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Abstract

We consider a perturbed Hill’s equation of the form ¢ + (po(t) +epi1(t)) ¢ = 0, where po is real
analytic and periodic, p1 is real analytic and quasi-periodic and € € R is “small”. Assuming Dio-
phantine conditions on the frequencies of the decoupled system, i.e. the frequencies of the external
potentials po and p; and the proper frequency of the unperturbed (¢ = 0) Hill’s equation, but
without making any assumptions on the perturbing potential p; other than analyticity, we prove
that quasi-periodic solutions of the unperturbed equation can be continued into quasi-periodic
solutions if ¢ lies in a Cantor set of relatively large measure in [—eo,20] C R, where £¢ is small
enough. Our method is based on a resummation procedure of a formal Lindstedt series obtained
as a solution of a generalized Riccati equation associated to Hill’s problem.

1 Introduction

In the present work we will consider the one-dimensional Hill’s equation (for a standard reference, see
[24]) with a quasi-periodic perturbation

¢+ (po(t) +epi(t) ¢ = 0, (1.1)

where pg and p; are two real analytic functions, the first periodic with frequency wy and the latter quasi-
periodic with frequency vector w; € R, for an integer D > 1 (for notational details see Section 1.1).
No further assumption is made on the equation, besides requiring that the real parameter ¢ is small and
that the unperturbed equation (i.e. for £ = 0) has a fundamental set of real quasi-periodic solutions.

For py constant such an equation has been extensively studied, also in connection with the spectrum
of the corresponding Schrédinger equation ¢ + eV(wit)p = E¢, with V analytic and periodic in its
arguments; see for instance [11, 27, 12, 19, 29, 25]. We also mention the recent [5] and also [6],
where some properties of the gaps and of the instability tongues have been investigated. Different
perturbations of Hill’s equation, with a L' perturbing potential, have been considered for instance in
(26, 31, 32, 18].

We are interested in the problem of studying conservation of quasi-periodic motions for ¢ different
from zero but small enough. Of course, equation (1.1) can be considered as arising from an autonomous
Hamiltonian system with d = D + 2 degrees of freedom, described by the Hamiltonian

H = QoA+ woAp +w; - A; +ep1(ey) f(A, Ao, o, ap), (1.2)

where (A, Ag, Ay, a, ag, a;) € R xR x RP x T x T x TP are action-angle variables, and f and Qg
depend on the periodic potential pg. For instance if py is a constant, say pp = 1, then the variables



(Ao, ap) disappear, Qo = 1 and f(A, a) = 2Acos?a. In general the change of variables leading to
(1.2) is slightly more complicated, but it can be easily worked out; we refer for instance to [9, 10]. In
such a case the function f is still linear in the action variables. Hence systems like (1.2) are not typical
in KAM theory, because the perturbation does not remove isochrony. What one usually does is to
study the behavior of the solutions, in particular to understand if they are bounded (quasi-periodic)
or unbounded (linearly or exponentially growing), when varying the parameters characterizing the
external potential. In the case of the Schrodinger equation this can be done for a fixed potential,
by varying the energy, which represents an extra free parameter, and information can be obtained
about the spectrum. In [10] this is done for bounded solutions, so that conditions on E are obtained
characterizing the spectrum of the corresponding Schrodinger operator.

Here we are interested in a different case, which has not been discussed in literature. More precisely
we consider the case in which the potential is fixed, and the parameters of py are such that the
fundamental solutions of the corresponding Hill’s equation ¢ + po(t) ® = 0 are quasi-periodic (this
means that we are inside the stability regions). Hence for ¢ = 0 we have d = D + 2 fundamental
frequencies w;, wo, o, where g is the proper frequency of the unperturbed Hill’s equation. Then
we want to study if the solutions remain quasi-periodic when the perturbation is switched on. Even
when this occurs, one expects that the proper frequency of the system is changed as an effect of the
perturbation.

Since the system is in fact a perturbation of an isochronous one, and we have no free parameter
to adjust, either the proper frequency is changed to some perturbation order or it is never changed (if
disposing of an extra additive parameter F, like in the case of the Schrédinger equation, one can use
such a parameter instead of € to change the proper frequency of the system, as it would be possible
in our case by requiring for the average of p; to be non-zero). But to follow all the possibilities
requires some careful analysis, which one can avoid by assuming some non-degeneracy condition on
the perturbation in order to control the change of the frequencies. By non-degeneracy condition we
mean the following: we shall see that in the forthcoming construction of the quasi-periodic solution
we must check at each iterative step whether the average of some function depending on p; vanishes
or not, and according to such a property the algorithm has to be changed (for instance at the first
step such a property is equivalent to having that the average of p; vanishes or not). Hence one could
impose some non-degeneracy condition of p; by requiring that at some step the corresponding average
is non-zero. On the contrary we do not want to impose any condition on the perturbing potential py.

Degeneracy problems of this kind are known to be not easy to handle. An example is given
by Herman’s conjecture in the case in which one has a system of N harmonic oscillators where no
assumption is made on the coupling terms of order higher than two: in such a case the conservation
of a large measure of invariant tori has been be proved only for N = 2 [17]; cf. also [28]. We can
mention also Cheng’s results on the conservation of lower (N — 1)-dimensional tori for systems with N
degrees of freedom [7, 8]. In both problems, nonlinear oscillators and lower dimensional tori, additional
difficulties arise when one looks for a solution without making any assumptions on the perturbations.
The involved difficulties are very similar to those of our problem, because in all cases they are due
to the change of the frequencies. Also in Herman’s case, of course, the problem rather simplifies if
one assumes a non-degeneracy condition on the perturbation, which allows to remove isochrony to
first perturbation order, but solving the problem in the general case is still an open problem. Even if
we never really thought about it, we think that Herman’s case is more difficult with respect to ours
because in that case all frequencies can change, whereas in our case most of the frequencies are fixed
and only one of them can change.

To come back to our problem, we fix the unperturbed torus and study for which values of € (small
enough) such a torus is conserved. In particular we are interested in the dependence on e of the
conserved torus: we shall find that the torus will be defined for € in a Cantor set of large relative
measure, and for such values of € the system turns out to be reducible, that is conjugated to a constant
flow [22]. We shall see also that one can give a meaning to the perturbation series, through a suitable
resummation, in an analogous way to what was done in similar contexts in [14, 13, 15].

As physical applications of (1.1) one could think of Hill’s equation for the motion of the Moon



which is perturbed by the presence of the other planets (in the approximation in which the latter
move in their Keplerian orbits, and only their influence on the Moon is taken into account). For an
introduction to Hill’s problem in astronomy we can refer to the classical textbook by Szebehely [30].
We can also mention a paper by Avron and Simon [1], in which the theory of quasi-periodic Hill’s
equation is applied to the problem of the rings of Saturn, even if that application is more in the spirit
of quasi-periodic Schrodinger operators (in the sense that they consider a free parameter which has the
role of energy in order to study the complex groove structure in the rings). Likely the stability problem
for a many-body system consisting of Saturn, a test dust particle and Saturn’s satellites (considered
as perturbations) could be studied by applying the theory developed here.

We assume that (1.1) for ¢ = 0 has two linearly independent solutions (fundamental solutions)
which are quasi-periodic. By Floquet’s theorem [24], there are two such such solutions of the form
$1(t) = e™0lwy(t) and ¢o(t) = e~ *0lwy(t), with wy and wy both periodic with period 27 /wg and
Qp € R. We do not study directly the equation (1.1). Rather, we shall write ¢ in terms of a suitable
function u, for which a first oder differential equation can be derived. Indeed by setting

¢o(t) = const.exp <z /Otgo(t’)dt’), Q) = exp (—2i /Ot go(t’)dt’>,

where ¢ is a quasi-periodic solution of (1.1) for e = 0, with rotation vector (wp, y), where the proper
frequency € is the average of gg, and defining

¢
o) = e (i [ att)ar), g(t) = izQyulo (13)
0
one finds that u has to solve the equation (see Section 2.2 for details)
U = R+ eQu?, R = pQ 1, (1.4)

which is an ordinary differential equation which could be of interest by its own.

The advantage of this procedure is that, as we will see, we will be able to look for a solution of
(1.4) with the same rotation vector w = (w;, wo, o) of the unperturbed system, something which
cannot be done for the full unperturbed system, as the proper frequency ) is expected to change
(as usually happens when perturbing an isochronous system). In principle one could also develop a
resummation method directly for the original equation (1.1), but we do not expect no simplification
with that approach.

That such a solution u(t) exists can be shown, and this is the core of the paper, provided one
assumes, besides an obvious Diophantine condition on w, that e is small enough, say |e| < &g, and
belongs to a suitable Cantor set £ of large relative measure in [—&g,g]. By the latter we mean that
one has lim. o+ meas(€ N [—¢,e])/2e = 1, with meas denoting Lebesgue measure.

To recover the solution ¢(t) we have to express it in terms of u. By using the relations given in
(1.3) one realizes that, first, the solution could be unbounded (if the imaginary part of the average (g)
of g did not vanish), and, second, even if this did not occur, an extra frequency Q. = Qo + (g) would
appear in addition to the d frequencies already characterizing the model, which would sound strange.
But one can check that both problems are spurious, as (g) turns out to be real and dependence on
time of the function ¢(¢), which, in principle, could be through the variables w;t, wot, Qot, Q:t (by
construction), is indeed only through the variables w; ¢, wot, €2.t, as formally noticed in the case treated
in [2]. In other words, the dependence on Qqt disappears, and this means that the maximal torus,
which in absence of perturbation has rotation vector (w;, wo, ), can be continued for ¢ € £, and
the last component of the rotation vector is changed into an e-dependent quantity 2. (that the other
components cannot change is obvious by the form of the equations of motion). Hence the solution
of (1.4) provides directly a perturbation expansion for the correction of the proper frequency of the
system: indeed Q. — Q¢ = (g), and g is expressed in terms of the solution wu.

Another advantage of our technique is that we will be able to write asymptotic expansions for the
solutions, in terms of divergent power series, which can provide an accurate description of the dynamics



within any prefixed accuracy. More precisely, we do not prove that the series do not converge, as we
have only bounds on the coefficients of the formal power series expansion. Though, divergence of the
series is very likely; cf. also [15], Section 7, for an analogous discussion.

We can now state our results in the following theorem.

Theorem 1.1 Let po : R — R be real analytic and periodic with frequency wo and such that the
fundamental solutions of the corresponding Hill’s equation g5+ po(t) = 0 are quasi-periodic with a
proper frequency Qg € R. Let p1 : R — R be real analytic and quasi-periodic with frequency vector
w; € RP for some D > 1. Define w = (w;, wo, ) € R with d = D + 2 and assume that
m - w; +nwo +2Q0 # 0, ¥(m, n) € ZP+! and, moreover

OO d
w-vl > —, WweZ 0},
vl > \ {0}
for two fixed positive constants Co > 0 and 7 > d — 1 (Diophantine conditions). Then, there exists
go > 0 small enough and a Cantor set £ C [—eg, €o] of large relative measure in [—eq, o] such that, for
all e € €, (1.4) admits a quasi-periodic solution of the form

u(t) = Uwt; €) = Z U, (e)e™ v,

vezd

where the sum above is absolutely and uniformly convergent for allt € R and all € € €. Moreover, for
all e € &, the system (1.1) is reducible and it has a quasi-periodic solution of the form

Qb(t) _ (I)(Qst, wyt, wot; E) _ eiQEt Z (i)mm(E)ei(M'gl-i-nwo)t7

(m,n)ezP+

where, by denoting with (-) the average of a quasi-periodic function (that is the constant term in its
Fourier expansion), one has Q¢ := Qo+ (g) = Qo +ie{Qu) is real, and the sum above is absolutely and
uniformly convergent for allt € R and all € € £. Finally, if (g) = 0 then & = [—¢eq,e0] and Qe reduces
to Qo. O

In particular the proof of the result will imply that the equation is reducible for ¢ € £. This
means that for all € € £ the solution of the matrix equation X = P(t)X corresponding to (1.1) can
be written as X (t) = Y (wot,w;t) e“* Xy for some constant matrix C; one says in such a case that the
flow is conjugated to the constant flow e“* [22]. Tt would be interesting to study what happens for ¢
outside the set £ (cf. the results proved for the case of the Schrodinger equation with py = 0 and other
related models [12, 21, 23]). Note that the fundamental solutions of the linear differential equation
(1.1) depend on the resummation method that we will introduce later, and as the latter is not uniquely
defined the solutions themselves can not be proved to be unique. Furthermore we can not exclude in
principle that other quasi-periodic solutions exist, possibly with the same asymptotic expansion (in
fact no uniqueness result as for analytic or Borel-summable functions can be relied upon). All these
issues are not exclusive of our work, rather they are a limitation of the method itself and it appears in
other problems where it has been applied (as in [13, 14, 15]). In our case this in not really a problem
as far as we are interested in the solutions of (1.1) for ¢ € £, because what we really need is finding any
set of fundamental solutions in order to write down the general solution. However, also the set £ of
allowed values of the perturbation parameter depends on the resummation method, and it can happen
that by giving a different prescription a different set is obtained: in principle a value of ¢ which does
not belong to £, hence which has been excluded in our resummation, can become allowed by changing
the resummation procedure. Hence one can ask if there are values of ¢ which are excluded by any
possible resummation method, and, if any, what happens for such values.

