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Abstract. Rotators interacting with a pendulum via small, velocity independent, potentials are considered:
the invariant tori with diophantine rotation numbers are unstable and have stable and unstable manifolds
(“whiskers”), whose intersections define a set of homoclinic points. The homoclinic splitting can be intro-
duced as a measure of the splitting of the stable and unstable manifolds near to any homoclinic point. In
a previous paper, [G1], cancellation mechanisms in the perturbative series of the homoclinic splitting have
been investigated. This led to the result that, under suitable conditions, if the frequencies of the quasi
periodic motion on the tori are large, the homoclinic splitting is smaller than any power in the frequency of
the forcing (“quasi flat homoclinic intersections”). In the case { = 2 the result was uniform in the twist size:
for ¢ > 2 the discussion relied on a recursive proof, of KAM type, of the whiskers existence, (so loosing the
uniformity in the twist size). Here we extend the non recursive proof of existence of whiskered tori to the
more than two dimensional cases, by developing some ideas illustrated in the quoted reference.
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tion

1. Introduction

1.1. The existence of whiskered tori is known from the works of Melnikov, [Me], Moser, [Mo], Graff [Gr].
A general theory can be found in [LW], where the generation of whiskered tori is studied for systems
whose hamiltonian can be expressed, in terms of action-angle variables (A4, @), as H(A,d) = Ho(A) +
wf (/Y, @), so that there is no hyperbolicity in the unperturbed problem. Then, under the hypothesis that
the non degeneration condition [|04,04, Ho| > ¢ > 0 is fulfilled, invariant whiskered tori are constructed
near perturbed periodic orbits. A case in which the above condition does not hold is studied in [CG], in
connection to a celestial mechanics problem (D’Alembert procession).

In [LST] ,[GLS], [GLT], [DS], the splitting of separatrices for some simple models (like the standard map,
[C], the semistandard map, [GP], and the rapidly forced pendulum, & + sinz = psin(t/e)) are investigated
and computed by analizing the singularities in the complex plane of the solution of the unperturbed model,
and exponentially small angles are found for the homoclinic splitting.

In this paper we discuss the existence of whiskered tori in a special class of almost integrable hamiltonian
systems. We consider a model consisting of a family of rotators, say £ — 1 in number, interacting with a
pendulum via a conservative force (the model can be called, as in [G1], rotator—pendulum model, or simple
resonance model, or Arnold model, [A]). For the relevance of this model in physics, see [G1], [CG].

The moments of inertia J;, j = 1,...,¢ — 1, of the rotators form a matrix J which is diagonal, and are
supposed to be J; > Jy > 0, if Jy is the inertia of the pendulum, so setting a scale for the size of the moments
of inertia. The model can be described by the ¢ degrees of freedom hamiltonian H,, = Hy + pf given by

S TN £
WA+ §J*1A-A+ o + g?Jo(cos — 1) + MZ<N focos(@-U+nyp), (1.1)
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where (I,¢p) € R?, (/Y, d) € R*“ Y are canonically conjugated variables, & € R!"!, v = (n,7) € Z¢,
lv| = In|+|V] = |n| + Zf;ll lvil, g > 0 (g2 is the “gravity”), &, u are parameters, and f,, are fixed constants.
We can suppose fn.ﬁ = 0, for all n, without loss of generality.

We suppose a priori what follows.



1.2. Hypothesis. The parameters & and p verify the conditions

5= ju<m® <t (1.2)

Vi
where Q and b~ can be supposed to be large enough, and &y is a diophantine vector, i.e.
Coldo -7l > |77, forall0#7eZ™! (1.3)

for some diophantine constant Cy > 0 and some diophantine exponent 7 > 0.
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1.3. The £ = 2 and J = +oo case will not be excluded and corresponds to the “pendulum in a periodic
force field”. The hamiltonian equations generated by (1.1), (i.e. I = —0,H,, ¢ = 01H,, A= —0xH,,

a= dzH,), for 1 = 0, admit (¢ — 1)-dimensional invariant tori
To={I=0=¢} x {A=A° aecT" '}, (1.4)

possessing homoclinic stable and unstable manifolds, called whiskers, described by the equations
I? S
Wi =W, = {57 + 9% Jo(cosp —1) =0} x {A= A"  @eT1}. (1.5)
0

It is known (see for instance [CG]) that “many” unperturbed tori around the torus AV =0 (including the
one A =0 itself) can be continued analytically (in u), together with their whiskers, into invariant tori with
the same &, for all || < bn® (if b is a suitable constant, explicitly computable in terms of a few parameters
associated with Hy, f in (1.1), see [CG]) and for @ large enough; we shall call such tori persistent. The
determination of b, ) requires going through an analysis very similar to that of the classical KAM theorem:
hence we say that such tori and whiskers are “obtained by KAM analytic continuation”.

We shall denote by Wj the stable and unstable whiskers, and by 7, the whiskered tori obtained by the
KAM analytic continuation. The stable and unstable whiskers let are characterized by the sets of initial
data Xf such that, if S}, is the hamiltonian flow generated by (1.1), then the distance d(SZXf, 7,,) converges
to 0 exponentially fast as t — £o0o. The flow on the persistent whiskered tori can be described, in suitable
coordinates and for all |u| small (i.e. [u| < by®), by 1 — 1 + @t.

A legacy of the unperturbed situation is that the persistent whiskers Wf arising from (1.5) are, for u
small enough, graphs over the angles @ € T~ and ¢, at least if |p| < 27 — § for any prefixed § > 0; hence
they can be written as

WE ={(p,1,d,A) = (0, IF(d,),d, A5 (d, ) : d € T |g| < 21 — 6}, (1.6)

for suitable real analytic (in (d&,¢) and p) functions A%, I%. The parity in (&,¢) of (1.1) implies that
(d,p) = (0,7) is a homoclinic point, at least if u is small enough (so that the whiskers can be proven to
exist). Then it is natural to measure the angles of the homoclinic splitting between W: and W, at o =

and @ = 0 by the quantity: §(&) = det 8@(1;'[ - ff;)Lp:W at @ = 0, and its a-derivatives at @ = 0.

1.4. The standard proofs of the above quoted results are quite indirect, since they are based on rapidly
convergent iterative techniques of KAM type. Here we want to recover the same results by studying directly
the perturbative series and continuing the analysis started in [G1]. The existence of the formal power
expansions (called Lindstedt series) defining the solution of the equations of motion is well known; however
the first direct proof of the convergence of such series is due to Eliasson, [E|, and it is very recent. Later
Eliasson’s ideas have been applied and extended to the study of the invariant tori of maximal dimensions,
[G1], [G2], [GG], and of the low dimensional tori and their whiskers, [G1].!

In particular in [G1] an algorithm for the computation of the p-expansion coefficients of the functions ffi,
I*, (introduced in [CG)), is used in rederiving the persistence of the whiskered tori for the model (1.1) and
the result that the homoclinic splitting is smaller than any power in 7, as n — 0.

L [CF]
the form %

the persistence of quasiperiodic solutions for nearly integrable hamiltonian systems, described by hamiltonians of
A-A- nf (@), is proven with similar tools.



Such a result is obtained by checking several cancellation mechanisms, operating to all orders of perturba-
tion theory. In fact, to any perturbative order, the formulae defining the whiskers can be written as sums of
several contributions: as the number of such contributions can be bounded by B, for some positive constant
B, the convergence of the series would follow if a bound B, for some other constant By > 0, could be
obtained for each single contribution. Unluckly this is not the case, as one can show that there are terms of
the sum which “behave” as k!®BE, for some a > 0, i.e. there are “too large” terms which could suggest that
the series diverges. Nevertheless one can hope in a compensation between such terms, and in fact this is
what happens. The problem is so reduced to prove that thare are cancellations, and that they are sufficient
to assure the convergence of the perturbative series.

The methods used in the proof are very similar to those of the quantum field theory: the solution of the
equations of motion can be given a diagrammatic expression in terms of Feynman’s graphs, and techniques
as the multiscale analysis and the tree expansion can be exploited in order to solve the problem, (a review
of such techniques can be found in [G3]). In particular the cancellations occur between Feynman’s graphs
which, studied separately, admit a divergent dimensional bound.

However in [G1] the problem is solved selfconstistently only in the case £ = 2, the solution of the cases
¢ > 2 relying on results inherited from the KAM theory approach of [CG]: in such cases one looses the
uniformity in the twist size, defined as t,, = min;j—q, . ¢—1 Jj_l, see [G2]. It would, therefore, be nice to have
a proof completely freed from KAM-type results. In [G1] the conjecture that this can be done is advanced
(and motivated): in this paper we extend the selfconsistent treatment to the more general case ¢ > 2, by
using some extra cancellations which can be seen as an extension of those exposed in [G1], [G2], [GG], so
obtaining a theory fully independent of KAM-type results.

To be more precise, we prove the existence of the whiskered tori in a selfconsistent way, and assuring the
uniformity in the twist size. The steps through which the proof proceeds are the following: (1) starting
from the unpertubed motion on the separatrix, one perturbatively finds the equations of the motion on two
{-dimensional manifolds, one stable and the other unstable, expressed by a formal series expansion in the
perturbation parameter; (2) under the hypothesis that the series converges, the motions become asymptotic
to motions on (¢ — 1)-dimension invariant tori; (3) one checks the convergence of the series.

The paper is selfcontained: §2-+85 have a definitory nature, however, and they are almost literally taken
from the review article [G1], with some abstraction effort, (so that it can be very useful, though not strictly
necessary, to have read [G1] before to attack the present paper); the main aim of §2+§5 is to introduce the
notations and the symbols which will be used in the following sections. The original work is in §6--§8 (and
in the appendices) and it develops the ideas of [G1], [G2], [GG]. The above illustrated steps are approached
in §4 and §8, where they receive also a more mathematical statement.

Propositions 4.1 and 4.3 at the end of §4 provide formal statements of the above results. In §6 besides
quoting our key estimate (the first of (6.2)) we briefly discuss the connection of this work with the theory of
the homoclinic splitting.

Acknowledgements: I am indebted to G. Gallavotti for having originally proposed this work, and for
encouragement and many clarifying discussions and suggestions all along during its draft.

2. Recursive formulae

In this section we review the simple recursive formulae explicitly derived in [G1] for the functions I j[, ffff in
(1.6) and their time evolution.
The unperturbed motion is simply

XO(t) = (°(t), Io(t),0,d + &t) , (2.1)

where (¢°(¢), I°(t)) is the separatrix motion, generated by the pendulum in (1.1) starting at, say, ¢ = ,
and ©0(t) = 4arctane 9", Let X7 (t;), 0 = +, be the evolution, under the flow generated by (1.1), of the

—

point on W7 given by (I7(d, ), A7(d, ), m,d), (see (1.6)), and let

Xo(t) = X5(4a) =Y XM (Gapt = xMuk, o=+ (2.2)
k>0 k>0



be the power series in u of X, (which we will show to be convergent for u small); note that X% = XY is
the unperturbed whisker (2.1). We shall often not write explicitly the @ variable among the arguments of
various @ dependent functions, to simplify the notations, and we shall regard the two functions X*7(t), as
forming a single function X*(¢), which is X**(¢) if o0 = signt = +, and X*~(¢) if o = signt = —.

Hence and henceforth we number the components of X with alabel j, 7 =0,...,2¢—1, with the convention
that
Xo=X_, (Xj)jmr01=X , Xe=X1,  (Xj)j=e41, 2001 = Xy . (2.3)
Then the equations of motions assume the form
i ko __ 2 0 ko ko d Hko
X577 = (g°Jocosp”) XE7 + FI7 | — X7 = F
d d > —» '
_Xka’ — 71Xk0' X o 7lxk0’
a- =l X @l =l

where the functions F*?’s, k > 1, can be given the following formula in terms of the coefficients X°, ..., X*~1o
and of the derivatives of Hy and f:

-1 my;
A= Y @l a+an S T[T[x.
7] >0 (ki) p—1 =0 =1
F_IiUE Z ( 2J0Sllfl(p Z HXkcr (25)
lm[>2 (kj)m ke 5=1
-1 m;
—Z(af) (%, a + ot) Z HHXJ
|m|=0 (ki) k-1 i=0j=1

where (G)m(-), with G = 9af, 9, f, 9> Josin g, and (k%)sm,p, with k5 > 1, m; >0, p =k, k — 1, are defined as

(G)w() =

(K p = (kY. KD, BT K2 such that » ki =p,

s Ymg ) ) ? VMo

mo QM1 mi—1 gmy ml+1 mai—1
(ag, OOy OO LA G) .
)

molml' ml,llml!mprl' m21,1!

(2.6)
and the case k = 1 requires a suitable interpretation of the symbols, so that

F%U:_aaf(woa&+ﬁt)a Fidz_wf(woad‘_kﬁt)'

Note that the first sum in the expression for ﬁf can only involve vectors m with m; = 0 if j > 1, because
the function Jog? cos ¢ depends only on ¢ and not on @, (hence also k; = 01if 7 > 0). We use here the above
notation to uniformize the notations.

If we define the wronskian matriz W (t) as

1 w(t) .
“oshot 2¢t h2gt
W = T e L = T 2.7
—Jogcoshz‘gt (1- Tcosh?gt) cosh gt cosh gt
and denote by w;; (i, =0, £) its the entries, then we can obtain the following equations:
t t
Xi" (t) = wgg(t)XfU(O) + wgg(t)/ woo(T)FfU (r)dr — wzo(t)/ wog(T)Ff‘T (r)dr ,
0 0
t t
X5 (1) = woe(t) X5 (0) + woe (1) / woo () FX7 (7)dr — wo () / wou () F (7) dr |
0 0
(2.8)

XPo(t) = XFo(0) + /0 Fo(r)dr
Xty = 77 (1K} (0) + /O dr (t =)} (7))
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having used that the X f"(O) = ( because the initial datum is fixed and 1 independent.

3. The improper integration 7.

We introduce some integration operations that can be performed on the functions introduced in §2. The
operation is simply the integration over ¢ from ooo to t, o = signt. In general such an operation cannot be
defined as an ordinary integral of a summable function, because the functions on which it has to operate
(typically the integrands in (2.8)) do not, in general, tend to 0 as ¢ — oo. But the simplicity of the initial
hamiltonian has the consequence that the functions X*(¢), and the matrix elements w;; in (2.7), belong to
a very special class of analytic functions on which the integration operations that we need can be given a
meaning.

