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ABSTRACT. We consider the nonlinear string equation with Dirichlet boundary
conditions g, —uy = p(u), with p(u) = ®u®+O0(u®) odd and analytic, ® # 0, and
we construct small amplitude periodic solutions with frequency w for a large Lebesgue
measure set of w close to 1. This extends previous results where only a zero-measure
set of frequencies could be treated (the ones for which no small divisors appear). The
proof is based on combining the Lyapunov-Schmidt decomposition, which leads to
two separate sets of equations dealing with the resonant and non-resonant Fourier
components, respectively the @ and the P equations, with resummation techniques of
divergent powers series, allowing us to control the small divisors problem. The main
difficulty with respect the nonlinear wave equations Uy, —uy + Mu = p(u), M # 0,
is that not only the P equation but also the @) equation is infinite-dimensional.

1. Introduction

We consider the nonlinear wave equation in d = 1 given by

utt = g = p(u),
{U(Oaf) = u(ﬂg,?t) =0, (1.1)

where Dirichlet boundary conditions allow us to use as a basis in L?([0,7]) the set of functions
{sinmax, m € N}, and ¢(u) is any odd analytic function ¢(u) = ®u? + O(u®) with ® # 0. We shall
consider the problem of existence of periodic solutions for (1.1), which represents a completely
resonant case for the nonlinear wave equation as in the absence of nonlinearities all the frequencies
are resonant.

In the finite dimensional case the problem has its analogous in the study of periodic orbits close
to elliptic equilibrium points: results of existence have been obtained in such a case by Lyapunov
[31] in the non-resonant case, by Birkhoff and Lewis [6] in case of resonances of order greater
than four, and by Weinstein [37] in case of any kind of resonances. Systems with infinitely many
degrees of freedom (as the nonlinear wave equation, the nonlinear Schrédinger equation and other
PDE systems) have been studied much more recently; the problem is much more difficult because
of the presence of a small divisors problem, which is absent in the finite dimensional case. For
the nonlinear wave equations usy — Uz, + Mu = o(u), with mass M strictly positive, existence
of periodic solutions has been proved by Craig and Wayne [14], by Péschel [33] (by adapting the
analogous result found by Kuksin and Poschel [29] for the nonlinear Schrédinger equation) and
by Bourgain [8] (see also the review [13]). In order to solve the small divisors problem one has
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to require that the amplitude and frequency of the solution must belong to a Cantor set, and the
main difficulty is to prove that such a set can be chosen with non-zero Lebesgue measure. We
recall that for such systems also quasi-periodic solutions have been proved to exist in [29], [33],
[9] (in many other papers the case in which the coefficient M of the linear term is replaced by
a function depending on parameters is considered; see for instance [36], [7] and the reviews [27],
[28)).

In all the quoted papers only non-resonant cases are considered. Some cases with some low-order
resonances between the frequencies have been studied by Craig and Wayne [15]. The completely
resonant case (1.1) has been originally studied with variational methods starting from Rabinowitz
[34], [35], [12], [11], [17], where periodic solutions with period which is a rational multiple of =
have been obtained; such solutions correspond to a zero-measure set of values of the amplitudes.
The case of irrational periods, which in principle could provide a large measure of values, has been
mostly studied only under strong Diophantine conditions (as the ones introduced in [2]) which
essentially remove the small divisors problem leaving in fact again a zero-measure set of values
[30], [3], [4]. It is however conjectured that also for M = 0 periodic solutions of (1.1) should exist
for a large measure set of values of the amplitudes, see for instance [28], and indeed we prove in this
paper that this is actually the case: the unperturbed periodic solutions with periods w; = 27/
can be continued into periodic solutions with period we ; close to wj.

In [10] existence of periodic solutions is proved for the equation wuy — Uz, = u® + F(x,u),
with periodic boundary conditions, and with F'(x,u) a polynomial in u with coefficients which
are trigonometric polynomials in z. Such a problem becomes trivial when F' does not depend
explicitly on « (in [10] Wayne is credited with such an observation), for instance if F'(z,u) = 0.
On the other hand, when a function F'(z,u) depending on z is considered, the perturbation of the
exactly solvable problem appears to order higher than 1 (in €), and this produces a small divisor
problem which is solved by imposing a Diophantine condition with an e-dependent constant (see
(5.35) in [10]).

On the contrary in the case of Dirichlet boundary conditions to find a periodic solution just for
the cubic equation, uy — ugs = 1, is non-trivial, and, as will be apparent later on, it is essentially
the core of the problem. It already requires the solution of a small divisor problem: one considers

3 as a perturbation and the problem is complicated by the fact that s — ug, can be of

the term u
the same order of u?; in particular we must impose a Diophantine condition with an e-independent
constant, and this requires an careful control of the small divisors.

Of course the techniques used in our and Bourgain’s papers are quite different. Bourgain uses
the Craig-Wayne approach based on the method of Frolich and Spencer [18], while we rely on
the Renormalization Group approach proposed in [23], which consists in a Lyapunov-Schmidt
decomposition followed by a tree expansion of the solution (with a graphic formalism originally
introduced by Gallavotti [19], inspired by Eliasson’s work [16], for investigating the persistence of
maximal KAM tori), which allows us to control the small divisors problem. As in [3] and [5] we
also consider the problem of finding how many solutions can be obtained with given period, and
we study their minimal period. As a futher minor difference between the present paper and [10],

we mention that our solutions are analytic in space and time, while the one found by Bourgain are
.

If ¢ = 0 every real solution of (1.1) can be written as

u(z,t) = Z Un, sin nx cos(wnt + 0y,), (1.2)

n=1

where w,, =n and U,, € R for all n € N.



For e > 0 we set ® = oF, with 0 = sgn® and F > 0, and rescale u — /¢/Fu in (1.1), so
obtaining
{utt — Uy = oeu® + O(£2),

w(0,6) = u(m, 1) = 0, (1.3)

where O(g?) denotes an analytic function of u and € of order at least 2 in ¢, and we define
we = V1 — Ae, with A € R, so that w. =1 for e = 0.

As the nonlinearity ¢ is odd the solution of (1.3) can be extended in the x variable to an odd 27
periodic function (even in the variable t). We shall consider ¢ small and we shall show that there
exists a solution of (1.3), which is 27 /w.-periodic in ¢ and e-close to the function

uo(x, wet) = ag(wet + ) — ag(wet — ), (1.4)

provided that ¢ is in an appropriate Cantor set and ag(€) is the odd 27-periodic solution of the
integro-differential equation
Aig = —3 {ag) ap — ag, (1.5)

where the dot denotes derivative with respect to £, and, given any periodic function F'(§) with
period T', we denote by

()= | acr© (16)

its average. Then a 27 /w.-periodic solution of (1.1) is simply obtained by scaling back the solution
of (1.3).

The equation (1.5) has odd 27-periodic solutions, provided that one sets A > 0; we shall choose
A =1 in the following. An explicit computation gives [3]

aop(§) = Vi sn(Qm&, m) (1.7)

for m a suitable negative constant (m ~ —0.2554), with Qy = 2K(m)/7 and Viy = v/—2mQn,
where sn(Qm&, m) is the sine-amplitude function and K (m) is the elliptic integral of the first kind,
with modulus v/m [25]; see Appendix Al for further details. Call 2x the width of the analyticity
strip of the function ag(§) and a the maximum value it can assume in such a strip; then one has

lao.n| < ae 2kl (1.8)

Our result (including also the cases of frequencies which are multiples of w.) can be more precisely
stated as follows.

Theorem. Consider the equation (1.1), where p(u) = ®u® + O(u®) is an odd analytic function,
with F = |®| # 0. Define ug(z,t) = ao(t + ) — ao(t — ), with ag(§) the odd 27-periodic solution
of (1.5). There are a positive constant gg and for all j € N a set &; € [0,e0/5%] satisfying

lim w =1 (1.9)

e—0 e

such that for all € € &;, by setting w. = /1 —¢ and

If@ Bl =D fame IMFmD, (1.10)

(n,m)eZ?
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for analytic 2m-periodic functions, there exist 27/ jwe-periodic solutions ue j(x,t) of (1.1), analytic

in (t, ), with
e (@,6) = Ve Fuo o, juwct) || < Ceve, (1.11)

for some constants C > 0 and 0 < k' < k.

Note that such a result provides a solution of the open problem 7.4 in [28], as far as periodic
solutions are concerned.

As we shall see for ¢(u) = Fu? for all j € N one can take the set € = [0, g¢], independently of j,
so that for fixed € € £ no restriction on j have to be imposed.

We look for a solution of (1.3) of the form

u(z,t) = Z eimawttigmey, = v(z, t) + w(z,t),
(n,m)eZ?

U(Iat) :a(g)_a(gl)v §:Wt+xa glz("Jt_'rv

a(€) = e"ay, (1.12)

nez

’LU(I, t) — Z einjwt—i—ijmacwn’m,
(n,m)eZ?

In|#|m|

with w = we, such that one has w(z,t) = 0 and a(§) = ag(€) for € = 0. Of course by the symmetry
of (1.1), hence of (1.4), we can look for solutions (if any) which verify

Un,m = —Un,—m = U—n,m (113)

for all n,m € Z.
Inserting (1.12) into (1.3) gives two sets of equations, called the Q and P equations [14], which
are given, respectively, by

nan = [p(v+w), ,
Q { —n?an = [pv+w)], _,, (1.14)

(—w*n® +m*) wpm =elp(v+w),,,,  |m|#nl,

where we denote by [F],, , the Fourier component of the function F(z,t) with labels (n,m), so
that
Fz,t)= Y ™™ [F], . (1.15)
(n.m)eZ?

In the same way we shall call [F], the Fourier component of the function F(§) with label n; in
particular one has [F|o = (F). Note also that the two equations Q are in fact the same, by the
symmetry property [p(v +w)], . = = [p(v+w)], ., which follows from (1.13).

We start by considering the case p(u) = u® and j = 1, for simplicity. We shall discuss at the
end how the other cases can be dealt with; see Section 8.