The rest of this paper is devoted to the proof of the above theorem.

We organize this work as follows: in Section 2 we motivate and discuss the Ansatz used to solve
(1.1) and in Section 3 we introduce the tree representation of the perturbative coefficients obtained,



which is the basis for the forthcoming analysis. Section 4 is devoted to the solution of the “zero
mode” problem, which is essential for constructing a consistent quasi-periodic solution for (1.4). Next,
Section 5 brings the core idea of this paper: the renormalization of the formal solution. This process is
implemented through a multiscale decomposition of propagators and a suitable resummation technique.
As described in Theorem 1.1, the result is a convergent quasi-periodic solution for (1.4), well defined
in a Cantor set £ of relatively large measure in [—eg,£0]. Section 6 is devoted to the proof of some
technical lemmas which are related to estimates on the so called “self-energy values”. This lemmas
are crucial in the proof of Theorem 1.1, which is essentially performed in Section 7, where convergence
of the renormalized expansion is shown. Next, in Section 8 we provide estimates on the measure of
the set & where the renormalized solution exists. It is shown that £ is of relatively large measure in a
compact set [—eg,e0]. Finally, Section 9 completes the proof of Theorem 1.1 by analyzing properties
of the renormalized expansion. Section 10 closes the paper by discussing the rather trivial situation
where we cannot fix the zero modes as in Section 4. This is the situation where the proper frequency
of the unperturbed Hill’s equation in unchanged when the perturbation is switched on, i.e. Q. = Q.

1.1 Basic notations

In this paper IN will denote the set of positive integers, Z the set of all integers and R the set of real
numbers. Note that 0 ¢ IN. For any n € IN, Z" (or R") is the Cartesian product of Z (or R) n times.
The set T denotes the one-dimensional torus, i.e. T = R/27Z. T™ is the n-dimensional torus. For
any n € IN, Z” is defined as Z" \ {0}, i.e. Z? is Z™ with the exception of the zero. The same applies
to R".

Vectors in Z™ (or R™) will be denoted either by boldface or underline characters. Boldface charac-
ters will be used to denote vector in a certain dimension d, i.e. w € R%, v € Z®. Underline characters
will be used to denote vector in a certain dimension D < d, i.e. w; € RP, m e ZP.

The scalar product in R™ will be denoted as usual by a dot: v -w := vyw; + -+ + vyw,, for
v,w € R". The ¢!-norm of a vector v = (vy, ..., v,) € R" is |v| := |v1|+- -+ |vn]|, where in the r.h.s.
| - | denotes the usual absolute value in R (or €). The complex conjugate of z € C will be denoted by
z*. For any discrete set A we denote by |A| the number of elements of A.

Given a periodic or, more generally, a quasi-periodic function f (with components of its rotation
vector which are rationally independent), we denote by (f) the average of f,

T
1) = Jim o [ ats) = fo,

where fo is the constant term of the Fourier expansion of f [20].

The symbol O will be used at the end of the statement of a theorem, lemma or proposition and B
will be used at the end of a proof.

2 Perturbative analysis

In this Section we will begin our perturbative analysis. We start from a given complex quasi-periodic
solution for the unperturbed version of (1.1), i.e. for € = 0, and search for a perturbative solution for
the full equation that formally tends to this unperturbed solution as ¢ — 0. For this, we apply an
exponential Ansatz, whose geometrical motivation we briefly discuss below, leading to a generalized
Riccati equation (equation (2.8), ahead). In the core of this paper we prove that this generalized
Riccati equation admits a quasi-periodic solution under suitable conditions on the frequencies and
on the coupling parameter ¢ and, as we prove below, this implies quasi-periodicity of the perturbed
solution of (1.1).

However, as we shall see, boundness on the solutions of (2.8) will automatically imply stability on
the associate solutions of Hill’s equation. This will become more clear with Proposition 2.3.



2.1 Unperturbed equation

The following elementary result presents some basic properties of complex quasi-periodic solutions of
the unperturbed Hill’s equation that partially motivates the approach of Section 2.2.

Proposition 2.1 Let pg: R — R be an analytic periodic function with period Ty = 2w /wq, such that
the equation

(t) +po(t) 6(t) = 0 (2.1)
has two non-trivial, real, analytic, quasi-periodic and independent solutions ¢, and ¢p. Then, the
complex quasi-periodic solution ¢o(t) = ¢a(t) + idp(t) can be expressed in the form

¢o(t) = exp (iQ0t + itho(t)) , (2.2)

where Qo € R and ¢y : R — C is an analytic periodic function with frequency wg. O

Proof. Since the Wronskian W(t) = gba(t)gb.b(.t) — dp(t)da(t) is a non-vanishing constant, W(t) =
Wo # 0, ¥ € R, one has [Wol < [6a(®)] 60| + [60(8)] [6a(8) < D(l6u(®)] + l6u(t)). where
D := max{sup;cg |¢a(t)|, sup,cr |Ps(t)]} < oo, because ¢, and ¢, are both, by hypothesis, quasi-
periodic. Let ¢g := ¢, +i¢p. By the equivalence of the /! and ¢ norms, there exists a constant C' > 0

such that
6o)] = VIGa®F + 16 2 Clloa(®)] +en)) = Tl g, (23)

This tells us that the quasi-periodic complex function ¢y remains outside of a neighborhood of the
origin for all times. Under these circumstances, a theorem of H. Bohr [4], implies that we can write

do(t) = exp(i€dot + iPo(t)), where Qo € R and vy(t) : R — C is almost periodic. Floquet’s theorem
guarantees that v is periodic with the same frequency of pg. [ |

We clearly see from (2.2) that € is the rotation number of ¢g.
Since ¢} is also a solution of (2.1) (because (2.1) is real), the most general (complex) solution is

Al exp (—F’LQ()t + Z’l/)o (t)) + AQ exp (—’L'Qot — Z’l/)o (t)*) s (24)

with Al, A € C.
Defining the periodic function go(t) := ¢o(t) + Qo, we can write

t .
¢o(t) = exp (z/ go(t") dt’) e (0) (2.5)
0
Since (o) = 0, we have Qo = (go).

2.2 Perturbed equation and the exponential Ansatz

As we mentioned, the representation (2.5) is possible because (2.3) tells us that the quasi-periodic
complex function ¢ runs outside of a neighborhood of the origin for all times. It is tempting to
presume that this sort of stability property is preserved when the perturbation is switched on and that
the periodic function g is replaced by a quasi-periodic one in the form go + g, where g vanishes when
¢ — 0. This is the motivation for the steps that follow.

Let us now consider the perturbed equation (1.1) with p; : R — R analytic and quasi-periodic,
with frequencies in the set {m - w;, m € ZP} for some D > 1. The motivations presented above (see
also [2]) lead us to search for a solution of (1.1) with the following form

o) = ouen (i [ at1ar') = e (i [ (e + gt ) o) (26)



with g vanishing identically for € = 0. It is easily verifiable that g must satisfy the following generalized
Riccati equation:

G+ ig* + 2igog —iep1 = 0. (2.7)
Remark 2.2 Of course in this way we are considering a solution which reduces to the first function

in (2.4) for e = 0. In the following we could also consider solutions continuing for € # 0 the second
function in (2.4), and the analysis would be the same.

The idea now is to search for a quasi-periodic solution g for the above equation. In this case,
¢(t) = exp (iQet + irp-(t)), where

Q=+l and G0 =)+ [ 6) () ar

Note that, if such a g exists, 1. would be also quasi-periodic. However, in order to assure that ¢
is quasi-periodic we have to show that €. is a real number, which is the case iff (g) € R. This is
established by the following proposition that shows that if g is quasi-periodic, then ¢ is automatically
stable, i.e. the Lyapunov exponent Im(£2.) vanishes.

Proposition 2.3 Let us assume that (2.7) has a quasi-periodic solution g. Then the average of g is
real, that is (g) € R. O

Proof. Write go = xo + iyo and g = = + iy. Note that {(go) = Qo € R, hence (yo) = 0. One has
igo — g2 + po = 0, whose imaginary part gives ig = 2xyo. Moreover, one has §+ig* + 2igog —iep1 = 0
(equation (2.7)), whose real part is & — 22y — 2zyp — 2yxo = 0. Combining the two equations we obtain
& — 2xy — 2x0y — 22y + (—220Yo + o) = 0, hence & + &g — 2(y + yo)(z + ) = 0.

By defining z = = + xo the above equation becomes Z = f(t) z, where the function f(¢) = 2(y(t) +
yo(t)) is bounded (and quasi-periodic), hence, by explicit integration,

z(t) = exp (2 /Ot[yo(t’) +y(t)] dt') 2(0),

where z(0) = 20(0) + 2(0) # 0 (if 2(0) = 0 then z(¢) = 0 for all ¢, hence z(t) = —x((¢) for all ¢, which
requires zo(t) = z(t) = 0 for all ¢, and this is not possible as (x¢) = Qg # 0, so that z((t) cannot vanish
identically). On the other hand z(¢) has to be a bounded quasi-periodic function, and this requires
(yo + y) = 0, so that one has (y) = 0. [

Therefore, we can establish that ¢(¢) given in (2.6) is quasi-periodic provided we find a quasi-
periodic g. Further remarks on properties of ¢ will be discussed in Section 9.

A slightly simpler version of the generalized Riccati equation (2.7) above was studied in [14] by
a tree expansion method (see, e.g., [16] and references therein). So, the idea now is to try to adapt
the analysis of [14] to the context of the problem posed here. Of course new problems are expected
because no non-degeneracy assumption is made.

First of all, let us rewrite the Riccati equation (2.7) as in [14]. Since ¢ # 0 for all ¢ € R, we define
u(t) by g(t) = icQ(t)u(t), where

Q) = exp (-2 | tgoos’)dt’) = (6o(t) 2,

which, by (2.2), is also quasi-periodic. We also define,

¢
R(t) = pi()Q() ™" = pi(t)e3(t) = pu(t)exp <2Z/ go(t’)dt'> :
0
With the above definitions one trivially checks from (2.7) that
0 = R+eQu?, (2.8)

which is very similar to the equation studied in [14]. The main difference with respect to [14] is that
now no assumption is made on the perturbation.



3 Tree expansion

Now we pass to the perturbative expansions and a graphic representation that will conduct our analysis.
As a first attempt (and also just to introduce notations) we search for a solution of (2.8) as a power
series in €:

u(t) = isku(k)(t). (3.1)
k=0

Note that, in principle, u does not vanish identically for € = 0, but g does, since g ~ eu. By inserting
the above Ansatz into equation (2.8), we arrive at
40 — R,
W™ =qQ > wFu®) g1, (3.2)

ki+ko=k—1

Since we search for a quasi-periodic solution u of (2.8), it is natural to introduce the following Fourier
decomposition:

u®(t) = Z ulP et (3.3)
vezad
for some d > 1 to be conveniently fixed later. Our goal now is to find a graphical representation in
terms of trees for the Fourier coefficients u{”, as in [14].