To describe such class we introduce various spaces of functions; all of them are subspaces of the space M
of the functions of ¢ defined as follows.

3.1. Definition. Let M be the space of the functions of t which can be represented, for some k >0, as

k .
_ (Utg)J o - _ _—ogt ol
M(t) = go 7 M7 (x,ét) , z=e 79, o=signt, (3.1)

Jj=

with M7 (x,J) a trigonometric polynomial in 1/7 with coefficients holomorphic in the x-plane in the annulus
0 < |z| < 1, with: (1) possible singularities, outside the open unit disk, in a closed cone centered at the
origin, with axis of symmetry on the imaginary azis and half opening d < T ; (2) possible poles at x = 0; (3)
Mg #0. The number k will be called the t—degree of M. The smallest cone containing the singularities will
be called the singularity cone of M.

3.2. Definition. Let M, be the subspace of the functions M € M such that the residue at x = 0 of
x= (M (x,-)) is zero, (here the average is over ¢, i.e. it is an “angle average”).

3.3. Definition. Let M and Mg be the subspaces of the functions M € M and, respectively, M € Mo
bounded near x = 0.

3.4. Definition. Let M’“,M’g,M’“,M’g denote the subspaces of M, Mg, M, My, respectively, containing
the functions of t—degree < k.

In the following part of this section we describe briefly the properties of the functions contained in the
above defined spaces, referring to [G1] for details.
(1) If a function admits a representation like (3.1), with the above properties, then such a representation is
unique.
(2) If M € M, or M € My, then M¢ have no pole at z = 0 and, furthermore, M? (0, z/_;) =0if j > 0.

(3) M € M can be written as M = P+ M’ with P being a polynomial in ot (with ¢ dependent coefficients)
and with M’ € My: this can be done in only one way and we call P the “polynomial component” of M,
and M’ the “non singular” component of M.

(4) M € M can be written as M = p+ M’ with p being a constant function (with constant value depending
on o) and M’ € Mg: p will be called the “constant component” of M, and M’ will be the “non singular”
component of M.

(5) The functions in M can be expanded as sums of the following monomials:

oX (az_;!;)j phei® vt (3.2)

where y = 0,1 (i.e. the (3.2) span the space M).

(6) The coefficients of the above mentioned expansions and polynomials depend on o = =+, i.e. each M € M
is, in general, a pair of functions M? defined and holomorphic for ¢ > 0 and ¢ < 0, respectively (and, more
specifically, in a domain {oc Ret > 0, |[Im gt| < 7/2 —d = £}). The functions M?(t) might sometimes (as in
our cases below) be continued analytically in ¢ but in general M (—t) # M~ (—t) even when it makes sense
(by analytic continuation) to ask whether equality holds.
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(7) If M € M the points with Ret = 0 and |Imgt| < £ (gt = +in/2 corresponds to = = Fi) are,
(by our hypothesis on the location of the singularities of the M; functions), regularity points so that
the values at t*, “to the right” and “to the left” of ¢, will be regarded as well defined and given by
M(t%) = limy . ger— reer M(t'); in particular M*(0F) = M (1-,0).

(8) Since f in (1.1) is a trigonometric polynomial, the function F'! belongs to M and, in fact, the component
ﬁTl belongs to M (as accidentally does F} as well).

On the class M we can define the following operation.

3.5. Definition. If M € M, and t = T + 19, with 7,9 real, and T = Ret # 0, 0 = sign Ret, the function
t

IrM(t) = / e RN (2) dz (3.3)
oo+

is defined for Re R > 0 and large enough, the integral being on an axis parallel to the real axis. If M € M

then the function of R in (3.3) admits an analytic continuation to Re R < 0 with possible poles at the integer

values of R and at the values ig='G - 7 with || < trigonometric degree of M in the angles v; and we can

then set

TM(t) = 7{ QifR TaM(t) (3.4)

where the integral is over a small circle of radius r < 1 and r < min|g
over the U # 0 which appear in the Fourier expansion of M.

~13 - 7|, the minimum being taken

From the above definition one can immediately derive an expression for the action of Z on the monomial
(3.2) and check, in particular, that the radius of convergence in z = e~ 79% of ZM(t), for a general M (t),
is the same of that of M (¢) (but in general the singularities at +¢ will no longer be polar, even if those of
the M;’s were such). In general, 7 : ME = Mk+1; but we note that the Z operation does not increase the
degree in ¢ when |h| 4 |7] > 0, as can be easily checked from (3.2) and Definition 3.5.

Note that ZM is a primitive of M (i.e. the increment of ZM between t( and ¢ is the integral of M between
the same extremes). The similarities of the Z operation with a definite integral justify the use of the notation

t
]/ M(r)dr =IM(t), M e M, o =sign Ret. (3.5)
(@)

In fact many standard properties of integration are, in such a way, extended to the space M. In particular
we can define

][ M(r)dr =ZIM(07) +/t M(r)dr . (3.6)
0

4. Analytic expressions of the expansion coefficients for the whiskers

We will show that the X*’s defined through (2.2) admit rather simple expressions in terms of the operation
T (and other related operations introduced below). Recall that in §2 we have fixed @ € T*~! and ¢ = ,
and we are looking for the motions, on the stable (¢ = +) or unstable (o = —) whisker, which start with
the given & and ¢ = 7 at t = 0; in the following & is kept constant and usually notationally omitted.

In [G1] it is inductively proven that X" € M?=1 FP ¢ M?(=1) and ﬁTh € Mé(h*”, and, furthermore,
that the singularity cone consists of just the imaginary axis (i.e. the singularities of the functions defining
X* F¥ are on the segments on the imaginary axis (—ioco, —i] and [+, +ic0)).

This means F* and X" can be represented as

2(h— 1)
= (z,7) ,
(4.1)
2h
XMx,1p,t) = (Ujf?) CXP ()
j=0 '



by setting 1E = Ot, 0 = signt, x = ¢799, with F}“",X]’W holomorphic at z = 0 and vanishing at x = 0 if
j > 0. Hence if z = e79°% and z/_; is kept fixed, the F;“’, XJ}»“’ tend exponentially to zero as t — oo, if j > 0;
while if j = 0 they tend exponentially fast to a limit as ¢ — oo (i.e. as & — 0), which we denote F" (1), 000)

(h—1)

dropping the subscript 0 as there is no ambiguity. Moreover F_"Th € ./\/lé means that

F'? (000) = /TL_1 Ffo (g, UOO)W = (F}(-,000)) =0, (4.2)

recalling that, in general, a subscript /7 affixed to a function denotes the Fourier component of order v € Zé:l
of the considered function: X Jhui’ (t) and F Jhﬁ" (t) are the Fourier transforms in ¢ of X J’-“’(t, 1) and F jh"(t, ),
respectively.

These properties are very strong and show that (2.8) can be rewritten as

X1 (8) =wee(DT (w00 F)(£) = weo () (I(woer(t) ~ T(woeFL)(07)) = O+ (FI)()
XP () =Z(F)(@)

where O, O+,72,I are defined here and in §3, and w;; (4, j = 0,¢) are the entries of the matrix W (¢) defined
n (2.7). Again see [G1] for details.

We can summarize the above results through the following propositions.

4.1. Proposition. The series defining the functions z/_; — X"(x 1E t) = > opt XM (a, 15, t) are
convergent for p small enough and |x| < 1,0t > 0. And if v = e 97 the surfaces (w t) — X7(x ,z/_;,t)
are stable and unstable whiskers W (respectwely, if 0 = £). The functions 1/1 — X0 1/1 ooo) describe

inwvariant tori T, on which the motion is w w + wt The two tori coincide as sets, although they may be
parameterized differently (i.e. points with the same 1/) may be different in the two parametrizations).

4.2. Remark. The map on such tori defined by the correspondence established by having the same 1/; leads
to the notion of homoclinic scattering and homoclinic phase shifts, see [CG], [G1].

4.3. Proposition. If (p, I, d, A) € Wi, i.e. if (p,I,d, /_f) = X7, then the evolution Sy(I, A, ©, @) converges

to a quasiperiodic motion on the torus T of Proposition 4.1. And in fact the convergence is exponential in
the sense that for ot > 0

X (2,9 + @t t) — X7(0,9,000)| < Ce 397" (4.4)
for some constant C > 0, and for p small enough.

The above propositions are immediate consequences of the previous discussion: the only result we have
not yet proven is the convergence of the series (2.2), but this will be obtained in §8.

4.4. Remark. The reason for the above bound of the exponential damping constant by % g is that the true
decay is g(u) = g + O(p), see [CG], §5, Lemma 1. In fact the analysis in this paper should also allow us to
find the expansion of g(u) in a convergent power series in p: however we do not discuss this further.

5. Diagrammatic formalism: trees

In this section we review the graphical formalism developed in [G1], §5, in order to represent, via equations
(4.3) and (2.5), the generic h-th order contribution to the homoclinic splitting.
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We introduce a label v to split the functions appearing in (2.5) as sums of their Fourier components; let
§
v=(n,7)

— fl(/) in — — f; i(np+v-a
fo(<ﬂa04)5z]092003<ﬂ: Z 76 %77 fl(%a)zf(%a):z:7€( et )7

U=

£, a)

(5.1)

v,
n

=1t

(the introduction of the above Fourier representation is convenient as it eliminates the derivatives with
respect to ¢, & in the coefficients of (2.5)).

5.1. Numbered trees. A tree diagram (or simply tree) ¢ will consist of a family of lines (branches) arranged
to connect a partially ordered set of points (nodes), with the higher nodes to the right. The branches are
naturally ordered as well; all of them have two nodes at their extremes (possibly one of them is a top node)
except the lowest or first branch which has only one node, the first node vy of the tree. The other extreme r
of the first branch will be called the root of the tree and it will not be regarded as a node; moreover we will
call the root branch the branch connecting r to vg.

If v; and ve are two nodes we say that vy < vg, if vy follows vy in the order established by the tree: i.e. if
one has to pass v; before reaching vy, while climbing the tree. Since the tree is partially ordered not every
pair of nodes will be related by the order relation (which we are denoting <): we say that two nodes are
comparable if they are related by the order relation.

Given a node v, we denote by v’ the node immediately preceding v. We shall imagine that each branch
carries also an arrow pointing to the root (“gravity direction”, opposite to the ordering): this means that if
a branch connects two nodes, say v' and v, with v’ < v, then the arrow points from v to v’, and we say that
the branch emerges from v’ and leads to v.

Given a tree ¥ with first node vy, each node v > vy can be considered the first node of the tree constisting
of the nodes following v: such a tree will be called a subtree of ©. The node v will be the first node of the
subtree, and the node v’ will be its root.

We imagine that all the branches have the same length (even though they are drawn with arbitrary length).
A group G of transformations acts on the sets of trees, generated by the permutations of the subtrees having
the same root.

The numbered trees are obtained by imagining to have a deposit of m branches numbered from 1 to m
and depositing them on the branches of a topological tree with m branches.

Henceforth by trees we will mean always numbered trees, because they are the only kind of trees which we
deal with, so that no confusion can arise.

5.2. Labeled trees. To each node v we attach a finite set of labels:

(1) the time label 7y;

(2) the mode label v, = (n,,7,), such that v, € Z*, and |v,| < N;

(3) the order label 6, such that ¢, € {0,1};

(4) the action label j,, such that j, € {¢,...,2¢ —1};

and to each branch A, leading to v we attach:

(5) the branch label jy,. For each branch A, different from the root branch the branch label is an angle label,
Jr, =Jov—€=0,...,¢ —1, while the root branch label can be either an angle label or else an action label
Jx, > ¢, and in this case jx, = jy.

The order h of the tree ¥ with first node vg is h = -, 0y, i.e. the sum of the order labels of the nodes.
We can assign a h,, label also to each node v, by setting h, = >__ <. 05, i.e. h, is given by the sum of the
order labels of all the nodes following v.

The number of branches connected to the node v is 1 + m,, if m, is the number nodes immediately
following the considered node v (we have to count also the branch leading to v): then m =1+ My,
if m is the number of nodes in 9.

In order to dispose of a label counting the number of nodes of a subtree, we introduce one extra label,
(uniquely determined by the above ones), by defining the degree of a node v, d,, as the number of nodes of
the subtree having v as first node: then d, =1 + Zf»v mg, and d,, = m is the degree of the tree.

Then to each node we can associate also the following labels:

(6) the h label hy =Y <, 05;
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Fig.5.1. A tree ¥ with my, = 2,my; = 2, My, = 3, Myy = 2,My, = 2 and m = 12; the root branch label is defined to be

IN=17-

(7) the degree label d,, defined as the number of nodes following v, d, = >~ 1;
(8) the branching label m,,, defined as the number of branches emerging from v.

Two trees that can be superposed by the action of a transformation of the group G will be regarded as
identical (recall however that the branches are numbered, i.e. are regarded as distinct, and the superposition
has to be such that all the decorations of the tree match.?

Until now we just introduced a class of diagrams, characterized by some topological properties and some
labels, but we did not yet find a relationship with the equations (2.4) (or equivalently (4.3)), which it is our
ultimate aim to study.

To do this, let us represent a component X" in the left hand side of (4.3) as a line leading to a fat point:

the line represents one of the operations O, O+,f2,1 appearing in (4.3), while the fat point represents the
corresponding component of F”. If we use the formula (2.5) for F'*, we can represent it as a simple point
(replacing the fat point) from which m lines emerge: each of these lines leads to a fat point, so providing a
graphic representation of some X hl, h! < h. The procedure can be iterated until only points representing
F! functions appear. In this way we obtain a tree diagram: the (simple) points will be the nodes and the
lines the branches.

Then the meaning of the labels introduce above become clear. In particular the label §, tells us which of
the two contributions of Ff“” in (2.5) is selected. The following property holds.

5.3. Proposition. Given a tree 9, with order h and degree m, then: (1) each node v € ¥ with 6, = 0 must
have m, > 2 and j, = £, and: (2) one has h < m < 2h.