2. Lindstedt series expansion

One could try to write a power series expansion in e for u(x,t), using (1.14) to get recursive
equations for the coefficients. However by proceeding in this way one finds that the coefficient of
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order k is given by a sum of terms some of which of order O(k!®), for some constant «. This is the
same phenomenon occurring in the Lindstedt series for invariant KAM tori in the case of quasi-
integrable Hamiltonian systems; in such a case however one can show that there are cancellations
between the terms contributing to the coefficient of order k, which at the end admits a bound C*,
for a suitable constant C. On the contrary such cancellations are absent in the present case and
we have to proceed in a different way, equivalent to a resummation (see [23] where such procedure
was applied to the same nonlinear wave equation with a mass term, u;,; — uy + Mu = o(u)).

Definition 1. Given a sequence {vy,(€)}im|>1, such that vy, = v_.,, we define the renormalized
frequencies as
02 = w2, + U, Wm = |m, (2.1)

and the quantities vy, will be called the counterterms.

By the above definition and the parity properties (1.13) the P equation in (1.14) can be rewritten
as

Wnm (—w2n2 + @fn) = U Wnm + €lp(V + W)|nm (2.2)
= Vf(fml)wn,m + Vr(rlz))wnﬁm +elp(v + U’)]n,ma '
where
v O —y, (2.3)

3 we can write

With the notations of (1.15), and recalling that we are considering p(u) = u
[(v + w)g} = [vg]nyn + [wg]n,n + 3[1)210]"1” + 3[w2v]n,n
n 5 (2.4)
[V ]nn 4 [9(v, w)]n,n,

where, again by using the parity properties (1.13),

vg]nﬁn = [a®], +3 <a2> G- (2.5)
Then the first Q equation in (1.13) can be rewritten as
na, = [a®], +3 <a2> an, + [g9(v, w)]nn , (2.6)
so that a,, is the Fourier coeflicient of the 2m-periodic solution of the equation
i=—(a®+3(a*ya+Gv,w)), (2.7)
where we have introduced the function

G(v,w) =Y e [g(v,w)], .- (2.8)

neZ

To study the equations (2.2) and (2.6) we introduce an auxiliary parameter p, which at the end
will be set equal to 1, by writing (2.2) as

W, m (—w2n2 + (D;) = ,uy,(,‘;)wnym + uu,(,i’)wnﬁm + pele(v 4+ w)|nm, (2.9)

and we shall look for uy,, ., in the form of a power series expansion in g,
o0
Unm = Y pwFull), (2.10)
k=0
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with u,(zkzn depending on € and on the parameters 1/7(75), with ¢ = a,b and |m| > 1.

In (2.10) kK = 0 requires WO = +ap,, and u%% = 0 for |n| # |m|, for k > 1, as we shall see

n,tn
later on, the dependence on the parameters A

m’

I IT ()" o)

m’/=2c'=a,b

will be polynomial, of the form

with |k| = k§a) + k:gb) + kéa) + kéb) +...<k—1. Of course we are using the symmetry property to
restrict the dependence only on the positive labels m/.

We derive recursive equations for the coefficients u,(zkzn of the expansion. We start from the
coefficients with |n| = |m]|.

By (1.12) and (2.10) we can write

a=ag+ Y pFA®, (2.12)
k=1

and inserting this expression into (2.7) we obtain for A®*) the equation

A = 3 (a3A<k> +(a2) A®) 42 <a0A(k)> ao) + W), (2.13)
with
f=— > S wlf) )l (2.14)

k1+ka+kz=Fk ni+nz+nz=n
ki=k—|n;|#|m;| mitmatmz=m

where we have used the notations

(k) ; _
w), = V> il ={ml, (2.15)
’ Whoam, if |n] # |m|,
with w "
,U7(Ik7)l _ ] AN, }f k#£0, v,(lk)_n _ ) =AY, }f k#£0, (2.16)
’ aon, if k=0, ’ —agn, ifk=0.

Before studying how to find the solution of this equation we introduce some preliminary defini-
tions. To shorten notations we write

c(&) = en(Qmé,m),  s(€) =sn(Qmé,m)  d(€) = dn(Qmé,m), (2.17)

and set cd(§) = en(Qmé&, m) dn(Qmé, m). Moreover given an analytic periodic function F(§) we
define

PIF|(&) = F(§) — (F). (2.18)

and we introduce a linear operator I acting on 27-periodic zero-mean functions and defined by its
action on the basis e, (¢) = e¢, n € Z \ {0},

Tle,)(6) = ). (2.19)

m

Note that if P[F] = 0 then P[I[F]] = 0 (I[F] is simply the zero-mean primitive of F'); moreover I
switches parities.



In order to find an odd solution of (2.13) we replace first <a0A(’“)> with a parameter C*)| and
we study the modified equation

A = 3 (a3A<k> +(a2) A® 4 2c<k>a0) + 0, (2.20)
Then we have the following result (proved in Appendix A2).

Lemma 1. Given an odd analytic 27-periodic function h(§), the equation
iji=—3(ag+ (a3)) y + h, (2.21)
admits one and only one odd analytic 2w-periodic solution y(&), given by
y = L[h] = B (ngpfns (sh) + Q! D (sI[cd h] — cdI[Ps h]]) + cd I[I[ed h]]), (2.22)
with Bpm = —m/(1 —m) and Dy = —1/m.

As ag is analytic and odd, we find immediately, by induction on k and using Lemma 1, that f*)
is analytic and odd, and that the solution of the equation (2.20) is odd and given by

AP = L[—6C" gy + 0], (2.23)
The function A®) so found depends of course on the parameter C*); in order to obtain A% =
A®) | we have to impose the constraint
oW = <a0A(k)>, (2.24)
and by (2.23) this gives
C) = 60 (agLlao]) + {agLf ™)), (2.25)
which can be rewritten as
(1+ 6 (aoLfao]) €® = (aoL[fM]). (2.26)

An explicit computation (see Appendix A3) gives

1 _ 1 1
{aoL[ag)) = §VéQmQBm ((2Dm — 5) (s + (2Dm (Dm —1) + 5) <52>2> , (2.27)
which yields 7o = (1 + 6{agL[ao])) # 0. At the end we obtain the recursive definition

AF) = L[f®) — 6C®)qq],
(2.28)
ok = ro_l <a0L[f(k)]> )

In Fourier space the first of (2.28) becomes

Aglk) = BmQr;QDsnsn Z Sny (ff(zlz) - 60(k)a01”2)

ni+n2=0

* 1
+B e cdn, (8~ 6C%ag,0,)
mn1+n2z+n3:n Zz(TLQ + n3)2 1 2 3 3

_ * 1
+ BnQp' D Y msnlcdng (fr(f;) - GC(k)ao,na) (2.29)
ni+nz+nz=n

* 1
-~ —1 (k) _ g(k)
Bm Qi Dmern;m:n Z.(n2 T ng)Cdm Snoy (fnS 6C aO,ns)

=" Lo (117 = 6CWag,0)



where the constants By and Dy are defined after (2.22), and the * in the sums means that one
has the constraint ns + ng # 0, while the second of (2.28) can be written as

_TO Z CL() n n,n’ (k) (230)
n,n' €l

Now we consider the coefficients u( ), with [n| # |m|. The coefficients w&kzn verify the recursive

equations

W, [P+ 32] = O Dl ¢ [0 4w, 23)
where

[(w+w)? = > > ul b et (2.32)

ki1+ko+ks=k ni+ns+nz=n
mi+ma+mz=m

if we use the same notations (2.15) and (2.16) as in (2.14).

The equations (2.29) and (2.31), together with (2.32), (2.14), (2.30) and (2.32), define recursively
the coefficients unk,m.

To prove the theorem we shall proceed in two steps. The first step consists in looking for
the solution of the equations (2.29) and (2.31) by considering & = {@m}jm|>1 as a given set
of parameters satisfying the Diophantine conditions (called respectively the first and the second
Mel'nikov conditions)

|wn £ @&m| > Coln|™7" Vn € Z\ {0} and ¥Ym € Z \ {0} such that |m| # |n|,
|wn £ (O £ @mr)| = Coln| ™7 (2.33)
Vn € Z\ {0} and Ym,m’ € Z \ {0} such that |n| # |m +m/|,

with positive constants Cy, 7. We shall prove in Sections 3 to 5 the following result.

Proposition 1. Consider a sequence & = {Qm }jm|>1 verifying (2.38), with w = w. = V1i—¢
and such that |@,, — |m|| < Ce/|Im| for some constant C. For all uo > 0 there exists g > 0 such
that for |u| < po and 0 < & < &g there is a sequence v(@,&; 1) = {Vm (@D, &; 1) }jm|>1, where each
Um (@, €; 1) is analytic in u, such that the coefficients uslkzn which solve (2.29) and (2.31) define via
(2.10) a function u(x,t;,e; u) which is analytic in p, analytic in (x,t) and 2w-periodic in t and
solves

n’a, = [a?’}n LT3 (a*)an + [g(v, )], s
—n?ay = [a®],  +3(a*)an+[g(v,w)], _,, (2.34)
(—w’n® + @) Wam = 1V (@, €5 ) Wnn + pe [p(0 +w)],, 0y Ml # Inl,
with the same notations as in (1.14).

If 7 < 2 then one can require only the first Mel'nikov conditions in (2.33), as we shall show in
Section 7.

Then in Proposition 1 one can fix o = 1, so that one can choose p = 1 and set u(z,t;0,¢) =
u(z,t;w,e;1) and v, (0, €) = vy (0, €3 1).

The second step, to be proved in Section 6, consists in inverting (2.1), with v, = v (©,¢)
and @ verifying (2.33). This requires some preliminary conditions on &, given by the Diophantine
conditions

lwn £ m| > Ci|n|~™ Vn € Z\ {0} and ¥m € Z \ {0} such that |m| # |n|, (2.35)
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with positive constants C; and 79 > 1.

This allows to solve iteratively (2.1), by imposing further non-resonance conditions besides (2.35),
provided that one takes C; = 2C) and 19 < 7 — 1, which requires 7 > 2. At each iterative step
one has to exclude some further values of ¢, and at the end the left values fill a Cantor set £ with
large relative measure in [0, gg] and © verify (2.35).