We now proceed and write the Fourier decomposition of the functions pg, p1, ¢o, @ and R. Since
po is periodic with period Ty = 27 /wq, while p; quasi-periodic with spectrum of frequencies contained
in the set {m - w,, m € ZP}, we simply have

nt) = Y PO ) = Y pemen,

nez mezZP

We write the Fourier decompositions of (;5(2) and ¢, 2 as follows:
(9o(1)* = Do FPeilrentBhlt - (go(1) 7 = B FHelnenH0,
nez nez
Therefore, the Fourier decomposition of R is

R(t) — Z Pg)eim'glt Z f’r(f)ei(nLU()'i‘QQo)t — Z Rueil/'wt ,

mezZP neZ vezd

where
v = (m, ny, n2), d:=D+2, w := (w, wo, Qo) (3.4)
and R, = (ml)]-',(ﬁ)ém_g.
With this notation, the Fourier decomposition of @ is as follows:

Q(t) — Z‘/«—_;(Lfﬂei(nwo*%lo)t — Z Queiwwt,

nezZ vezd
where v, d and w are as (3.4) and @, := 5@9‘7:7(11_2)57127*2-
Remark 3.1 We assume the following non-resonant condition on the frequency vector w: m - w, +
nwo + 20y # 0 V(m, n) € ZP+1. We also impose a Diophantine condition on w, namely:

Co

vl

Vv e 7 | (3.5)

|w-v| >

with Z4 := 74\ {0}, for two fived positive constants Cy and 7 > d — 1.



Remark 3.2 By the analyticity assumption on pg and p1 one obtains the following decay for the
Fourier coefficients of Q and R:

IR,| < Qe Q| < Qe ", (3.6)
for some positive constants Q and k. This will be essential in our forthcoming analysis.

We now proceed and insert the decomposition (3.3) into (3.2). The result is the following recursive

relations for the coeflicients u,(,k), v #0:

(iw - u)u,(,o) =R,,

(k1) (k
(iw - u)u( DY T DA Q,,Ou,,;>u§,22) , Vk>1, (3.7)

for all v # 0. Since the Lh.s. of (3.2) has zero average, one must also impose

0 = Ro
0= > > Quulul) = ([QutY) L k> 1. (3.8)

ki+ko=k—1vo+vi+v2=0

We note that Ry = P(l)f(2)50 2 = 0 so there is no problem with the requirement 0 = Rp.

The graphical representation of the coefficients u( ) s very similar to [14]. We give below the
complete definitions with the end of making self-contained the exposition.

Definition 3.3 A tree 0 is a connected set of points and lines with no cycle such that all the lines
are oriented toward a unique point called the root. We call nodes all the points in a tree except the
root. The root only admits one entering line (called the root line). The orientation of the lines in a
tree induces a partial ordering relation = between the nodes: given two nodes v and w, we shall write
w = v if v is a long the path (of lines) which connects w to the root. We can identify in 0 the following
subsets.

. B(0):
ol

the set of endpoints in 0. A node v € 6 will be an endpoint if no line enters v.
E(6): the set of white bullets in 6. With each v € Ew (0) we associate a mode label

) €
0, an order label k, € Z and a node factor F, = a®»).

e Ep(0) =E(9)\ Ew(0): the set of black bullets in §. With each v € Ep(0) we associate a mode
label v, # 0 and a node factor F, = R, .

o V(0): the set of vertices in 0. If v € V(0), then v has at least one entering line. We associate
with each vertex v € V(6) a mode label v, € Z? and a node factor F, = Q,, .

e B(0) = Ep(0) UV (0): the set of black bullets and vertices in 6.

o L(0): the set of lines in 0. Fach line £ € L(0) leaves a point v and enters another one which we
shall denote by v'. Since £ is uniquely identified with the point v which € leaves, we may write
¢ ={,. For each line { we associate a momentum label v, € Z% and a propagator g; = 1/(iw-vy)
ifve #0 and go = 1 if vy = 0; we say that the momentum v, flows through the line £. The
modes and the momenta are related by the following: if £ = £, and ¢, {" are the lines entering
v, then

Vyp =Vy+Vpy +Vpr = Z Vy - (39)

weB(H)
w=v

We call equivalent two trees which can be transformed into each other by continuously deforming the
lines in such a way that they do not cross each other.



Definition 3.4 Let 7Tj, ., be the set of inequivalent trees 0 satisfying:

1. for each vertex v € V(0), there exist exactly two entering lines in v;

2. for each line £ which is not the root line one has vy = 0 if and only if ¢ leaves a white bullet;
3. one has |V(0)| + 2, ey () kv = ks

4. the momentum flowing through the root line is v.

We refer to Ty, as the set of trees of order k and total momentum w.
Based on the above definitions, we write for all k > 0 and for all v € Z%, v # 0:

uf) = 3" Val(9),  Val(d) = [ [] o I =], (3.10)

0€Tk, LeL(0) vEE(0)UV (0)

where Val : 7, , — C is called the value of the tree § and

; , Vi #0, Qlluv v e V(@),
ge = { e F, =< R,,, wv¢€Eg®), (3.11)
1) ) ak) v e By (6).

All the trees which appear in the expansion of the coefficient u,(,k) belong to 7 .. Reciprocally, every

tree in 7y ,, appears in the graphical expansion of u,(,k). It is clear that the constants ugk) = o'® should

be recursively fixed from conditions (3.8). We leave this for next section.

4 Analysis of the zero modes. Fixing a®), &k > 0

We now analyze equations (3.7) and (3.8) in order to fix a*), k& > 0. One should keep in mind that
these equations are of a recursive nature. Therefore, one first starts by fixing u,(JO), v # 0, from (3.7),
then one fixes a(?) from (3.8), then one goes back to (3.7) to fix u,(}), v # 0, and so on. Our intention
here is to obtain a general recursive expression for the zero modes coefficients a¥). We shall prove

that, apart from a spurious situation, the only possible choice of constants a*) compatible with (3.8)
is k) = 0, for all £ > 0.

Remark 4.1 Let § € Tpp, k > 0, v € Z4. Since k = |V(0)| + > ve By (o) kv, one clearly has
0 <|V(0)| < k. If, e.g., Ew(0) contains only one white bullet with order label k, then |V ()] = 0;
on the other hand if Ew (0) contains only white bullets with order label all equal to zero or if it
is an empty set, then |V (0)| = k. Another simple observation is that, by topological reasons, the
total number of endpoints of 6 is exactly |V (0)| + 1 (this can be easily proved by induction). So,
|Ew ()| + |Eg(0)] = |V ()] + 1 and one has 0 < |Eg(9)] < |V(6)| + 1.

Lemma 4.2 In u,(,k), k>0, v=(m,ni,ng) € Z% ny belongs to the following set of even integers:
{-2k,—-2(k-1),...,—2,0,2}. O

Proof. For k = 0, no = 2 since uﬁ?) X Opy,2. Now let £ > 1 and 6 € 7, be a tree contributing to
, in Val(¢) and with each black bullet

b € Ep(0) the factor § @) ,. Thus, due to the conservation of momentum (3.9), one must have the
2

u,(,k). With each vertex v € V() one associates the factor 6n<u) _
57,

constraint ny = 3,y () né”) +2 beEn ) néb) = 2|Ep(0)|—2|V (9)| in the root line. From Remark. 4.1,
one concludes that no = =2k, —-2(k —1),...,-2,0,2. [ ]
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Definition 4.3 Let 0 € Ty, k > 0, v € Z¢, such that Ew () is non-empty. Let Ag C Ew(6) be
non-empty. We define 0\ Ay as the Ag-amputated tree generated by amputating the subset Ay of white

bullets from 6. This means that Val(f \ Ag) = Val(@)(HveAe a(k“))_l, where kg\_Ae =k =2 e, kv

denotes the order of the Ag-amputated tree. We call amputated line any line coming out from a whzte
bullet in Ag, after amputation of Ag. Now let 77@(,1;) ={0 €T, : Ew(0) = {v} with k, = p}. This
means that a tree in ’Tk(f,) has only one white bullet with order label p (and hence k—p vertices). We now
amputate the white bullet in ’Z;C()Z:J) ; this gives the definition of the set ’]N;(f,) ={0\Ew() : 0 € 77@ }
Of course the order of a tree in ’]N;(f,) is equal to its number of vertices, which is just k —p. We also

introduce here the shorthand: ﬁ{?}) =: ’f}c,,,, for all k > 1.

Remark 4.4 me the previous definition and from the fact that go = 1 when £ leaves a white bullet,
one notes that ’T ’Z}c P

Lemma 4.5 Let k > 1, then <[Qu2](k’1)> = Zi;é o) Gr—p, where, for oall j > 1, G; =
ZGG’?},D Val(@). a
Proof. By using the definition of ([Qu?]*~1), the definition of tree value in (3.10) and the notations

of Definition 3.3 one can write
<[Qu (k= 1)> Z Val(d

0€Tk 0
Now let vq = (ml,ng),nél)) € 74 and vy = (mQ,ng),ng)) € 7% TFrom Lemma 4.2, n(l) €
{-2k1,—2(ky — 1),...,-2,0,2} and nf) € {—2kg, —2(ks — 1),...,—2,0,2}. To be more precise, let

0; € T, v,, j = 1,2, be a tree contributing to u,(,lzj), then ngl) =2(by —v1) and ngz) = 2(by — v3), where
b; and v; are the number of black bullets and the number of vertices in §;, respectively. From 6; and
02 we would like to construct a tree 6 € T, 0, k = k1 + k2 + 1, contributing to <[Qu2](k_1)>. First one

must note that the root lines of 6; and 62 enter a vertex in § with mode vy = (0, ng ), —2). As the line

which exits this vertex (root line) carries zero momentum, one has the constraint —2 + n(l) + n(2) 0.
Thus, (b +b2) — (v1 +v2+1) = 0. This last relation implies that |[Ep(6)| = |V (0)], so (see Remark 4.1)
the tree 6 contributing to <[Qu | (k= 1)> must have exactly one white bullet (with some order label p).
Of course |[V(0)]| +p=k and 1 < |V(0)| < k, hence 0 < p < k — 1. Therefore, one can write

k—1 k—1
<[Qu2]<k*1>> = 3 S vae) = S Y a®val(9\ Ew (6))

p=0 967—(?) p=0 067—(?)
S 0L SRR ST STl
HGT(T’) eeTk p,0

where Remark 4.4 was used. Hence the assertion is proved. Note that, by construction, G;, j > 1, is
expressed by a sum of trees with no white bullets such that they have exactly j black bullets and j
vertices. |

Definition 4.6 Letk > 1 and 'Z} v as in Definition 4.3. We split ’Tk v into two disjoint sets as follows:
’]76,, = ’];CCVUT <, where

° ﬁcy set of trees in ﬁw, such that the amputated line is connected to the root line;
° ’]N;C”,f : set of trees in ’]Nky,, such that the amputated line is not connected to the root line.

We call a tree in T,°,, as a c-class tree and a tree in ;s as a nc-class tree. Note any nc-class tree has
order k > 2.

11



Any tree in 7;'¢ can be transformed to be drawn in its “canonical form” as depicted in Figure 1.

Indeed, let 0 € ’ﬁ"f,, k > 2, v € Z%, be arbitrary. Let v} be the vertex connected to the amputated line
of 0. Define v}, as the vertex such that one of its entering lines is exactly the line exiting v]. Define
v;- inductively as the vertex such that one of its entering lines is exactly the line exiting U;;y If, for
some j > 2, v is the vertex connected to the root line, then we set n := j. Now relabel the n vertices
defined above as follows: v; = v;,_;,;, 1 < j < n. The vertices v; will be called canonical vertices.
Set 0, 1 <j <n—1, as the subtree whose root line is the one entering v; and not exiting v;1; 6, is
defined as the subtree whose root line enters v,, not being the amputated line. The subtrees §; will
be called canonical subtrees. Now draw the tree in such a way that the root line of each 0;, 1 < j < n,

nc

is the upper line entering the vertex v;: in this way 6 € k. is as represented in Figure 1. From now

on, any tree in 7,'¢ is thought of as being drawn in its “canonical form”.