5.4. Proof of Proposition 5.3. The first property is trivial. The latter is an easy corollary of the first one.

We define the momentum of a node v or of the branch A, leading to v as #(v) =3
is the mode label of v. The total momentum is F(vg) = >
“emitted” by the node v.

Then to each node v there corresponds a factor

w>v ﬁw; if Vy = (nv; ﬁv)

v, Vo3 We say also that 7, is the momentum

-1
1, ; 0 ST ) T .
5(—1%,)3‘1,7[ fg: el(nvw (o) +(@+00)-0) H(ZVvs)ms ’ (52)
s=0
e last product is missing if no nodes follow v) which is uniquely determined by the sets of labels attache
the last duct is missing if des foll hich i iquely determined by the sets of labels attached
to v, and to each branch A we associate an improper integration operation with upper limit ¢, denoted O,

2 If we use the terminology of [G1], we can say that we are considering only labeled numbered trees, (and never topological nor

semitopological trees).



J=1T°, 0., T in (4.3), and the branch label will be jy = 0 when representing O, jy = 1,...,0—1 for J-'7",
ix={Lfor Oy ,and jh=¢+1,...,20 —1 for 7.

5.5. Value of a tree. Given all the above decorations on a labeled tree ¥ we define its value f@-(t; ) via the
following operations:

(1) We first lay down a set of parentheses () ordered hierarchically and reproducing the tree structure (in
fact any ordered (topological) tree can be represented as a set of matching parentheses representing the tree
nodes). Matching parentheses corresponding to a node v will be made easy to see by appending to them a
label v. The root will not be represented by a (unnecessary) parenthesis.

(2) Inside the parenthesis (, and next to it we write the factor (5.2).

(3) Furthermore out of (, and next to it we write a symbol £ which we interpret differently, depending on
the label jy, on Ay,

O(U'>U(TU')’ ifv >, jr, =0,
BES TQ(U- )U(TU,), ifo>v, 1<jr, <f—1,
E;JT('U' )v: (9+(U. )U(Tvz), ifo=wvy, gr =¢, (53)
I(U- )U(Tv,), ifo=uvy, (+1<jy <201,

being 7., the root time label ¢” of the tree and the superscript ¢ attached to t is important only if ¢ = 0: in
such case (5.3), if v = vp, has to be interpreted as the limit as ¢ — 07.
Then it follows that X () can be written as

Xi= Y e Y k) (5.4)

m :
detrees labels; Ev dy=h

where m(1J) = number of branches of ¥ = number of nodes of ¥, and j = j, -

5.6. Remark. If we do not perform the operation £7 relative to the time 7,, of the first node vy and set it
to be equal to t, setting also j = j,,, we see that the result is a representation of th(t). In particular, from

(4.3), we deduce that the whiskers splitting A?(o?) = XJ}”(O; a) — X]’-L_(O; @) is given by

+oo

AM@ =AM =0, AL@)=- ]f dr woo (1) F17 (1)
. —o (5.5)
AM@) =~ o dr Fro(r)

where F Jh” is defined as prescribed above. Note that if & = 0 then we are at a homoclinic point, because the
hamiltonian (1.1) is even: so that (5.5) is identically vanishing also for the components j = ¢,...2¢ — 1.

6. Theory of the homoclinic splitting: results

As a consequence of the above analysis and the analysis in [G1], we get that, in general, the angles of
homoclinic splitting, (or 6(c), introduced in §1), are smaller than any power in 7. Let us denote A% the
coefficient of order h in the Taylor expansion in powers of y and of order ¥ in the Fourier expansion in
@ of the splitting (u,@) — A(d) = X7 (0;d) — X, (0;d); then the property of smallness is an immediate
consequence of the following bounds.

Let d € (0, %), and let

en=cen(d)= sup e 1FPITG-D 3oy (Ny+1), (6.1)
0<|7|<Nh

10



where Ny is the maximal p—harmonic of the perturbation f in (1.1). Note that, if £ = 2, one has e, = ;.
Then, for j > ¢ and for all J; € [Jy, +00), I =1,...,£—1,and h > 1:

Al < gJoDBM AR < gJoDdP(Bd=P)" " (h — )14 2y, (6.2)

where D and B are suitable dimensionless constants depending on the various parameters describing (1.1),
but not on the perturbation parameters n, i. Note also that since we always suppose that f is a trigonometric
polynomial of degree N, one has actually A;‘D = 0 if || > Nh. Both bounds in (6.2) are uniform in J; > Jy
and one can take J; — +00. The second equation in (6.2) has been proven in [G1], §8 and Appendix Al,
by using some cancellation mechanisms operating to all orders in the perturbative series of the homoclinic
splitting. To the first one the following section is devoted, as it represents the original result with respect to
[CG], [G1].

In this section we confine ourselves to show that, by reasoning as in [G1], the bounds (6.2) imply that the
splitting is smaller than any power, so justifying the expression “quasi flat homoclinic interesections”.

By (6.2), the angles of homoclinic splitting can be bounded, for any multiindex @, by

03810 < gJoD > > |pl"F T min{B"", Byen(d)} (6.3)
h=10<|7|<Nh

having denoted By = B"~1d=A"(h — 1)!*+2. Note that, if N is the trigonometric degree of the polynomial
f in (1.1), the sums over ¥ can be suppressed by multiplying the h-th term by the mode counting factor
Ch = (2N + 1)MU=D+hal (where C' is the maximum number of non zero Fourier components times the
maximum of |7|%).

From this bound it follows that |8§5T| is smaller than any power in 7 (see (1.2)). In fact we can split the
sum over h in (6.3) into a finite sum, » 3, (-) and a “remainder”, 3, _, (-); then, if 7 is small enough,

and 7, Q in (1.2) are such that bn® = g, pg ' > BC, and |u| < /2, we find

gJoD ~n _ 29J0D (||
O < < —|— .
>0 < T Y (uBOy < FR= (1) (6.4)
h>hg h>hg
and
ho
> () < gJoD holp| Chod =P B~ (hg — 1)147H2ey, (d) . (6.5)
h=1

Thus if g =n@*s, d = /7, and s > 1 we see that fixing hg = r/s, for any r > 1, the |8§&T| is bounded by a
(r-dependent) constant times 7" (as in such a case (6.5) is just a remainder, exponentially small in 5~1/2).

7. Diagrammatic formalism: reduced trees and generalized reduced trees

We introduce the dimensionless quantities related to the homoclinic splitting by:
Ay = Jog Ay Ay =JgAl;, ((+1<j<20-1), (7.1)

and denote "h"(t) o= 4,0 < j < 2¢, the dimensionless quantities corresponding to the perturbed motions
h . h _ ':h+ _ =h- ;

X7 (t): obviously A- 257 (0) —E55(0), j > ¢. ,
Given a tree ¥, with m() = m, we can write its contribution to Ej;v“ (t), 5 =>4, as

1 - PogTyr
— —ovgRuTy  Pu (-,
— V;(t;9) H 7{27”1% Z /U dgrye wh (Tory Tw)

: vo<veY

) , (7.2)
(_iyv)jv—f i(nvwo(ru)-i-ﬁv-diru) e . mo
. {72 Cy, € H(ZV’US) U:|
s=0

11



where 7, =1, j,, = j, and we have defined the dimensionless coefficients c,, as
= [(Jog®) 181, + (Jg*) (1 = 81,.0) 81 £
where 6;, ¢ is 1 if j, = ¢, and 0 otherwise (i.e. j, =¢+1,...,2¢ — 1), and used (4.3), by setting:

0 _ S woo (v )Woe (1) , v >0, jo =4,
i (Tvﬂ—v)_{gTva v >y, 00 >4,

0 (f Tvo) — {’lf)go(t)’lf)oz(ﬂ,o) s Ju=1,

w
Jvo 0, o >0,
: ST | (7.3)
’LUl (7_ T ) _ wOZ(Tv/)wOO(Tv) - wOO(Tv/)WOE(Tv) y V>0, Jv = 4 ;
JuRTv Ty g(Ty — Tv) s v> vy, 00 >,
1 _ Jwee(®)woo(Tv,) — Weo (H)Wor (Tog) 5 Juo =L,
wjvo(taT'Uo)_ {1 , oo >/,

with the dimensionless matrix elements woe, e given, respectively, by woe = (Jog) ™! woe = W/4, W =

—(Jg) " *weo, and m is the total number of branches (root branch included) and the integers m? decompose
m, and count the number of branches emerging from v and carrying the labels s = 0,...,0 —1. If j < ¢,
then wfs is defined as wf“, v > 9.

We can split w” (1,7, 7), v > vo, as follows: if j, > ¢ we do nothing, otherwise we decompose it as sum

of two (if p, = 0) or three (if p, = 1) terms

0 ( ) 1 9T sinh g7,
w; (T, Ty) ==
JoA )9 | cosh g7, coshgr,  coshgT,

7.4
L ) 1 g(Tor — Tv) n sinh g7,y sinh gT, (74)
w; (Tyr, Ty) == - .
Jv 2 | coshgry, coshgr, coshgr, coshgr,
Then we can write
w? (Ty/,ﬂ;) ei"uwo(T ) — ) 9T Y(2 (Tv/vTv) + Y( (Tv/aTv) , if g, =10,
T JTo vy )(Tv) , if j, >0,
) o g(Tv/ - Tv) }/’L}(O) (Tv’ 3 T'u) (75)
wjl'v (T”/’T”) ey () = +Yv(1)(7’v/a7'v) - Yv(_l)(Tv’aTv) , itg, =1,
9(Tr — Tv) Yv(2)(7'v) ) if jo >0,
where the functions Yv(a), a=—1,0,1,2, are elements of a finite set of functions:
VD (ry, ) = L SBRIT in(r)
2 cosh g7y
1) Lsinh g7y 0 00(r,)
}/v (T’UlvT’U):_ e!nve T )
? coshgn1 (7.6)
Y(O) o Ty) = — iny@° (7o)
o () 2 cosh g7, cosh g7, c ’
VD (r ) = o).
and admit the following Laurent expansion:
Y (s m) = 30 D0 w K kg
k;:l ky=—1
YO (ryr, 70) = z zygw Yk
K =—1k,=
(7.7)
Y(O) T’U’uTv Z Z yyo) kl k 9
K =1k,

)=y, k)l
ky=0

12



with z, = exp[—o,97y], 0, = signt,, and x,, = exp[—oy g7y, 0 = signr,. We use the fact that
[coshgr]™! = 2x/(1 + 2?), sinhgr = o(1 — 2%)/(27), cos?(r) = 1 — 82%/(1 + 2%)?, and sinp’(7) =

doz(1 —2%)/(1 + 2?)?, if 2 = exp[—og7]. We can compute some coefficients of the above expansions, which

will turn out to be useful in the following: ng_l)(l, —1) = 0,/2, ng_l)(l,()) = 2in,, ng_l)(l, 1) = —0,/2,
v 1,1) = 2, y$0(1,2) = 8inyow, vV (=1,1) = au /2, ¥87(0,1) = 0, y$V(1,1) = =0y /2, ¥$2(0,0) = 1,
Yo )(O, 1) = 4iny,0,. We define the sets A, a = —1,0,1,2,as: Ay ={v €V : , = a}.

Then, for each tree node, we have four more labels, k,, k., py, a,, to add to the previous ones 7, vy, §y, ju,
and, in the end, we have to sum over all the possible consistent collections of such labels, (note that the just
introduced labels are not quite independent on each other: e.g. o, = 1 is possible only if p, = 1, and if an
action label is j, > £, then necessarily one has a, = 2). Therefore the tree value V;(t;9)) introduced in §5
can be replaced with a new tree value, V;(t; 1), taking into account also the new labels, and (5.4) holds still
provided Vj(t; ) is replaced with Vj(t;19). The generic contribution (1/m!) V;(t;49) to (7.2), corresponding
to a given tree ¢, with m(J) = m, is

1 pvqrfd p

'Uo<v€19

where we have defined the node function V, (), (depending on the tree which the node v belongs to), as

Moy k/
Vv(ﬁ) = Fvv Tu(gﬂ/,gﬂ,) —0y RygTy e’L(—UuTu k Hfﬂv 7 (7.9)
Jj=1

Wy = W - Uy, My is the number of branches emerging from v, and v, ..., vy, are the nodes immediately
following v moving along the tree (so that the product in square brackets is missing if v is a top node), and
T,(g7v, g7v) is defined as

Ty(g70r, 970) = (Oay,2 + 0ay,0) [(1 = pu)gTo + pug(Tr — 7))

7.10
+ (5(%771 + 5(%71) , ( )

(note that Ty, (970, 970) = Ty (970), if py =0, and T, (g7y, 970) = T (g7 — g70), if p, = 1). We have set

-1

(—ive)j,—i : Soy, 16
F, =—*"—¢, [ Wys mv} —1)%av =101 g lan) (g g
o= [ [T ] - K o) -~
=B, (—1)Pe 10t gl (k] k)
where the coefficients ®,, satisfy the following bound:
N m
‘ I1 @.| < (?FON) =cm, (7.12)
v>v0
with Fy = (Jog?) ! max, {|f,|}, and the coefficients yf,av)(k;, k,) satisfy the bound
[T wie )y k)| < a2 TT aeehe (7.13)

V>0 V>0

if the arguments z,, x,s of the VA

series defining the YU(”)’S converge: therefore, to order k£ > 0, the coefficients can be bounded by a common
value M7 on the maxima of such functions (there are a finite number of them) in a disk of radius A < 1
times A~*, and, for k = —1, their absolute values are known to be equal to a constant Ms = MaA~! =1, so

that we can set M = max{Ml, My}.3

s, v € U, are all inside an annulus 0 < |z] < A < 1, so that the Laurent

3 The request that all the x satisfy the property |z| < A is not so strong: in the cases it will be used, the time variables will
be ordered so that, if |z,,| < A, then |zy| < A for all v > vp (see Lemma 8.3 below).
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For each v, once we have integrated over the 7, variable, we have still to evaluate the residue of the
resulting expression at R, = 0, so that, if we consider together the two operations of integration over the
time and of evaluation of the residue, we can imagine to handle a sequence of hierarchically ordered integrals.
This means that we first integrate with respect either to the (7, —7,/)’s, (if p, = 1), or to the 7,’s, (if p, = 0),
the v’s being the top nodes, in an arbitrary order, then we evaluate the corresponding residues, an so on
until we reach the tree root.

