < eo the system (2.1) has at least one subharmonic solution of order q/p. Write ¢ = on™, with
o = sign(e), and consider the solution as a function of ¢ and n: then such a solution admits a convergent
power series in 1, and hence a convergent Puiseuz series in the variable |e|.

The proof can be easily obtained suitably modifying the proof of Theorem 2.

Now, call %5{{) the set of real roots of the polynomials obtained at the n-th step of iteration of the
Newton-Puiseux process for F*). Again if n is even we cannot say a priori whether a formal solution
exists at all. However, if ERELK) # () for all n > 0, then we obtain a convergent Puiseux series as in Section
3.

As a corollary we have the following result.
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Theorem 4. Consider a periodic solution with frequency w = p/q for the system (2.1). Assume that
Hypotheses 1 and 4 are satisfied with n odd. Then for e small enough the system (2.1) has at least one
subharmonic solution of order q/p. Write e = on™, with o = sign(e), and consider the solution as a
function of o and n: then such a solution admits a convergent power series in 1, and hence a convergent
Puiseux series in the variable |e|.

Again the proof is a suitable modification of the proof of Theorem 1.

Acknowledgements. We thank Edoardo Sernesi for useful discussions.

A On the genericity of Hypothesis 3

Here we want to show that Hypothesis 3 is generic on the space of the coefficients of the polynomials.
More precisely, we shall show that given a polynomial of the form

n
P(a,c) = Z Un_iC', n>1, a:= (ag,...,an,), (A1)
i=0
the set of parameters (ao,...,a,) € R"™! for which P(a,c) has multiples roots, is a proper Zariski-

closed! subset of R"*1. Notice that a polynomial P = P(a,c) has a multiple root c¢* if and only if also
the derivative 9P/dc¢ vanishes at ¢*.

Recall that, given two polynomials
Pi(c) = Z UniC', Py(c) = Z by, (A.2)
i=0 i=0

with n,m > 1, the Sylvester matriz of Pi, P, is an n + m square matrix where the columns 1 to m are
formed by “shifted sequences” of the coefficients of P, while the columns m + 1 to m 4+ n are formed by
“shifted sequences” of the coefficients of Py, i.e.

agp 0 ce 0 b() 0 ce 0
ay; ap ... 0 b1 bo N 0
SYPLP) = | 0 (A3)
0 0 cee Qp—1 0 0 bm—l
o 0 ... a 0 0 ... by

and the resultant R(Py, P2) of Py, P is defined as the determinant of the Sylvester matrix.

Lemma 18. Letcy1,...,¢1,n, and c21,...,C2m be the complex roots of Py, Ps respectively. Then
R(P1, Py) = ag'by [[ [ (crii — c2.)- (A.4)
i=1j=1

A complete proof is performed for instance in [15]. In particular, Lemma 18 implies that two polyno-
mials have a common root if and only if R(P;, P;) = 0.

Recall also that given a polynomial P = P(c), the discriminant D(P) of P is the resultant of P and
its first derivative with respect to ¢, i.e. D(P) := R(P, P’), where P’ := dP/de. Thus, a polynomial
P = P(a,c) of the form (A.1) has a multiple root if and only if its discriminant is equal to zero.

1See for instance [14].
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Now let us consider the set

V :={a = (ag,...,a,) € R"" : P(a,c) has a multiple root}. (A.5)

The discriminant of P(a,c) is a polynomial in the parameters a = (ag,...,a,) i.e. Dp(a) = D(P) €
Rlag, - .., ay], hence we can write

V ={a=(ao,...,a,) € R"™ : Dp(a) = 0}. (A.6)

Such a set is, by definition, a proper Zariski-closed subset of R™+1.

As the complement of a proper Zariski-closed subset of R**! is open and dense also in the Euclidean
topology, then Hypothesis 3 is generic. u

B Proof of Lemma 17

First we shall prove by induction on £ that for all # € ©y, ¢ g, one has

5
1) < 21— bi) — (1422 ) (B.1)
for all £ > b;, + 1.
For k = b;, + 1 one has
igt+1 1 . m;
[[)h o+t _ -G Z J(G,mo, .., miy,m) Qs jcg'® -y, (B.2)
51,520

mo+...+m;,=j
siptmobo+...+mighig=s5iy+1

so that any tree 6 contributing to ([)hiO—H] has s; + 1 nodes and j leaves, hence |L(0)| = s; + 1+ j.