Figure 1: Canonical form of a tree in ﬁ"ﬁ The
dashed bullet represents a general subtree contain-
ing only black bullets. Each canonical subtree 6;,
1 < j < n, is of order ko, and contains exactly
k@j vertices and k@j + 1 black bullets. Taking into
account the n canonical vertices {1}17 A ,vg}7 one
has k =n+ 377_, ko;. Note that 2 <n < k. The
amputation of the white bullet leaves a line with
vanishing momentum connected to the vertex v,;
we call amputated line such a line.

ko .
Remark 4.7 Fach canonical subtree 0; C 0 defined above gives a contribution to uf,jej) if ko, is the

order of 0; and if v; is the momentum flowing through its root line. Of course v; # 0 since this would
give a contribution to o'*9) and white bullets are discarded along the construction. Each line in L(6),
which is neither the root line nor the line exiting from the amputated white bullet, can be seen as the
root line of a subtree, hence it must have a momentum different from zero, as there are no other white
bullets.

Remark 4.8 Note that there are 2™ inequivalent trees in Nk",ﬁ admitting the same canonical form with
n canonical subtrees. 7

One now writes the value of a canonical subtree §; as

by

Val(6,) =

=BY . £0, 1<j<n.
iW'Vj v; o J?’éa S=J=n

Therefore, 6; gives a contribution to the function B;(t) = fot dt’ b;(t') + C;, where the integration
constant C; is chosen in such a way that summed to the constant term arising from the definite

) j
integral gives the zero Fourier mode of Bj;, that is Cj — > 4 % = B(()]). One can write
Bi(t) = Y B = [, (11)

vezZsd

where the above integral has to be interpreted as a shorthand notation with the integration constant
C; fixed by imposing B[()J ) = 0. One should think of it as just a zero average primitive of b;.

12



Lemma 4.9 Let 0 € ﬁ"g be a nc-class tree as the one in Figure 1 with order k > 2 and 2 <n < k
canonical subtrees 01,...,0,. Let No := {v, € Z¢ : v e B(0)} and a;(t) := Q(t)B;(t), 1 < j < n.

Then
ZV&I(@) = <a1/a2/---/an_1/an> , (4.2)
No

where all the integrals are in the sense of (4.1). O

Proof. Let 1 < j < n and denote by v ; the Fourier mode of the canonical vertex v; and by v; the
momentum flowing through the root line of the canonical subtree 6;. Note that v ; # 0, since this
would give Qo = 0. Also v; # 0 and more generally, v, # 0, for all £ € L(0) different from the root
line and the line leaving the amputated white bullet (see Remark 4.7). Now the momentum flowing
through the root line is zero, which means that Z v+ Z _1v0,; = 0. Therefore, by an explicit
computation,

- H] 1QVUJ "J
11> =

r=1 v, vo,r Hj:l p:l iw - (Vn—p+1,0 + Vn—pt1)

= (@B [ [+ [@B.) [@B)) . (43)

which proves the statement. [ |

> Val(6)
No

Let 0 € ’Tk"(c) be a nc-class tree as the one in Figure 1 with order £ > 2 and n < k canonical
subtrees 61, ...,60,. Of course if some two canonical trees 6;, 6; are equivalent, then one gets the same
contribution in (4.2) by permuting a; with a;. This motivate us to glve the following definitions: let

= {61,...0,} be the collection of all canonical subtrees of 6 € 77@"(0) We split © into 1 < m < n
d18301nt subsets £, 1 < j < m, such that E; is composed by all trees in © which are equivalent to 61,
Es is composed by all trees in © \ E; which are equivalent to the first tree of © \ E; and so on. In this
way, © = U;il E;, where each Ej; collects together all trees which are equivalent to each other. Of
course each subset F; contains r; = |E;| (equivalent) trees such that ZT:l r; = n. The contribution to
(4.2) of all trees within the same E; is denoted by ap;, where it represents the function a,, associated
to the tree 8, which is equivalent to all trees in E;. Now, let S,, denote the usual permutation group of
n elements. We define S& := S, \{r € S,, : n(i) = j if i # j and 0;,0; € E, for some 1 <1,5,p < n}.
The set SO will be called the set of all valid permutations within ©.

Lemma 4.10 Let 0 € ’]i”g be a nc-class tree as the one in Figure 1 with order k > 2 and n < k
canonical subtrees 61, ...,60,. Then

(_l)nJrl d Tm
< 1>/ w<2>/ r(3) * /ﬂ<n>>—m 7B - 4E,) ) =0,

where Ag, = [ag,, for all1 < j < m. O

TESY

Proof. First let us assume that all the subtrees 61, ...6,, are different. Therefore we have a1 # as #
- # a, in (4.2). With this assumption © = {61,...,0,} = U;_, E; with E; = {6;} and r; = 1 for
all 1 < 5 <n. By an integration by parts, one has

(on for v o) =~ {(fone o) (o2 [ )}

so that by summing also the term 1 « 2 and performing another integration by parts, one obtains
<a1/ag/a3.../an>+<a2/a1/a3.../an>
d

= — as. .. (079 & (AlAQ) = aq ... (479 (A1A2 ag) .
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Note that to construct the derivative of (A1 A3) above we have used the 2! = 2 permutations of a1, as:
(123 ---n)and (213 --- n). So, by using also (132 ---n), (312 ---n)and (321 ---n), (231 ---n),

T e o) ity i (o o)ttt

Therefore, the sum of the 3! = 6 terms obtained by the permutation of aq, as, a3, gives

((Jor fo) & htaan) = ([ [ o) titssan).

We now go on and sum the 4! = 24 terms obtained by the permutation of aq,as,as,as to obtain a
derivative of (A; A2 A3 A,). We iterate this procedure until exhausting the n! permutations of a1, . . ., an,

giving
d
<a7r(1 /aw (2) /aw(s /aw(n)> = (_1)n+1 <_dt (A1As .. 'An)> =0,

which is the statement of the lemma in the case where all a; are different.

TESR

Now assume the more general situation where © = {61,...,6,} = J~, E;, for some m < n. Then
we can permute ¢ < j iff a; # a; (we call this a valid permutation). The set of all valid permutations
within © is what we have denoted by S© above. The total number of valid permutations is Tl,"—'rm,
Therefore, by using the result of last formula, one arrives at the general statement. [ |

Remark 4.11 Note that the cancellation described by Lemma 4.10 occurs at fized values of the mode
labels. In other words, if we consider a fized set of mode labels in Ny contributing to the sum in (4.3),
and hence we replace each a; = QBj in the last line with the corresponding harmonic aj,,, . e it ye
immediately realize that the argument given in the proof applies unchanged.

Lemma 4.12 For all k > 2 one has the identity ZeeT"C Val(§) = 0. Therefore, for all j > 1,

k,0

GJ = ZGG’Z?SO Val(@). a
Proof. Let k > 2. The result follows by a combination of Lemma 4.9 and Lemma 4.10. Indeed, the
sum of all possible trees in 7;"¢ (including the sum over the Fourier modes) means that we have to

sum all valid permutations of aq,...,a, in (4.2) for all trees with 2 < n < k canonical subtrees. Since
this sum gives the average of a total derivative, one concludes that ), _7.. Val(#) = 0. Now, since
k,0

’]N’Lo contain only c-class trees, one concludes that

Gj= Y Val(f)= > Val(®)+ > Val()= Y Val(0)

0€T)0 0€T5, 0eT)S 0T,
for all 7 > 1. [ |

Proposition 4.13 Let G;, j > 1, be as the previous lemma. Suppose that G;, # 0 for some jo > 1.
Then, (3.8) holds iff &'®) =0 for all k > 0. m

Proof. By Lemma 4.5 condition (3.8) reads
<[Qu (k= 1> Za(p)Gk by VE>1. (4.4)

We shall prove by induction that a(P) = 0, p > 0, is the unique solution of (4.4) if Gj, # 0 for some
jo > 1. Indeed, let jo > 1 be such that Gy = --- = Gj,—1 = 0 and G}, # 0. Then, equation (4.4) is
automatically satisfied for all 1 < k < jo — 1. For k = jo, one has 0 = a(0G,, + Z;fol PGy, =
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a(O)GjO. Therefore, «® = 0. Now suppose that o!® = ... = a(k) = 0 for some ky > 1 and let us
prove that a0+t = 0. Using (4.4) for k = jo + ko + 1, we have

Jo+ko ko Jo+ko
0= Z a(p)Gjo-i-ko-i-l—P = Z a(p)Gjo-i-ko-i'l—P + Z a(p)Gjo-i-ko-i'l—;D = a(k0+1)Gj0 )
= = p=ko+1
which implies that a(fo+1) = 0. [ |

Remark 4.14 Note that one can always suppose that the function py in (1.1) has zero average (i.e.

Pél) =0), by an appropriate choice of the average of pg. In such a case, since one has

o FDEe)
G1:< / >—2ZP0 e (4.5)

ni1€Z

one finds G1 = 0. This shows that it is important to consider the possibility that the first non-vanishing
Gj has j > 1.

Proposition 4.15 Let G;, j > 1, be as the previous lemma. Then,

(a) (Qu) =53 72" Grya.
(b) Q.= G =0, Vk > 1.
(c) U eRe G =—Gy, Vk > 1.

In (a) the equality is in the sense of formal power series (that is it holds order by order). O

Proof. Let us first write (Qu) in Fourier space:

W= HQu®), where (Qu®)= Y Quaul®, VE21,
k=0

vo+ri1=0
Now let vy = (ml,ng ), (1)) € Z%. Of course vy # 0 since vy = —v; and Qg = 0. From Lemma 4.2,
nél) € {—2k,—2(k-1),...,—2,0,2}. To be more precise, let 6, € T} ., be a tree contributing to u,(,kl);

then ngl) = 2(by — v1), where by and vy are the number of black bullets and the number of vertices in
01, respectively. From 6; we would like to construct a tree 8 € 711 0 contributing to <[Qu](k)>. We

do this as follows. Take the root line of 6, entering a vertex v with mode v¢ = (0, ngo), —2). Add a
line, with zero momentum, entering such a vertex. We do not associate any propagator with this line,
which means that it works as an amputated line (we call this the amputated line of 6); note that we
can consider such a tree as a tree amputated of a white bullet. Finally, we let the root line of 6 be
the line exiting the vertex v carrying zero momentum. Thus, vo + v; = 0. This last relation implies
that —2 + n(l) = 0, which means that b3 — (v; + 1) = 0. Therefore, |Eg(6)| = |V ()|, leading to the
conclusion that 6 must have only one endpoint which is not a black bullet (see Remark 4.1). This
leaves room only for the amputated line of ¢, so that #; must have only black bullets. Finally, one
concludes that if 6 contributes to <[Qu](k)>, then 6 € 7,7, o. On the other hand, only half of the trees

in ﬁcﬂ,o contributes to <[Qu](k)> since in ’fZ:kCJrLO we take into account two possibilities for amputating
the leg connected to the root line. Therefore, by Lemma 4.12, one can write

1 1
([Qu) )y E Val(6) = §Gk+1 and (Qu) = 3 E ek Gy, (4.6)
eeT,C+1 o k=0

where the last formula holds as equality between formal series. This proves (a). Items (b) and (c)
follows immediately from (a) remembering that Q. = Qg + (g) = Qo + ic(Qu). [
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5 Renormalization

One of the main results of last section (see Proposition 4.13) tell us that all a(®) = 0 if some Gj, #0,
a condition which we henceforth assume; we shall come back to this in the last section. Therefore, one
should not worry about white bullets and trivial propagators. For all k > 0 and all v € Z¢, define
Tew =4{0 € Ty + Ew(0) =0}. Then the expansion (3.10) still holds, with the definitions (3.11),

provided one takes Eyw (6) = (). Moreover, ugk) =a® =0 for all k > 0.

Lemma 5.1 Let k > 0 and v € Z¢, then |u,(,k)| < ABk(k!)ﬁe”",“", for positive constants A, B, 3 and
K < K. O

Proof. As in [14], p. 233, one can show that for all § € J3, one has |Val(f)] <
[ T5 (k)P erlvl/4 HveB(G) e "lvel/4 where T, T, 3 are suitable positive constants. and that the

number of trees of fixed order is bounded by T'}, for some positive constant I's. Thus, the assertion
follows, with A =T, B =T2I'3 and ' = k/4. [ ]

The main problem with the previous proof is that it does not treat conveniently the small denom-
inators 1/iw - vy which appear in the expansion through the propagators gs. As a result, we end up
with a crude estimate for the coefficients u,(,k), which complicates the task of studying the absolute

convergence of the series for u.