Now we give three definitions about trees which perhaps do not deserve really a their own name, since
they do not correspond to any object admitting a natural interpretation, (expecially the second and third
ones), but they will appear in the following discussion, and therefore it will be useful to have a name to label
them.

7.1. Definition (Reduced tree). Given a tree 9, let us define the reduced tree ¥ in the following way.
Let us draw a bubble B, encircling each node v > vy with p, = 0 and the entire subtree emerging from it,
(i.e. the subtree having v as first node), and let us delete all the so obtained bubbles, but the outer ones; each
remaining bubble encloses a subtree with first node v and p, label fixed to be zero. Then, inside each bubble
B, we consider all the possible trees with the same labels attached to the node v, (in particular with the same
hy ), and we sum their values: the so obtained quantity L;“U” (Tv) will be associated to a fat point, replacing
the original bubble, which will be called a leaf (of the reduced tree). We call free nodes the reduced tree
nodes different from the leaves; the leaves will be considered a particular type of top modes, but they will be
distinguished from the free nodes. We can associate to a reduced tree 9 a value Vi (t; ¥), where, corresponding
to each free node v, there is a factor V,(9) = V,(9) as in (7.9), and, corresponding to each leaf v, there is
factor E?ﬂj’”“ (o).

By construction all the free nodes have p, = 1, except the first node vy which can have p,, = 0,1, while
the leaves have, by definition, p, = 0. Given a reduced tree U, we define 9y ={v € d:visa free node }
andJp={ved:visa leaf}, then J = J5 UV and 9y NI, = 0. Note that, since p, = 1, V free node
v > vp, the time variables of a reduced tree are ordered: if o,, = o, then o, =0, Vv > vg, v € 1§f, and
0Ty > Oy Ty Tor any pair of nodes v, v’, with v/ immediately preceding v.

root Vo Ve V2

v7

Fig.7.1. A tree ¥ in which each node v with p, = 0 is encircled inside a bubble B, together with the subtree emerging from
it: this means that p,, = 0 for ¢ = 1,...,5, while all the other nodes v have p, = 1. At the end only the outermost bubbles
remain: this means that the bubbles B,;, By, and By, are deleted and disappear from the picture.

’_‘hu Oy

A leaf v represents a contribution to = U(U)(TU )y Jay, = Ju — £, (F(v) is the momentum of the node v,

as it is defined in §5), whose dependence on 7, reveals itself only through the factor, (see the third line in

(7.3)),
§o(Tor) = [woo(Tor)dj,,6 + (1 —05,.0)] (7.14)

so that we can write E‘?:‘T” (Tor) = &u(T0r) E?ﬂ””“ (0). We define E?:‘T” (0) as the value of the leaf v of the

14



Lo (Two)

Goy
U1
= hu2 Ouy
Ljv2 (T'UG )
L ¢ « o
root Yo Ve V2

v7

Fig.7.2. The reduced tree 9 obtained from the tree ¥ in Fig.7.1 by replacing the bubbles By, and By, with the leafs v1 and
v2.

reduced tree. Also the factor (7.14) admits a series expansion like the functions v{*)s in (7.7):

() = S &k, 002 . (7.15)

k=1

We can use explicitly the order of the integration variables, so defining

k)= > ke, K@) = Y k,,

1§f3w2'u Id3w>v
wv)= Y we, p)=k)+F @),
1§f3w2'u

and writing

H e—kvgo'ru — e—k(vo)ga‘rvo H e—k(v)ga(ru—‘rv/) ,

J£3v>00 9 dv>vg
/ ’
H efk;ggq-v — e—[k (UU)J’_kvO]gUTUO H efk/(v)ga’(vaTv/) ,
F5v>0 I3v>uo (7.16)
H e—RugUTu e szvo Ry goTug H o szv Rygo(Ty—Tyr) ,
1%031}21}0 ﬁf3v>'u0
H plWuTo — iw(v0)Tu, H e (To=Tu)
1§f3v2'u0 1§f3v>'u0

since 0y = 0y, =0, Vv > g, v € 9 ¢. We have used the fact that each leaf v contributes to the reduced tree
a value f/?v””“ (0), which is independent on 7,/, times a factor (7.14), which one has to take into account in
the computation of p(7), for each ¥ < v. Note that only the free nodes contribute to k(v) and w(v); we can
write w(v) = & Py (v), so defining the “free momentum” of the reduced tree ¥(vg). Note also that the leaves
with j, = £ are such that, in (7.16), k/, > 1, see (7.15), (7.7), while, if j, > ¢, it is k], = 0; in both cases we
can define k, to be identically vanishing, so attaching such a label, for convenience, also to the leaves.

7.2. Definition (Generalized reduced trees). Given a tree ¥, we set L1 = {v eV :v e A_q, and
p(v) = 0}. We define the generalized reduced tree 9 in the following way. Let us draw a bubble encircling
each node v > vy, v & L_1, with p, = 0, and the entire subtree emerging from it, and let us delete all
the so obtained bubbles, except the outer ones; each remaining bubble encloses a subtree with first node v
and p, label fixed to be zero. Then, inside each bubble, we consider all the possible trees with the same
labels attached to the node v, (in particular with the same h, ), and we sum their values: the so obtained
quantity L?y””” (o) will be associated to a fat point, replacing the original bubble, which will be called a leaf
(of the generalized reduced tree). We still call leaves the fat points, and free nodes the generalized reduced
tree nodes different from the leaves; the leaves will be considered a particular type of top nodes, but they will
be distinguished from the free nodes. We define the reduced degree and the reduced order of a generalized
reduced tree, respectively, as the number of free nodes and as the sum of their order labels, and the order of
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a leaf as the label h, associated to the fat point representing it. We can associate to a generalized reduced
tree V¢ a value V;(t;99), where, corresponding to each free node v, there is a factor V,(9%) = V,(9) as in
(7.9), and, corresponding to each leaf v, there is factor L?:‘T” (Tor)-

7.3. Remark. The Definition 7.1 is only a preliminary definition which serves as a prelude to Definition 7.2,
which is more involved, but a useful one. The generalized reduced trees are different from the reduced trees
as to the resummation procedure of the leaves, (for instance, a tree contributing to a generalized reduced
tree with p, = 0, for one v € L_1, can be counted also among the trees contributing to the reduced tree in
which v is a leaf). So the leaves of the reduced trees are different from the leaves of the generalized reduced
trees, (that’s why we have used different symbols to label their values). The more natural notion is the first
one, since it allows us to order the time variables; but this is not sufficient to prove our result, and so the
introduction of the generalized reduced trees is necessary to become aware of some cancellation mechanisms
which can be implemented only by considering together the nodes v € ¥ in £_1, with p, = 0,1. This will
be explicitly exploited in the proof of Lemma 8.2.

7.4. Remark. The reduced degree is so defined that the degree of a generalized reduced tree turns out to be
equal to the reduced degree increased by the sum of the degrees of its leaves. The analogous property holds
for the reduced order.

7.5. Remark. Note that now only to the free nodes time variables are associated, unlike what happened in
85, where each node had its time variable. This could be found a little misleading as to the notion of node,
with respect to the usual terminology, (see [G1], [G2], [GG]); nevertheless we use the name node also for the
leaves for convenience, since we want to assign the labels k, = 0 and kI, also to the leaves, (see, in particular,
the first paragraph of the proof of Lemma 8.1 below).

We remark also that it is still possible to write
hyoy — hyoy
L7 (1) = &(mr) L7 (0) (7.17)

being &, () defined in (7.14). Again we call L?:‘T” (0) the value of the leaf v of the generalized reduced
tree. Eventually we define the free momentum of the generalized reduced tree with first node vy as ¥(vg) =

25?31@% . Note that, if (1/m!)V;(t;9) is a contriliution to E?g“” (t), 7 = VU(vg), then it is Py (vg) # 7,
since 7p(vg) takes into account only the free nodes of 9%, while 7 depends also on the momentum labels
affixed to the leaves.

Vy, Ay,
7"Ul V’Ul hrU4 j’U4

Vs
Twe Voo
Svg Juo
root
V0 v [
7 Ve
V2 (%
(%

Fig.7.3. A generalized reduced tree 9¢ with N7, = 3 leaves, Myy = 2, My; = 2, My, = 3, My, = 2, and reduced degree dy, = T;
the branch label is defined to be jy = j. Each fat point represents a leaf. With respect to the reduced tree of Fig.7.2, the free
nodes v can have p, =0 if v € A_; and p(v) = 0.

~ As done in the case of the reduced trees, we can define also for a generalized reduced tree 9¢ the sets
19? E_{’U E_19G : v is a free node } and ¥¢ = {v € ¥ : v is a leaf }, verifying the properties 9¢ = 19? ud¢
and 19? NJ§ = 0.
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We note that the equalities (7.16) cannot be used for generalized reduced trees, since the time variables
are no longer ordered. Nevertheless it is still possible to exploit them partially. In fact, let us consider a
generalized reduced tree, and let us single out the nodes v’s in £_;: for each such node v we introduce a
label D(v), the depth label, counting the maximum number of nodes in £_; we can meet moving forward
along any path connecting v to the top nodes. Let us start from the nodes v(°)’s in £_; with D(’U(O)) =0:
all the following free nodes v’s have p, = 1, so that their time variables are ordered, and we can use the
relations (7.16) from v(® to the top nodes following it. Then we sum the two contributions with p, o) = 0
and p,© = 1, and we obtain a function of 7. (Note that the sum over such two contributions corresponds
to perform an integration from 0 to 7,0, instead of two improper integrations, since the functions which we

integrate are equal up to the sign, see the VY term in (7.5) and (7.6)). As second step, we consider the
nodes v(V’s in £_; with D(v(!)) = 1: all the following nodes have p, = 1, since the nodes with depth zero
have disappeared, (i.e. we have integrated already over them), and so the relations (7.16) can be exploited
again. Then we sum over the two contributions p,u) = 0 and p,) = 1, and we obtain a function of 7,)-.
And so on: we iterate the procedure until the first node of the generalized reduced tree is reached.

The result of the whole procedure will be found inductively when explaining the proof of Lemma 8.2.

7.6. Definition (Stripped value of the generalized reduced tree)._ Given a generalized reduced
tree 9¢, we define the stripped value of the generalized reduced tree VjS(t;ﬁG) as the value we obtain by

associating to each free node a factor V,(9¢) = V,(9) as in (7.9), but retaining for each leaf only the factor
&(Ty) in (7.17). Note that the discarded contribution of the leaf v is nothing else but its value, L?y”"” (0), as
it is defined after (7.17).

7.7. Remark. The just given definition may appear too involved. Perhaps it is so, but it turns out to be
notationally useful, as will become clear from the proof of Lemma 8.1, see in particular (8.7) below. In
particular we note that the contribution of a leaf v € ¥ to a stripped value V;S (t;9%) does not depend on
its order h,, but only on the label jx, = j, — £ of the branch leading to it, (see (7.14)).

8. Analyticity of the homoclinic splitting

It can be useful to elucidate the problems arising in the treatment and to sketch the strategy followed in
order to solve them. If all the nodes v had p(v) # 0, then all the integrals would trivially factorize, (there
would be no need to distinguish between reduced trees and generalized reduced trees), and give an explicitly
computable result bounded by C™, for some constant C. Yet it can happen that p(v) = 0, for some v: then,
if w(v) = 0, the integration would increase by one the power of the time variable, and, moving backwards
until the first node is reached, in the end we could meet dangerously high powers of the time, say 75 , p < 2m,
so that the last integration would give a pl-contribution. Also the case w(v) # 0 would give problems, since
the result of the integration on the corresponding time variable would be of the form 1/[iw(v)]~", for some
integer n, > 1, if n, is the power of 7, arising as a consequence of the mechanism previously described.
In fact both cases can be handled: the first one by checking that each time a power tP appears, it comes
together with a factor 1/p!, (and one has p < m, since the case p(v) = w(v) = 0 is not possible when
Ty (g7, gTv) # 1, see below); the second is treated in part by exploiting some new cancellations related to
the particular structure of the kernels (7.4), which can be very easily visualized in terms of the generalized
reduced trees introduced in Definition 7.2. Other cancellation mechanisms will be used in Appendices Al
and A2, and are essentially taken from [G1].

To do explicitly what has been said, it will be necessary to single out the cases in which such problems
can really arise. Therefore, in order to study the contributions to E;‘g (t), it will turn out to be useful to
distinguish between several cases, according to the value of the labels p(vg) and k,,. For each considered
case we obtain a lemma giving us a convergence result: as a consequence of such lemmata, Theorem 8.1
below will follow.

The idea is the following. We have seen that the only terms we have to handle carefully are those with
label p(v) = 0; because of the structure of the kernels (7.3), p(v) can never be “too negative”, and, in fact,
one has always p(v) > —1; moreover p(v) can vanish only if all the p(w) labels of the following w nodes are
equal either to 0 or to —1 or to 1, (according to some rules which will appear more clearly in the discussion
below). If p(v) = 0, then, as we shall see, k, can assume only the values either k, = 0 or k, = —1. If
k, = 0, the integrals over the 7,’s, w > v, can be bounded by using the theory of the twistless KAM tori
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and the Eliasson’s cancellations, (see Lemma 8.2); while, if k, = —1, the integrals over the 7,’s, w > v, can
be inductively studied, by exploiting also the previous result, (see Lemma 8.2).* It remains to study the
cases p(v) # 0, but they follow quite easily, if we use the two above results, by explicit calculations, (see
Lemma 8.3). As far as the leaf values are concerned, it is enough to note that a leaf v can be viewed as a
contribution to E?;"Tg(v) (0), so that it can be studied in the same way as the other terms, and, therefore,
admits the same bound.

The discussion above can be given a rigorous statement through the three following lemmata. The proofs
are all given after the statement of Lemma 8.3.