Notice that q < ho < b1 < ... < bh;,, hence one has

5, + 1

L) =1+s +j <1+ (B.3)

Moreover for k = bh;, + 1 the r.hs. in (B.1) is equal to 2 + s;,/q, so that the bound (B.1) holds,
because one has q > 1. Assume now that the bound (B.1) holds for all &' < k and let us show that then
it holds also for &.

We call My = Mb;, + 1+ s;,/q, so that the inductive hypothesis can be written as
IL(0")] < MK(0') — Moy, (B.4)
for all 0’ € @k/,oﬁo, kK < k.
By the inductive hypothesis, we have (cf. Figure 5)

50
[L(O)] < 1+ 51+ 50— soMo+ M > k(6;), (B.5)
i=1
for suitable 61, ..., 0, depending on 6.
Let us set m := k — b;, > 1. Hence, via the conditions (6.5) we can write (B.5) as

ig
|L(0)| <1+ 81+ s0— suMo+ M (5 +m—sip— so,ih,;> . (B.6)
=0
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Hence we shall prove that
/ L Sig
1+81+80—50M0+M 51‘0+m—81p—2507ihi SmM—l—F, (B7)
i=0
or, in other words

ig
5,
(5113 + E 8071[]i> M + S/OMO > 5iUM + S0 + 51+ % + 2, (B8)
i=0

for all so, s(, s1 > 0 admitted by conditions (6.5).

First of all for s; = 0 by the first condition in (6.5) we have s1p + so,000 + - - - + S0,i, iy = 5iy + M-
Moreover (s1 + $0)q < s19 + S0,i000 + - - - + S0,i00iy = Siy + ™M, hence

S5;, + M

s$1+ 80 < T, (B.9)
so that one obtain (B.8) if
mM > 220 49 (B.10)
q q
hence one needs
m<25q—|—3> z2?+2+%, (B.11)

that is satisfied for all m > 1.

For si = 1 the first conditions (6.5) can be written as s1p + so.0ho + ... + (S04, + 1)biy = 85, + 12, SO
that

s1 4 80 < 50_{)7“% (B.12)
Hence we obtain (B.8) if
nM > Sot by (B.13)

q
and again (B.13) is satisfied because n = k — k1 > 1.
Finally for s; > 2 the first condition in (6.5) can be written s1p + so.0ho + ... + (S0,i, + 50)Die = Sig>

so that s1 4+ so < s1 + 8¢ + 5§ < 5;“ , and we obtain (B.8) by requiring

Siy Sig

sio M + s, <+1) > 5,0 M +2 p +2, (B.14)
q
that is satisfied as we are assuming s > 2.
This exhausts the discussion over all the choices of sg, (), 1.
Let us show now that
|L(0)] < Mk —1, (B.15)

forall 0 € O s, f = 3,8, k>p.

Again recall that a tree 6 € Oy, ; contributes to flk] with f = B,B, so that the bound (B.15) is
trivially satisfied for k = p because one has |L(6)| = 1.

Let us suppose now that the bound holds for all p < k¥’ < k; again we shall prove that then it holds
also for k.

Recall that a tree contributing to fy[k] is of the form depicted in Figure 6, where sg 4 is the number
of the lines exiting a leaf with leaf label a and entering vg, so = 50,0 + ...+ 50,45, 51 is the number of the
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lines exiting a node and entering v, and s, s] are the graph elements entering vy with component label
Bo and f respectively. Hence, by the inductive hypothesis and by the bound (B.1), we have

36+s'1
L) < 1+ 50+ 51— soMo — sy + M > k(6:), (B.16)

i=1
for suitable 61, ..., 0, depending on 6.
Let us supposte first b,, = 1; thus, via the first condition in (6.2), we have to prove the bound

1+ 59+ s1 +M(k—p —80,0[’)0 — ... —80’1'0[’)1‘0 —Slp) —86M0 —8/1 < Mk — 1, (B17)

or, in other words,
10
> s0i(Mb; — 1) + s1(Mp — 1) + Mp + soMo + 54 > 2, (B.18)
=0

and this is obviously satisfied as Mb;, Mp > 3.
Finally if by, = 0 we have

S1
Zk(&z) =k — s1p, $0,0 + .-+ 80,50 T 86 =0, s1 + 8/1 > 2, (Blg)
=1

so that, by the second condition in (6.2), we have to prove the bound
1+s1+M(k—sip)—sy <Mk -1, (B.20)

or, in other words s1(Mp — 1) + s} > 2, and again this is obviously satisfied as s; + s} > 2 and Mp > 1.
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