If 1 < 7 < 2 the first Mel’'nikov conditions, which, as we said above, become sufficient to prove
Proposition 1, can be obtained by requiring (2.35) with 79 = 7; again this leaves a large measure
set of allowed values of . This is discussed in Section 7.

The result of this second step can be summarized as follows.

Proposition 2. There are 6 > 0 and a set £ C [0,eq] with complement of relative Lebesque
measure of order €} such that for all e € £ there exists & = &(e) which solves (2.1) and satisfy the
Diophantine conditions (2.33) with |0, — |m|| < Ce/|m| for some constant C.

As we said, our approach is based on constructing the periodic solution of the string equation
by a perturbative expansion which is the analogue of the Lindstedt series for (maximal) KAM
invariant tori in finite-dimensional Hamiltonian systems. Such an approach immediately encounters
a difficulty; while the invariant KAM tori are analytic in the perturbative parameter ¢, the periodic
solutions we are looking for are not analytic; hence a power series construction seems at first sight
hopeless. Nevertheless it turns out that the Fourier coefficients of the periodic solution have the
form wp m(©(w,€),e; p); while such functions are not analytic in €, it turns out to be analytic
in p, provided that & satisfies the condition (2.33) and e is small enough; this is the content of
Proposition 1. The smoothness in ¢ at fixed @ is what allows us to write as a series expansion
Un,m (@, €; p); this strategy was already applied in [23] in the massive case.

3. Tree expansion: the diagrammatic rules

A (connected) graph G is a collection of points (vertices) and lines connecting all of them. The
points of a graph are most commonly known as graph vertices, but may also be called nodes or
points. Similarly, the lines connecting the vertices of a graph are most commonly known as graph
edges, but may also be called branches or simply lines, as we shall do. We denote with P(G) and
L(G) the set of vertices and the set of lines, respectively. A path between two vertices is a subset
of L(G) connecting the two vertices. A graph is planar if it can be drawn in a plane without graph
lines crossing (i.e. it has graph crossing number 0).

Definition 2. A tree is a planar graph G containing no closed loops (cycles); in other words,
it is a connected acyclic graph. One can consider a tree G with a single special vertex vo: this
introduces a natural partial ordering on the set of lines and vertices, and one can tmagine that
each line carries an arrow pointing toward the vertex vo. We can add an extra (oriented) line £
connecting the special vertex vg to another point which will be called the root of the tree; the added
line will be called the root line. In this way we obtain a rooted tree 6 defined by P(0) = P(G) and
L(0) = L(G) U £y. A labeled tree is a rooted tree 0 together with a label function defined on the
sets L(0) and P(0).

Note that the definition of rooted tree given above is slightly different from the one which is
usually adopted in literature [24], [26] according to which a rooted tree is just a tree with a
privileged vertex, without any extra line. However the modified definition that we gave will be
more convenient for our purposes. In the following we shall denote with the symbol 8 both rooted

9



trees and labeled rooted trees, when no confusion arises

We shall call equivalent two rooted trees which can be transformed into each other by continuously
deforming the lines in the plane in such a way that the latter do not cross each other (i.e. without
destroying the graph structure). We can extend the notion of equivalence also to labeled trees,
simply by considering equivalent two labeled trees if they can be transformed into each other in
such a way that also the labels match.

Given two points v,w € P(0), we say that w < v if v is on the path connecting w to the root line.
We can identify a line with the points it connects; given a line ¢ = (v, w) we say that ¢ enters v and
comes out of w.

In the following we shall deal mostly with labeled trees: for simplicity, where no confusion can
arise, we shall call them just trees. We consider the following diagrammatic rules to construct the
trees we have to deal with; this will implicitly define also the label function.

(1) We call nodes the vertices such that there is at least one line entering them. We call end-points
the vertices which have no entering line. We denote with L(6), V(0) and E(f) the set of lines,
nodes and end-points, respectively. Of course P(6) = V(6) U E(9).

(2) There can be two types of lines, w-lines and v-lines, so we can associate to each line £ € L(6) a
badge label ~; € {v,w} and a momentum (ng, mg) € Z°, to be defined in item (8) below. If ;= v
one has |ng| = |my|, while if 7, = w one has |n¢| # |me|. One can have (ng, my) = (0,0) only if ¢
is a v-line. To the v-lines ¢ with ny # 0 we also associate a label 6, € {1,2}. All the lines coming
out from the end-points are v-lines with ny # 0.

(3) To each line ¢ coming out from a node we associate a propagator

1 it
— Q5 5 ~5 » UYe=w,
T R
= = 1 .
ge = g(wng, my) g if v =, ne £0, (3.1)

—_

, ify=v,n=0,

with momentum (ngs, mg). We can associate also a propagator to the lines ¢ coming out from
end-points, simply by setting g, = 1.

(4) Given any node v € V() denote with s the number of entering lines (branching number): one
can have only either s = 1 or s = 3. Also the nodes v can be of w-type and v-type: we say that
a node is of v-type if the line ¢ coming out from it has label «, = v; analogously the nodes of
w-type are defined. We can write V() = V,,(0) U V,,(0), with obvious meaning of the symbols; we
also call V5(0), s = 1, 3, the set of nodes in V,,(#) with s entering lines, and analogously we define
VE(0), s =1,3. If v € V,3(0) and two entering lines come out of end points then the remaining line
entering v has to be a w-line. If v € V,1(#) then the line entering v has to be a w-line. If v € V,}()
then its entering line comes out of an end-node.

(5) To the nodes v of v-type we associate a label jy € {1,2,3,4} and, if s = 1, an order label k, with
k > 1. Moreover we associate to each node v of v-type two mode labels (n’,m’), with m’ = +n/,
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and (n,m), with m = +n, and such that one has

s
E me,
l
i=1

m

n_n_= (3.2)

n s ’
E ’rLgi
=1

where ¢; are the lines entering v. We shall refer to them as the first mode label and the second
mode label, respectively. To a node v of v-type we associate also a node factor n defined as

—BmQ;12D%15nn/snn, ifj=1land s =3,
—6BmQ‘}2D§nsnn/snnC(’“), ifj=lands=1,
—Bmecdycdy,, ifj=2and s =3,
—6Bwmecdy cd, C*F) ifj=2ands=1,
= —BmQ;ﬁDmsnn/cdn, ifj=3and s =3, (3.3)
—6BmQ,}1Dmsnn/cdnC(k), ifj=3ands=1,
BmQ&lecdn/snn, ifj=4and s=3,
6Bm Q' Dmcdyy s, CF) ifj=4ands=1.

Note that the factors C*) = 75" (agL[f*)]) depend on the coefficients uslk;,)h with k& < k, so that
they have to been defined iteratively. The label §, of the line ¢ coming out from a node v of v-type
is related to the label j of v: if j = 1 then ny = 0, while if j > 1 then ny # 0 and 6, = 1+ §;.9,
where §;1 denotes the Kronecker delta (so that dp = 2 if j 4+ 2 and d, = 1 otherwise).

(6) To the nodes v € V,1(6), called v-vertices, we associate a label ¢ € {a,b}. To the nodes v of
w-type we simply associate a node factor n given by

€ ifs=3
_ . ’ 4
" {w(ng, if s =1. (3.4)

In the latter case (ng, m¢) is the momentum of the line coming out from v, and if one has ¢ = a
the momentum of the entering line is (ng, m¢) while if ¢ = b the momentum of the entering line is
(ng, —my). In order to unify notations we can associate also to the nodes v of w-type two mode
labels, by setting (n’,m’) = (0,0) and (n,m) = (0, 0).

(7) To the end-points v we associate only a first mode label (n';m’), with |m’| = |n’|, and an
end-point factor
V=(-1)"""" g = aom- (3.5)

The line coming out from an end-point has to be a v-line.

(8) The momentum (ng, my) of a line ¢ is related to the mode labels of the nodes preceding ¢; if a
line ¢ comes out from a node v one writes ¢ = ¢ and sets

ng=mn+ Z (n’ +n)+ Z n',

€v(h) EE(0)
<
/ B , (3.6)
mg =m + Z(m+m)+zm+ Z (=2my),
EV(0) EE(9) cvi(e)
< =< c=b

11



where the the sign in my is plus if ¢ = a and minus if ¢ = b and some of the mode labels can be
vanishing according to the notations introduced above. If £ comes out from an end-point we set
(nz, mz) = (0, 0)

We define @Z(ﬁz as the set of inequivalent labeled trees, formed by following the rules (1) to (8)
given above, and with the further following constraints:
(i) if (ne,,me,) denotes the momentum flowing through the root line £y and (n,,m]) is the first
mode label associated to the node vo which ¢y comes out from (special vertex), then one has
n = nyg, +n. and m = mg, +m.;
(ii) one has

E= V@) + Y (37)
EV}(0)
with k called the order of the tree.

An example of tree is given in Figure 3.1, where only the labels v, w of the nodes have been
explicitly written.

O

FIGURE 3.1

Definition 3. For all 6 € 5% we call
Val(9) = ( H gg)( H 17)( H V), (3.8)
LeL(0) ev (o) €E(0)
the value of the tree 6.

Then the main result about the formal expansion of the solution is provided by the following
result.

Lemma 2. We can write

ullhy = Y Val(9), (3.9)

pcor®)
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and if the root line ¢y is a v-line the tree value is a contribution to U,(f)in, while if by is a w-line

the tree value is a contribution to w;ky)n The factors C®) are defined as
CW =yt 3 Tag_yVal(h), (3.10)
geo;®)

where the x in the sum means the extra constraint s, = 3 for the node immediately preceding the
root (which is the special vertex of the rooted tree).

Proof. The proof is done by induction in k. Imagine to represent graphically ag, as a (small)
white bullet with a line coming out from it, as in Figure 3.2a, and u,(zkzn, k > 1, as a (big) black

bullet with a line coming out from it, as in Figure 3.2b.