8.1. Lemma. Let us consider a generalized reduced tree 9¢ with labels Ir, =J <L, p(vo) =0 and ky, =0,
and let us define the family Fo(99) generated by 9 as follows. Given the collection of labels cv,, v € 99,
each time for some v > vy we have o, = 1 (respectively o, = —1), we consider also the tree having o, = —1
(respectively o, = 1), while all the other labels remain unchanged: in this way we obtain a collection of
|A12|A_1|? generalized reduced trees, (here |A,| denotes the number of nodes in A, ). Then we consider the
contribution to E?g(t), veZ, o0 ==, j <, corresponding to the sum of the stripped values Vf(t;@?)
of all the generalized reduced trees 9§ € Fo(9F). The following results hold for the sum.

(1) Ifo<j<t-1, Z,@?efo(gg) VE(t;9F) can be written as

1970 (v0) pug t H ®, Gylw(v)], (8.1)

ﬁ?avao

where ®,, is defined in (7.11), 0 < |Fo(vo)| < moN, mg being the number of free nodes in 9¢, and G, [w(v))
is defined to be
_ Jlig7 ()] 72, if jo> L,
Goleo)} = { L+ g2W2@)] " if o= (8.2)
with jy, > €. _
(2) If j =0, the sum of the two contributions Zﬁfefo(éc) VS (t;9F) with py, =0 and py, =1 gives

(im) v, (I eaGilew)) [ et (8.3)

cosh gt _
g 19? Sv>wvg 0

where |7y (vo)| < moN, and the function Glw(v)] is defined in (8.2).

(3) The sum over all the generalized reduced trees with labels p(vo) and k., fixed to be zero, of the expressions
(8.1) or (8.3), admits the bound DoCy™ " for some constants Co, Do > 0, if mg is the number of free nodes,
mo < 2hg, with hg < h being the reduced order of 9.

Note that the first two statements are easy consequences of the definitions, while the third one is rather
deep, being essentially equal to the KAM theorem, as it appears from the proof, (see also [G2] and [GG]).

We note in advance that, as will be shown along the proof of the lemma, when contributions with «, =1
and o, = —1 are summed together, the corresponding nodes v turn out to have, in the respective cases,
p(v) = 1 and p(v) = —1, so that p(v) # 0, i.e. v ¢ L_;. Therefore, since the cancellation implemented
in Lemma 8.2 below occurs between contributions with a different label p, affixed to a node v € L£_1,
(i.e. py = 0,1), no cancellations overlapping can arise: this simply means that we are not using the same
term for two distinct cancellations.

. . ,:h — 271 _ . .. .
8.2. Lemma. The contribution to _jg(t), veZ ", 0==1, j =0, arising from the sum of the stripped

values of all the generalized reduced trees of reduced degree my, with labels p(vo) = 0 and k,, = —1, can be
written as
S (gt)" 5(s)-5
> @@ B Bl = 1) [ i (d)e =m0, (@ - Gof)rs) (8.4)
r=1 '

':'hvo'v

4 Tt s important to stress that a subtree with first node v represents a contribution to (147), so that it is possible to

Tin, 7(v)
hygow . . . . . . .
express ijogﬁ?vo)(t) in terms of analogous functions of lower order, with jy, < I. This allows us to look for an inductive proof
vo
about the structure of a tree with p(vo) = 0, ky, = —1, since the case in which there is no node v > vg with p(v) =0, k, = —1,

is easy, (if the assertion about the case p(v) = 0, k, = 0, is accepted).
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where |Uy(vo)| < moN, 7 is the number of nodes in L_1, s = {s1,...,8.}, with s; € [0,1], i =1,...,r, being
“interpolation parameters”, and p,(ds) is a suitable normalized positive measure:

wr(ds) = dsidss ... ds,—1ds, [r sg_l] [(r—1) 55_2] U R I

and the nodes in L_; are totally ordered so that w; < wj for any i < j, with wy = v, i = 1,...,7.5 The
function &(s)-Po(vo) = &(vo, 8) is defined in the following way. Let us call 9(w;) the (generalized reduced) tree
with first node w;, and $(w;) \ H(w;y1) the tree obtained from ¥(w;) by deleting the entire subtree emerging
from w;i1 (recall that wiy1 > w;), the node w;y1 included. Then

w(vg, $) = Z S1...8; Z Wy - (8.5)
i=1

wed (w;i)\F(wit1)

Note that w(vo, s) satisfies the property that 0 < |w(vo,s)| < moN, as w(vg) did. The functions Q, (),
E(mo — 1) and Ay, (& - Vo(vo),7,8) appearing in (8.4) satisfy the following properties: (1) the functions

v (@) are defined as Q7 (x) = 21;“21 Qn, (k) 2, x = exp[—ogt], such that |Q% (k)| < D¥, for some positive
constant D, and are simply obtained by fizing the value ky, = —1 and summing on ki, , (see also (7.13); (2)
the function E(p), p € N, satisfies the bound E(p) < €?P; and (8) the function Ay, (& - Po(vo), 1, 8) verifies

the bound | Ay, (& - Po(vo), 7, 8)] < D1C™° ™ for some constants Cy, Dy > 0.

Let us consider a generalized reduced tree with given shape and collection of indices, and let us consider
the p(v) labels. Let us single out the nodes v’s, with p(v) = 0: then each such node will be enclosed, together
with all the generalized reduced subtree emerging from it, inside a bubble 3, which will be wiggly if j,, > ¢,
and smooth if j, = ¢. Each branch leading to a so characterized node v will be called the stem of the
corresponding bubble . Let us delete all the bubbles, but the outer ones, after summing the values of all the
possible generalized reduced subtrees of fixed order h,, and fixed p(v), k, labels attached to the first node v
represented by the end point of the bubble stem.

We can call withered flowers the wiggly bubbles, and fresh flowers the smooth ones; unlike the leaves,
the flowers will not be considered nodes. A generalized reduced tree with first node vy having p(vg) # 0
is decorated with flowers and leaves, and, by construction, all its free nodes, (i.e. the nodes which are not
leaves), have p(v) # 0. Each flower (3, will be characterized by the labels j,, hy, (h, will be the order of the
flower), and by a flower function, which is given by either:

(i) the sum over all the generalized reduced trees of the stripped values (8.1), times the product of the leaf
values, (if the flower is withered), or:

(ii) the sum over all the generalized reduced trees of the stripped values (8.3), times the product of the leaf
values, (if the flower is fresh, and k, = 0), or:

(iii) an expression differing from (8.4) inasmuch it lumps together also the leaf values, (if the flower is fresh,
and k, = —1). We shall see later that, in order to obtain the latter expression, it will be enough to substitute
the function A, (& - Fo(vg),r, s) in (8.4) with a function which admits the same bound, being mq replaced
with m, (see also note 7).

The degree of a generalized reduced tree is given by the number of its free nodes plus the sum of the
degrees of its withered and fresh flowers, and of its leaves; analogously, the order of a generalized reduced
tree is given by the sum of the order labels of its nodes plus the sum of the orders of its flowers.

All the withered flowers give a contribution to the stripped value of the generalized reduced tree of the form
(8.1), (by Lemma 8.1), and the dependence on the time variable reveals itself only through the exponential
factor exp[id - ¥(v)7y,]. As to the fresh flowers, they contribute to the stripped value a factor (8.4), (we can
imagine to rewrite (8.3) in the same form, with the constraints Q! (x) = —in,(cosh gt)~! and Q" (z) = 0 if
r > 2). Obviously in both cases we have to take into account the leaf values too.

8.3. Lemma. The contribution to E?g(t), 7eZ", o= %1, 20 >4 >0, arising from the sum of the
values of all the generalized reduced trees of degree m, with labels p(vg) # 0, can be written as:

m—1m—1

> Y @@ L B =1 =) [ (eSO BB (@ )7, 5) (5.6)

r!

T0 =0 r=0

5 That is the nodes w1, ..., wr belong to a connected monotone path.
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where [Uy(vg)| < mN, ro is the number of fresh flowers, r is the sum of the powers of the time variables
the fresh flowers contribute, p.(ds) and &(s) - y(vy) are defined as in Lemma 8.2, r{ is meant as 1 when
r =19 =0. The functions Q; (r) and E(mo—r) admit the same bounds of the homonymous one in Lemma

8.2, and | By, (& - #o(vo), 7, 8)| < DaCy* ™1 for some constants Do, Cy > 0.

8.4. Proof of Lemma 8.1. Let us consider a generalized reduced tree 9%; if p(vg) = 0, ky, = 0, the root
branch can be j,, = ¢, or j,, > £. If vy is the only tree node (i.e. if 9 is the trivial tree), the result is
obvious, by direct check. Otherwise, for each o > vg, ¥ € 9%, one has p(0) = ki + Y 565,55 (kw + ki), see
(7.16), where k,, + k!, > 0, for each w, see (7.7), and k,, = 0 if w is a leaf, see (7.15). Therefore p(vy) can
vanish only if either k,, = 0 and k,, = —k/, for each w > vy, or k,, = —1 and k,, = —k/, for each w > v/,
except one single node @ such that kg + k; = 1. Under the hypothesis of the lemma, only the first case
must be considered here. If w € A_, the above property requires k], = —k,, = 1, because k,, > —1 and
kl, > 1;if w € Ay, then kI, = —k,, = —1, because k,, > 1 and k!, > —1; otherwise, if w € As, it must be
ky = kI, = 0; the possibility w € Ag has to be excluded as it would imply k,, + k!, > 0, and, for the same
reason, if w is a leaf, it must be j, > ¢, so that k], = 0. We note that the case p(¢) =0 and ay = —1 is not
possible: this means that, in the case we are studying, as far as the free nodes are concerned, the generalized
reduced trees behave in the same way as the reduced trees, and, in particular, the time variables are ordered
and (7.16) can be directly applied, (in particular we can set o = 04y = 0, ¥V w > vg, w € 15?) Then we
can write

Nt
SViso) = 30 [V [T 157 0] (87)
9 JG i=1

where A7, is the number of leaves of the generalized reduced tree 9¢, and j; = j ), , Where v; is the i-th leaf.
Note that (8.7) is the product of factorizing terms, which can be treated separately, being independent on

each other; each L ’” 7"1(0), i > 0, corresponds to a leaf and has as first node a node v; with p,, = 0, while

v; Ov,;

V7 (t;9°) can have either p,, = 0 or p,, = 1. Moreover each LJ (0), ¢ > 0, can have p(v;) = 0 only if
kvl = 0 too; otherwise one has k,, = +1, and, correspondingly, p(v;) = £1. Then we confine ourselves to the
study of VS(t 9%), being the other terms either of the same form, (and so admitting the same bound), or
of a d1fferent type, since p(v;) # 0, (and so requiring a different discussion, which we delay: see Lemma 8.3).

Note that VS (t;9%) corresponds to the stripped value of a generalized reduced tree, so that the hypothesis
of Lemma 8 1 applies to it.

As indicated in the statement of the lemma, if j,, = £ we consider together the cases w € A_; and w € Ay,
i.e. we sum together the stripped values of all the generalized reduced trees of the family Fo(9%). They give
a contribution to (7.8), containing, as far as the w node is concerned, a factor ®,,, expliw(w)(r, —7,,)] times
e_g”(Tw_Tw’)yﬁ,l)(—l, 1) —eg“(Tw_Tw’)yf;l)(l, —1) = (0/2)[e" 977w =Tw) — 99(7w=Tw)] From (7.8) and (7.16)
we can obtain a sequence of factorizing integrals; then, for the top nodes different from the leaves (top free
nodes), we have

0 ~gR, Y "
— w<o 7T GiTowo o= gkuoTy
]{2mR /aoodgn, Ty(—g1y) € e , (8.8)

where T, (—g7,) = (—g7,) %%, see (7.10). The time integration is trivial and yields

( )5j ¢ dR, eing weo T
—o)%v, 74 g — ,
2miR, (RU + ky — ,L'a.gflwv)2 iy e

where k, = k(v) = p(v) and w, = w(v). The case w(v) = p(v) = 0 can be excluded, since if j, = £ then
p(v) = £1, and if j, > ¢ then p(v) = 0, but the property remarked in connection with (4.2) requires in such
a case w(v) # 0. If j, = £, we have to sum together the two contributions k, = +1; if j, > ¢, we have a

factor y1(,2) (0,0) = 1. Therefore the residue at R, =0 is

lig™ w(v)] ", if j, >0,
{[1+g‘2w2( N7, it =, (8.9)

(a factor 1/2 could be introduced in the second expression, in order to remind us not to overcount the labels
p(v) = £1, when the sum over the trees is performed).

20



Next we pass to the nodes immediately preceding the top ones, which can be seen as top ends of a new
generalized reduced tree obtained from ¥ by deleting the original top free nodes, and we have again to
consider an expression like (8.8), so that all the integrations can be performed in the same way, for each
v # wp, if only we take in mind that the cases p(v) = 0, w(v) = 0 can be excluded, for the same reasons as
before: this simply means that the residues are always of the form (8.9).

In the end, only the node vy is left. Since k,, = 0, if j,, > £, we have a coefficient y(?)(0,0) = 1: so we
have to integrate the function g(t — 7,), if py, = 1, Or 7oy, if py, = 0, times expliw(vy)Ty, |, and we obtain
(8.1), if G,w(v)] is defined as in (8.2). Otherwise, if j,, = ¢, then k,, = 0 requires v9 € A_;, and we have a
coefficient (see (7.6)):

k (—=1)Pvo 2in,,
2 coshgt’

(=10 >yl Dk, 002" =

k=1

(8.10)

and, if we integrate in 7,, and sum together the contributions p,, = 0,1, we obtain (8.3). So Lemma 8.1 is
proven if we show that the bound DQCSnf’*l, in the statement 3) of Lemma 8.1, holds. This will be done in
Appendices Al, A2 and A3. =

8.5. Proof of Lemma 8.2. The expression (8.4) can be checked by induction. The case p(vg) = 0 and

ky, = —1 is the case put aside in the above discussion, (we note that such a case arise only if j,, = £). Let
us call @ the node such that kg + &k = 1, (it is ky, = —kJ, for each w > vy, w # W), and let us denote P the
path leading from vy to @, and z;,i =1,...,mp (with 21 = v, and z,,, = @) the nodes crossed by P.
Vo Z9
Z4
23
w

Fig.8.1. A path P connecting the first node vg of the generalized reduced tree 9<, (single path tree), with the node @, (defined
as the node verifying the condition kg + k%} = 1), with mp =5, z1 = vp and z5 = w.

