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ABSTRACT. We consider the Schradinger equation for a class of two-level
atoms in a quasi-periodic external field in the case in which the spacing
2e between the two unperturbed energy levels is small, and we study the
problem of finding quasi-periodic solutions of a related generalized Riccati
equation. We prove the ezistence of quasi-periodic solutions of the latter
equation for a Cantor set € of values of € around the origin which is
of positive Lebesque measure: such solutions can be obtained from the
formal power series by a suitable resummation procedure. The set £ can
be characterized by requesting infinitely many Diophantine conditions of
Mel’nikov type.

1. Introduction

Consider the Hamiltonian describing a two-level system in a quasi-periodic external field
H(t) = eo3 — f(t)o1, (1.1)

where 01,09,03 are the Pauli matrices and f(¢) is a real analytic quasi-periodic function with
frequency vector w; the real parameter ¢ measures half the spacing between the unperturbed energy
levels.

The model has been widely studied in physics (for an introduction to the subject we refer to
classical textbooks as [9] and [18]), and it was recently considered in [3] and [20], in connection with
the problem of studying the existence of pure point spectrum for the quasi-energy operator.

In [3] the case of small external field (large €) with two frequencies w; and wy was treated, and
the spectrum of the quasi-energy operator was shown to be pure point for & = wq/ws Diophantine
and excluding a further small set of resonant values.
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In [20] the same problem was studied for large external field (small ¢), and it was shown to be
reducible to the case of large € provided that the average fy of the external field is nonvanishing:
this is accomplished by performing a unitary transformation which casts the quasi-energy operator
into the same form as in the case of large €, but one needs fy to be not zero.

In [1] the problem was investigated of studying quasi-periodic solutions of the corresponding time-
dependent Schrodinger equation

Pt = Htp), (12)
for small e: the solutions of the Schrédinger equation (1.2) were shown to be expressible in terms
of particular solutions of a generalized Riccati equation (see next section). In particular in [1] it
was found that quasi-periodic solutions of the generalized Riccati equation exist in the form of
formal power series, but such series were argued to be in general divergent. Here we prove that
quasi-periodic solutions exist indeed. However they are likely to be not analytic in €, according to
the conjecture proposed in [1]; in fact we are able to define them only on a set of values of the
perturbative parameter ¢ centered around the origin and with a dense set of holes.

The problem we consider by following [1] is slightly different from that considered in [3] and [20],
as we fix the frequencies wy, . .. ,wq, with d > 1, of the external field, and, by imposing a Diophantine
condition on the vector w = (wi,...,wq, fo) if fo # 0 and on the vector w = (w1,...,wq) if fo =0,
we find quasi-periodic solutions by requesting further conditions on the parameter e: therefore we
study the dependence on ¢ of the quasi-periodic solutions. But of course we can also fix € and find
conditions on w: this requires some modifications of the technical part of the forthcoming sections,
which are discussed in [13]. Also after taking into account such modifications, to come back to the
original problem about the spectrum of the quasi-energy operator is not so immediate, as one has
to check some properties of the solution of the generalized Riccati equation, which are not obvious
(see Section 7 in [1]). Besides that, there are further problems which make difficult to control the
number of frequencies of the quasi-periodic solutions, and which can be easily settled only when the
external field has zero average. So in the latter case (which is precisely the case left out in literature)
we are able to conclude that the spectrum of the quasi-energy operator is pure point, so completing
the results in [20]: again this is discussed in [13], which we refer to for details.

As we said in this paper we focus our attention directly on the related generalized Riccati equation,
so proving a result left as an open problem in [1]. For simplicity we assume a nondegeneracy condition
of the external field (which corresponds to the condition of case (1) of Theorem 2.2. in [1]), but we
think that our methods can be successfully applied in order to deal also with the condition of case
(2); we refer to Section 2 for a more technical discussion.

We first show that it is possible, by a suitable choice of the initial conditions, to eliminate the
secular terms and to obtain a formal solution which is given by a formal power series in ¢ quasi-
periodic in time, so recovering the case (1) of Theorem 2.2. in [1]. The main difference with respect
to [1] is that we use a graphic representation of the solution in terms of trees which allows us to
obtain a very simple proof of existence of the formal solution.

Then we introduce a suitable resummation which leads to the proof of existence of a solution which
is quasi-periodic in time and defined on a Cantor set £ of values of the perturbative parameter. This
represents the main interest of the present paper, and the main novelty with respect to the existing
literature.

An interesting question would be what happens of the values of the perturbative parameter which

2



are excluded. This is a difficult problem. The case of the one-dimensional Schrodinger equation with
a small quasi-periodic potential was considered by Eliasson [6], and reducibility was proved for a full
measure set of the perturbative parameter. Then in [7] the case of skew systems on T x SO(3,R)
was dealt with, and the question was raised if reducibility for a full measure set of parameters
holds also in such a case (under some reasonable conditions). A positive answer was then given by
Krikorian [15], who also extended the results to more general cases (see for instance [16] and [17]).
As the systems they consider are very close to ours, one can expect a similar result to be valid here;
in other words one can expect that for a full measure set of values outside £ the systems is still
reducible.

It would be also interesting to study systems with infinite levels (extension to systems with a finite
number of levels should not be difficult): some results in this direction can be found in [4] and [5],
were the case of periodic external field was considered.

To prove our results, we use a version of the techniques introduced in classical mechanics by
Eliasson, [8], in order to study KAM-type problems. Such techniques were further developed (see
[10], [14], [11], [12] and papers quoted therein), by emphasizing the analogy with the methods of
quantum field theory. In particular in [11] a resummation procedure was introduced which was
reminiscent of the mass graphs resummation in field theory. Here we follow the same approach but
slightly changing the resummation procedure in a form which is more suitable to deal with the small
divisors in the present case. With respect to [11] we have the extra difficulty that the resummation
produces new small divisors which can be vanishing for certain values of €: so we have to perform the
resummation in an iterative way by being careful to exclude more and more values of € at each step,
a feature which was obviously already present in [3], even if our approach is completely different.

2. Existence of formal solutions

In [1] the solution of the Schrédinger equation (1.2) is shown to be expressible in terms of a particular
solution of the generalized Riccati equation

G —iG? = 2ifG +ie? = 0, (2.1)

where G = dG/dt,
F=1f)= Y ¥, (2.2)
zeZd,
is the real analytic quasi-periodic function appearing in (1.1), and d’ > 1 is an integer; see Theorem
2.1 in [1].
Let us look for a solution of (2.1) of the form

t
G=—ieQu, Qt)=e*® — F@)= / dat’ f(t'). (2.3)
0
Then, for e # 0, (2.1) implies for u the following equation:

u=c(Qu*+Q7"). (2.4)

Define d’ if fo=0 if fo=0

_ ’ I Jo =Y, _ W, I jo=VY,
d—{w+uﬁ&¢& w_hﬁﬁhﬁ&#Q (25)



and assume that w is a Diophantine vector, i.e. a vector satisfying the Diophantine condition
. d
|w - v| > Colv| Vv e Z°\ {0}, (2.6)

with Cy, 7 two positive constants and |v| = |vi| + ... + |vg for v = (11,...,va).
Given any function g of the form

glt)y =Y ey, (2.7)
veZ?

let us denote by (g) = go the constant term in its Fourier expansion.
Let us suppose that one has

(@) #0; (2.8)

this corresponds to the assumption (1) of the theorem 2.2 in [1].
By the analyticity assumptions on f one has

Qul < Qe (@71 )w| < Qe IV, (2.9)

for two suitable positive constants Q@ and k. Moreover one has (Q~!) # 0 if and only if (2.8) holds.
Then we have the following result, [1].