Y

a b

FIGURE 3.2

One should imagine that labels &k, n, m are associated to the black bullet representing u%@n, while

a white bullet representing ao , carries the labels n,m = £n.

For k = 1 the proof of (3.9) and (3.10) is just a check from the diagrammatic rules and the
recursive definitions (2.27) and (2.29), and it can be performed as follows.

Consider first the case |n| # |m|, so that uﬁﬁn = wsllzn By taking into account only the badge
labels of the lines, by item (4) there is only one tree whose root line is a w-line, and it has one node
vo (the special vertex of the tree) with s, = 3, hence three end-points v1, vo and vs. By applying

the rules listed above one obtains, for |n| # |m|,

1

1) _ E : 0 0) 0 _ §

w%}n - _w2n2 +L:}2 U7(11)7m1U§7421m2U7(13)7m3 - Val(@), (3'11)
m + + = *(1

mytmatma—m e

where the sum is over all trees 6 which can be obtained from the tree appearing in Figure 3.3 by
summing over all labels which are not explicitly written.

FIGURE 3.3

It is easy to realize that (3.11) corresponds to (2.31) for k = 1. Each end-point v; is graphically
a white bullet with first mode labels (n;, m;) and second mode labels (0,0), and has associated an
end-point factor (—1)**%mimiaq .. (see (3.5) in item (7)). The node v is represented as a (small)
gray bullet, with mode labels (0,0) and (0,0), and the factor associated to it is n, = ¢ (see (3.4)
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in item (6)). We associate to the line ¢ coming out from the node vy a momentum (ng,ng), with
ng =n, and a propagator g¢ = 1/(—w?nj + @72, )) (see (3.1) in item (3)).

Now we consider the case |n| = |m/|, so that u%lzn =+AY (see (2.16)). By taking into account
only the badge labels of the lines, there are four trees contributing to A%l): they are represented
by the four trees in Figure 3.4 (the tree b and ¢ are simply obtained from the tree a by a different

choice of the w-line entering the last node).

w
O —0—O
v v w v v
w
a b c d

FIGURE 3.4

In the trees of Figures 3.4a, 3.4b and 3.4c the root line comes out from a node vy (the special
vertex of the tree) with s, = 3, and two of the entering lines come out from end-points: then the
other line has to be a w-line (by item (4)), and (3.7) requires that the subtree which has such a
line as root line is exactly the tree represented in Figure 3.2. In the tree of Figure 4.4d the root
line comes out from a node vy with s, = 1, hence the line entering v¢ is a v-line coming out from
an end-point (again see item (4)).

By defining 9:1(7,11) as the set of all labeled trees which can be obtained by assigning to the trees
in Figure 3.4 the labels which are not explicitly written, one finds

AV = 3" Val(9), (3.12)
o)

which corresponds to the sum of two contributions. The first one arises from the trees of Figures
3.4a, 3.4b and 3.4c, and it is given by

(0) (0) (1)
3 Z Ln,n’ Z Un’l,m’lvn’z,m’zwng,mg’ (313)

n'€Z n’1+n’2+né:n’
’ 7’ ! !
my+myt+mz=n

where one has

B * * 1
Lo = Bu@'Di 3 TswsnatBm D e educdn,

ni+no=n—n’ ni+nz=n—n’
ng:—n/
* 1
—1
+ Bm{y Dm Z msm Cdn, (3.14)

ni+nzs=n—m’

* 1
1
— BuQy Dm Z maim Snas

ni+ns=n—m’

14



with the * denoting the constraint no +n’ # 0. The first and second mode labels associated to the
node vq are, respectively, (m/,n!) = (n1,n1) and (m,,n,) = (n2,n2), while the momentum flowing

through the root line is given by (ng,my¢), with |my| = |ns| expressed according to the definition
(3.6) in item (8): the corresponding propagator is (n¢)% for ny # 0 and 1 for ny = 0, as in (3.1) in
item (3).

The second contribution corresponds to the tree of Figure 3.4d, and it is given by

> Ly CWag, (3.15)
n'eZ

with the same expression (3.14) for Ly, ,,» and C") still undetermined. The mode labels of the
node vg and the momentum of the root line are as before.

Then one immediately realize that the sum of (3.13) and (3.15) corresponds to (2.27) for k = 1.

Finally that C") is given by (3.9) follows from (2.12). This completes the check of the case
k=1

In general from (2.31) one gets, for 6 € @Z(ﬁz contributing to w,(fzn, that the tree value Val(9) is
obtained by summing all contribution either of the form

1
i > D

ni+nzs+ns=n kit+kast+ks=k—1
mi+ma+mz=m (3 16)

> > > Val(6y) Val(6,) Val(fs),
010, L) 0:€073), 050,03
or of the form )
- - (c)
ey S > Val(h), (3.17)
c:a,b 916@*(k’1)

n,nl(c)

with m(® = m and m(® = —m; the corresponding graphical representations are as in Figure 3.5.

w w w w
a b ¢ d
w w w w .
e f g h

FIGURE 3.5
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Therefore, by simply applying the diagrammatic rules given above, we see that by summing
together the contribution (3.16) and (3.17) we obtain (3.9) for |n| # |m]|.
A similar discussion applies to Aslk), and one finds that Aslk) can be written as sum of contribution

either of the form
Do Low > >

n'€Z n’1+n’2+né:n’ k1+ko+ks=k
/ 7 r_
MMy tma=n (3.18)

> > 3" Val(8y) Val(62) Val(9s),

6, 6@*(k1) 9269*(k2) 9366*(76%)

mi,mi mn2,ma n3,m3

or of the form

Z Ln,n’c(k)ao,n’; (319)

n’'eZ

with C®) still undetermined. Both (3.18) and (3.19) are of the form Val(g), for 8 € @Z(ﬁz A
graphical representation is in Figure 3.6.

e Ly

FIGURE 3.6

Analogously to the case k = 1 the coefficients C*) are found to be expressed by (3.10). Then
the lemma is proved. n

Lemma 3. For any rooted tree § one has |V2(0)] < 2|V3(0)] + 2|V,1(0)| and |E(0)| < 2(|V2(0)| +
Vo (0)]) + 1.

Proof. First of all note that |V,3(6)| = 0 requires |V,}(6)| > 1, so that one has |V,2(0)| + |V.}(0)] > 1
for all trees 6.
We prove by induction on the number N of nodes the bound

3 1 _ . . . _ .
V3(6)| < {2|V )| + 2|V} (0)] — 1, if the root line is a v-line , (3.20)

21V3(0)| +2|V,H()] — 2 if the root line is a w-line ,

which will immediately imply the first assertion.

For N =1 the bound is trivially satisfied, as Figures 3.3 and 3.4 show.

Then assume that (3.20) holds for the trees with N’ nodes, for all N’ < N, and consider a tree
0 with V(0) =

If the special vertex vq of @ is not in V;3(6) (hence it is in V,,(6)) the bound (3.20) follows trivially
by the inductive hypothesis.

If vo € V,3(0) then we can write

V2O =1+ Z V3 (03], (3:21)
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where 61,...,04 are the subtrees ( not endpoints) whose root line is one of the lines entering vy.
One must have s > 1, as s = 0 would correspond to have all the entering lines of vy coming out
from end-points, hence to have N = 1.

If s > 2 one has from (3.21) and from the inductive hypothesis

V2(0) <1+ Z (21V,2(0)| + 2|V,  (0;)] — 1) < 1+2[V2(0)] + 2|V, (0)] — 2, (3.22)
=1

and the bound (3.20) follows.
If s =1 then the root line of ¢; has to be a w-line by item (4), so that one has

V2O) <1+ 2V ()] + 2V, (0)] - 2) (3.23)

which again yields (3.20).
Finally the second assertion follows from the standard (trivial) property of trees

> (s—1)=IE®0) -1, (3.24)

ev(e)

and the observation that in our case one has s < 3. ]

4. Tree expansion: the multiscale decomposition

We assume the Diophantine conditions (2.33). We introduce a multiscale decomposition of the
propagators of the w-lines. Let x(z) be a C™ non-increasing function such that y(z) = 0 if
|| > Co and x(x) = 1 if |z| < 2Cy (Cy is the same constant appearing in (2.33)), and let
xn(z) = x(2"z) — x(2" 1) for h > 0, and x_1(z) = 1 — x(z); such functions realize a smooth

partition of the unity as
o0

1=x_1(z) + ZXh(:v) = Z Xn(x). (4.1)
h=0 h=—1
If xu(x) # 0 for h > 0 one has 27"71Cy < |x| < 271y, while if x_1(x) # 0 one has |z| > Cp.
We write the propagator of any w-line as sum of propagators on single scales in the following

way:
o0

glwn,m) = % = Z g™ (wn,m). (4.2)
h=-1 h=-—1
Note that we can bound g™ (wn, m)| < % (notice that given n, m there are at most two non-zero
values of (" (wn,m)).

This means that we can attach to each w-line ¢ in L() a scale label hy > —1, which is the scale
of the propagator which is associated to £. We can denote with @%kzn the set of trees which differ
from the previous ones simply because the lines carry also the scale labels. The set @%kzn is defined
according to the rules (1) to (8) of Section 3, by changing item (3) into the following one.

(3") To each line ¢ coming out from nodes of w-type we associate a scale label hy > —1. For
notational convenience we associate a scale label h = —1 to the lines coming out from the nodes of
v-type and to the lines coming out from the end-points. To each line £ we associate a propagator
X (lwne| = Om,)
2,2 | ~2
(he) — (he) _ 1w m T e

9o " = 9" (wng,me) = _ ify=v,mn,#0 (4.3)

(ing)%’ ’ ’

1

, if e = w,

, ifv=v,n,=0,
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with momentum (ng, my).

Definition 4. For all 6 € OF),, we define

Val(6 ( I1 gW))( I1 n)( I1 V), (4.4)

LeL(O eV (9) €EE(9)
the value of the tree 6.

Then (3.9) and (3.10) are replaced, respectively, with

ul =y Val(0), (4.5)

pcolr)

and .
") =yt Z ag,—n Val(8), (4.6)
0€6;l,

with the new definition for the tree value Val(f) and with * meaning the same constraint as in
(3.10).