Given a generalized reduced tree 9 with p(vp) = 0, and k,, = —1, then it will have a path P: so we
call it a single path tree. For each z;, it is p(z;) = k., + 1, so that the possible values are p(z;) = 0,1,2,
corresponding, respectively, to the case: z; € A_q, z; € Ao, z; € Ay. In fact, if, e.g. , z; € A_q, then
k., > —1, (see (7.7)), and only the value k,, = —1 gives p(vg) = 0; analogously the other two cases can be
treated.

Note that £_; N[99\ P] = 0, as can be seen by reductio ad absurdum: in fact, if w € £_; is not in P,
it contributes k], > 1 to each p(?), ¥ < w, so that, in particular, it produces a value p(vg) > 1, which is not
possible. In particular this shows that the nodes in £_1 are totally ordered as it is said in the statement of
the lemma.

As a consequence of what has been said, we see that, in order to obtain the contribution to E;‘g (t), with
p(vo) = 0, ky, = —1, we have to consider the sum of products of several factorizing terms, as in proof of
Lemma 8.1, (8.7), which are of the same type of before, up to the first factor, which is given by the stripped
value of a generalized reduced tree with a fixed shape, and labels p(vg) = 0, k,, = —1. Therefore we have to
study only this term.

For each z; we consider separately the generalized reduced subtree with root equal to z; and first node z;41,
and the remaining m,, —1 generalized reduced subtrees 53, with root z;, and first node v;;, j = 1,...,m,, —1,
if {v;;} is the set of nodes immediately following z;, different from z;1.

We treat in a different way the case in which there is no node with p(z;) = 0, and the case in which there
is at least one such node. In the first case, if W is not a leaf, since the a priori possible situations are either
kg =1land k; =0, or kg = 0 and k; = 1, one must have kg = 0 and k; = 1, because ygl)(O, 1)=0;ifwisa
leaf, then again kg = 0 and kJ;, = 1. Therefore the node @ can be treated as in the proof of Lemma 8.1, and
so we can study the generalized reduced subtrees 9%, V z;, so obtaining from each of them a contribution of

(K

hy, .0, .

Ly (O), if (%% is a
leaf. Therefore we are left with the integrations along the path P: but one has always p(z;) # 0, so that we

can factorize the integrations and obtain a product of terms (p(z;) —iocg™'w(z;)) to some negative power (1
or 2), which can be bounded by 1.

the form either expl[i ), w(vi;)7s,] times Hweuﬂ?j Gulw(w)], if v;; is a free node, or L]Mi_
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Otherwise, if there are nodes z; € P with p(z;) = 0, (8.4) can be verified by induction: this is done in
Appendix A4, so that the proof of Lemma 8.2 lacks only the control of the sums over all the generalized
reduced trees. But the number of addends is trivially bounded, if mg is the reduced degree of the generalized
reduced tree, by the number of tree shapes, (< 22™momg!), see [HP], times the number of ways of attaching
the v, py, a, and p(v) labels, (< (3N)mo . 2mo . 3mo . 3mo) m

8.6. Proof of Lemma 8.3. For the time being, let us neglect the leaf values. If p(vg) = —1, then it is
kv, = —1, and ky, + ki, = 0, ¥ w > g, so that the case can be treated as the case p(vg) = ky, = 0 of Lemma
8.1, with respect to which only the first node vy behaves in a different way; the analysis can be carried out
quite unchanged, and so we do not repeat it here. Therefore in the following we can suppose p(vg) # —1.

From each fresh flower a contribution (8.4) arises, and, if v is the end point of the flower stem, we can
decompose the powers of 7, as in the proof of Lemma 8.2, so constructing several paths along the generalized
reduced tree, (which will be called a multiple paths tree), where the paths are uniquely determined by the
request that they connect the first node vy to the fresh flowers stems. Then we can explicitly perform the
integrations over the time variables of the nodes belonging to the paths, and it can be checked that no
factorials arise, by reasoning as in the proof of Lemma 8.2, (the details can be found in Appendix A5).

Nevertheless we must be careful, because we still have to sum over the labels p(v), (the sum over the other
labels can be treated as in the previous cases). We can resolve this (apparent) problem as follows. If p,, = 1,
ot < g1, we split the integral over 7,,:

/Ugtdgn,o (...)—/Ugldgn,o (...)+/Ugtdgn,0 (...):Im—i-/ggtdgn,o (., (8.11)

oo oo 1 1

and we consider the first term. Once all the integrations are performed, we are left with a contribution
which is the product of a factor admitting a “good m-bound” times a factor of the form exp[—p(vg)]. Then
we can choose A = 1/2 in (7.13) in order to get a convergent bound: at worst for every node v we have a
factor 25 and a factor e %% so that we can perform the summation over the indices k,, k., > —1,
(see (7.7)), and the convergence follows. We have left the term in (8.11) in which the first time variable 7,
has to be integrated between og~! and t, but one finds that, in the more general case, the integrals can be
written as:

9Tyt

Iy - Iy [] ][dgTv(...),

ve@? ol

(all the free nodes v’s have p(v) # 0, so that p, = 1) where 9 is a subtree of 9 with first node vy and 7
nodes, with m +m + ... +m, = m, and the last integral is manifestly bounded (see also [G1]), so that we
see that the only very problem is to show that I,,, < C™, for some constant C. If ot > g~', we obtain from
the last integration, (the one corresponding top the first node vg), the factor exp[—p(vo)got], so that, since
exp[—p(vo)got] < exp[—p(vo)] we can repeat the above argument to deduce the convergence. Eventually, if
pu, = 0, the same discussion applies, and, in particular, only the first case has to be treated.

Obviously we have to take into account also the values of the leaves. However, if we are interested,
say, in the contribution to order h, the reduced order hg of the generalized reduced tree and the orders h;,
i=1,..., N of the N, leaves have to be such that h = ho—i-ZfiLl h;. So we can arrange the sums as follows:

fixed h, we sum over hg = 1,...,h, and, fixed hg, we sum over the orders of the leaves with the constraint
Z?Ql h; = h — hg; then we sum over all the generalized reduced trees of fixed order hg with N7, leaves of
fixed orders, respectively, h;, i = 1,...,Ng. Since the value of a leaf of order h, represents a contribution to
':huo'u

SrN D(U)(O), it can be treated in the same way, and therefore admits the same bound.® Therefore the bound

6 1f we recall the proof of the convergence bound of Lemma 8.1, (as it is carried out in Appendices A1, A2, A3), we can note
that it was obtained by exploiting some cancellations we could implemented by summing together different generalized reduced
trees, (inside the same family F(¢), see Appendix A2); one could think that the leaf values give problems, since they introduce
an extra difference between the terms we sum, so making us loose the cancellation mechanism. This is not the case, because
the generalized reduced trees appearing in F (i) are obtained by shifting a part of ¥, with all its leaves, so that no further
difference is introduced. To be more precise, we rearrange the sums as follows: fix a generalized reduced tree 9C, with all its
leaves of fixed orders; then we sum over all the terms of the family F(¢), in which 9C is contained, so that the cancellation

mechanism is implemented.
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(8.6), in the statement of Lemma 8.3, can be inductively checked, exploiting the results of Lemmata 8.1 and
8.2 too, as far as the leaves with label p(v) = 0 are concerned.” This completes the proof of Lemma 8.3. m

We can now state the fundamental result giving the convergence property of the series defining the
whiskered tori, and so completing the proof of Proposition 4.1.

8.7. Theorem. Let us denote by Z'9(t) the dimensionless perturbed motion, 0 < j < 2. We can always

Sy
write it in the form
2h—1
=h Zho( oy (90"
Zi5(t) = D EF (e, dtr) S (8.12)
r=0 '

where |U] < (2h — 1)N, and é?g(x,@'t;r) is an analytic function in x, é?g(ac,&it;r) =0 E?g(p, Jt; 1)
: Eha (n - HE2h— A B

aP, with |(gt)" _jg(p, Gtyr)| < DC?*h=Lyl for some constant C, D > 0, and for all v > 0, p > 0, for any

ot > 0.

8.8. Proof of Theorem 8.7. The formal expression (8.12) follows directly from the analysis of §4. The
bound on the coefficients é?g (p, Jt; 1), stated in Theorem 8.7, follows directly from Lemma 8.3, as far the
contribution |p(vp)| > 1 is concerned, if we take into account the inequalities zPe™P* < 1, aPe™* < pl, V
p >0, z > 0, and we explicitly bound the sum over ry in (8.6).

For the contributions p(vg) = 0, it follows from Lemma 8.1 and Lemma 8.2, or better from their proof, as
we have to estimate also the contribution to E?;E (t), with j > ¢: it is easily seen that the discussion can be
repeated essentially unchanged and leads to the same convergence result. The leaves can be treated as in
the proof of Lemma 8.3, so that the writing (8.12) is proven. B

Obviously, if we want to find a bound on the homoclinic splitting, we can write A?D = E?;' (0) — E;Iﬁ_ (0),
so obtaining the same bound of Theorem 8.1, up to a factor 2. This proves the first of (6.2), which therefore
can be considered a corollary of Theorem 8.7.

Appendix Al. Proof of the convergence bound in Lemma 8.1

As we have seen in §8, from the case p(vg) = k,, = 0 we obtain a contribution to E?g(t) containing a factor

I1 @Gl (AL1)

v>v0

and we want to find a bound on the sum of (Al.1) over all the generalized reduced trees with p(vg) and ky,
fixed to the above values.

Given a generalized reduced tree 9, it will be characterized by its shape and by a collections of labels,
as shown in §5 and §7. Let us proceed as in [G2], and let us suppose a condition over the rotation vectors
stronger than the hypothesis Ho, i.e. let us suppose that they satisfy a strong diophantine condition. This is
not really necessary, but it simplifies the proof, and, once the result is obtained, we can reason as in [GG] to
eliminate such an unneeded hypothesis. Therefore we shall make the assumption that the rotation vectors
W’s satisfy the strong diophantine condition:

(1) CO|P, . 17| > |ﬁ|—‘r 7 67& 7e 7t :
= - A1.2
(2) ol i> Col& - U] — 2P| > 27 1 7 if n<0, 0<|i< (2n+3)—-r 1 , ( )
Zp=n

7 Note that the leaves can have p(v) = 0, so that, if this is the case, the bounds of Lemma 8.1 and Lemma 8.2 have to
be implemented. A leaf v with p(v) = 0 contributing, e.g. , to the generalized reduced tree value (8.7) through the factor
L?vj 7 (0) admits a representation analogous to the same (8.7), and can be expressed as a sum of terms, which are given by
the product of the stripped value of the generalized reduced tree with first node v times the values of its leaves. The procedure
can be iterated for all the leaves with p(v) labels equal to zero, and in this way we can get rid of them and are left only with

leaves having p(v) # 0. Then the bound (8.6) can be assumed to hold, and an inductive proof can be performed.
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where n,p € Z, n < 0. We fix a scaling parameter ~, which we take v = 2, and define (in analogy to quantum
field theory: see, e.g., [G3]) a propagator:

{ —(9Co)?[&o - Po(v)] 2, if j, >0,

G=Gylw)] = —1 (A1.3)

—(9C0)? [(9Co)2[L+ (Do - o (v))?]]  , ifju =12,

where Wy = Cp is a dimensionless frequency, and we say that:
(1) G is on scale 1, if |&o - o(v)] > 1;
(2) G is on scale n < 0, if 271 < |&g - Tp(v)] < 2™,

Note that, if 7, > £, then, if G is on scale n < 0, it is |G| < (gC)?2=2(»~1) and, if it is on scale 1, it is
|G| < (9Co)?, while, if j, = ¢, then |G| < 1. Such a definition, despite its asymmetry, turns out to be useful
in the following estimates, and allows us to use, nearly without changes, the results of [G1]; we can get rid
of the new factor (29C)?, by defining C; = max{1, (29Cy)?}, and introducing a coefficient C7* in the bound
(7.12). This implies a simple redefinition of the constant C in (7.12), and we can say that, if G is on scale n,
then |G| < 272",V n <0.

A1.1. Remark. Henceforth (and in the following two appendices), with an abuse of notation aiming to not
overwhelm the discussion, let us use the term “tree” instead of the more cumbersome “generalized reduced
tree”, and the symbol ¥ instead of 9¢; however it is always in the meaning of the latter that the first one has
to be interpreted. In Appendix A4 we will come back to the complete name. Moreover we call momentum
tout court the free momentum 7 (vg).

Given a tree ¥ we can attach a scale label to each branch v'v (v being the node preceding v): it is equal
to n if n is the scale of the branch propagator. Note that the labels thus attached to a tree are uniquely
determined by the tree: they will have only the function of helping to visualize the orders of magnitude of
the propagators of the various tree branches.

Looking at such labels we identify the connected clusters T" of nodes that are linked by a continuous path
of branches with the same scale label ny or a higher one. We shall say that the cluster T has scale ny. Since
the tree branches carry an arrow pointing to the root, (see §5), we can associate to each cluster a collection
of incoming branches (branches entering T') and a collection of outgoing branches (branches exiting from T').

A1.2. Definition. Among the clusters we consider the ones with the property that there is only one tree
branch entering them and only one exiting and both carry the same momentum. If V is one such cluster we
denote Ay the incoming branch, and n = ny, its scale label. We say that such a V is a resonance if the
number of branches contained in V is < E27"¢ where E ¢ are defined by: E=2"3N"1 ¢ =771 We
shall say that ny, is the resonance scale, and Ay a resonant line.

Note that if Ay is the branch entering the resonance V, the branch scale ny, is smaller than the smallest
scale n’ = ny of the branches inside V.

A1.3. Definition. Given a resonance V', let \, and A,/ be, respectively, the incoming and outgoing branches,
(so that Ay = )\,), and v, v' the nodes which \,, Ay, respectively, lead to (v' is inside the resonance,
and v outside). We say that V is a strong resonance if it is Vp(v) = to(v'), (as in all resonances), and
p(v) =p(v') =0. A tree with strong resonances will be called a resonant tree.