To overcome the problem of small denominators, we shall adopt a method well known from the
analysis of the Lindstedt series for KAM type problems (see [16] and references therein). All the
complication lies in the fact that w - v can be arbitrarily small for certain v with sufficiently large |v|.
The idea, then, is to separate the “small” parts of w - v and to resume the corresponding terms in a
suitable form, obtaining then a result which can be better estimated. The process of “separation” of
the “small” parts of w - v is implemented via a technique known as the multiscale decomposition of
the propagators. We stress that this technique is genuine from methods of the Renormalization Group
introduced to deal with related problems in field theories.

5.1 Multiscale decomposition of the propagators
As in [14] we introduce a bounded non-decreasing C>°(R) function ¢ (z), defined in R, such that

|1, forz>Cq,
z/J(x)—{ 0, forx<Cy/2,

where C7 < O is to be fixed, with Cjy the Diophantine constant which appears in (3.5), and setting
x(x) :=1—1(x). An example of x(z) and ¢ (z) with the above properties is found [14], Figure 5.1.
We also define, for all n € Z4, x,(x) := x(2"x) and ¢y, (z) := ¥ (2"z). It is clear that xo(z) = x(z),
Yo(x) = Y(z) and ¥ (z) + xn(x) = 1, Vn > 0. Functions y,(z) and ¢, (z) allow us to write the
propagator gy, for all £ € L(#) and vy # 0, as

I SR
ge_iW'Vg_Zgg,

n=0

with

_ Yo(jw - vel) o = Un(lw - ve)xn-1(w-vel)

iw-vy iw -y ’

gt n>1. (5.1)

(n)

We set g, = g™ (w - vy).

Remark 5.2 Note that for fited v = w - v, we have g™ (z) # 0 only for two values of n. This means
that the series (5.1) is, in fact, finite. Note also that g™ (x) # 0 only if 27" 1Cy < |z| < 27"y
forn > 1 and only if |x| > 271Cy for n = 0. Hence gén) #0 = |gén)| < Oytontt,
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With each line ¢ € L(6) with vy # 0 we associate a new label ny = 0,1,2,... called the scale
label of line ¢. It is important to stress, based on Remark 5.2, that the scale label n, of a line ¢ tells,
essentially, what is the size of the associated propagator gén‘). This is an useful device for “isolating”
the contribution of trees containing propagators with too large scales. We shall do this carefully in

what follows.

Definition 5.3 We define Oy, as the set of trees which differ from those in F ,, by the introduction
of the scale labels in the propagators.

With the above definitions, expression (3.10) now reads as

u = 3" val@g),  val@) = J] 4" 1 7). (5.2)

€O, LeL(0) vEB(0)

where the sum over all the trees in Oy, implies a further sum over all the possible scale labels for each
one of the propagators. Thus, for all § € ©y, ., if N,,(0) denotes the number of lines in 6 on scale n,
by using the bounds (3.6), Remark 5.2, and the fact that |L(0)| = |B(#)| = 2k + 1, we obtain

| Val(9)| < (2071 Q27 )2k +1e=r Zuen ) vl <H 2"Nn<f’>> , (5.3)

n=mni

where we have introduced a (so far) arbitrary positive integer n; and used the obvious fact that
N,(0) <|LO)|=2k+1,Vn>0.

Our problem now is to estimate N, (#). To solve this, we need to introduce some useful definitions.

Definition 5.4 (Cluster) A cluster T' on scale n is a maximal connected subset of a tree 6 such that
all its lines have scale n’ < n and there is at least one line on scale n. The lines entering a cluster
T and the one (if any) exiting it are called the external lines of T. Given a cluster T on scale n, we
denote by ny = n the scale of T. Moreover, V(T), Eg(T), B(T), and L(T) denote, respectively, the
set of vertices, black bullets, vertices plus black bullets, and lines contained in T'; the external lines of
T do not belong to L(T). We finally define the momentum of the cluster T' as vy := ZUEB(T) v,. We

shall call kp := |V(T)| the order of T. Some examples of clusters are presented in Figure 2.

Definition 5.5 (Self-Energy Graph) We call self-energy graph any cluster T of a tree 6 which
satisfies

1. T has only one entering line 't and only one exiting line (3";

2. The momentum of T is zero, i.e. vp = ZUGB(T) v, = 0. This means that Vgin = Vgue.

We call self-energy line any line (9" which exits from a self-energy graph T. We call normal line any
line which is not a self-energy line. Note that if T is a self-energy graph, then (B (5% & L(T), so that
|L(T)| = 2kr — 1 and |B(T)| = 2ky. Some examples of self-energy graphs are depicted in Figure 3.

Remark 5.6 It is important to stress that due to the condition Vyin = Vygut, the scales on the entering
and exiting lines of a self-energy graph T must differ at most by one unit, i.e. |ng;Tn - né%ut| <1 (see
Remark 5.2). Moreover, due to the fact that T defines a cluster, we must have np+1 < min{nliTn, ng%ut},
which is equivalent of saying that all the lines within T have scale strictly less then the scale on the
external lines i and (3.

Due to the presence of self-energy graphs one can have accumulation of small divisors. The heuristic
explanation for this is as follows: imagine we have a line £ on a large scale ny > 1 entering a self-energy
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Figure 2: Examples of clusters in a
tree of order k = 16. The number
between parentheses above each line
denotes the scale of the propagator.
Thus, we have np, = 3, np, = 1,
nr, = 8, n, = 2 and ny; = 9. Note
that T4 C T5 and therefore nr, < nry.
Of course there are other clusters in
the example considered which are not
shown.

Figure 3: Examples of self-energy graphs in a tree
of order kK = 7. Note that, in accordance with the
definition, there is only one entering line and one
exiting line (carrying the same momentum) in the
self-energy graphs Th, T2, T5 and Ty. It is clear
that the scales on the lines of Ty, T, T3, Ty are
strictly less then the scales on their external lines
(after all, self-energy graphs are clusters).

graph T'. This line ¢’ exiting from T could enter another self-energy graph 7”. Note that such a line ¢/
is also on scale ny > 1. This process could repeat itself several times, resulting at the end in a bunch
of lines ¢1,...,¢N on scales ng, > 1, i.e. we end up with an accumulation of small divisors.

Actually, from a more precise point of view, the whole problem with the self-energy graphs is that
we are not able to give a satisfactory bound on the number of self-energy lines in a given tree 8. On
the other hand if we denote by N2°"™(6) the number of normal lines in a tree 6, then there exists a
positive constant ¢ such that

No™(0) <277 > fw, (5.4)
veB(0)

where 7 is one of the Diophantine constants appearing in (3.5). Thus, suppose we could neglect all the
self-energy lines within any tree 6, i.e. suppose that we could substitute N, () in (5.3) by N2 (0)
with the above estimate. Then, we would have

|Va1(9)| < (201—1 Q2n1)2k+1e—n >een(o) Vo] e(c log2ZfL°:n1 n2*"/T) Soen) Pl 7 (5'5)

for all ny > 0. Thus, picking n1 = n1(k, ¢, 7) such that

—g +elog2 Y n27" <o, (5.6)

n=mni
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and summing over all the trees (whose number grows at most as A%, for some positive A3) and all the
Fourier labels, we would obtain

] <Y [ Val(0)] < AjASASe M/ (5.7)
96(‘);@,,/

what would imply in the convergence of expansion (3.1) provided |e| < (A2A3)~.

It is clear that the above result is false since we cannot simply forget the self-energy graphs. The
estimate obtained just illustrates the fact that all the problem concerning the convergence of the series
(3.1) lies in the existence of self-energy graphs (small divisors). We have to overcome this difficult with
some different approach.

5.2 Renormalized expansion

The problem with the self-energy graphs can be solved by a suitable resummation procedure of the
formal series obtained from the coefficients (5.2). The basic idea is to “dress” the propagators gy”) in
such a way that they could harbour all the malign contribution deriving from the self-energy graphs.
The next step is to define an expansion in terms of only non-self-energy graphs and renormalized
propagators which we hope to give an estimate like (5.4). This is something analogous to the procedure
of mass renormalization in field theories. We shall therefore iteratively define new propagators gg”]
(renormalized propagators).

Definition 5.7 (Self-Energy Value) Suppose that the renormalized propagators g&ne] are given. For
a self-energy graph T which does not contain any other self-energy graph, we define the self-energy value
associated with T as

Vr(w-v;e) = ehr H gl[zn‘] H F, |, (5.8)
CEL(T) veB(T)
where v is the momentum which enters T through the external line (', kr = |B(T)|, and F,, is defined

as in (8.11), with Ew (0) = 0. Note that Vp(w-v;e) depends on w - v through the propagators in L(T).

By setting # = w - v in (5.8) and 2y = w - vy for each line ¢ € L(T'), one can write z, = 29 + oz,
where

0 0 0
Ty =w- vy, v, = E Vy, (5.9)
weB(T)
w=v b=,

and o, = 1 if £ is along the path of lines connecting the external lines of the self-energy T, and oy, = 0
otherwise.

Remark 5.8 The value Vr(x;e) of a self-energy graph T can depend on x only if kp > 2.

Definition 5.9 We define 97371/ as the set of renormalized trees, that is of trees which do not contain
any self-energy graph. We also define Slfn as the set of self-energy graphs of order k which do not

contain any other self-energy graph and such that the mazximum of scales of the lines in T € S,fn 18
exactly n, and we call them the self-energy renormalized graphs of order k£ and on scale n. We stress

that the propagators associated with the lines in @EV and S,Z?n are the renormalized ones, gém].

[n]

Then we can define the renormalized propagators g, -~ := gl (w - vy;e) and the quantities M [] (w-
vy; ) recursively as follows. For ng € Z, we set
M ey =0, gl (ge) = YrolZ)
ix
Mol(z;e) = Z Z Vr(x;e), Ml e) =y, (|l2]) Mol (a5 ), (5.10)
k=1 Tesfjno
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while, for n > ng 4+ 1, by writing

En(zie) = Xno(l2]) ... Xn-1(liz — M2 (@;6)]) xn (fiz — M (a5 €)]),
Up(ie) = Xno(l2]) .. Xno1(lix — M2 (@ 2)]) o (fix — MV (a;2)]),
we define
U, (z;¢€) =
M) (. 2) .— ) M) (e 2} . .
g (I,E) . ’L'I—M[nfl](df;é‘)v M (.’,E,E) . ];T% VT(IaE)a

MM ;) = MU (g 0) + 2, (256) M) (z6) = Z = (x;e) MU (a;¢), (5.11)

where Vp(z;¢) is defined as in (5.8).

One should now realize, from the above definitions, that if 6 is a tree in ©%,, or S, , all of its lines
are on scale > ng. In particular, if T' € Sk no» &l lines in 7" are exactly on theyscale ng and, hence, for
all £ € L(T), the propagators are g™l (z;¢), as in (5.10).

Remark 5.10 Note that if a line £ is on scale n > ng+1 and, by setting x = w-vy, one has g™ (x; ) #
0, this requires Xn,(|z]) # 0, Xngr1(liz — Ml(2:e)]) # 0, ..., xn_1(lixz — M2 (z;€)|) # 0 and
Y (Jiz — M= (25 €)|) # 0, which means

jiz = M) (z;6)] <270y, mg—1<j<n-2,

liz — MU (g5 6)| > 2= Dy

so that, in particular, one has |g£n}| < Cytent If 0 is on scale ng and gl™ol(z;e) # 0, then i, (|z]) #
0, which implies that |g["°]| < Cptonett,

Then we define, formally, for v # 0,

ulfl = 3" Val(g val(0) = | I o II 7). (5.12)

0cof, LEL(0) vEB(0)

while, for v = 0, one has ugc] = 0, and we write

ZE ulkl (¢ Zs Z e @hy (5.13)
vezd
where the coefficients uﬁ“ | depend on € (as the propagators do); note that the order k of a renormalized
tree 0 is still defined as k = |B(¢)], but it does not correspond to the perturbative order any more.