Definition 5. A cluster T is a connected set of nodes which are linked by a continuous path of lines
with the same scale label h or a lower one and which are mazximal; we shall say that the cluster
has scale hy. We shall denote with V(T) and E(T) the set of nodes and the set of end-points,
respectively, which are contained inside the cluster T, and with L(T) the set of lines connecting
them. As for trees we call V,(T) and V,,(T) the sets of nodes v € V(T') which are of v-type and of
w-type respectively. Analogously one defines the sets VF(T) and Vi(T).

We define the order kr of a cluster T as the order of a tree (see item (ii) before Definition 3),
with the sums restricted to the nodes internal to the cluster.

An inclusion relation is established between clusters, in such a way that the innermost clusters
are the clusters with lowest scale, and so on. Each cluster 7' can have an arbitrary number of lines
entering it (incoming lines), but only one or zero line coming from it (outcoming line); we shall
denote the latter (when it exists) with £1.. We shall call external lines of the cluster T the lines
which either enter or come out from 7T, and we shall denote by hgf ) the minimum among the scales
of the external lines of T'. Define also

K@) =Y (| +n]) + Z Il

ev(o)

K(T)= Y (In'[+n])+ Z [l

eV (T) €EE(0)

(4.7)

where we recall that one has (n/,m’) = (n,m) = 0if v € V() is of w-type.

If a cluster has only one entering line ¢2. and (n,m) is the momentum of such a line, for any line
¢ € L(T) one can write (ng, mg) = (n9, m?) + ne(n, m), where n, = 1 if the line £ is along the path
connecting the external lines of T' and 7y = 0 otherwise.

Definition 6. A cluster T with only one incoming line {3 such that one has
ng =mng and  mp =Etmyge (4.8)
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will be called a self-energy graph or a resonance. In such a case we shall call a resonant line the
line (%, and we shall refer to its momentum as the momentum of the self-energy graph.

Examples of self-energy graphs T' with k7 = 1 are represented in Figure 4.1. The lines crossing
the encircling bubbles are the external lines, and in the figure are assumed to be on scales higher
than the lines internal to the bubbles. There are 9 self-energy graphs with kr = 1: they are all
obtained by the three drawn in Figure 4.1, simply by considering all possible inequivalent trees.

FIGURE 4.1

Definition 7. The value of the self-energy graph T with momentum (n,m) associated to the line
02 is defined as
Vi (wn,m) (H g(}”))< H 77)( H V). (4.9)
vev(T) VEE(T)

where h = hg?) is the minimum between the scales of the two external lines of T (they can differ
at most by a unit), and one has

ev(T) eB(T)
m(T) = Z m’ +m) Z m' + Z —2myg) € {0,2m}, (4.10)
ev(T) €E(T) evi(T)

c:b

by definition of self-energy graph; one says that T is a resonance of type ¢ = a when m(T) =0 and
a resonance of type ¢ = b when m(T) = 2m.

Definition 8. Given a tree 0, we shall denote by Np(0) the number of lines with scale h, and by
Cr(0) the number of clusters with scale h.

Then the product of propagators appearing in (4.4) can be bounded as

} H g (H2hzvh(e))( Xheig:;zl;j:u))( 11 ﬁ), (4.11)

CeL(® h=0 CeL(9) teL(0)
Te=w Ye=v, ng#0

and this will be used later.

Lemma 4. Assume 0 < Cy < 1/2 and that there is a constant Cy such that one has |0, — |m|| <
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Cie/|m|. If € is small enough for any tree 6 € @%kzn and for any line £ on a scale hy > 0 one has
min{mg,ne} > 1/2¢.

Proof. If a line £ with momentum (n,m) is on scale h > 0 then one has

1 -
5 > Co = [lwn| =@m| > |(VI=c = 1) [n| + (In] = [m|) — Cr¢/|m]|

Il (4.12)

1++v1—¢

with |n| # |m|, hence |[n —m| > 1, so that |n| > 1/2e. Moreover one has |[wn| — @, < 1/2 and
Om — |m| = O(e), and one obtains also |m| > 1/2¢. u

> | (il = | - Cre ]

Lemma 5. Define hg such that 2" < 16Cy/e < 2"F1 and assume that there is a constant Cy
such that one has |0, — |m|| < Cie/|m|. If € is small enough for any tree 6 € @%kzn and for all
h > hg one has

Nu(0) < 4K (0)2C3~M/T — Cy,(0) + SK(0) + MY (6), (4.13)

where K (0) is defined in (4.7), while Sy (0) is the number of self-energy graphs T in 0 with hg,f) =h
and M} (0) is the number of v-vertices in 6 such that the mazimum scale of the two external lines

s h.
Proof. We prove inductively the bound
N;(0) < max{0,2K (0)2C~"/7 _1}, (4.14)

where N;(6) is the number of non-resonant lines in L(#) on scale k' > h.

First of all note that for a tree # to have a line on scale h the condition K(0) > 2("=1/7 ig
necessary, by the first Diophantine conditions in (2.33). This means that one can have N;(0) > 1
only if K = K(f) is such that K > kg = 2(A=1/7: therefore for values K < ko the bound (4.14) is
satisfied.

If K = K(0) > ko, we assume that the bound holds for all trees 6’ with K(0') < K. Define
By =271(22=M/7)=1: 50 we have to prove that N;(#) < max{0, K(0)E, ' —1}.

Call ¢ the root line of # and ¢1,...,¢,, the m > 0 lines on scale > h which are the closest to /¢
(i.e. such that no other line along the paths connecting the lines ¢1,. .., ¢, to the root line is on
scale > h).

If the root line £ of @ is either on scale < h or on scale > h and resonant, then

m

N;i(0) =Y Ny (6:), (4.15)

i=1

where 6; is the subtree with ¢; as root line, hence the bound follows by the inductive hypothesis.
If the root line ¢ has scale > h and is non-resonant, then /1,...,¥¢,, are the entering line of a
cluster T
By denoting again with 6; the subtree having ¢; as root line, one has

m

Ni(0) =1+ Ni(6:), (4.16)
=1

so that the bound becomes trivial if either m = 0 or m > 2.
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If m = 1 then one has a cluster T' with two external lines ¢ and ¢y, which are both with scales
> h; then
wnel = G| <27%1Co,  |lwnes] = G, | <2710, (4.17)

and recall that T is not a self-energy graph.

Note that the validity of both inequalities in (4.17) for h > hg imply that one has |n; — ng, | #
|me £ my, |, as we are going to show.

By Lemma 4 we know that one has min{my,n,} > 1/2¢. Then from (4.17) we have, for some

Ne,Mey, € {:l:l}v

2720 > |w(ne = ne, ) + M6@my, + 16, @my, | (4.18)
so that if one had |ng — ng, | = |me £ my, | we would obtain for € small enough
_ Cie Cie _ ¢ €
920, > — Sy |- 25 8 S E 4o 4.19
02 T e el Ime|  me| ~ 2 =7 (4.19)

which is contradictory with h < hg; hence one has |ng — ng, | # |me = my, |.
Then, by (4.17) and for |ng — ne, | # |me = mye, |, one has, for suitable ne,ne, € {+, -1,

2720, > |w(ne — ne,) + Me@m, + 16,@m,, | > Colng —ng, |77, (4.20)

where the second Diophantine conditions in (2.33) have been used. Hence K (0) — K(01) > E},
which, inserted into (4.16) with m = 1, gives, by using the inductive hypothesis,

Ni(0) =1+ Ni(6h) <1+ K(01)E, ' —1

L 1 (4.21)
<1+ (K(o) - Eh)E,j S1<K@O)E;' -1,
hence the bound is proved also if the root line is on scale > h.

In the same way one proves that, if we denote with Cj(6) the number of clusters on scale h, one
has

Ch(0) < max{0,2K(0)22~"M/7 1}, (4.22)
see [23] for details. ]

Note that the argument above is very close to [23]: this is due to the fact that the external lines
of any self-energy graph 7" are both w-lines, so that the only effect of the presence of the v-lines
and of the nodes of v-type is in the contribution to K(T).

The following lemma deals with the lines on scale h < hyg.

Lemma 6. Let hy be defined as in Lemma 2 and Cy < 1/2, and assume that there is a constant
Cy such that one has |0, — |m|| < Cie. If € is small enough for h < hg one has |g§h)| < 32.

Proof. Either if h # hy of h = hy = —1 the bound is trivial. If h = hy > 0 one has

— Om 1

—|wng| + @ Jwng| + Om’

where |wng| + @y, > 1/2¢ by Lemma 4. Then one has

1

|wne| + O

< 2e, (4.24)
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which, inserted in (4.23), gives |géh)| < 2M2:/Cy < 32, so that the lemma is proved. |

5. The renormalized expansion

It is an immediate consequence of Lemma 5 and Lemma 6 that all the trees § with no self-energy
graphs or v-vertices admit a bound O(C¥e¥), where C is a constant. However the generic tree
6 with S;(0) # 0 admits a much worse bound, namely O(C*e¥k!®), for some constant «, and
the presence of factorials prevent us to prove the convergence of the series; in KAM theory this
is called accumulation of small divisors. It is convenient then to consider another expansion for
Un,m, Which is essentially a resummation of the one introduced in Sections 3 and 4.

We define the set @5{“23 of renormalized trees, which are defined as @%@n except that the following
rules are added.

(9) To each self-energy graph (with |m| > 1) the R = 1 — £ operation is applied, where £ acts on
the self-energy graphs in the following way, for h > 0 and |m| > 1,

LV (wn,m) = V(sgn(n) &m, m), (5.1)

R is called regularization operator; its action simply means that each self-energy graph V2 (wn,m)
must be replaced by RVE(wn,m).

(10) To the nodes v of w-type with s = 1 (which we still call v-vertices) and with h > 0 the minimal
scale among the lines entering or exiting v, we associate a factor 2_hl/,(f2n, ¢ = a,b, where (n,m)
and (n,+m), with |m| > 1, are the momenta of the lines and a corresponds to the sign + and b to

the sign — in +m.