A1.4. Remark. We shall see in the following discussion that only the strong resonances can give problems,
so that in fact they are the only “true resonances” (in the usual meaning of the word). The reason why we
have introduced a new name for them is simply to maintain the definition of resonance given in [G1], as it
will turn out that some properties which we need follow from the very definition of resonance, and it will be
not important if the considered resonances are strong or not (see, in particular, Appendix A3).

The key remark is that the resonant trees (i.e. the trees with strong resonances, see Definition A1.3) cancel
almost exactly. We have already all is needed to see why this happens. We can reason in the following way.
Given a tree ¥ with a strong resonance V', we call, as before, v the node which the entering branch leads
to, and v’ the node which the exiting branch leads to; moreover let us call ¥2 the subtree with first node v.
Imagine to detach from the tree 9 the subtree 5, then attach it to all the remaining nodes w € V', external
to the resonances inside V. We obtain a family of trees whose contributions to E?g (t) differ because:
(1) some of the branches above v" have changed total momentum by the amount 7 (v): this means that some

of the propagators [iwg(w)] 2 have become [i(wo(w) + €)] _2, and some of the propagators [ — (9Co)?(1 +
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w(w))] ~! have become [ = (9C0)?(1 + (wo(w) +€)?)] ! if £ = wo(v), and:
(2) there is one of the node factors which changes by taking successively the values v,,;, j being the branch
label of the branch leading to v, and w € V is the node to which such branch is reattached.

Hence if e = 0 we would build in this resummation a quantity proportional to: ) vwj = v0;(v)—vo;(v'),
which is zero, because 7y(v') = Py(v) means that the sum of the 7/,,’s vanishes, and 0 < j < ¢, if p(v) = 0.

Since € # 0, we can expect to see a sum of order £2 for the strong resonances such that the propagator of
the incoming branch is quadratic (i.e. it is given by the first line in (A1.3)), if we sum as well on a overall
change of sign of the v, values (whose components i, sum up to 0, so that all the 7, can reverse their
direction without breaking the relationship which has to exist between the modes). We use the fact that
for each branch inside the resonance we have a propagator which is an even function in its argument. If
the propagator of the resonant line is quadratic, then there is no path P inside V, so that, in such cases,
no n,, label appears in the y(a”) s, (see the list of coefficients after (7.7)), and all the dependence on the
ny’s is through the factors @, of (7.11): therefore there is an even number of the n,,’s, (if there are any),
corresponding to the nodes inside the resonance (two for each branch), so that no change is produced by the
sign reversal to order  and an overall change of sign is produced to order €2, (recall also that fJ» = f”l,u).
On the contrary, if the propagator of the resonant line is linear, then only a sum of order ¢ can be obtauined7
but this is enough, since in this case the “small divisor” appears to the first power.

Note that all this can be true only if ¢ <« w(w) for any w € V: but our Definition A1.2 of resonance has
been set up precisely to make such property automatically verified, as it is explained in Appendix A2.

Let us define Dy = 2 if the propagator of the branch X is given by the first line in (A1.3), and Dy = 1 if
it is given by the second line.

A1.5. Remark. Note that the above discussion could apply to each cluster having only one entering line,
no matter how many branches are contained inside the cluster. But we shall see that if there are “a lot
of” branches inside such a cluster, then the Bryuno’s lemma (see (A1.5) below) allows us to find a “good
bound”. Euristically we can explain this behaviour, by noting that, fixed the perturbative order k£ and the
scale label of the only branch entering a cluster 7', then, if there are many branches inside that cluster, this
means that there are many branches with scale label larger than n, (hence not too much on scale n), so
that we can expect that no problems arise from the propagators on scale n. In other words T is not at all a
“resonance”, (if by resonance we denote “something” which gives problems, see also Remark A1.4).

Once we have singled out the trees which need a more careful analysis, and found that they have the same
properties of the resonant trees defined in [G1], we can proceed in the same way of the quoted reference: in
fact the discussion follows quite closely [G1], Appendix A3, (with some minor changes), and so we relegate
it to Appendix A2 below. Here we confine ourselves to state the final result.

Let us denote mi.(n) the number of resonances V with scale n and incoming line Ay such that Dy, =i
contained in a cluster T, and mr(n) = mi(n) + m3(n). Define the tree family F () as follows (such
definitions will become more clear in Appendix A2, as that of resonance given above, which has not been
completely used so far). Given a resonance V of 19 we detach the part of ¥ above Ay (Ay included) and
attach it successively to the points w € V, where V is the set of nodes of V (including the endpoint w; of
Ay contained in V') outside the resonances contained in V; if Dy,, = 2, we add also the trees in which the
signs of the v, labels, w € V| are all simultaneously changed. Then we repeat the entire procedure for all
the resonances of 1.

Then the result is that the contribution to E;lg (t) we obtain from a given trees family F(9) is bounded by

mr(n)

% 247716217@1—[2—2anL—nN}z H H H 9Day, (n=nit+3) , (A1.4)

n<0 n<0T,nr=n i=1

where:
(1) N{ is the number of branches A of scale n in ¥ with Dy = i, (n = 1 does not appear as |G| > 1 in such
cases), satisfying the inequality (Bryuno’s lemma)

2

2
ZZN; - E2—€n + Z Zlm%(n)) ’ (A15)

=1 T, nr=n

which is proven in Appendix A3.
(2) The first square bracket is the bound on the product of individual elements in the family F () times the
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bound €2™ on their number (see Appendix A2).
(3) The second term is the part coming from the maximum principle, (in the form of Schwarz’s lemma),
applied to bound the resummations, as it is explained in Appendix A2.

Hence we substitute (A1.5) into (A1.4). We see that the mi.(n) appearing in the bound on Y7 i N{ is

taken away by the product of the factors 2P ™ in (A1.4) corresponding to the same n; while the remaining

27 P2v.™ are compensated by the —2 before the +i mi-(n) in (A1.5) taken from the factors with 7' = V;,
i.e. corresponding to the scale n;, (note that there are always enough —2’s). Therefore (A1.4) is bounded by

%e2m24m26m H 2—8nmE7125" < %B(r)n 7 (A16)
for By = e?21%exp [(2”3771 log 2) Z;ozlp2*p771] Note that the propagators with j, = £ are bounded by
1, independently on the scale label n: in fact the above described algorithm produces a gain only for the
strong resonances.

To sum over the trees we note that, fixed ¢, the collection of clusters is fixed. Therefore we only have to
multiply (A1.6) by the number of tree shapes for ¥, (< 22™m!), and by the number of ways of attaching the
mode labels, (< (3N)*™), and the p(v), o, labels, (< 3™), so that we can bound E?g(t) by an exponential
of m and the bound of Lemma 8.1, with m = my, follows.

Appendix A2. Approximate cancellation of the strong resonances

A2.1. Let us consider a tree ¥ and its clusters. We wish to estimate the number N,, = N1 + N2 of branches
with scale n < 0 in it, assuming N,, > 0. Denoting T a cluster of scale n, let mp(n) = mT( ) + m2(n) be
the number of resonances of scale n contained in T, (i.e. with incoming branches of scale n), we have the
inequality (A1.5), which is an adaptation presented in [G1] of the version of the proof by Siegel, [S], of the
Bryuno’s lemma, [B], as it is exposed in [P]: a proof is in Appendix A3.

Recall that, given a tree 9!, we define the family F(9!) generated by 9! as follows. If V is a resonance of
9! we detach the part of ¥ above Ay and attach it successively to the points w € V, where V is the set of
nodes of V' (1nc1ud1ng the endpoint wy of Ay contained in V') outside the resonances contained in V. We say
that a branch X is in V, if A is contained in V and has at least one point in V; we denote by ny its scale. For
each resonance V' of 191 we shall call My the number of nodes in V. If Dy, = 2, to the just defined set of
trees we add the trees obtained by reversing simultaneously the signs of the node modes v,,, for w € V: the
change of sign is performed independently for the various resonant clusters. This defines a family of [] 2My
trees that we call F(¢91). The number []2My will be bounded by exp Y 2My < e2™.

It is important to note that the definition of resonance given in Definition Al.1 is such that the above
operation (of shift of the node to which the branch entering V' is attached) does not change too much the
scales of the tree branches inside the resonances: the reason is simply that inside a resonance of scale n the
number of branches is not very large being < N,, = E27"¢,

Let X\ be a branch, in a cluster T', contained inside the resonances V=1V, € V5 C ... of scales n = ny >
ng > ...; then the shifting of the branches Ay, can cause at most a change in the size of the propagator of A
by at most 2™ 4 272 4 ... < 27t

Since the number of branches inside V is smaller than N,, the quantity & - 7y of A has the form J - N+
oA+ Uy, if 172 is the momentum of the branch A “inside the resonance V7, i.e. it is the sum of all the 7, of
the nodes v preceding A in the sense of the branch arrows, but contained in V; and o) = 0,41. Therefore
not only |&g - #)| > 273 (because i) is a sum of < N,, node modes, so that |#)| < NN,,), but & - i) is
“in the middle” of the diadic interval containing it and does not get out of it if we add a quantity bounded
by 2711 (like oA&p - 7y, ): this follows from the second inequality in (A1.2), i.e. from the strong diophantine
condition hypothesis. Hence no branch changes scale as ¥ varies in F ('), if & verifies a strong diophantine
condition.

Let 92 be a tree not in F(9!) and construct F(92), etc. We define a collection {F(9%)}i1,2, . of pairwise
disjoint families of trees. We shall sum all the contributions to ”’-“7 2(t) coming from the individual members
of each family. This is a basic feature of the summation procedure as it is explained in note 6.

We call ey the quantity &y - ¥y, associated with the resonance V. If A is a line with both extremes in 1%
we can imagine to write the quantity do - 7y as &g - ¥ + oxev, with oy = 0,£1. Since |&y - 7| > 2"V !
we see that the product of the propagators is holomorphic in ey for |ey | < 2"V ~3. In fact |&y - )| > 27+3
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because V is a resonance; therefore |Jy - 7y| > ont+3 _ 9n > 9n+2 o4 that ny > n + 3. On the other hand
note that |&Jp - 7| > 2" ~1 — 2" 5o that |G - V) + orey| > 27V 1 — 20 —2nv =3 > gnv—l_ 9onv =3 > gnv -2
for ey < 2"v~=3. While ey varies in such complex disk the quantity |J - #\| does not become smaller than
2nv—l _929nv=3 > 9mv—=2_ Note that the quantity 2"V~ will usually be > 2™ v ~! which is the value ey
actually can reach in every tree in F(¥91); this can be exploited in applying the maximum priciple, as done
below.

It follows that, if V is a strong resonance, calling ny the scale of the branch X in 9!, each of the [[2My <
e?™ products of propagators of the members of the family F (') can be bounded above by [, 2~ Dy (ma=2)
= 24m [T, 27 Pav ™ if regarded as a function of the quantities ey = &y - i, for |ey| < 2"V 3, associated
with the resonant clusters V. This even holds if the ey are regarded as independent complex parameters.

By construction it is clear that the sum of the [[2My < 2™ terms, giving the contribution from the
trees in F(9'), vanishes to second order in the ey parameters (by the approximate cancellation discussed
in Appendix Al). Hence we can apply the maximum principle to bound the contribution from the family
F(91), so obtaining the second term in square brackets of (A1.4); the result is explained as follows:

(i) the dependence on the variables ey, = ¢; relative to resonances V; C T with scale ny,, = n is holomorphic
for for |g;| < 2™~ if n; = ny,, provided n; > n + 3.

(ii) the resummation says that the dependence on the &;’s has a second order zero in each. Hence the
maximum principle tells us that we can improve the bound given by the first factor in (A1.4) by the product
of factors (|e;| 27 T3)Prv if n; > n+ 3. If n; = n + 3 we cannot gain anything: but since the contribution
to the bound from such terms in (Al.4) is > 1, we can leave them in it to simplify the notation.

A2.2. Remark. The main point here (and the main difference with respect to the otherwise identical
discussion of [G1]) is that, for n < 0, not all the resonances are strong resonances, so that my(n) is a bound
on the number of strong resonances, to which all the cancellations exploited in Appendix Al apply.

Appendix A3. Resonant Siegel-Bryuno bound

In the following discussion, which is taken from [G1], we consider the scale labels, so that, it is quite irrelevant
which value the p(v)’s, v € 9, assume, and therefore which resonances are strong and which are not.

A3.1. Calling N} the number of non resonant lines carrying a scale label < n. We shall prove first that
N <2m(E27")~1 — 1if NY > 0.

If 9 has the root line with scale > n then calling ¥, 39, ..., the subtrees of ¥ emerging from the first
node of ¥ and with m; > E27°" lines, it is N;}(¥) = N} (V1) +...+ N} (V) and the statement is inductively
implied from its validity for m’ < m provided it is true that N(¢#) = 0 if m < E27°" which is is certainly the
case if F is chosen as in (A1.5). Note that if m < F 27" it is, for all momenta 7 of the lines, |7] < NE 27",
ie. |&- 7] > (NE27")~T = 232" 50 that there are no clusters T' with ny = n and N = 0.

In the other case it is V! < 1—|—Zf:1 N (¥;), and if k = 0 the statement is trivial, or if k > 2 the statement
is again inductively implied by its validity for m’ < m.

If K = 1 we once more have a trivial case unless the order my of ¥ is m; > m — %E 27"¢. Finally, and
this is the real problem as the analysis of a few examples shows, we claim that in the latter case the root
line is either a resonance or it has scale > n.

Accepting the last statement one will have: Ny (J) =1+ N (d1) = 1+ N;(97) + ...+ N;:(9},), with 9
being the k' subtrees emerging from the first node of ¥} with orders m; > E27°": this is so because the
root line of ¥; will not contribute its unit to N*(¢1). Going once more through the analysis the only non
trivial case is if k¥’ = 1 and in that case N (¥]) = N} (9Y) + ... + N (9},), etc, until we reach a trivial case
or a tree of order < m — %E 27 ne,

It remains to check that if m; > m — %E 27" then the root line of ¥/; has scale > n, unless it is entering
a resonarnce.