Definition 5.11 Let w satisfy the Diophantine conditions (3.5). Fix e such that one has
iw-v— MW ve)| > Clv|™ Vv eZd and ¥n > no, (5.14)
with Diophantine constants C1 and 11, where 71 > 7 and Cy < Cy are to be fizved later. We call &, the
set of € for which the Diophantine conditions (5.14) are satisfied, and we shall refer to it as the set of
admissible values of €.
We shall see in next section that for ¢ € £, we shall be able to give a meaning to the (so far formal)

renormalized expansion (5.13), hence we shall prove that the set &£, has positive Lebesgue measure,
provided that 71 and C} 1 are chosen large enough.
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Fix # such that the series obtained from (5.13) by replacing gén"]] in (5.12) with the bound 2"¢*'C !
converges for |e| < 2, and fix €9 <  small enough (how small will be determined by the forthcoming
analysis). In the following we shall consider the interval [0, eg]; the interval [—eg, 0] can be studied in
the same way.

It will be convenient to split the interval [0, eg] into infinitely many disjoint intervals by setting
0,20 = {0} U | Emy  Em o= (2—<m+1>50, 2—%0] : (5.15)
m=0

and to study separately each interval &,,. We shall prove that for each m the admissible values of &
inside &,, have large measure, and that the their relative measure meas(&,, NE,)/meas(&,,) tends to 1
as m tends to infinity. Therefore in the following we imagine we have fixed m, and we set &, = 27 "¢y,
so that we can write £, = (€m/2, &m).

6 Properties of the self-energy values

Given a self-energy T € S,Sno define

Vr(z;e) = ebr H L H F, ], (6.1)

1Ty
e L(T) veB(T)
which differs from Vp(z;¢) as ¢n, (|z¢|) is replaced with 1 for all £ € L(T'), and set

M (5 8) = xng (|2) M) (25 €), : Za’f PERAC:
k= eSR

1
k,ng

J
M @5e) = g ()DL N wse), M (aie) =" Y Vrlwie). (6.2)

k=1 TeSE,

This allows us to decompose MB»"O] (0;6) = ﬂgno] (0;6)+ (MB"O] (0;€) — ﬂﬁ"‘” (0; a)) , where ﬂgno] (0;¢)
depends neither on z nor on ng. Note that one has ME-"O] (0;¢) = MJ[M] (0;¢) and Hgno] (0;¢) =
Mg-no] (0;€) as xno(0) =1 for all ng > 0.

Lemma 6.1 Let G;, j > 1, be as the previous sections. Then one has

Jo
g) = Zaka. (6.3)
k=1
for all ng and all jo. O

Proof. By setting x = 0 any self-energy graph T in S,fno contributing to ﬂgﬁo](x; ¢) looks like a tree

0 in ﬁp, except for the presence of the scale labels (compare (6.1) with (5.8): if T € S,Z?no each line
¢ e L(T) has scale ng = ng). Nevertheless the corresponding propagators do not depend on the scales.
Hence ZTeS]} Vr(0ie) =37, , Val(f), so that the assertion follows from the definition of Gy (see

Lemma 4.5). [ |

Lemma 6.2 For any self-energy T one has

L= JT = xamelzel) £ D7 X (Jael),

CeL(T) CeL(T)

and the same result holds if each x, is replaced with x9. O
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Proof. 1t follows from the identity []}_, (1 —a;) =1 —a1 =37 ;a5 [TZ! (1 —a;), with n > 2 and
0 < a; <1, which can be easily proved by induction. ]

Lemma 6.3 For all ng one has

‘M[no]( ) M[ 0]( 7 )‘ < Bl |€|e—B22n0/71,

0 (M) - MG (0:))| < Bren

Jo

for suitable constants By and Ba, depending on jo but independent of ng. O

Proof. One can write M[™I(0;¢) as in (5.10) with = = 0, where V7(0;¢) is given by (5.8) with

ng = no and gé”‘] = o (|29]) /i) == (1 — xno (|29]))/i2?. Furthermore MBZO] (x;€) and ﬂgﬁo](();s)
are polynomials of degree jo in €, hence one has

J\/l[ ](O ) — Z Z (Vr(0;¢) = Vr(0;¢)),

k=1TeSk "o

which is trivially differentiable with respect to €. By applying Lemma 6.2, we obtain

[no] (. ool .
(M (0;2) = 57 0:))| (6.4)
Jo . 1
< Z|E| Z Z Xno |x€' H W H |F'U| ’
k=1 TeSE, VEL(T) tern(r) "t veB(T)

and for 0. (./\/l (O g) — HEZO}(O;E)) the same bound can be obtained with kle[*™! in-
stead of |e|¥. In (6.4) the factor xn,(|z%]) requires |z < 127", so that by
the Diophantine condition (3.5) one has [v)| > 2%/7  hence in [],. sy 1ol <

Q‘B(T”(HUGB(T) e_"‘”"J'/?)(HUGB(T) e‘“"’”‘/‘l)(HveB(T) e~ "¥1/4) one can bound the third prod-

uct by HUGB(T) e~rlvol/d < e KIvel/4 < e‘"“QnO/T/4 < e‘“QnO/Tl/‘l, if 71 > 79, while using the second
product to perform the sum over the mode labels and the first one to find, by reasoning as for the
proof of Lemma 5.1,

T (
1 ' (2|L(T = =
H — I I e—n\uu|/2 < (g_ <M) > < FlrgT (kTDﬁ,
LEL(T) e vEB(T) 0 "

with kp = k for T € S,fno, so that, by collecting together the bounds and inserting them into (6.4),

we prove the assertion. In particular Bj is proportional to f;o (j01)?, while By is independent of j,. W

Lemma 6.4 Let G, j > 1, be as the previous sections. Assume that there is jo € IN such that G, # 0
and G; =0 for all 1 < j < jo. There exists two constants ci and cz, depending on jo, such that for

no > 71 log, <01 + c2log E |) (6.5)
one has
n, .70 1
0:Mj;" (0;5)‘ el |G- (6.6)
provided € is small enough. If jo =1 one can take co = 0. O
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Progﬁ One can write Mﬁ’;‘” (0;¢) = fc‘;l ekGy, = €9°G,,, by Lemma 6.1, so that 35m£::0] (0;¢) =
joe’~1G,,. By Lemma 6.3, we can bound

n —n _ ng/T 1 S
0. (M (0:0) = M (0:0)) | < puBre 522 < Slefio |Gy (6.7)

where the first inequality is obtained as soon as 02 < 1 and 3; > 1, while the second one requires

1 26181 | jo—1 1 )
ng > 1 lo lo + log— |, 6.8
0= T (5232 ®9Gl T BB el (68)
so that the assertion follows if ¢; and ¢y are chosen according to (6.8). [ |

Remark 6.5 The constants 31 and B2 in (6.7) could be taken 31 = B2 = 1. However in the following
it will turn out useful to have some freedom in fixing their values; see in particular Remark 7.6.

Remark 6.6 Note that if we choose ng = 71 logy(c1 + calog(2/e,,)) we obtain a value of ng which can
be used for all € € &,,.

7 Convergence of the renormalized expansion

We are left with the problem of proving that the series defining the renormalized expansion (5.13)
converges, and of studying how large is the set £, N[0, g9 of admissible values of &; we shall verify that
it is a set with positive relatively large measure.

As we have fixed m, for notational simplicity, in the following we shall find convenient to shorthand
gl =¢.n Em. We shall assume € € 5[00], and ng fixed as in Remark 6.6.

Lemma 7.1 Assume that the set £I°°1 has non-zero measure and that for all ¢ € E°° and for all
ng < j <n—1 the functions MUl(z;¢) are C in x and satisfy the bounds

’MU] (:v;s)‘ < DV, ’6m/\/l[j](:c;a)’ < DV, (7.1)

for some constant D. There there exists a positive constant c, independent of n, such that for any
renormalized tree 6 with Val(0) # 0 the number N;(0) of lines on scale j satisfies the bound

Nj(0) <c279/m 37w, (7.2)
veB(0)

forallmg <j<n-—1. O

Proof. The proof is the same as that of Lemma 1 in [14]. Just note that in [14] the bound |MV(z;¢)| <
Die| is used only for j < n —1 and the argument still applies if we replace in the bound |e| with /|e|.
At the end one obtains ¢ = 223/, [ |

Remark 7.2 Let jo be as in Lemma 6.4. If €g is small enough, for all € € (e,/2,em] and ng chosen
according to Remark 6.6, if jo = 1 we can bound ||F2(2k—Dno < c§2k_1)71|5|k, while if jo > 1 we can
bound ||F2k 1m0 < (2¢5)E=D71 ||k (log(2/ |e])2F =7t where, under the same smallness assumption
on €, one has
(log(2/[el))™ < Sp (1/]e])”, (7.3)
for all p > 0 and with S, a positive constant depending on p. Hence, by taking p < 1/4, one obtains,
for jo > 1, |e|F2mo(k=1) < (202)(2’“71)"1‘9;’“71|a|k/2. Therefore, whichever the value of jo is, we can
bound
|€|k2(2k—1)n0 < C3|5|k/27 (7'4)

for all k > 1, with c3 a suitable positive constant.

23



Remark 7.3 In particular one can choose p < 1/(2(2jo + 1)), which implies
el " (log(2/1e) ™0™ < el T Vel e 702
for all k > jo+ 1, a property which will be useful in the following.
Lemma 7.4 Fix p as in Remark 7.2. Then one has
(Mtl@ie)| < DVEEL [ MP)(as0)| < DIl
for suitable positive constants D and D’. O

Proof. The first bound follows from (7.4).

Let jo be as in Lemma 6.4. If jo = 1 then ng does not depend on ¢, and also the bound second is
trivially satisfied.

If jo > 2, in order to obtain the second bound, one can discuss in a different ways contributions with
kr =1 and contributions with kr > 2. If kr = 1 then Vp(x;¢) does not depend on z (see Remark 5.8),

so that, by using the notations (6.2), one has M™ (z;2) = xn, (J2[) M (0;¢), and one can write
Ml[m’] (0;¢) = M[lno] (0;¢) + (Ml[m’} (0;¢) — M[lmﬂ (0; 5)), where M[lno] (0;e) = 0 by Lemma 6.1 (and the

definition of jy), while the difference ./\/l[lno] (0;¢) —ﬂ[lno] (058) = xno (|2]) (Ml["o] (0;¢) —M[lnol (0;¢)) can
be bounded through Lemma 6.3 proportionally to e=B22"""" ence the derivative with respect to x
acts only on the compact support function xp,,(|]z|) and produces a factor 2" which is controlled by
the exponentially small factor e~B22"""  The conclusion is that the contributions with kr =1 can
be bounded proportionally to €. The contributions with k7 = 2 can be bounded relying again on the

bound (7.4). [ |

Lemma 7.5 Fiz p as in Remark 7.2 and ng as in Remark 6.6. For e € £I°° and for = such that
g (x;e) # 0, there exist two constants D and D' such that the functions MUl(x;e) are smooth
functions of x and satisfy the bounds

’Mm(x;g)‘ <DVel,  |[9.MU(z;6)| < D,

193/T1

‘MU] (z;6) — MUY (x;s)‘ < Dlele P , (7.5)
for all ng < j <n — 1. Furthermore for all T contributing to MUl(z;¢), with ng < j <n —1, one has

Ni(T) <277/ 37 vy, (7.6)
veB(T)

for all j' < 7. O

Proof. The first bound in (7.5) can be proved by induction on ng < j <n — 1. For j = ng it has been
already checked (see Lemma 7.4). Let us assume that it holds for all ng < j° < j. One can proceed
as for the proof of Lemma 2 in [14]. First of all one can prove for any self-energy graph T' € S,Z?j the
inequalities

D7l > 2070 NG (T) < 22070 N uy|, o mg+1 <5 < (7.7)
vEB(T) vEB(T)

where N;/(T) denotes the number of lines on scales j' contained in T. We omit the proof, as it is
identical to that given in [14].
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The estimates (7.7) allow us to bound

Vr(aie)] < el AvAge ™ [T emrlelr (738)
veB(T)

The only difference with respect to the analogous bound (7.18) in [14] is that the constants A; and