(11) The set {h,} of the scales associated to the lines ¢ € L(#) must satisfy the following constraint
(which we call compatibility): fixed (ng,my) for any ¢ € L(f) and replaced R with 1 at each
self-energy graph, one must have yp, (|wn¢| — Om,) # 0.

(12) The factors C*) in (3.3) are replaced with T', to be considered a parameter.

The set 65527? is defined as @%kzn with the new rules and with the constrain that the order & is
given by k = [V, (0)| + |V,} (0)].

We consider the following expansion

i =y p* > Val(h), (5.2)
k=1 geo)*
where, for [m| > 1 and h > 0, V}(chn is given by
_ c c 1 ~
2 M = )+ 5 D D W VoG, m), (5.3)
o=t per

<h

with ¢ = a,b, and ’T<((;L) denoting the set of self-energy graphs T' of type ¢ (see item (6) in Section
3) with Ay < h, and T is determined by the self-consistence equation

T=rg' S Wb ST Tap_aVal(6), (5.4)
k=1

pcoFR
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with * denoting the same constraint as in (3.10).

We shall set also ) = 1/(? Note that VI (o@,,, m) is independent from o.

Calling Lo(0), Vo (6), Eo(6) the set of lines, node and end-points not contained in any self-energy
graph, and Sy(0) the mazimal self-energy graphs, i.e. the self-energy graphs which are not contained
in any self-energy graphs, we can write Val(#) in (5.2) as

valo) = ( TT o) ( II »)( IT v)( II RV @niemen)),  (55)

LeLo(0) veVp(0) VeEy(0) T€eSo(9)
and by definition
RV’;T (Wnep, mep) = V;I“T (Wnep, mey) — V;I“T (sgn(nes ) (‘DmeT s M), (5.6)

and VI}ZET (wney, Mg, ) is given by

V;C(wngT,sz _( H ghtz))( H 77)( H V)( H RV;TT,(WTLET,,’ITLET,)). (5.7)

LeLo(T) veVo(T) VEEL(T) T'eSo(T)

First (Lemma 7) we will show that the expansion (5.2) is well defined, for vy, ,,, I' = O(e); then
(Lemma 8 and 9) we show that under the same conditions also the r.h.s. of (5.3) is well defined;
moreover (Lemma 10) we prove by using (5.3) that it is indeed possible to choose i) such that
Up,m = O(e) for any h; then (Lemma 11 and 12) we show that (5.2) admit a solution I' = O(e);
finally (Lemma 13) we show that indeed (5.2) solves the last of (1.14) and (2.2); this completes
the proof of Proposition 1. In the next section we will solve the implicit function problem of (2.1)
so completing the proof of Theorem 1.

We start from the following lemma stating that, if the v
the expansion (5.2) is well defined.

(c)

hom and I functions are bounded, then

Lemma 7. Assume that there exist a constant C' such that one has |T'| < Ce and |1/,(£7)n| < Ce,
with ¢ = a,b, for all |/m| > 1 and all h > 0. Then for all py > 0 there exists €9 > 0 such that for
all || < po and for all 0 < & < ey and for all (n,m) € Z° one has

|ﬂ/n,m| < Doglue*"”»(\n|+\ﬂ“b|)/47 (5.8)

where Dy is a positive constant. Moreover Uy, ts analytic in p and in the parameters st,) nry With
c=a,band |m'| > 1.

Proof. In order to take into account the R operation we write (5.6) as

e

1
RV;T (Wney, mpy) = (wngT — (:Jm,ZT) / dt@V;T (wney + t(wne, — &szT),mgT), (5.9)
0

where 0 denotes the derivative with respect to the argument wng, + t(wng, — (:Jm,_;T)
By (5.7) we see that the derivatives can be apphed elther on the propagators in Lo(T), or on the
RVT,T/ In the first case there is an extra factor 2717 +h7 with respect to the bound (4.11): 9-hi

is obtained from wny, — (IJmET while 9¢g("7) is bounded proportionally to 22#7; in the second case
hs, he) . o
note that O, RV, = 8tVT, as EVT, is independent of ¢; if the derivative acts on the propagator

of aline £ € L(T), we get a gain factor

(e) (e) _p
2—hT +hopr S 2—hT +hT2 hT’ +hT” (510)
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(e

at the end (i) the propagators are derived at most one time; (ii) the number of terms so generated

as h ) < hr. We can iterate this procedure until all the R operations are applied on propagators;

is < k; (iii) to each self-energy graph T a factor 9= +h ig associated.
Assuming that |1/,(f7)n| < C¢ and |T'| < Cé, for any @ one obtains, for suitable constants D

IVal(9)] < Ve @V @5V O

( ﬁ exp [h log2(4K(6‘)2_(h_2)/T — Ch(0) + Sh(0) + M;;(@))D

h=hg
H 7h(e)+hT)( H o—hM; (0 ) (5.11)
TES(0) h=hg
h;f)zh,o
11 e—n<|n\+ln'|>)( 11 e_’i(|m\+|m/|))7
VEV(0)UE(0) VEV(0)UE(0)

where the second line is a bound for [, 2/Nn () and we have used that by item (12) Ny, ()
can be bounded through Lemma 5), and Lemma 4 has been used for the lines on scales h < hg;
moreover [, , ho 2-hM; () takes into account the factors 2~" arising from the running coupling

constants 1/( ) and the action of R produces, as discussed above, the factor HTGS((,) 9= +hr
Then one has -
(T I ) -
h=ho TeS(0 (5 12)
( I1 2—hch<9>)( H 2hT) <1
h=hg TeS(9)

We have to sum the values of all trees, so we have to worry about the sum of the labels. Recall that
a labeled tree is obtained from an unlabeled tree by assigning all the labels to the points and the
lines: so the sum over all possible labeled trees can be written as sum over all unlabeled trees and
of labels. For a fixed unlabeled tree # with a given number of nodes, say IV, we can assign first the
mode labels {(n’,m’), (n,m)},cv(9)ur(9), and we sum over all the other labels, which gives 41V (0)]
(for the labels j) times 21?1 (for the scale labels): then all the other labels are uniquely fixed.
Then we can perform the sum over the mode labels by using the exponential decay arising from
the node factors (3.3) and end-point factors (3.5). Finally we have to sum over the unlabeled trees,
and this gives a factor 4 [26]. By Lemma 3, one has |V (0)] = |V,(0)| + Vi (0)] + [Vi¥ (0)] <
3(|V1£3)(9)|+|%(1)(9)|), hence N < 3k, so that Zee@;’f)ﬂ? [Val(8)| < D¥e*, for some positive constant
D.
Therefore, for fixed (n,m) one has

Z > pF[Val(8)] < Dope e (IniHImb/A, (5.13)
k=lgcol),
for some positive constant Dy, so that (5.8) is proved. ]

()

h,m>

From (5.3) we know that the quantities v for h > 0 and |m| > 1, verify the recursive relations

/W;(;).l I 2,u1/(c) + ﬂ(c) (@,¢, {I/h, m,}) (5.14)
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where, by defining ’Z;I(C) as the set of self-energy graphs in T<(2) 41 Which are on scale h, the beta
Sfunction

(& c ~ C, 1 ~
o = B @02 000 D) =215 300 3 WV (0, m), (5.15)
o=t per©

depends only on the scales b’ < h.

In order to obtain a bound on the beta function, hence on the running coupling constants, we
need to bound V%H(:lz&m, m) for T € ’Th(c). We define é%kzy? as the set 65527? introduced before,
but by changing item (7) into the following one:

(7) We divide the set E(6) of end-points into two sets E(#) and Eo(f). To each end-point v € E(6)
we associate a first mode label (n’,m’), with |m’| = |n’|, a second mode label (0,0) and an end-
point factor V = (—1)1+6"/”"/a0)n/, while Ey(0) is either the empty set or a single end-point o,
and, in the latter case, to the end-point v € Ey(f) we associate a first mode label (@,,,n), where
W = Wm /w, a second mode label (0,0) and an end-point factor V= 1.

Then we have the following generalization of Lemma 4.

Lemma 8. If € is small enough for any tree 6 € (3551’“2,? one has
Nu(0) < 4K (0)2C~M/T — Cy,(0) + SK(0) + MY (6), (5.16)

where the notations are as in lemma 4.

Proof. Lemma 4 holds for Ey(f) = 0; we mimic the proof of Lemma 4 proving that
N (0) < max{0,2K (0)23-"/7}, (5.17)

for all trees 6 with Ey(6) # (), again by induction on K (6).
For any line £ € L(6) set n; = 1 if the line is along the path connecting ¢ to the root and 7, = 0
otherwise, and write
ng =nY + NDm, my = my + nem, (5.18)

which implicitly defines ny and m).
Define ko = 2("=1/7. One has N; (0) = 0 for K(0) < ko, because if a line £ € L(6) is indeed on
scale h then |wng — @m,| < Co2'~", so that (5.18) and the Diophantine conditions imply

K(0) > |nd| > 2h=D/7 = k. (5.19)

Then, for K > ko, we assume that the bound (5.17) holds for all K() = K’ < K, and we show
that it follows also for K () = K.

If the root line £ of  is either on scale < h or on scale > h and resonant, the bound (5.17) follows
immediately from the bound (4.13) and from the inductive hypothesis.

The same occurs if the root line is on scale > h and non-resonant, and, by calling ¢4, ..., ¢,, the
lines on scale > h which are the closest to ¢, one has m > 2: in fact in such a case at least m — 1
among the subtrees 01, ..., 0,, having {1, ..., {,,, respectively, as root lines have F(f;) = 0, so that

we can write, by (4.13) and by the inductive hypothesis,

NHO) =14 SN0 < 1+ By SOK) - (m - 1) < LK), (5.20)

i=1 i=1
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so that (5.17) follows.

If m = 0 then N;(0) = 1 and K (0)2(2=")/7 > 1 because one must have K (8) > k.

So the only non-trivial case is when one has m = 1. If this happens ¢; is, by construction, the
root line of a tree #; such that K(0) = K(T) 4+ K(61), where T is the cluster which has £ and ¢;
as external lines and K (7T'), defined in (4.7), satisfies the bound K (T") > |ng, — nel.