Suppose that the root line of ¥, is not entering a resonance. Note that |- T (vg)| < 2™, |& - Tp(v)] < 27, if
v, v1 are the first nodes of ¥ and 91 respectively. Hence ¢ = |(J- (¥ (vo) —Po(v1))| < 22™ and the diophantine
assumption implies that |Fy(vo) — o(v1)] > (22™)"7 , or Fy(vo) = Vo(v1). The latter case being discarded
as m —my < $E27"¢ (and we are not considering the resonances), it follows that m —m; < 2E27"¢ is
inconsistent: it would in fact imply that #(vo) — Pp(vy) is a sum of m — my node modes and therefore
|Uo(vo) — Fo(v1)| < $NE27"¢ hence § > 232" which is contradictory with the above opposite inequality.
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A3.2. A similar induction can be used to prove that if N;; > 0 then the number p}, of clusters of scale n
verifies the bound p} < 2m (E27°")~1 — 1. In fact this is true for m < E27°".Let, therefore, p() be the
number of clusters of scale n: if the first tree node vy is not in a cluster of scale n it is p(9) = p(91)+. . .+p(Ix),
with the above notation, and the statement follows by induction. If vy is in a cluster of scale n we call 9,

., ¥} the subdiagrams emerging from the cluster containing vy and with orders m; > E27°". It will be
p(¥) =14+ p() + ...+ p(¥). Again we can assume that k = 1, the other cases being trivial. But in
such case there will be only one branch entering the cluster V of scale n containing vy and it will have a
propagator of scale < n — 1. Therefore the cluster V' must contain at least £27°" nodes. This means that
my < m — E27°". Then (A1.5) is proved.

Appendix A4. Bound on the single path trees

Let us consider a single path tree, and let us denote by z > vg the first node with p(z) = 0, (the case in
which such a node does not exist has been considered already in §8). Let us suppose inductively that (8.4)
holds (for m = 1 it can be checked easily to be valid, for some constant C7). Then the generalized reduced
subtree 5? with root z has m; < m — ¢ nodes, ¢ > 1 being the number of nodes of P preceding z, and
(8.4) is supposed to hold for it by the inductive hypothesis. We treat as in the case considerd in §8 all the

generalized reduced subtrees 191], z; < z, and we are left with the integrations over the nodes z; € P, z; < z,

9Tz 1
/gTUO dgTy, € e (v0)Tug yv 1) Ky, —1 H 7[ dgr., e [Fgopzi)tiw(zo)l(re =rs ).
0 ’ ’
000
ma 1
—4. z; T
. [Q(Tzifi - Tzi)]l 6721"%/2? l)(k,/zlu kzl) Z (g,,,,z? E(ml - Tl) b
1
T1:1

where w(z;, s) = d(s) - Vy(2), 2g41 = 2, p(zi) # 0,if ¢ > i > 1, and w(z;, s) depends on s through the addend
w(z,$). The node vy = 21 has p(vg) = 0, and p,, = 0,1, so that we sum over the two possible values of the
latter label. We decompose

o (g7)" 1-6;
Z —IE(ml - Tl) H [g(Tzi—l - Tzi)] Izt
=0 1<i<q
S35 L3 () -
L= 1
Ngq
Z (nnq >[Q(TZq2 _Tzq71)]nq*nq—1+1*5qu71,z (A4'1)
_ q—1
ng—1=0
ng
n,
' Z <TL3) [g(Tzz _7-21)]71% et 6J22 [gTz1]n2
n2_0 2

q
(my —r H 04z 0
1 1
i=1
1

(one has j,, = ¢) and all the integrations over the nodes z; € P give factors p(z;) — iog~*w(z;) to some
negative power n; —n;—1 + 1 —9d;. o, (which we bound again by 1), times a factorial of the same power
[ —mi—1 +1— 5jz“g]!, so that we are left with

Ng '
Z Z —ng+ 1) Pzt Z n—q',(”q —Ng—1+ 1)175%71,[
ri= 1 ! ng _0 ng—1=0 Ng—1:
< n3! 1— n

. Z F(ng —ng 4+ 1) %24 (g7, )" E(my — 1)

no=0 2

mi r

= > T B, — et
r=0



where ¢(q) < exp[2(q — 1)], and E(my — r) is so defined to satisfy the same bound as E(m; — r), as can be

easily checked:
>y A o S

r1=1n92=0 n3=nz Ng=Ng—1
1-9; iy
. (7‘1 —nq—i—l) qu’f...(ng—nz'i‘l)l %zt
r1—N2 TI_Z;:; i
Z Z gTvo Z Z 2(mi—ri)+(r1—n2)+(¢—1)

r1=1ns=0 n3=0 nqe=0

m A4.2
< Zl (gTUO) e~ 1 2m1 na) Z ng— r1 n2) ! ( )
- ng! C(g-1)!

no= =0 2 T 1=nNn2

mi mi1—n2 1

(gTUO) 2 ed~ 1 2 (m1—n2) —p p2 q

< Z 15! s Z e (q—1)

ngo=0 p2=0

<= (9700)"
< g%eq%z(ml " q—1|ZP‘”€ ’

r=0 '

where the last sum is bounded by (¢ — 1)!, so that we obtain a factor bounded by e2(m1=7) times a factor
bounded by e2(¢=1) | which will be taken into account by the term A, (& - 7 (vo), 7, s). It remains to perform
the last integration; we have trivially

gt r r+1 1
/ dgTvoeiw(vo)Tvo (g:j/'o) _ (92' / ds; eislw(vo)t 871“
0 . . 0

(gt)+ /1 is1(vo )t
= dsy et [(p + 1)s7]
(’F + 1)' 0 1 [( ) 1]
so that the power of the time variable increases by 1 for all r = 0,...,m1, and one has
wns)=s1] 3 wwtw(zs)]
weY(vo)\V(z)

according to (8.5), and

W (ds) = ds1dss ... dspm—1dsy, [m ST_l] [(m—1) 55"_2] oo [Sm—1] s
(A4.3)
[ ntas) =1

is inductively proven to be consistent.
Since m; + 1 < m, the above discussion and the convergence bound of Lemma 8.1 complete the result
stated in Lemma 8.2.

Appendix A5. Bound on the multiple paths trees

Let us consider a multiple paths tree 9, with mg nodes, wy withered flowers, and 7 fresh flowers; the latter
ones are of degree, respectively, my,...,mp,, m1 + ...+ my, = M < m — 1, and characterize a set of rg
paths P;, i =1,...,79, connecting their stems to the first node vg. Let us remark that: (1) each fresh flower
Bs has k > 1, so that it contributes at least 1 to each p(v), v < ¥ ; (2) each v crossed by r{ paths will have
a label p(v) > max{r{ — 1,1}, so that the case p(v) = —1 is not possible since it would require k, < —2.

The first step is to decompose the power of 7/, for all the fresh flowers, as in (A4.1), but now including the
first node vy too, because it behaves as all the others nodes, (recall that p(vg) # 0), so that, since all the time
variables are ordered and all the time dependence of the functions is through the differences g(7, — 7/)’s,
the integrals factorize. Note that in particular, along the paths P;, i = 1,...,rg the integrals are convergent,
(in other words they are not improper integrals). The case ro = 0 is trivial, and gives a contribution to (8.6)
with r = ro = 0; therefore in the following we suppose rg > 1.
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Then, to each free node v > vy in ¥, there corresponds a factor

o\ Gt (—gop(o) Fiw () (re—7) m, PN

o = 7)) e [T |( )it =mor ] (asa)
i:vEP; v

which, once we have integrated on the time difference variable, gives

n, (i ivep, (0 —nk) +1 =165, ]! s
H niv ] ] i —ni V113, (=1)" %t (A5.2)
|J:'u€73i ( U/) (p(v) _i_ig—lw(v))z:i;ue’l?i( Lond, ) +1=85, 0

where it is p(v) # 0, for any v, and p(v) > max{1, (3_,, ,ep, 1) — 1}, if v is crossed by at least one P;, for
some i, (because of the above remarks), so that the denominator can be always be bounded by 1.
Moreover we have a factor

70

E m; — Ty nt —go(p(v iw(vo,s
[H ( ' >} (gt)™0 el-97(p(v0) Hhug ) Hiso(wo )]t (45.3)

;!
i=1 v

where, obviously, the product is on the fresh flowers, and ¢ = 7, ,
the terms w(v;, ) arising from the fresh flowers 3,,,i=1,..., 0.
We have to sum the product of the above factors over the collection of indices {r;,n’}, with the constraint

m; >r; > 1, riZniZni,EO, foralli=1,...,r9, and v > vyg. We can write

[ > (”i_”i’)+1—5jv,4!

i:vEP;
iy

g[ Z (ni—nb)—i—l}l JM{ Z 1]21,:%7,1,(”@*”1/) H (i, — )t

i:vEP; i:vEP; i:vEP;

and w(vp, s) depends on s only through

so that the the exponential simplifies the denominator in (A5.2), up to a factor < 2, so giving an overall
factor < 2™; moreover

1[5 (=i +1] ™ ] B =) < em T ertmrirtneniy
v>ve  1:VEP; =1 =1

where m in ™ is a bound on the number of nodes of U2, P;. We can perform the sums as in Appendix A4,
(A4.2), and, for each path P;, i =1,...,r9, we obtain a contribution

m; i
(gt) 2(m;—r;)
Z € ’
r
’I"iZO v
so that we can rewrite
Mrq 70
H eQ(mifri) 2 ’r‘) gT'UO) r
Z Z Z Z rilooorp !
r=0  7rpg=0 i=1 il (0srismyT0 "o

Sl
where the last sum is bounded by rj. Since M < m—1, and p(vo) > max{1,ro—1}, p(vo)+k;,, > max{ro, 1},
we obtain (8.6).
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A proof of existence of whiskered tori
with quasi flat homoclinic intersections

in a class of

almost integrable hamiltonian systems

G. Gentile

Dipartimento di Fisica
Universita di Roma, “La Sapienza”, 00185 Roma, Italia

ABSTRACT

Rotators interacting with a pendulum via small, velocity independent, potentials are considered: the invari-
ant tori with diophantine rotation numbers are unstable and have stable and unstable manifolds ( “whiskers”),
whose intersections define a set of homoclinic points. The homoclinic splitting can be introduced as a mea-
sure of the splitting of the stable and unstable manifolds near to any homoclinic point. In a previous paper,
[G1], cancellation mechanisms in the perturbative series of the homoclinic splitting have been investigated.
This led to the result that, under suitable conditions, if the frequencies of the quasi periodic motion on the
tori are large, the homoclinic splitting is smaller than any power in the frequency of the forcing (“quasi
flat homoclinic intersections”). In the case £ = 2 the result was uniform in the twist size: for ¢ > 2 the
discussion relied on a recursive proof, of KAM type, of the whiskers existence, (so loosing the uniformity in
the twist size). Here we extend the non recursive proof of existence of whiskered tori to the more than two
dimensional cases, by developing some ideas illustrated in the quoted reference.
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Figures
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tG’
root -

V11

Fig.5.1. A tree ¥ with myg = 2,my; = 2, My, = 3,My; = 2, My, = 2 and m = 12; the root branch label is defined to be
Jx=17-



root Vo Ve V2

Fig.7.1. A tree ¥ in which each node v with p, = 0 is encircled inside a bubble B, together with the subtree emerging from
it: this means that p,, = 0 for ¢ = 1,...,5, while all the other nodes v have p, = 1. At the end only the outermost bubbles
remain: this means that the bubbles By;, By, and By, are deleted and disappear from the picture.

Jvy
U1
Fhyyouy
Lju2 ( Ve )
. AN ®
root, Yo Vs V2
U7

Fig.7.2. The reduced tree ¥ obtained from the tree ¥ in Fig.7.1 by replacing the bubbles By, and By, with the leafs v1 and
v2.



Vo, o,

root

V2 (%}

V9

Fig.7.3. A generalized reduced tree 9¢ with N7, = 3 leaves, Moy = 2, My; = 2, My, = 3, My; = 2, and reduced degree dy, = 7;
the branch label is defined to be j) = j. Each fat point represents a leaf. With respect to the reduced tree of Fig.7.2, the free
nodes v can have p, =0 if v € A_; and p(v) = 0.

Vo 22

z3

w

Fig.8.1. A path P connecting the first node vg of the generalized reduced tree 9<, (single path tree), with the node @, (defined
as the node verifying the condition kg + k%} = 1), with mp =5, z1 = vp and z5 = W.
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ERRATA-CORRIGE

Negative lines numbers are line numbers from below. The symbol — means: to be replaced with. The
symbol — @ means: to be delated.

Appendix Al

page line Correction

37 -8 strong resonances such that the propagator of the incoming branch is quadratic
(i.e. it is given by the first line in (A1.3)), — strong resonances,

37 -2 If the propagator of the resonant line is quadratic, then there — There

38 5 On the contrary, if the propagator of the resonant line is linear, then only a sum of

order € can be obtained, but this is enough, since in this case the “small divisor”
appears to the first power. — @

38 11 Let us define D) = 2 if the propagator of the branch A is given by the first line in
(A1.3), and Dy =1 if it is given by the second line. — @
38 -11 Let us denote m&(n) the number of resonances V with scale n and incoming line

Ay such that Dy = i contained in a cluster T, and mr(n) = m&(n) + m%(n). —
Let us denote mqp(n) the number of resonances V' with scale n and incoming line
Ay contained in a cluster 7.

38 -5 if Dy, =2, — @
39 2 Formula (A1.4) has to be replaced with the following one:

1 " g )

4m _2m —2nN,, 2(n—m;+3
— |2 112 II II 1II 2 ,
n<0 n<0T,nr=n i=1
39 4 N is the number of branches X of scale n in ¢ with Dy =4, — N,, is the number
of branches X\ of scale n in ¥,
39 6 Formula (A1.5) has to be replaced with the following one:
DN, <=2 ST (24 2m(n))
n = Eo—en T\n)),
T,nr=n

39 13 mé(n) — mr
39 14 S22 iNi — N,
39 14 2P, g2n
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39

40

40

41

41

line

-1

1
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9

22

2*D>\Vi"i N 2—2111'

+imb(n) — +2mrp(n)

Correction

N,=N!+N? - N,

mr(n) = my(n) +mi(n) — mr(n)

If Dy, =2, to — To

I1, 9—Dxy (na—2) _ 94m I, 272w, — ], 9—2(nx—2) _ 94m [T, 272,
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