As depend on €. In fact given a self-energy graph T' € S,Z?j, if we express its value according to (5.8),

we can bound [Tep iz o] < (207" 2moMua DT 278u(T) ith N, (T) < 2k — 1 and
No(T) < c27/m > ven(r) Vol for all ng +1 < n < j, as it follows from the second bound in (7.7).
Hence the last product can be bounded by using the bound on N,,(T") and (5.6) with nq(x, ¢, 7) = no:

just note that for ey small enough such a choice for ny(k, ¢, 7) automatically satisfies the inequality in
(5.6). Then we can apply the bounds given in Remark 7.2 to write

— —k
le|F AL AL = A AG|e|*/2, (7.9)

with A; and Ay two constants independent of . Then the first bound in (7.5) is proven.
To obtain the third bound in (7.5) we note that one has for j > ng + 1

MUl (a5 €) —M[j_l](ac;s)‘ < ‘M[j](:v;s)‘ < Z Z [Vr(z;€)], (7.10)
k=1Tesf,
where sum of the contributions with & > 2 can be bounded proportionally to |¢| e‘A32j/Tl, because

of (7.8) and (7.9), while the contributions with & = 1 can be bounded proportionally to |e| if jo = 1,
whereas if jo > 2 we can reason as follows. We can bound |Vr(z; )| according to (7.8), with k£ = 1, and
write e~ 4827 = o= As2!/TL /20— A0 T[4 A2V /L[4 e self-energy graph T contains exactly one a
line £ on scale j (as T € ST;), hence ny = j and |g£"£]| < C;'291 | 5o that we can use that 2/¢~4s2/™ /4

is bounded by a constant. Moreover we have e~452"/ /4 < ¢=F2B22"0"T0 < | (28, By )~ elio~L if B,
in (6.7) is chosen such that f2Bs < A3/4 (see Remark 6.5). Therefore, we can conclude that if jo > 2
the first sum in (7.10) can be bounded proportionally to |£||5|j°_16_‘432j/q/2. Hence the third bound
in (7.5) follows for any value of jo, with D’ = A3/2.

The second bound in (7.5) again can be proved by reasoning as in [14] for the contributions arising
from self-energy graphs T" with kr > 2. The contributions arising from self-energy graphs 7" with with
kr = 1 can be bounded as |¢|QC; 12n+1e=432" ™ ¢=rIvul/2 (a5 in the bound on the first sum in the
r.h.s. of (7.10)) because there is only one propagator on scale n. Then, if the derivative acts on the

compact support function yn,(|z|), one has that 2r02n+1e=4s2"/"/2 js hounded by a constant for all
n > ny. | |

Remark 7.6 As suggested by the proof of Lemma 7.5 we shall fiz By in (6.7) such that one has
D’ > 2(35Bs, where D' is the constant appearing in the last of (7.5). For future convenience we shall
choose B2 such that D' = 4032Bs; see (8.17). We shall see below that it will be useful (even not
necessary) also to choose 31 in (6.7) such that 2D < (1 By.

Proposition 7.7 Assume that the set E°°! has non-zero measure. Then for all € € £ one has
‘gém]‘ < 01_12””1 for all lines £ in any tree or self-energy graph. In particular the series (5.13) is
uniformly convergent to a function analytic in t. O

Proof. Tt follows from Lemma 7.1, by taking the limit n — oo and using that the constant ¢ does not
depend on n, that the bound (7.2) holds for all j > ng. Then one can bound the product of propagators
as done in the proof of Lemma 7.5, and using part of the decaying factors e~*/*| to obtain an overall
factor e #*I/4 for any tree 6§ € Oy, contributing to ull. ]
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8 Measure of the set of admissible values

To apply the above results we have still to construct the set &, for which the Diophantine conditions
(5.14) hold, and to show that such a set has positive measure. Here and henceforth we assume that
the constants ng and p are chosen according to Remark 6.6 and Remark 7.3, respectively.

Define recursively the sets £ as follows. Set £l = &,, and, for n > ny + 1,
gl .= {a e iw v - MP W vie) > Cl|1/|_71} ) (8.1)

for suitable Diophantine constants C7 and 71 (to be fixed later). It is clear that

ENEp == (N &M = lim gl), (8.2)

Lemma 8.1 The functions M (x;¢) and their derivatives 8, M")(x;¢) are C* extendible in the sense
of Whitney outside E"=Y, and for all e,&’ € EM~ one has

MM (z; 6"y — O MM (2;6) = (¢ — €) .MM (256) + 0 (' — &), (8.3)

where s = 0,1 and 0.05M™(x;€) denotes the formal derivative with respect to e of d3MM (x;¢).
Furthermore one has

0-0,M" (z52)| < DV,

8881M["](:C;5)‘ <D |£|67D/2nm, (8.4)
for all m > ng. One can take D as in Lemma 7.5. O

Proof. As the proof of Lemma 3 in [14]. In order to obtain the inequality (8.4) one has to use the
Remark 5.8. Of course, when expressing M"(z;¢) in terms of the self-energy values Vr(x;¢) we have
to bear in mind that the constant 2"° can be bounded in terms of ¢, but it does not depend on ¢ (as
far as e varies in &, and ng is chosen according to Remark 6.6), so that the derivatives with respect
to € of Vr(x;¢), as expressed in (5.8), act only on £*7 and on the quantities MUl(z;e) appearing in
the propagators. Hence 0.Vr(x;¢) and 0.0, Vr(x;¢) can be studied as in [14]. We simply note that
when acting on some propagator gl[zn[] the derivatives with respect to € can rise the power of the divisor
iz — M=l (z; ), and if ny = ny we have to use part of the exponential decay e~ A2/ (see (7.8)) to
take into account the extra factors 2™°. The conclusion is that essentially the derivative with respect
to € of Vr(z;¢) admits the same bound (7.8) as Vr(z;¢), possibly with different constants A; and A
(but still such that a bound like (7.9) is fulfilled, as far as their dependence on ¢ is concerned), except
that the exponent of || is k — 1 instead of k. [

Therefore for all ¢ € "1 the quantities M[™ (x;¢) are well defined and formally differentiable
(in the sense of Whitney) together with their derivatives with respect to x.

Lemma 8.2 There are two positive constants my and mo such that

0. M (:2)| > o e~ — ma /e o] (8.5)
for alln > ng. ”
Proof. If we write

&MM@@:&MMwm+/}M@%MM@%% (8.6)
0

we have

55/\/1["](0?5)‘ > ‘65/\/1["0](0;5)‘ — i

j=no+1

0. (2;(0:2) MV (0: ) )|
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and we can bound

Y%

oMo~ 3T b

j=jo+1TeSR

J:mQ

Jo | _jo—1 jo— Jo | _jjo—1
Bl Gl + O (e Vel ) = 2 1P (Gl

0 MUl (0; )|

Y%

where we have reasoned as at the end of the proof of Lemma 8.1 in order to bound 9:Vr(0;¢), and
have used Lemma 6.4 and Remark 7.3 in order to fix p in (7.3). Hence

O-MIM(0:2)| > L1l |G| + O (|7 VE) = R el Gy = mu e

by the second inequality in (8.4) and by proceeding as at the end of the proof of Lemma 7.5 (see also
Remark 7.6).

Furthermore one has

/ da' 9.0, MM (2 ¢)

0

< || max
x

9.0, M (z; 5)’ = mo/Je] |2 (8.7)
because of Lemma 8.1, and the assertion is proved. ]

Lemma 8.3 There are two positive constants b and € such that, for eg small enough and €, = 27eg,
one has -
meas(E1%)) = meas(&,, N E,) > 7’” (1—10es,), (8.8)

where meas denotes the Lebesque measure. The constants b and £ are independent of m. O

Proof. Define 7™l = () and ZI") = €=\ €M for n > ng + 1; note that 7 := U2, 71" = &, \ £,
Recall also that we have set ™l =&,

For alln > ng+ 1 and for all v € Zﬁf define
1 () = {5 el liw. v — M (w. V;a)’ < cl|u|*ﬁ} . (8.9)

Each set I1"(v) has “center” in a point e[ (v), defined implicitly by the equation iw - v — M (w -
v;elM(v)) = 0, where we are using the Whitney extension of M[™(w - v;¢) outside £,

Therefore one has to exclude from the set £~ all the values ¢ around £["}(v) in I"(v), and this
has to be done for all v € Z¢ satisfying

|w-v| < g MM (w - vie)l, (8.10)

because otherwise one can bound |iw - v — M (w - v;e)| > |w-v|/3 > Cy|v|™™ as soon as 7 > 7 and
C, < Cy/3.

For € small enough and for all n. > ng one can bound |M["(0; ) — Ml (0;¢)| < 2D |<€|6_D/2n°/T1 <

ﬁlBl|5|e_52322n0/71, by the third inequality in (7.5) of Lemma 7.5, applied repeatedly from scale
no + 1 to scale n, and having used that By < D’ and 2D < (;B; (see Remark 7.6),

|./\/l[”°] (0;¢) — MEZU] (0;¢)] = O(le[o+/|e]), if p in (7.3) is chosen according to Remark 7.3, and
|M£»Z°] (0;¢e) — ﬂg:o] (0;e)| < Bl|<€|e_B?2n°/Tl7 by Lemma 6.3, so that one finds
ME(0:) = M 052) | < 26, fef”

if ng is fixed as said in Remark 6.6, so that 26, By |e |e_525’22n0ﬁ1 < le|’0| Gy, |-
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Therefore one can bound

(MPI@ie)| < [MIN:e)| + M (aie) - MU 0; )
< M 0:0)] + 265 " + DV
< 3Gy, e + gD\/H ‘M["](x;a)} ,

with © = w - v, for all v satisfying (8.10). We can conclude that there exists a constant D such that
one has |[M"(w - v;e)| < oD for all v satisfying (8.10).

Hence we have to consider only the vectors v € Z satisfying not only (8.10) but also the inequality
lw-v| < 280D ie. for all v € Z< such that

lv| > o 1/T-—N (8.11)
~ 2l o '

We call N the set of v € ZZ which satisfy (8.10) and (8.11).
For such v, by setting * = w - v, one has
.3 .
9. M) (x;s)‘ > m e = Sma/[e] (26509)

my g Sma £3/29i M1 _jo—1
> ooirel (1 S 2D > e, (8.12)

so that the measure of the corresponding excluded set, which can be written as

1
/ daz/ ar O (8.13)
I () -1 At

with () defined by iw - v — M"(w - v;e(t)) = tC;|v|~™, will be bounded by

fr /1d0|| ! 2ot ¢ (8.14)
e < tCylv|™™ < , 8.1
1) oo 0- M (w - v e(t))] ~ myely ' v

by (8.12).
This yields that we have to exclude from "1 a set 1" = U, e, I (v) of measure bounded by

meas(ZM) < Z meas(I™ (v)) < const. Z C1 v~

- E.Jo 1
veNy |v|>No

; (ri—d)/r

C Jo ,

const.— (E ) = const.e F¢ (8.15)
e Ch

IN

where &' = jo(m1 — 7 — d)/7, so that £ > 0 if 74 > 7 + d, which fixes the value of 7.
We can easily prove that there exist two positive constants F; and F5 such that one has

el () — eln=1(y, )] < \JEmEe 2 (8.16)

for all n > ng + 1 and for all v € Z%. By setting e = e"(v) — e[*~(v) and © = w - v, we obtain
(again by using Whitney extensions)
0 = iz— MM(z;eM @)
= iz — MUz U @) 4 6e) — MM (2 M (0)) + MU (2 M ()
= oMU (g U () e + o(de) — (M["] (z; el (1)) — MIn=1)(g; gl (1/))) ,

28



by (8.3) in Lemma 8.1; hence one can use that
MM vre) — M (Wb a)’ < D¢ e~D'2n

<

5B le] (@Ble*wﬂ”/”) < Blejoe B2 (8.17)
1P1

with B’ a suitable constant, by the third inequality of (7.5) in Lemma 7.5, by (6.7) and by Remark 7.6.
Hence by (8.12) and (8.17) we obtain (8.16) with F; = 4B’/my and Ey = [$3Bs.

For all [v| > Nj fix n. = n.(v) such that |el"TU(v) — ell(v)] < C1lv|~™. One can choose
n.(v) < const. 11 loglog |v|.