Moreover, if Eg(f1) # 0, one has

|lwn§ + @m| — @m, | < 27"T1C,

. B _ (5.21)
“wn?l + Om| — szl‘ < 27h 1y,
so that, for suitable ng,n,, € {—, +}, we obtain
2720, > |w(ng —ng,) + neom, + Nty @y, | > Colng —ny,|™™ = Colne —ng, |77, (5.22)

by the second Diophantine conditions in (2.33), as the quantities @,, appearing in (5.21) cancel
out. Therefore one obtains by the inductive hypothesis

NiO) <1+ K(01)E, ' <1+ K@O)E,' - K(T)E,' <K()E;", (5.23)

hence the first bound in (5.17) is proved.
If Ey(61) = 0, one has

Ni(0) <1+ K(0))E,' —1<1+K@®)E,' —1<K(@®)E,", (5.24)
and (5.17) follows also in such a case. u

The following bound for V%H(:lz&m, m), h > hg, can then be obtained.

Lemma 9. Assume that there exist a constant C' such that one has |T'| < Ce and |1/,(f2n| < Ce,
with ¢ = a,b, for all {m| > 1 and all h > 0. Then if € is small enough for all h > 0 and for all
T e 7;56) one has

VI (+@,,, m)| < BIV(T)\e*fé?(’“l)”/46*'~”~K(T)/4EIVW(I)(T)\JrIVw(T)I7 (5.25)
where B is a constant and K(T) is defined in (4.7).

Proof. By using lemma 7 we obtain for all T' € ’Z;I(C) and assuming h > hy we get the bound

VIR (&G, m)| < B DV @IV (D)

h
I] e [4K(T) log 20'2C=M)/™ — . (T) + Sy (T) + MY (T)
h’=hg

h

( H 27h(;)+hT)< H 27h’M}‘l’,(T))efn|K(T)|/2, (5.26)

T/CT h'=hg
(e)
hy " 2ho

where B is a suitable constant. If h < hg the bound trivializes as the r.h.s. reduces simply to

cV (D! |a|‘Vv(1)(T)‘+|Vw(T)|e’ 5IK(D)| The main difference with respect to Lemma 6 is that, given a

self-energy graph T € ’];L(c), there is at least a line ¢ € L(T) on scale hy = h and with propagator
1

—,2(10 = V2 1 2
w2(ny + nem) +wm2+nem

; (5.27)
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where 1, = 1 if the line ¢ belongs to the path of lines connecting the entering line (carrying a
momentum (n,m)) of T with the line coming out of T, and 7, = 0 otherwise. Then one has by the
Mel'nikov conditions

Colnf| ™" < |wnf + Ne@m % Do 4 | < Co27 ", (5.28)

so that [n9| > 2("=1/7. On the other hand one has |n9| < K(T), hence K(T) > 2("=1/7; 50 we
get the bound (5.25). u

It is an immediate consequence of the above Lemma that for all ug > 0 there exists €9 > 0 such
that for all |u| < po and 0 < € < g one has |6,(fzn| < Bie|p|, with B; a suitable constant.

We have then proved convergence assuming that the parameters vy, ,, and I'" are bounded; we
have to show that this is actually the case, if the 1/7(75) in (2.34) are chosen in a proper way.

We start proving that it is possible to choose v(¢) = {V,Sf)}‘m|21 such that, for a suitable positive

constant C, one has |u,(fzn| < Ce for all h > 0 and for all |m| > 1.
For any sequence a = {a, }|m|>1 We introduce the norm

lall = sup |am|. (5.29)
Im|>1

Then we have the following result.

Lemma 10. Assume that there exists a constant C' such that |I'| < Ce. Then for all o > 0 there

exists 9 > such that, for all |u] < pg and for all 0 < e < g there is a family of intervals Ié%,

h>0,|m|>1, ¢c=a,b, such that Ic(,jﬂ_l) C IC(%, |I£m| < 2e(v2)~ D) and, if e e Iéﬁ,)q, then

I\ oo < De, B2 h >0, (5.30)
for some positive constant D. Finally one has uflflm = V,(fzn, c=a,b, for all h > h >0 and for all

|m| > 1. Therefore one has ||p]lco < Ce for all h > 0, for some positive constant D; in particular
|vm| < De for allm > 1.

Proof. The proof is done by induction on h. Let us define Jc(}i% = [—&,¢] and call Jh =

X|m\21,c:a,bJ¢£% and I(h) = ><|m\721,c:a,blc(>hﬂ)1' ~ ~
We suppose that there exists (") such that, if v spans (" then vy, Spans JM and |1/}(1C2n| < De for

h>h> 0; we want to show that the same holds for Bj— 1. Let us call J®+D the interval spanned
by {VI’(ICJZLm}\m|ZLCZG>b when {V,(,i)}‘mglﬁcza)b span I For any {Vgrf)}‘mglﬁcza’b e I™ one has
{Vhi1mbim|>1,0=ab € [—26 — De?,2e + De?], where the bound (5.25) has been used. This means
that J(B+D) is strictly contained in J"+1) - On the other hand it is obvious that there is a one-to-one
correspondence between {V,(,f)}|m‘>17c:a)b and the sequence {V}(Lc,zn}lm\zlmza,b’ h+1> h > 0. Hence
there is a set () c I guch that, if {u,(,f)}‘mglyc:a’b spans 1"+ then {Véizhm}lm\zlvc:a»b
spans the interval Jh) and, for € small enough, |vp|eo < Ce for h+1>h>0.

The previous computations also show that the inductive hypothesis is verified also for h = 0 so
that we have proved that there exists a decreasing sets of intervals I (M) such that if

{V,(,f)}|m‘>17c:ayb € I™ then the sequence {V}(L(fzn}\m|21,c:a,b is well defined for h < h and it verifies
|V}(f2n| < Cle]. In order to prove the bound on the size of Ié% let us denote by {Vf(fzn}lm\zl,c:a-,b

and {V;L(ﬁzl}‘m|21yc:a7b, 0 < h < h, the sequences corresponding to {V,(,f)}m‘Zl’c:a)b and
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{uﬁy(lc)}‘mglﬁcza)b in 7™, We have
/Wf(zc«sz - My;l(i)l,m =2 (Wf(f?n - /J’V;z(,cn)z> + ﬁf(ffn - ;z(,i)w (5.31)
where ﬁ,(fzn and ﬁ;l(cn)l are shorthands for the beta functions. Then, as [V, — Ve < |Vh — V), |00 for
all £ < h, we have
1
v — Voo < §|Vh+1—V]/I+1|OO+DE2|I/}1—V]/I|OO. (5.32)
Hence if € is small enough then one has
v =¥ lloe < (VDT 0 = oo (5.33)
Since, by definition, if v spans IM | then vy, spans the interval J®) | of size 2|e|, the size of IM g
bounded by 2|e[(v/2)(~"=1).
© _ @

Finally note that one can choose vy, S

h > h > 0; this follows from the fact that the function ﬁ,(ci)n in (5.15) is even under the exchange
m — —m; it depends on m through @,, (which is an even function of m), through the end-points
v € E(#) (which are odd under the exchange m — —m; but their number must be even) and finally

through V](C b

() _

and then Vhom = Vh.—m

for any |m| > 1 and any

q;l which are assumed inductively to be even. L]

(c)

It will be useful to explicitly construct the v,

find, for |m| > 1

by a contraction method. By iterating (5.14) we

h—1
/LV;(fzn — 2h+1 (MV’I(T(;) + Z 27]6726]5:?7)71(&, E, {V](cfﬂ)n’})> ) (534)
k=-—1

where ﬂl(cfzn(u?,s, {1/](;/) }) depends on v with & < k — 1. If we put h = h in (5.34) we get

,m’

h—1

A == 30 2250 (G,e ) 1) + 27 ), (5:35)
k=-—1

and, combining (5.34) with (5.35), we find, for h > h > 0,

h—1
w9, = 2[S9 2500 e () ) |+ 2P (5.36)
k=h

The sequences {V}SCZn}|m‘>17 h > h > hg, parameterized by {Véczn}‘ng such that ||Véc)||oo < Ck,

can be obtained as the limit as ¢ — oo of the sequences {V,(ﬁz?gq)}, q > 0, defined recursively as

(0 _ g

MVMW

(5.37)

h—1
NV}S%(I) — _9ht+1 Z 2_]“_26,(:371(&,5, {V](C«/:J)T(Li;—l)}) + 2h—huy;§2n_
k=h

In fact, it is easy to show inductively that, if € is small enough, ||V,(LQ)||Oo < C¢, so that (5.37) is
meaningful, and

@Y < (Ce) 5.38
O?}?;(E”Vh v, e < (Ce) (5.38)
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For ¢ = 1 this is true as V,(LC)(O) = 0; for ¢ > 1 it follows by the fact that ﬁ,(gc) (@, e, {V,(;%?il)}) -

ﬁ(c) (@, e, {u(c )(g- 2)}) can be written as a sum of terms in which there are at least one v-vertex,

() (a—1) 1/,(5,)((172), with A’ > k, in place of the corresponding 1/,(5,), and one
(@)

node carrying an €. Then v,
bound ||vp|lcc < Ce. Since the solution is unique, it must coincide with one in Lemma 10.

We have then constructed a sequence of V}(chn solving (5.36) for any i > 1 and any V]%czn; we shall

call V,(LCZR(F) the solution of (5.36) with h = oo and Vé?ym = 0, to stress the dependence on I'.

We will prove the following Lemma.

with a difference v,

converges as ¢ — 00, for h < h < 1, to a limit v, satisfying the

Lemma 11. Under the the same conditions of Lemma 10 it holds that for any h >0
|vn(TY) — v, (T%)]| oo < De|Tt — T2, (5.39)

for a suitable constant D.