Theorem 1. The generalized Riccati equation (2.1), with f a real analytic quasi-periodic function
of the form (2.2), under the hypotheses (2.6) and (2.8), admits a formal power series

g(t;e) = iskg(k) (wt), (2.10)
k=0

which represents a formal particular solution, i.e. to all orders k the functions g (¥) are well
defined, and they are 2m-periodic and analytic in the variable 1.

The proof consists in determining the initial conditions in a suitable way in order to eliminate
the secular terms, and it is performed in Sections 4 and 5. In such a way we find that the Fourier
coeflicients g,(,k) of the functions ¢(¥) (1) depend on k as factorials to some powers, so that convergence
does not follow.

3. Existence of solutions

The result of the previous section can be improved into the following one.

Theorem 2. Consider the generalized Riccati equation (2.1), with f a real analytic quasi-periodic
function of the form (2.2), and assume that the hypotheses (2.6) and (2.8) are fulfilled. There
exist three positive constants €9, b and & and a set € C (—eg,€0) of Lebesgue measure meas(E) >
2e0(1 — bsg) such that, for all e € £, (2.1) admits a particular solution of the form

g(t;e) = g(wt;e) (3.1)
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where the function §(1;e) is 2m-periodic and analytic in the variable 1.

The proof of the above statements will be performed in Sections 6 to 8.

The solution (3.1) is likely to be not analytic in ¢; in fact it can be obtained by the formal power
expansion (2.10) through a suitable resummation procedure.

The set of values of € which have to be excluded from (—e&g,ep) is dense, and it depends on the
external field f(¢). From a technical point of view such values arise by imposing infinitely many
Diophantine conditions of Mel'nikov type of the form

iw-v—/\/l[”](w-u;s)‘ > Colv|™™ VueZd\{O} and Vn > —1, (3.2)

where 71 > 7+ d and M"(w - v;¢) are suitable functions which will be constructed recursively
along the iterative resummation of the formal solution. For instance one has MI=(z;¢e) = 0,
MV (z;6) = 26 (Q) % + O(?), with % =4,/(Q=1)/(Q), and so on.

Of course the relevance of the conditions (3.2) depends on the value of the imaginary parts of the
functions M (w - v;e).

We do not study this problem in general, but we can immediately realize that we can have
easily nontrivial situations. Consider for instance the case of an external field f which is an even
function with vanishing average and of order p, with p < 1: then F(t) in (2.3) is odd, and one
has that (Q) = 1+ O(x) and (Q~') = 1 + O(p) are both real, so that cl® = i(1 4+ O(u)), hence
MV (z;6) = 2ie(14+0(u)) + O(£?). Therefore the conditions (3.2) give nontrivial results at least for
such a case for n = 0; furthermore we shall see that one has M (z;e) = M9 (z;¢) + O(£?) for all
n > 1 and that the difference between two functions M1 (z; ¢) and M (z; ) tends exponentially
to zero as n — oo.

4. Graphical representation and tree formalism
We look for a formal solution of (2.4) of the form
u(t) =Y FuP(t) =37k N ey, (4.1)
k=0 k=0  pe7d

by setting, for all £ > 0,

ugk) = c(k), (4.2)
we can write
u® (1) = ®) 4 U®), Uy =0  Vk>0. (4.3)
By inserting (4.1) into (2.4) we obtain
00 — ,
u(l) = Qil + Q(U(O))27 (4 4)
o® = Q Z wlF) g (B2) vk > 2,
ki+ko=k—1



which, expressed in Fourier space, becomes, for all v # 0,

(iw - v ,(/ =(Q Y, + Qu(?)?,
e

ki+ko=k—1 Vo+Vi+V2=V

provided that the right hand side of (4.4) has vanishing average. This requires

0=(Q "o+ Qo(c"”)?,
0= Z Z Q,,Du,f?)u,(,’z?) vk > 2.

ki+ko=k—1vo+V1+12=0
The first equation in (4.6) fixes ¢(®) to a value such that
@)
(@)

which is well defined and different from zero by the hypothesis (2.8).
The second equation in (4.6) can be written as

(C(O))2 —

0= 2ro(0)c(k_1) + other terms depending on ¢©), ..., ¢(F=2),

which allows us, in principle, to fix iteratively the coefficients {c(k)}zozl.

We can represent graphically the functions u,(,o) and u,(,l) as in Figure 4.1.

F1GURA 4.1. Graphical representation of u,(,O)

(0)

and ug,l). The function u,,

graph formed by a line and an endpoint (white bullet): we associate to the line a momentum
v = 0 and a propagator 1, and to the white bullet an order label £ = 0, a mode label v = 0

and a node factor ¢(9), so that one has u( ) =0 for v # 0, while u(()o) = ¢(®, The function

(1)

uy,’, for v # 0, is represented by the sum of two graphs. We associate to the line with
momentum v a propagator 1/(iw - v). In the first graph we associate to the endpoint (black
bullet) a mode label v and a node factor (Q 1)y, while in the second graph we associate
to the point (vertex) carrying the mode vg a node factor Qu, and to the two white bullets

order labels k1 = k2 = 0, modes v; = v3 = 0 and node factors ¢ In the second graph one

(1)

has the constraint v = v + v1 + v2. The function ug (0)

is represented as ug

difference that now the white bullet carries an order label k = 1.

-y S Quubtul? e >2,

is represented by a

, with the only

(4.8)



F1curaA 4.2. Graphical representation of u,(,k). The line carries a momentum v: we associate

to it a propagator 1/(iw - v) if v # 0, and a propagator 1 if v = 0.

(k1)

!
F1GurA 4.3. Graphical representation of ug,k) in terms of u,(/k, ), with k' < k, for v # 0. One
has the constraints v = vg + v1 + v2 and k = 1 + k1 + k2. To the vertex with mode vo we

associate a node factor Q.

More generally we can represent u,(,k) for all £ > 0 as in Figure 4.2, where the graphical represen-
tation has to be interpreted as in Figure 4.1 when either £ = 0 or k£ = 1, while it can be developed
iteratively as shown in Figure 4.3 when k& > 2 when v # 0. If v = 0 one has u(()k) = with ¢®
to be recursively defined, as it will be explained below.

For instance when k = 2 and v # 0 we obtain the graphical representation of Figure 4.4.

Therefore we can see that, iterating the graphical procedure described above, we can give a
graphical representation of ug,k), for all k € Z, and for all v € Zd, in terms of trees.

A tree 6 is a connected set of points and lines such that the lines are oriented toward a point
which is called the root of the tree. We call nodes all the points of the tree other than the root.
The orientation induces a partial ordering relation between the nodes (and the lines), which will
shall denote by <: given two nodes v and w we shall write w < v if v is along the path (of lines)
connecting v to the root, and w = v means that the two nodes coincide. We shall be interested only
in trees such that for all nodes there are only either two or zero entering lines (keep in mind Figure
4.4 as an example). Note that for the root there is by construction one and only one line entering
it: we shall call root line such a line.