Then for all ng + 1 < n < n, define Jlnl (v) as

JM(w) = {5 e U iw-v— MW . ve)| < 201|u|_71} ; (8.18)
by construction all the sets I (v) fall inside J*+}(v) as soon as n > n.. Then we can bound meas(Z)

by the sum of the measures of the sets J0+t1(v) ... JI*l(v) for all v € ZZ such that |v| > Np. Such
a measure will be bounded by

C
const. Z n. (V) joil |v|~™ < const.elF, (8.19)
V=N em

with a value £ smaller than £ in order to take into account the logarithmic corrections due to the
factor n.(v). [ |

Proposition 8.4 Define the set of admissible values of €. as in Definition 5.11 with C1 = Cy/3 and

71 > 7+ d. Then one has
meas(Ey, N EL)

li =1.
s meas(Enm )
a
Proof. It is an immediate consequence of the definitions and of Lemma 8.2. ]

9 Properties of the renormalized expansion

To complete the proof of existence of a quasi-periodic solution of (2.8) we have to show that the function
defined by the renormalized expansion (5.13) solves the equation (2.8). Set &4 = USP_(Em N Ex: such
a set contains the admissible values of ¢ in [0, 9. Define analogously £_ for the interval [—¢q, 0], and
set E=ELUE_.

Lemma 9.1 For all € € £ the function U(t) defined through (5.18) solves the equation

=g (R+eQu’), (9.1)
where g is the pseudo-differential operator with kernel g(w -v) = 1/iw - v. O
Proof. As in Section 8 of [14]. [ |

So far we proved that there exists a function w(t) = U(wt;e) which solves (2.8) for ¢ in a suitable
large measure Cantor set £. For g given by ¢(t) = icQ(t)u(t), Proposition 2.3 proves that ¢(t) given
in (2.6) solves (1.1) and is quasi-periodic.

In principle, if we set Q. = Qg + {g), ¢ could be of the form

o(t) = O(wqt, wot, Qot, Nt) = emit&)(glt, wot, Qot),
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as it depends on 7(t), and an extra frequency arises from the integral of the average of go + g in the
definition of ®(¢). But this is not the case, because the function ® is of the form ® = (w;t,wot), that is
its dependence on ¢ is only through the variables wot and w;t. This follows from the following property.

Lemma 9.2 Let T be the function defined through the renormalized expansion (5.13): then uﬂ“} #0
requires that in v = (m,ny1,n2) one has ny = 2. O

Proof. The proof is by induction on k. For & = 0 the result is obvious from the relation (iwq/)ug,o) =R,
in (3.7) and from the identity R, = Pﬁ)fg)zsmﬁg. Let us assume that uﬁ“ I Onsy,2 for all & < k. Then

to order k the second relation in (3.7) yields that one can have uﬂ“} # Oonly if v = vo+vi+vs: for the

last component ny of the vector v the identity @, = 5&9.7:7(1:2)5”27_2 and the inductive assumption
giveng = —-2+242=2. [ |

Hence @(t) = eQigotU(glt,wot), with U analytic and periodic in its arguments. By taking into
account that one has Q(t) = e 2*0!=2Wo() with 4(t) depending on t only through the variable
wot, one has Q()a(t) = e 2T (w,t,wot). As a consequence ¢(t) is a quasi-periodic function with
d fundamental frequencies w;,wp, {2, and the dependence on the last frequency is only through the
factor e*?? exactly as in the unperturbed case (2.2). As anticipated in Remark 2.2 the same result
can be obtained by starting from the unperturbed solution given by the second function in (2.4), and
an analogous result is found, so that we can conclude that the system is reducible for € € £.

So the solution %(t) describes the motion on a d-dimensional maximal torus which is the continua-
tion in € of an unperturbed d-dimensional torus. The rotation vector of the latter is w = (w;,wo, Qo),
while, as an effect of the perturbation, only the last component of the rotation vector is changed into
a new frequency Q. = Q + (g): this provides a simple physical interpretation of the the quantity (g).
It is likely that the new frequency . is such that the vector (w;,wo,2) is still Diophantine. This
does not follow directly from our analysis, but we expect that this is the case.

10 Null renormalization
We are left with the case in which one has G; = 0 for all j € IN. In such a case we need no resummations,
as it will become clear from the analysis. Hence we use the simpler multiscale decomposition of the

propagators given by (5.1), with Cq = Cj. The following result holds.

Lemma 10.1 One has ¥n—1(2)n(z) = Yp_1(x) and

Yo(@) + > xj-1(@)v; () = vu (@), (10.1)
j=1
for all n € IN and for all x € R.
Proof. Both relations follow immediately from the definitions. ]

Then we consider the same tree expansion leading to (5.2), where no resummation is performed.
The following result allows us to get rid of some trees.

Lemma 10.2 Suppose that one has G; =0 for all j € IN. Then in the tree expansion of u,(,k) in (5.2)
the sum over Oy, can be restricted only to trees which do not contain any vertex v such that one of
the entering lines carries the same momentum of the exiting line. a

Proof. If there were no the scale labels this would follow from item (a) in Proposition 4.15. The presence
of the scales could destroy in principle the compensation mechanism responsible of the cancellation
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among the values of the various trees. But it is sufficient to note that the coefficient ug,k) is obtained

by summing over all the possible scale labels, and in this way we reconstruct for each line ¢ the original
propagator 1/iw - v, (just use (10.1) for n — 00), hence we can apply the cited result. ]

Remark 10.3 If G; =0 for all j € IN formal solubility of the equation (1.4) requires no condition on
the coefficients o'®) | which therefore can be arbitrarily fized (cf. Lemma 4.5). For simplicity we can
still fix a%) = 0 for all k, even if this not strictly necessary. Of course one can ask what happens for
other choices of the coefficients o'¥), but we do not investigate further such a problem because the case
in which all G; are vanishing is rather special, and likely it can really arise only in trivial situations

(like pr =0).

We define the clusters according to the definition previously done, whereas we slightly change the
definition of self-energy graph, to make it more suitable for our purposes in the present case (cf. [3]).
An important feature is that the propagators are not changed by any resummation procedure, so that
for any line ¢ the (two) scales for which the corresponding propagator is not vanishing are uniquely
fixed by vy.

Definition 10.4 (Self-Energy Graph) We call self-energy graph any cluster T of a tree 8 which
satisfies

1. T has only one entering line Ei%‘ and only one exiting line {3";

2. The momentum of T is zero, i.e. vp = ZUEB(T) v, =0.

3. The mode labels v, v € B(T'), satisfy the relation )
minimum between the scales of the external lines of T .

() lv,| < 2(next=D/T where neyg s the

We call self-energy line any line (3" which exits from a self-energy graph T. We call normal line any
line which is not a self-energy line.

The self-energy value is then defined as before (see (5.8)), with the only difference that now the
propagators are g@"” (because they are not renormalized).

The aim of the last item in the definition of self-energy graph is that, given a self-energy graph, if
we sum over all the scales of the internal lines compatible with the cluster structure, which yields that
for each line £ € L(T') one has ng < next, if Next = min{ng%uc, néiTn}, then we reconstruct for each line ¢
a propagator ¥, 11(w - v¢)/iw - vy, with ¢,_, +1(w - v¢) = 1. The last assertion is implied from the
following result.

Lemma 10.5 For any self-energy graph T, by setting nexy = min{ng%uc , nﬁ})}, one can have Vr(w-v) #
0 only if ng < next — 2 for any line £ € L(T). O

Proof. By definition of scales one has Co2 "t~ < |w - v| < Cp27"etF1 The third item in the
definition of self-energy graph gives |w - 19| > C2~("ext=H)/7 (see (5.9) for the definition of 1), hence
by the Diophantine condition (3.5) on w one obtains

|w . V[| 2 |w . V([3| — |w . V| Z 0027(710"‘:74) _ Co2f(ncxt*1) 2 002*(77.@,“73)7
so that xp/—1(w - vy) =0 for n’ > neyg — 2. -

Definition 10.6 (Localization) For any self-energy graph T we can define the localized part of the
self-energy value Vr(w - v) as
EVT(w . 1/) = VT(O), (10.2)

and the regularized part as

RVr(w-v)=(w- 1/)/0 dt OVr(tw - v), (10.3)
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where 0 denotes derivative with respect to the argument, so that OVr(tw -v) = OV (x)/0%|s=tw. We
shall call £ and R the localization and regularization operator, respectively.

By definition of self-energy value, one has

OVr(tw - v) = ekr H F, Z 99" (w - vy (1)) H 9" (w v () |, (10.4)

veB(T) CeL(T) CeL(T)\¢

where v,(t) = 1) if £ is not along the path connecting the external lines of T, and v,(t) = 9 + tv
otherwise.

The definition above suggests a further splitting of the tree values To each self-energy graph T' we
associate a localization label which can be either £ or R: the first one means that we have to compute
the self-energy value for w - v = 0, while the second one tells us that we have to replace Vp(w - v)
with RVr(w -v) as given by (10.3). Since a self-energy graph can contain other self-energy graphs, the
application of the localization and regularization operators has to be performed iteratively by starting
from the outermost (or maximal) self-energy graphs to end up with the innermost ones.

Lemma 10.7 Suppose that one has G; =0 for all j € IN. Then in the tree expansion of u,(,k) in (5.2)
only trees with localization label R have to been retained. O

Proof. Given a maximal self-energy graph T consider the localized part of its self-energy graph. First
of all note that the entering line of T cannot enters the same vertex v which the exiting line of T
comes out from (as a consequence of Lemma 10.2). For the remaining trees we can sum over all the
scale labels compatible with the cluster structure, and apply Lemma 10.5 (which allows us to replace
the support compact functions with 1). Then we can apply the cancellation mechanism leading to
Lemma 4.12: indeed one immediately realizes that the cancellation works for fixed mode labels (see
Remark 4.11).

Then Vr(0) = 0, so that we can replace Vr(w - v) with RVr(w - v), as given by (10.4). Here v is
the momentum of the line entering 7.

Next look at a self-energy graph T contained inside 7" and which is maximal (that is the only self-
energy graph containing T is T itself), and suppose we are considering a contribution to RVr(w - v)
in which the derivative acts on some propagator external to 7”. The momentum 2/’(¢) flowing through
the entering line /1%, of 7" is either v/(t) = V%;/ or V' (t) = 1/2;;/ + tv, so that for each line ¢ € L(T")
one has either vy = 1Y, or vy = 1Y, + /(). So when we compute the localized part of the self-energy
value of T, we have to put v/(t) = 0, and we can reason exactly as before for T: then the same
cancellation mechanism applies.

If instead the derivative in (10.4) acts on the self-energy value Vp(w - v/(t)) than we can write
Vr(w-vV'(t) = LVr(w -V (1)) + RVr(w - V/(t)), and of course the first term gives no contribution as
it is a constant. Hence also in such a case we can get rid of the localized part of the self-energy value.

We can iterate the argument until no further self-energy graph is left, and the assertion follows. ®

Hence we have to consider the tree expansion (5.2), and retain only self-energy clusters with local-
ization label R. The discussion then becomes standard (see for instance [16]), and for each self-energy
graph T, if v is the momentum flowing through its external lines, we obtain a gain factor w - v, which
compensate exactly one of the propagators of the external lines of T', say that of the exiting line (self-
energy line). Of course one has to control that no line is differentiated more than once, but this is
a standard argument (again we refer to [16] for details). At the end we obtain that Val(f) admits a
bound like (5.5), with the only difference that the propagators can be differentiated so that they have
to be bounded as they were quadratic and not linear. On the other hand only normal lines have to be
considered, as the self-energy lines are compensated by the mechanism described above, and they are
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bounded through (5.4). And the bound (5.4) still holds with the new definition of self-energy graph,
as shown in [16].

The conclusion is that the series defining u(t) is convergent, and it turns out to be analytic in . In

particular this means that no value of € has to be discarded in such a case. Moreover (g) = 0, because
(9) = ie(Qu), and (Qu) = 0 by item (a) in Proposition 4.15 and the hypothesis that one has G; = 0
for all j € IN. In particular one has Q. = (.

Therefore the case in which G; = 0 for all j corresponds to have an integrable system. Note that

the condition G; = 0 for all j € IN is a condition on the perturbation itself, so that it is not something
that has to be checked while carrying on any iterative scheme to solve the problem.
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