S

)
—
o
=

FI1GURA 4.4. Graphical representation of ug,z) for v # 0. The symbols and the labels have the
same meaning as in the previous Figures. One has the constraints v = v 4+ v1 + v2 in all
graphs, v1 = v(, + v} + v}, in the second graph, and vz = v{ + v} + v} in the fourth graph.
The lines coming out from the white endpoints must have momentum v = 0; to each white
endpoint we associate a node factor ¢(¥) if k = 0,1 is the order label of the endpoint, to each
black endpoint we associate a node factor (Q~!)y if v is the momentum of the line coming
out from it (which is equal to the mode of the endpoint itself), and to each node v which is

not an endpoint (vertex) we associate a mode v, and a node factor Qu, .

Given a tree 6 let us distinguish between the set F(f) of nodes such that no line enter them and
the set V(6) of nodes such that there is at least a line (hence two lines) entering them: we call
endpoints the first ones and vertices the latter. Graphically the endpoints will be depicted as bullets
which can be black or white (see for instance Figure 4): we denote by Ep(f) and Eyw (0) the two
sets, respectively.

Define W () as the set of the endpoints represented by white bullets, and B(f) as the set of
vertices and of endpoints represented by black bullets; of course one has W(0) = Ew (f) and
B(0) = Eg(6) UV ().

To each vertex v € V() we associate a mode label v, € Z" and a node factor F, = Qu,, to each
endpoint v € Eg(0) we associate a mode label v, € Z* and a node factor F, = (Q1),,, and to
each endpoint v € Eyw () we associate a mode label v, = 0, an order label k, € Z, and a node
factor F, = ¢v).

Define L(6) as the set of lines in 6. Each line ¢ comes out from a point and enters another point;
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if we denote by v the first one we shall denote by v’ the latter, and we shall call it the “point
immediately following v”; as the line is uniquely identified by the node v we shall write also ¢ = £,,.
To each line we associate a momentum label v, € Z* and a propagator which is g¢ = 1/(iw - vy)
if vy 20 and g, = 1 if v, = 0. If the line £ comes out from a node v € W (#) one has necessarily
v, = 0, while if the line ¢ comes out from a node v € B(f) all values of v, (except 0) are possible.
We say that v, “flows” through the line /.
The modes and the momenta are related by the following relation: if £ = £, and ¢’ and ¢” are the
lines entering v one has
Vp = Uy +Vpr + Vo = Z Vy, (49)

weB(0)
w=v

which represents a sort of conservation law.

We call equivalent two trees which can be transformed into each other by continuously deforming
the lines in such a way that the latter do not cross each other.

Finally we define 7, as the set of inequivalent trees 6 such that
(1) for each vertex v € V() there are exactly two entering lines;
(2) the endpoints v € E(f) can be either white or black;
(3) the number of black endpoints, the number of vertices and the order labels of the white endpoints
are such that, by setting |[B(0)| = [E(0)[+|V(0)] = k1 and }_, g, () kv = k2, one has ky +ka = k;
(4) the momentum flowing through the line entering the root (root line) is v.

We shall call 7;,,, the set of trees of order k and with total momentum v.

With the above notations we can write, for v # 0,

ul) = Z Val(6),

0Ty,
(4.10)
val(0) = | ] o Ir =
¢eL(0) veE(0)UV(0)
where Val(f) is called the value of the tree 6, and
) Qu,, if v e V(8),

- , if vy #0,
ge =1 W F, = (@ Yy,, ifveEg(0), (4.11)

1, if Vy = 0,

cko) if v € By (6),

k) (

while, for ¥ = 0, one can easily write the contribution ¢*) = uok) of order k to the initial condition

by imposing (4.8). This yields for k > 1

1

0Ty | o

where 7;:+1 o is defined as 7j11,, with the constraint that one has to discard the two trees of the
form represented in Figure 4.5 such that the three represented lines carry vanishing momenta and
the mode label associated to the represented vertex is zero.
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FiGURA 4.5. Trees that does not appear in Tk*Jrl o: besides of having v1 = v2 = 0, by
definition of white endpoint, one requires also v = vg = 0, so that the value of both such

trees is Qoc(Oc®) = (Q)e0) k),

(0)

Val() =

FI1GURA 4.6. An example of tree with 11 vertices, 5 black endpoints and 7 white endpoints.
Unlike the order labels, the modes of the nodes and the momenta of the lines are not explicitly
showed. The order of the tree is k = 11 4+ 5 + (3 + 2 + 4) = 25, while the total momentum v

is the momentum flowing through the root line, which is the leftmost one.

Note that in (4.12), as well as in (4.10), the values Val(d) will depend on the node factors ¢(*"),
with &’ < k, so that (4.12) provides a recursive definition of the coefficients c(*).

An example of tree of order k = 25 is given in Figure 4.6.

5. Multiscale decomposition

In this section we introduce a multiscale decomposition of the propagators: with respect to [1] this

(k)

will allow us to obtain better estimates on some contributions to the coefficients u,,’. Moreover this
will be the first step in order to prove theorem 2 in section 3.
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Let ¢ (z) a C* non-decreasing compact support function defined on R™ such that

1, for x> Cy,
1/}(33)_{0, for © < Cy/2,

(5.1)

where Cj is the Diophantine constant appearing in (2.6), and set x(z) = 1 — ¢(z); see Figure 5.1.

Define also ¢, (z) = ¥(2"z) and x,(z) = x(2"z) for all n > 0; of course ¢y = ¢ and xo = X.

x(z) Y(x)

FIGURA 5.1. Possible graphs of the C° compact support functions ¢(z) and x(x).

Then, for any line ¢ € L(0) with v, # 0, set

1 do(lw-vi) an (Jw - ve|)xn—1(lw - ve|)

9o = ~ )
1w - Vy W - Uy W Vg
which can be rewritten as
Zg(n)7

©) ¢0(|w -vil)

9y = —
w1y
0 e v wd)
WUy

We shall call ggn) = ¢ (w - vy) a propagator on scale n.

We shall assign to each line ¢ € L(0) with vy # 0 also a new label ny =0,1,2,...

(5.3)

which will be

called the scale label of the line ¢; we can associate a scale label also to a line ¢ with v, = 0, by
setting ng = —1. Then we shall define O, as the set of trees which differ from those in 7; , just

because of the newly introduced scale labels, so that (4.10) can be replaced with

ul) = Z Val(9)

0€Oy,,

Val(6) = H gén‘) H F, |,

LeL(0) veE(0)UV(0)
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*

and an expression analogous to (4.11) holds for ¢®)_ provided that T, t1,0 1s replaced with SH 1,00
with obvious meaning of the symbols.

Note that, for fixed z = w - v, one can have g(™)(z) # 0 only for two values of 7, so that the series
(5.3) is in fact a finite sum.

Note also that g™ (x) # 0 only if 27"~ 1Cy < |z| < 27" F1Cp for n > 1 and only if |z| > 271Cj for
n = 0. This means that for any line £ on scale n such that ggn) # 0 we can bound |g§")| < Oyttt
Hence, if N,,(0) denotes the number of lines on scale n in 6 and |v(0)] = >_, ¢ p(g) [Vv], We can bound,
for each tree 6 € O, and for any integer no,

|Va1(9)| < Co—lm 9k19moky leefn\l/(eﬂ ( H |C(kv) |) ( 10_0[ 2nNn(9)), (55)
vEEw (0) n=ng

where ky = [B(0)] and 3 g, (9) kv = k2 = k — k1.

A cluster T on scale n is a maximal set of points and lines connecting them such that all the lines
have scales n’ < n and there is at least one line with scale n. The my > 0 lines entering the cluster
T and the possible line coming out from it (unique if existing at all) are called the external lines of
the cluster T'. Given a cluster T on scale n, we shall denote by np = n the scale of the cluster.

Given a cluster T in a tree 0 call V(T), E(T), Ew(T), Eg(T), B(T), and L(T) the set of vertices,
of endpoints, of white endpoints, of black endpoints, of vertices plus black endpoints, and of lines
of T, respectively. Let us define also vy =}~ B(T) Vo

We call self-energy graph of a tree 6 any cluster T" such that
(1) T has only one entering line ¢2. and one exiting line 1.,

(2) one has

vr = Z v, = 0. (5.6)

We say that the line /1. exiting a self-energy graph T is a self-energy line; we call normal line any
line of the tree which is not a self-energy line.

Note that the two external lines of a self-energy graph have not necessarily the same scale: if nq
and ng are the scale of the lines ¢1 and %, and n = ny is the scale of the self-energy graph as a
cluster, one must have n + 1 < min{ni, na}.

An example of tree with self-energy graphs is depicted in Figure 5.2; one can immediately realize
that because of the presence of self-energy graphs one can have accumulation of small divisors.

It is not difficult to prove (see for instance [11]) that, if we denote by N2°™(6) the number of
normal lines in @, then there exists a positive constant ¢ such that

NRO(0) < 27T N (w, (5.7)
veEB(0)

so that, if we could neglect the self-energy lines, i.e if we could replace N,,(0) with N2°"™(6) in (5.5),
we would obtain, for some constant C,

[Val(g)] < C; 1 22kignoks Q’“e‘”"’(@)‘( II |c(k”)|) exp (|V(9)|010g2 3 n2_"/7)

vEEw (0) n=ng

Scklew’\u(en( I1 |c(kv)|)7 (5.8)

veEw (0)
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FIGURrA 5.2. Example of trees containing self-energy graphs. All the lines contained inside a
self-energy graph have scales strictly less than the scales of the external lines of the self-energy
graph. One can have self-energy graphs containing other self-energy graphs on lower scales; in
the Figure one has a self-energy graph with external lines carrying a momentum v’/ contained
inside a self-energy graph with external lines carrying a momentum v: the first one will be

on a scale n// < n — 1 if n is the scale of the latter.

for some k' < k and ng suitably chosen (see [14] or [11]).

Unfortunately the bound (5.8) is in general false, as it can apply only to trees without self-energy
graphs. Therefore, as we are going to show, the above analysis is sufficient to prove theorem 1, but
not to prove theorem 2.

Indeed, as we can not use the bound (5.7) for all trees, all we can do in general for a tree 6 € Oy,
is to estimate the product of propagators in (5.4) by

[T & <ca™ I vl (5.9)

LEL(H) LeL(0)

so that, by writing

1T e*ﬁ\'/vlg( 11 eﬂquv\/z)( 11 efmw\/zkl), (5.10)

vEB(H) veB(6) ceL(6)
one obtain for each line £ € L(#) the bound |vy|"e=*IVel/2k1 < 71(2k; /k)7. Therefore we can bound
( ) 2k1 le
n —K —k
H g ’( H e \W\/le) <G, 11kt <T) , (5.11)
teL(0) ceL(6)
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and for all trees in O, we have

Val(@) < e (e ( TT e 2) (T ™)) (5.12)

vEB(H) vEEw ()

for two positive constants C; and «. Therefore, by using that the number of trees of fixed order
and fixed mode labels is bounded by C} for some positive constant Cy (taking into account the
number of shapes of trees and the number of ways of assigning the scale labels in such a way that
the corresponding tree value is not vanishing) and expanding each c®) in terms of trees according
to (4.12), as in [11], we obtain at the end, for suitable positive constants £’ < k and Cs, a bound
|u,(,k)| < e #IYICKE1® | which reproduces the result in [1].

The only case in which we obtain bounds containing no factorial and hence we can deduce the
convergence of the perturbative series is the case d = 1, where there are no small divisors (one can
bound |w - v| = |wr| > |w|), as it was already pointed out in [2].

6. Renormalized expansion

To prove theorem 2 we need a different tree expansion, that we envisage by starting from the present
section.

We shall define new propagators ge"e] iteratively. First some notations are needed.

Suppose that the node factors c/*») and the propagators gé"e] are assigned. Given a self-energy

graph 7" which does not contain any other self-energy graphs, define the self-energy value as

o= (L 6)

veE(T)UV(T)

where F, is defined as in (4.11) except for the white endpoints for which one has F, = c¢/**J, and
kr = [B(T)|4+>_,cpy () kv = 1 is called the self-energy order and represents the number of vertices
and black endpoints in T plus the sum of the orders of the white endpoints in T'; of course Vr(w-v; )
depends on w - v through the propagators of the lines in L(T).

Define @ﬁy as the set of trees which do not contain any self-energy graphs (renormalized trees),
and S,Z?n as the set of self-energy graphs of order k£ which do not contain any other self-energy graph
and such that the maximum of the scales of the lines in T is exactly n (renormalized self-energy
graphs on scale n).

Then we can define the renormalized propagators g&"] = gl")(w - vy;¢) and the quantities M (w -
vy; €) recursively as follows.
We set
gz e) =1, MU (ze) =0,
o). oy _ Yollz]) 00 (e ) — 9 0, o , (6.2)
g (.’,E,E) iz (I,E) EQOC =+ Z Z VT(:E7E)7

k=1TeSf,
with ¢l = ¢(© | as given by (4.7), while, for n > 1, we define

ol (fiz = MO (@ )]) -y (i — MO ) iz — ME—U (a2
iz — MIn=1(z;e) ’

g[n] (z;6) =
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MM (z;6) = MU (w5) + M (25)x0(|2]) xa (Jiz — MO (@3 2)]) . . xn(Jiz — MU (s e))),

= 3" M (a5 xo (el x (i — MO (a5 €)]) . x; (fiw — MU (as2))), (6.3)

J=0

M[”](x;s):i > Vr(wie),

k=1TeSk

where Vr(z;¢) is defined as in (6.1). Note that for all n > 0 and for all T € S,Z?n one has kr > 2,
so that M0 (z;¢) = 2eQocl® + O(e?) and M (x;¢) = O(e?) for n > 1.
For instance one has

xo(lz)tr iz — M (z;€)))

W 2\ —
g (ny 5) iz — MO (LL'; 8) ) (6 4)
) Yol (i = MO a: ) (e = MU a:2)) |
g iz — MU (z;¢) ’
with
M (a;e) = MO (z;6)x0(|2)), 63)
MW (@;e) = MO 6) + MW (2;0)x0(J2])xa (i — MO (;2)]), '
and so on.

Note that if a line ¢ is on scale n and, by setting = w - vy, one has g/ (z;¢€) # 0, this requires
xo(lz[) # 0, xa (liw— MOz €)]) # 0, .. X1 (Jiz =Mz €)|) # 0 and g (Jiz—MIH(z;)]) #

0, which means
|$| S OO)

liz — MU (z;e)] < 2710y,
liz — MU (xz;e)] < 2720,

(6.6)
liz — M= (z;6)] < 27Dy,
iz — MU (z;6)] > 27Dy,
so that, in particular, if a line £ is on scale n, then one has |g£"}| < Oy tontt,
Then we define, formally, for v # 0,
ulkl = Z Val(9),
gcOf,
(6.7)
val@) = | T o F, |,
LeL(0) veEE(0)UV(0)
while, for v = 0, one has
1
L
M=o ; Val(6), (6.8)
0O 4
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where 973:1,0 is defined as ©j,, o, after (4.12) and (5.4), with the only difference that one has
to consider renormalized trees instead of trees; of course this provides a recursive definition of the
coefficients ¢/*]| as both (6.7) and (6.8) depend on the values ¢/*'] with & < k.

Then we shall write -

a(t) = > Fultlt) =3k 3T ety (6.9)
k=1 k=1

veZ®

where the coefficients ui are defined through (6.7) and depend on ¢ (as the propagators do); note

that the order k of a renormalized tree 6 is still defined as k = [B(0)| + >_,cp,, (o) kv, but it does
not correspond anymore to the perturbative order.
Fix € such that one has

iw-v— MM (w-ve)| > Coly|™™ VueZd\{O} and Vn > —1, (6.10)

with Diophantine constants Cy and 71, where Cy is the same as in (2.6), while 7, > 7 is to be fixed
later. We call € the set of ¢ for which the Diophantine conditions (6.10) are satisfied.

We shall see in next section that for ¢ € £ we shall be able to give a meaning to the (so far formal)
renormalized expansion (6.9), hence we shall prove that the set £ has positive Lebesgue measure.

7. Convergence of the renormalized expansion

Now we study the renormalized expansion introduced in Section 6.

First we show that if the propagators satisfy the Diophantine conditions (6.10), with the functions
Ml (w-v;e) well defined, smooth enough and small enough together their derivatives, then a bound
like |ugC }| < Cke=r'1! follows for suitable constants C' and «’. By recalling the discussion in Section
5, we realize that it is sufficient to obtain a bound on the number of lines on fixed scale like (5.7):
this will be the content of lemma 1 below. Then we prove inductively that the conditions on the
functions M (w- v : ¢g) are satisfied, provided that we exclude some values of the perturbative
parameter €: this will be done in lemma 2. The admissible values of € are exactly the ones for which
the Diophantine conditions (6.10) are satisfied. So we are left with the problem of studying how
many values of € are left, i.e. how large is the set £ of admissible values of e: through lemma 3 and
lemma 4 we shall verify that £ is a set with positive relatively large measure.

Lemma 1. Assume that the set £ has non-zero measure and that for all € € £ the functions
MU (25 ) are C* in x and satisfy the bounds

‘M["](:c;a)‘ < DJe|,

0y MM (x;a)‘ < Dlel, (7.1)

for some constant D. Then for any renormalized tree 6 such that Val(0) # 0 the number N, (0) of
lines on scale n satisfies the bound

Na(0) <c27™ 37y, (7:2)
veEB(0)

for a suitable positive constant c.

Proof. We prove inductively on the order k of the renormalized trees the bound

N*(0) < max{0,2|v(9)2C~™/™ — 1}, (7.3)
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where [v(0)] =", c ) [Vol and N (6) is the number of lines in L(0) on scale n' > n.

If @ has k = 1 one has B(#) = {v} and |v(0)| = |vy]. In order that the line coming out from
v be on scale > n one must have |iw - v, — M" (W - v,;e)| < 27"y (see (6.6)), hence, by
the Diophantine conditions (6.10), |v,| > 2(»~1/™ which implies 2|v(9)[23—™/m > 222/71 > 2,
Therefore in such a case the bound (7.3) is trivially satisfied.

If 0 is a renormalized tree of order k > 1, we assume that the bound holds for all renormalized trees
of order k' < k. Define E,, = (223-7)/7)~1: 50 we have to prove that N} (6) < max{0, [v(0)|E; ' —

1.

Call ¢ the root line of § and ¢4, ..., £, the m > 0 lines on scale > n which are the closest to ¢ (i.e.
such that no other line along the paths connecting the lines ¢, ..., 4, to the root line is on scale
>n).

If the root line £ of 6 is on scale n’ < n, then
N;(6) =Y  N;(6:), (7.4)
i=1

where 6; is the renormalized subtree with ¢; as root line, hence the bound follows by the inductive
hypothesis.

If the root line ¢ has scale > n, then ¢, ..., ¢,, are the entering lines of a cluster 7.

By denoting again with 6; the renormalized subtree having ¢; as root line, one has

NO) =1+ iN:;(Gi), (7.5)
=1

so that the bound becomes trivial if either m = 0 or m > 2.
If m = 1 then one has a cluster T" with two external lines ¢ and ¢y, which are both with scales
> n; then

liw - vg — M (w vy e)| < 27O, liw vy, — MW vy se)| <2770, (7.6)
and vy # vy, , otherwise T' would be a self-energy graph. Then, by (7.6), one has
2720 2 fiw - (v —ve,) = M (w v e) + MU (w5 6))|
= |iw - (Ve —ve,) + O MM (2 0)(w - vy, —w-1y)] (7.7)
> - (v —wa)| = Dl [w - (ve = w,)| = 5 oo (v — v,

where . is a point between w-v; and w-vy,, and (7.1) has been used. By the Diophantine conditions
(6.10), one has vy — vy, | > 2(*=3)/7 50 that

S ol = vl = v — vy | > 2070/ > B (7.8)
veB(T)

hence |v(0)| — |v(01)| > E,, which, inserted into (7.5) with m = 1, gives, by using the inductive
hypothesis,
Ny (0) =1+ Ny(6) <1+ [v(0)|E; " -1

<1t (O)] - B ;' 1< wl6) By - 1. 7
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hence the bound is proved also if the root line is on scale > n. B

Lemma 2. For ¢ € £ and for x such that g™ (x;€) # 0, there exist two constants D and D’ such
that the functions MU!(z;€) are smooth functions of x and satisfy the bounds

(MU e)| < Dlel, [0, ME(a36)] < D,
| | - (7.10)
’M[J](a:;a) _M[Jfl](a:;a)’ < DleleP"#"™,

orall0<j<n-—1.
J

Proof. The proof is by induction on j. For j = 0 the bounds (7.10) are trivially satisfied; then,
assuming that the bounds holds for all j' < j, for some j < n — 1, we want to show that they follow
also for j.

The quantity MUl(z;¢) is given by

MUl (zie) =" Y Vr(e), (7.11)
k=1 Tesff’j
with 2 satisfying the bounds (6.6) by hypothesis; in particular one has |iz — MU= (z;¢)| < 2771y,
We want to show, by reductio ad absurdum, that for all T' € S,Z?j contributing to MUl (z; ) through
the self-energy value Vp(z;¢), one must have

> fw] > 207/, (7.12)
veB(T)

By construction all renormalized self-energy graphs in 8,5]- must contain at least one line £ on scale
ng = j. Therefore for such a line one has (see (6.6))

liw - vy — MU= (w vy e)| < 277410, (7.13)

Furthermore, by the inductive hypothesis, the quantity M7 —2] (x;¢€) is smooth in x, so that one can
write

M= (w vpe) = MV (w - vie) + 0 MIT (2, 0) w - (vp —v), (7.14)

where z, is a point between w - v and w - vy.
We can write vy = v + o,v, where, if we write as usual £ = £,

v= > v, (7.15)

weB(T)
w=v

and oy = 1 if the line entering T is comparable with ¢ and o, = 0 otherwise.

Note that if (7.12) does not hold then one has |iw- v — M (w-v;e)| > 2477 for alln > —1, by
the Diophantine conditions (6.10). Then if o, = 0 one has vy = 19, hence |iw-vy— MU= (w-vy; )| >
2477y, while if oy = 1 one has, by using the inductive hypothesis,

liw - v — MU= (0w vye)| = |iw - v +iw-v— MV (w - v;e) — 9 MV (2, 8) w - 1Y)
> |w- V|~ liw-v— MV w- vie)| - Dle| |w - v (7.16)

1 4 4 , 4
> §|w W —liw-v— MV (w - ve)| > 2712090y — 217 > 21Ty,
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which are both in contradiction with (7.13). Therefore (7.12) follows.
By reasoning as in the proof of lemma 1 one obtains that, if we denote with N;/(T") the number
of lines on scale j' contained in T' € S,?j, one has

Ny(T) < c2777m 3" . (7.17)

More precisely (and more generally), if T is a connected subset of lines and nodes in a tree such
that

(1) T has only one exiting line and only one entering line both on scales > 5/,

(2) all the lines in L(T') are on scale < j,

then, by denoting with N7 (T') the number of lines on scale > j' contained in 7' and defin-
ing [v(T)| = X ,epr) [Vol, one can prove inductively on the order of T' the bound N}/(T) <

max{0, 2|v(T)[23~3)/m —1} for all j/ < j, by reasoning as follows. Consider the path P formed by
the lines connecting the entering line with the exiting line of T', and call V' (P) the vertices connected
by such lines. If all the lines £ € P are on scales ng < j' then one has Nj,(T) = 321" N7 (6;), where
01,...,0, are the trees inside T with root in a vertex v € V(P), so that the bound follows from
(the proof of) lemma 1, i.e. from the bound (7.3).} If there is at least one line £ € P on scale
> j', call T} and T3 the connected subsets of T such that L(T) = {¢} U L(T1) U L(T%). If both
T and Ty contain at least a line on scale > j’, then they have the same structure of T, i.e. they
are subsets of lines (on scales < j) and nodes with only one exiting line and only one entering line
both on scales > j', so that by the inductive hypothesis one has N;/(T) <1+ N;/(T1) + N;: (T3) <
1+ (2w (T1)[2G390/m = 1)+ (2|p(T3)[2B37)/™ —1) < 2|p(T)|2B3~3)/™ —1. If only the subset T con-
tains at least a line on scale > j/, then we can reason as in deriving (7.12) through (7.16) to conclude
that one must have [p(T1)| > 26" ~9/™ hence Nj (T) = 1+ N,/ (Ta) < 1+ (2p(T3)[237)/m —1) <
2u(T) 2B~/ 7 — 2Ju(Ty) |23~/ 7 < 2|p(T)[23~4)/™ — 1; analogously one discusses the case in
which only the set T} contains at least a line on scale > j’, and the case in which both sets do not
contain any line on scale > j’. Hence the bound on N (T) is proved also in the case in which there
is at least one line £ € P on scale > j'. In a renormalized self-energy graph T € S,fj with external
lines on scale n all the lines £ € L(T) are on scale j/ < j, so that for all j/ < j the renormalized
self-energy graph T € S,Z?j is a subset verifying the properties (1) and (2), and we can apply the
above result, so that the bound (7.17) follows.

Therefore we see that (7.12) and (7.17) imply, for all T € S,Z?j,

Vr(aie)| < [ef* Ay Abe= A2 T el (7.18)
veB(T)

for suitable constants A;, A and Ag; this can be easily obtained from the definitions (6.1) and
(6.3), by reasoning as in deducing (5.8) and using the bound (2.9) for the node factors.

L Note that, even if in the statement of lemma 1, one requires that the bounds (7.1) hold for all n, what is really
needed is that they hold for all n such that Np41(0) # 0. Therefore we can apply lemma 1 to the trees 61,...,60m
because for each line ¢ € L(T) one has ny < j and the bounds (7.1) hold for all j/ < j by the inductive hypothesis.
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By inserting the bound (7.18) into (7.11) and using the definitions (6.3), we obtain

(MO ) = MO s2)| < [MU] )| < 37 DuDefe2,
k=1

J 00 J ) 00
(MU (ze)| < 3 [MW(ase)| < 3 DiDSJeF Y e ™ < 37 DiDjef,
=0 k=1 =0 k=1

for suitable constants Dy, Dy, Dy and Ds; this proves the first and third bounds in (7.10). Note
that in the first of (7.19) we can let the sum to start from k = 2 for all j > 1 as any renormalized
self-energy graph of scale > 1 has to contain at least two nodes (see comments after (6.3)).

To prove the second bound in (7.10) we use the second line in the definition of M[™(z;¢) in (6.3),
the regularity of the functions x,, and t,, and the inductive hypothesis. One has

(7.19)

J
MU () = 37 (ollal) - xyr (fiw = MY~V (a:2) )0, MU N (a5 ) + MU a3) (7.20)

5'=0

jl . . .
ZXo(III) - oxallim — MU (o)) L oxge (i — MU (@) [) 0, iz — MUY (:c;s)|),
1=0

where Jx; denotes the derivative of x; with respect to its argument, and

BwM[j/}(:v;s)zi Z 0. Vr(z;¢),

= R
k=1 TeST,

(7.21)
o= (Y o) I ) I R
£eL(T) ' EeL(T)\£ veE(T)UV(T)
so that one has to evaluate the derivatives of the propagators.
By using the definition of ¢gl™(z;¢) in (6.3) one has?
o [n—1]( -
8959["](117;6) _ _X0(|CC|)1/)H(|’LZE M ('CC?E)Daz(Z-x_M[nfl](x;s)) (722)

(iz — M1l (x;¢))2

n zn: Xo(lzl) - . Oy (liw — MY~V (ase)]) .. hn (i — M"Y (as€)))

i — =11 ..
T~ M 1(ze) Ozlix — M (z;€)],

which, by using the fact that |0y | < 2jC'glE and [0¢;| < 2jCalE, for some positive constant =,
and the inductive hypothesis, can be bounded as

: 1 Cy 127
] (- __r 27
029 (x’5)|§‘4(c22 2(n+1) Co2( n+1>)
(7.23)

IN

/IC 222 n+1)(1+22j (n+1) ) <AC 222 n+1)
7=0

2 With obvious interpretation of the term with j = n in the last sum.
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for some constants A and A.
Therefore we can bound 9, Vr(x;¢) in (7.21) by

OVr(we) < e (30 AcyPRed [Tyt

LeL(T) reL(T)\L (7 24)
(T e (I C[k”])§|E|kTﬁlﬁ§TefA3n2j//Tlv :
veB(T) vEEW (0)

where we have used also (7.12), for suitable constants A; and Ay, and a bound |c**]] < C** can
be inductively assumed.
Then (7.24) implies immediately the bound, for suitable constants D1, D2, D3 and D,

10, MU' (2:2)| < Z le|¥ Dy Dke=Ds? ™ < |e|2De~ D52 (7.25)
k=2

which, together with (7.20), yields

v

J _ . ~ il J )
|8x./\/lb]($,€)| < Z (|E|2D67D327 /71 + |E|D67D32J /71 221) < |E|D, (726)
§=0 i=0

provided that D is large enough, so that the second bound in (7.10) follows. ®

To apply the above results and conclude the proof of theorem 2, we have still to construct the
set £ for which the Diophantine conditions (6.10) hold, and to show that such a set has positive
measure.

Define recursively the sets £ as follows.

Fix ¢ such that the series

n

Z k eiw-utﬂl(/k),

=ovezt (7.27)
®) = Val(6),

6ecOT

N

g

obtained from (6.9), with the definitions (6.7), by replacing the propagators g™ with ¢(™) (which is
equal to the series obtained from (4.1), with the definitions (4.10), by discarding all trees containing
self-energy graphs), converges for |¢| < g9. Therefore Val(f) is a numerical value satisfying the
bound [Val(d)| < C*e~"'I¥I, for some constant C, as we can prove by reasoning as in Section 5 and
bounding the product of the propagators through the bound (7.2) of lemma 1 (equivalently through
the bound (5.7)).

3 With respect to the bound (7.18) we have the extra difficulty that, in order to prove the bound (7.17), when using
the inequality like (7.16) with £ € P on scale > j’, the quantity w - v has to be replaced with a continuously varying
x. Nevertheless, as in the previous case, one has |iz — MU'=2] (z58)] < 2’j/+100, by the support properties of the

functions xn, so that (7.16) still applies when needed, and the same conclusions still hold.
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Set

5[0] = (—50,60), (728)
and, for n > 1,
el = {a e iw v - MM (w v;e) > Co|u|_ﬁ} ) (7.29)
for a suitable Diophantine constant 7 (to be fixed later); finally define
= [)eM= lim g (7.30)

Lemma 3. The function M (x;¢) is C'-extendible in the sense of Whitney outside £, and
for all ,&" € £~ one has

M (2" — M (z5¢) = (6" — ) 0. MM (z;6) + o(e' — €), (7.31)
where 0. M (x;¢) is the formal derivative with respect to € of M™ (x;¢).

Proof. The proof is by induction on n. Both M (z;¢) and M[™(z;¢’) can be expressed by the last
equation in (6.3): the only difference is that one has to replace & with &’ for M (z;¢’). This means
that there is a correspondence one-to-one between the graphs contributing to M (z;¢) and those
contributing to M[™(xz;¢’), so that we can write

M (26" = MM (z;6) = 2 (" — €) Qoc”d,0.0

+2 5 @ - (I R e ee)

k=1Tesy, veEE(T)UV(T) e L(T)
el (7.32)
—i—Z Z skT( H Fv)
k=1Tesf, veEE(T)UV(T)
H g[ne] w L4233 ) ( H gn[ W V€ )):|a
LEL(T) LeL(T)

where of course k7 = k. The terms in the first two lines can be trivially studied, so we concentrate
ourselves to the last sum in (7.32).

Let us call A(T) the set of lines in L(T) coming out from nodes in B(T). We can order the
|B(T)| — 1 lines in A(T') and construct a set of [B(T)| subsets Ay(T),..., A gy (T) of A(T), with
|A;(T)| = j — 1, in the following way. Set A1(T) = 0, Ao(T) = {4, if 41 is a line connected to the
outcoming line of T', and, inductively for |[B(T)| > 3 and 2 < j < |B(T)| — 1, Aj+1(T) = A,;(T) U ¢,
where the line £; € A(T) \ A,;(T) is connected to A;(T"). Then in (7.32) we have

H g["@] (w vy e ) ( H g["@ (w-vg;e ))

CEA(T) LEA(T)
|B(T)|

-y [( [ ¢ vee )) (7.33)

Jj=1 LeN;(T)

(9[’”]‘](&: wie) — gl (w - Wﬁg)) ( 11 9" (w- W;a))]’

LEA(TI\(A (T)ULy)
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where, by setting n; = ny,, ; = w-vy,, Xs(e) = xs(Jiz; — ME"(z;5¢)|) for s=1,...,n;— 1, and
U, (€) = Yy, (liz; — MM~ (z;;2)]), we can write (see the first equation in (6.3))

gl (zj;e") — giil(a6) = (M~ (w556") = MU (a550)) xo(|2 D) Xa(e) - Xy —1(6) W, ()
7 7 -
)

(izy — M=l (x5 ")) (i — MIa=l(z;;€))

n;—1
— X0 |x] Xs-1(e") (Xs(€") — Xs(e)) Xst1(e) - .- Wy, (e)

! .34
+ Z s~ M (2 ) (7.34)

N X0(|$j|)X1 (&) Xp,1(€') (W, () = Uy, (€))

ivy — M=l (z;;e) '
By writing “symbolically”
X&) — Xo() = sy — MU agze)l) (MU a6 — MO 22 )

(7.35)

W, (&) — W (€) = D, ey — MO gz )]) (MO (a6) = M a6
where €, and €], are two suitable values (depending on j and s) between ¢ and &', we can use the
inductive hypothesis for all differences MU'l(x;;¢") — MU')(z;;¢), with 5/ < n — 1, appearing in
(7.34) and (7.35), so that (7.31) follows, by defining

o.M (w - v;e) Z@V[wus)

TeS?
oViw vie)=krt (T R)( ] sz"”) (7.36)
vEE(T)UV (T) (eL(T
K [ne] [ne]
w1 R) X [(aegee)( IT o))
veE(T)UV(T) LeA(T) 2 EeN(T)\E
where -
n] _ gen [n=1]/,..
i) = ity (M i)
n—1 s ’_2] .
. [n] 8XJ(|Z'I_M[J (IvE)Da . [71—2] 737
O T T L] (730
Opn (Jix = MU (z;e)]) . (n—1](,..
o iz — MO (z;0)|) O iz = M (x’fw

denotes the formal derivative of the propagator. Moreover M (w -v;¢) is defined for all e € £ [n—1]
and it can be extended by continuity to its closure £[*~1 and hence to the full £[%; its extension is
then C* in the sense of Whitney, [19], and satisfies the same bounds (7.10). m

Therefore for all ¢ € £[*~1] the quantities M[™(2;¢) are well defined and formally differentiable
(in the sense of Whitney), so that one has

ggaM (a50)| < 2B, (7.38)
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for a suitable positive constant B, while the propagators admit the bounds
|g£’7’]| S 2714’100—17 |asg£’7’]| S G22(n+1)00—2, (739)

for a suitable constant GG, as it can be easily obtained by reasoning as in the proof of lemma 2; the
bounds (7.38) and (7.39) follow inductively from the formulae and the analysis performed along the
proof of the above lemma, and from the definitions (6.1) and (6.3).

Lemma 4. There are two positive constants b and & such that, for €9 small enough, one has
meas(&) > gg (1 — beg) , (7.40)

where meas denotes the Lebesgue measure.

Proof. Define

7l = ¢,
{Z[n] — g1\ gl forp > 1; (7.41)

note that Z = U 71" = (—¢g,e0) \ £&. We shall prove that one has
meas(Z") < =it wn >0, (7.42)

for suitable positive constants b’ and &'.
For all n > 1 and for all v € Z* \ {0} define

() = {5 c g1l .

iw~u—/\/l[”](w-u;s)’ SOQ|V|7TI}. (7.43)

Each set I1"(v) has center in a point e[ (v). We can easily prove that there exist two positive
constants B; and Bs such that one has

271/7'1

el (p) — gln=1] (u)’ < eoBre B (7.44)
for all n > 2 and for all v € Z* \ {0}. By definition of £"(v/) one has
iw-v— M (w- veMw)) =0, (7.45)

where we are using the Whitney extension of M!" (w - v;e) outside & ["=1] so that, by setting
6e = el(v) — " 1(v), one obtains (again by using Whitney extensions)

0=iw -v— MM (w veMw) =ivw-v - M U(w. v Uw) + 6e)
— Ml (w - v; el (v)) + Mn—1] (w - v; el (v))

= 9. M1 (w-v; gl (v)) de + o(d¢) (7.46)
_ (M[n](w el () — MU (g - ,,;E[n](,,))) 7
by lemma 3; therefore one can use that one has
(MO w3l ) = MO il (@) < 2gDre P22, (7.47)

24



by lemma 2, and

(7.48)

’BEM["_” (w-v;en1l (1/))’ > g,

by (7.38), so that (7.44) follows.
Therefore one has to exclude from the set £~ all the values ¢ around ™ (v) in I (v), which

gives a set of measure
1
de(t
/ de = / ar @ (7.49)
It () At

iw-v— MM (w- vie(t)) = tColv| ™™, (7.50)

where £(t) is defined by

which means

! 1 4
de < dt Colv|™™ < =Cylv|™™, 7.51
/I[n](y) N /71 ol |0 MM (w - vse(t))] — B ol (7.51)

by (7.38).
This has to be done for all v € Z* satisfying |w - v| < 2¢9D, where D is the positive constant
such that g9D is a bound on |M™(w - v;¢))|, i.e. for all v € Z" such that

lv| > & UTENQ. (7.52)
- 250D

This yields that we have to exclude from E[*~1 a set

= | ) M) (7.53)
[v|>No

of measure bounded by

meas(Z") < Z meas(I™ (v)) < const. Z Colv|™™
[v|>No lv|>No

0 (ri—d)/r , (754)
< const.Cy <—> = const.s(l)JrE ,
Co
where ¢ = (1 — 7 —d)/7, so that & > 0 if
T >T+d, (7.55)
which fixes the value of 7.
For all |v| > Ny fix ng = ng(v) such that
elnottl(y) — elrl(v)| < ol ™™ (7.56)
by (7.44) one can choose
ng = no(v) < const. 7y loglog |v]. (7.57)

25



Then for all n < ng define J"(v) as
JH () = {5 e iw. v — MM (w-v;e)| < 200|1/|7“} ; (7.58)

by construction all the sets 11" (v) fall inside JI"}(v) as soon as n > ny.
Then we can bound meas(Z) by the sum of the measures of the sets JH(v),..., J"l(v) for all

v € Z" such that || verifies (7.52). The condition (7.57) on ng implies that such a measure can be
bounded by
const. Z no(v)Colv|~™ < const.ep ™, (7.59)
[v|2No

with a value £ smaller than £ in order to take into account the logarithmic corrections due to the
factor no(v). ®

The above lemmata imply the convergence of the series (6.9) for all values € € £, with £ a Cantor
set with positive Lebesgue measure such that

. meas(E)

as it follows immediately from the construction of £ and from the property (7.40).

8. Properties of the renormalized expansion

To complete the proof of theorem 2 we have still to show that the function (6.9), defined through
the renormalized expansion (6.7), solves the equation (2.4) for all € € £, i.e. that one has

u=ge(Q '+ Qu), (8.1)
where g is the differential operator with kernel g(w - v) = 1/iw - v.

We can write .
ut)=c+ Y UV,
veZd

Uy = ;ﬂ"% (8.2)
Upy = iak Z Val(9),

k=1 He@zy(n)

where 65,, (n) is the set of trees in 97371/ such that the root line has scale n.
Note that for all z # 0 one has

1= Xy (x;e),
,;) (9) (8.3)
Xn(w52) = xo(|2]) - .. Xn—1(Jiz — M2 (@; ) )b (Jiw — M (s e))),
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where the term with n = 0 has to be interpreted as 1o (|x|); more generally for all z # 0 and for all
7 > 0 one has

1= ZX;‘(IZ@“ = MU (s e))) e (liw = M2 (s ) o (Jiw — MU (a5 e))), (8.4)

where again the term with n = j has to be interpreted as ;(|iz — MU= (z;¢)|). Note that both in
(8.3) and in (8.4) only a finite number of addends is different from zero, as the analysis of Section
7 implies, so that the two series are well defined.

By using (8.3) one can write, in Fourier space,

gw-v)e (Q +QE2 glw-v ZX w - V;E) (Q71+QE2)V

=g(w-v) Z Xo(w - vie) (g w - vie)) Hg(w vie)e (Q71 + Q)

n=0

0o (8.5)
=g(w-v) Z (iw v - M (. I/;E)) g w-vie)e (@ '+ Qﬂ2)y

n=0
:g(w-u)i(zw v— M. I/E)iék Z Val(6)

n=0 k=1 eegtu(n)

where @ij(n) differs from @ﬁy (n) as it contains also trees which can have one renormalized self-
energy graph 7" with exiting line £y, if £y denotes the root line of 8; for such trees the line entering
T will be on a scale p > 0, while the renormalized self-energy graph 7" will have a scale ny = j,
with j + 1 < min{n, p} (by definition of renormalized self-energy graph).

Then we obtain, by explicitly separating in (8.5) the trees containing such self-energy graphs from
the others,

gw-v)e (@ +QE2) g(w - u)i(iwqj M= (. Vs)iak Z Val(0)
n=0 k=1 0eOF (n)
+g(w-v) i (iw v M. I/;E)) g (w - vse)
n=1
n—1

Z MUl (w v;e Zsk Z Val(6) (8.6)

p=n j=0 k=1 Geejju(p)
Z (iw v — MU 1/;5)) 9" (w - vie)
n=2
n—1p—1 %)
Z MUl w~u;5)Zak Z Val(6)
p=0j=0 k=1 9eoF (»)
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which, by the definitions (8.2), can be written as

glw-v)e (Q + Qu ) g(w - V)[Z(iw-V—M[n—l](w.V;g))ﬂn7V (8.7)
oo n—1 " n—1p—1
—|—2qu5 ZZM[qusuPV—i—ZXwVE ZZM[qusuP,
p=n j=0 p=0 j=0

We can write

0o co n—1 n—1p—1
Z wvaZZM”w l/aup,,—i—Zle/aZZMj]w Vi €)Up p
n=1 p=n j=0 p=1 j=0
Z (Z Z MUl (w - v;e) n(w-u;s)—i—z Z M[j](w-u;s))(n(w-l/;a))
p=1 Jj=0n=j+1 j=0 n=p+1
o) p—1 [e%s)
22@,,,, MUl (w - v;e) Z Xp(w - vse) (8.8)
p=1 7=0 n=j+1
o] n—1
= Zﬂn)y MU (w-vie)xo(|w-v)... x;(liw-v — MV (w - v;e)|)
n=1 7=0

Vi (fiw v = M@ - vie)]). . aby(fiw - v — ME(w - wie))
s=j+1
1

=3 T 3 MU vie)xo(|w - vl) . x(fiw - v — MU (- ),

3
Il
—
=)

where the identity (8.4) has been used in the last line (with the correct interpretation of the term
with s = j + 1 explained after (8.4)).
By the second definition in (6.3) one has

iM[j] (w-vie)xo(w-v)...x;(Jiw-v — MU (w ve)|) = MP(w - b), (8.9)

§=0
so that, by inserting (8.8) in (8.6), after having used (8.9) we obtain

o0

glw-v)e (@ +Qu ) g(w- V)Z [(iw'V_M[n_l](w'V;E)) + MW vie) T
n=0
=g(w )Y (iw V)i =D Tny =Ty, (8.10)
n=0 n=0

so that (8.1) follows.
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Note that at each step only absolutely converging series have been dealt with, so that the above
analysis is rigorous and not only formal.

Acknowledgments. I'm indebted to Jodo C.A. Barata for interesting and clarifying discussions
about his work [1], and to Daniel A. Cortez for comments on the manuscript.
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