Proof. Calling I/(q)( I') the Lh.s. of (5.37) with A = 0o and v, = 0, We can show by induction on
q that
420 = 13 (0%)]0 < Del T~ T2, (5.40)

We find convenient to write explicitly the dependence of the function ﬁ(c) from the parameter

T, so that we rewrite ﬁkm(w g, {I/k, m‘,I 1)} in the r.h.s. of (5.37) as ﬁ(c) (@,¢,T, {Vk, 7)75‘,1 1)(1")}.
Then from (5.37) we get

D () = )% =

3R, @ T I ) — A e T e ) O
k=h

When ¢ = 1 we have that ﬁ(c) (@,e,Tt {ka )@= iy ﬁ(c) (@,e,T2 {Vk, )@= (12)1) is given
by a sum of self energy graphs with one node v with a factor 5 with T’ replaced by I' — I'?; as
there is at least a vertex v of w-type by the definition of the self energy graphs we obtain

(1) (1 (1) (2 2 1 2
1) = v ()l < (Dre+ Dre?) 0 - 12 (5.42)

for positive constants D; < 2D and Ds, where Die|T'" — T'2| is a bound for the self-energy first
order contribution.
For ¢ > 1 we can write the difference in (5.41) as

(B @ e T DD} = B0, @, 1% okt D )
+ (B @ V) - B0, @, T e I

The first factor is given by a sum over self-energy graphs with one node v with a factor n with I'

(5.43)

replaced by I't — I'?; the other difference is given by a sum over self energy graphs with a v-vertex
to which is associated a factor I/(c)(q Dty — ,(C(f)fg, Y (T'2); hence we find

2T = P (1?) ]| < (D1 + D3e?) [T — r2|+sD2sup||uq D = (02, (5.44)
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where D1e|l'! — T2 is a bound for the first order contribution coming from the first line in (5.43),
while the last summand in (5.44) is a bound from the terms from the last line of (5.43). Then
(5.40) follows with D = 2Dy, for € small enough. u

By using Lemma 11 we can show that the self consistence equation for I' (5.4) has a unique
solution T' = O(g).

Lemma 12. For all 19 > 0 there exists g > 0 such that, for all |p| < po and for all 0 < & < g,
given &) (T') chosen as in Lemma 9 (with h = oo and ué?,m = 0) it holds that (5.4) has a solution

IT| < Ce where C is a suitable constant.

Proof. The solution of (5.4) can be obtained as the limit as ¢ — oo of the sequence I'9), ¢ > 0,
defined recursively as
r© — 0,

F(Q) — TO_l Z Z *alo.rin\/al(o)7 (545)

k=1 ge(k) (=17

where we define @5{?2,(5)” as the set of trees identical to @%’“Zlf except that I in 7 is replaced by I'(9)
and each v}, ,,, is replaced by v, ,,(I'(9), for all & > 0,|m| > 1. (5.45) is a contraction defined on
the set |T| < Ce, for € small. In fact if [['(9=D| < C¢, then by (5.45) [T(@] < Ce + CoCe?, where
we have used that the first order contribution to the r.h.s. of (5.45) is I'-independent (see Section
3), and Cye < eC/ is a bound for it; hence for € small enough (5.45) send the interval |T'| < Ce to
itself.

Moreover we can show inductively that

|T@ — =D < (Ce). (5.46)

For ¢ = 1 this is true; for ¢ > 1 T@ — I'(a=1) can be written as sum of trees in which a)or to
a node v is associated a factor proportional to I'?—1) —T(¢=2); or b) to a v vertex is associated
Uht ot (TO™D) — v (T0@72) for some h/,m’. In the first case we note that the constraint in
the sum in the r.h.s. of (5.45) implies that s,, = 3 for the special vertex of 8; hence, item (4)
in Section 3, says that v/ # vg so that such terms are bounded by D;e|T*) —T?)| (a term order
O(T'! —T?) should have three v lines entering vy and two of them coming from end points, which
is impossible). In the second case we use (5.39), and we bound such terms by Dye|T(H) —T'?)| |
Hence by induction (5.46) is found, if C > D, /4, Dy/4,C4/4). u

We have finally to prove that i, solves the last of (1.14) and (2.2).

Lemma 13. For all ug > 0 there exists eg > such that, for all |p| < po and for all 0 < e < &,
given 1/7(75) (T') chosen as in Lemma 9 and T' chosen as in lemma 12 then Uy m solves the last of
(1.14) and (2.2).

Proof. Let us consider first the case in which |n| # |m| and we call OF, = J, @552,?; assume also
(what of course is not restrictive) that n, m is such that xn,(Jwn| — &m) + Xhe+1(lwn| — &m) = 1.

We call ©F  the set of trees 0 € @nR)m with root line at scale hg, so that

n,m,

= Val)= > Val®)+ > Val(¥), (5.47)

cOR pcOR cOr

n,m n,m,hg n,m,hg+1
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. R R R : : R
and we write ©% , =0o7 " | QR he» Where ©° ", “are the trees with s, = 1, while Gi’m 7

are the trees with s, = 3 and vq is the special vertex (see Definition 2). Then

Y valg) = Y (g<f3>(n,m)27h0u,§f){m 3 Val(g)

pcO> R c=a,b fcOR

n,m,hq n,me,hq

+ g™ mm27 M0 3T Val(e)

R
06@71,7nc,ho+l

+g(h°+1)(n,m)27h“u}(§3m Z Val(6)
fceOR

n,m,hg

_|_g(hoJrl)(n’m)Q*hofluf(:))_i_l)m Z Val(@)),

AR
0€O e hg+1

(5.48)

where m, is such that m, = m and my = —m. On the other hand we can write @22 he =

LR U 2R where ©°1® are the trees such that the root line {y is the external line of a

n,m,ho n,m,ho’ n,m,ho

self-energy graph, and 6527’3,10 is the complement. Then we can write

S oval) = > g™ mm) Y RVEwn,m) Y Val(d)

1,R — - R
eegi,m,ho c=a,b T€T<((;L)0 96®n,mc’h0

g (n,m) Y RV (wn,m) Y Val(f)

= (c) oOR
TET<,L0 eeon,mc,h0+l

+g"o D (n,m) Y RVP(wn,m) > Val(6)

+(c) OR
TET<,L0 0€O e o

+g"o D m,m) Y RV wn,m) > Val(6),

7(c) OR
TET<h0Jrl eeon,mc,h0+l

(5.49)

where 719 is the set of self-energy graphs such that if v is the vertex to which the external line £

<ho
is attached, than s = 3. Note that if T' belongs to the complementary of 'Z~'<(%), then LV} = 0 by
the compact support properties of g(h).
Summing (5.6) and (5.49) and using (5.1), (5.3) we get
>oooval®) = > g™ nm) Y Viwn,m) Y Val(6)
geell”, c=ab T6T<(°h)0 9eOR )
+ g0 (n, m) Z VIO (wn, m) Z Val(0)
T€T<(C;30 06@:12,7n,)10+1
+ 9" W (nm) S Viewnom) S Val(9) (5.50)
(¢) R :
T€T<h0 06@71,7nc,ho
+ gt (n,m) Z Vot (wn, m) Z Val(6)
T€T<((;1)0+1 Geasmc,hr(ﬂrl
+ (g<ho>(n,m) + g<ho+1>(n,m)) ( Soovae+ > va1(9)).
ee@zm&ho eegzim@hoJrl
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The last line is equal to
1

—w?n? + @2,

while adding the first three lines in (5.49) to >, _gs1.=  Val(f) we get
n,m,hg

WD gy A+ vy ], (5.51)

€ E Uny,my Ung,ms Ung,ma s (5.52)

nit+notnz=n
mi+motmz=m

from which we get that > ,_.g= Val(#), for p = 1, is a formal solution of (2.2). A similar result
holds for |n| = |m]. =

6. Construction of the perturbed frequencies

In the following it will be convenient to set @ = {wp }|m|>2. By the analysis of the previous sections
we have found the counterterms {1, (@, €)}m|>2 as functions of € and @. We have now to invert
the relations
Q2 = U (@,€) = m?, (6.1)
in order to prove Proposition 2.
We shall show that there exists a sequence of sets {5(1’)};‘;0 in [0, &¢], such that £P+H) c £@),
and a sequence of functions {&®) (€)}p0, with each o®) = @P)(g) defined for ¢ € £P), such that

for all € € &, with

&= () — 7; (p) )
e Jim £, (6.2)
p=0
there exists the limit
o) () = lim o® (e), (6.3)
p—00

and it solves (6.1).
To fulfill the program above we shall define since the beginning w = w. = /1 — ¢, and we shall
follow an iterative scheme by setting, for |m| > 1,

’ 6.4

OP? = 5P2(e) = m? + 1, (OP7Y ), p>1, (64)
and reducing recursively the set of admissible values of ¢.
We start by imposing on ¢ the Diophantine conditions

|wn £ m| > 2Cy|n|~™ Vn € Z\ {0} and VYm € Z \ {0} such that |m| # |n|, (6.5)

where Cy and 7y are two positive constants.
This will imply some restrictions on the admissible values of ¢, as the following result shows.

Lemma 14. For all 0 < Cy < 1/2 there exist £g > 0 and 9,00 > 0 such that the set EO) of values
e € [0,e0] for which (6.5) are satisfied has Lebesgue measure |E)| > eo(1 — ~0ed*) provided that
one has 19 > 1.

Proof. For (n,m) such that |wn + m| > 2Cy the Diophantine conditions in (6.5) are trivially
satisfied. We consider then (n,m) such that |wn +m| < 2Cy and we write, if 0 < Cy < 1/2

1>2Cy > |wn+m| > —ntm|, (6.6)

en
1++1-—¢
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and as [n+m| > 1 one gets |n| > 1/2¢ > 1/2¢¢. Moreover, for fixed n, the set M of m’s such that
|wn £ m| < 1 contains at most 2 + £o|n| values. By writing

2C
Fle®) =ny/1—e(t) £m = tﬁ t e 0,1], (6.7)
n
and, calling Z(©) the set of & such that |wn & m| < 2Cy|n|~™ is verified for some (n,m), one finds
for the Lebesgue measure of Z(9)

eas(Z(?) / de Z Z /1 dt de(®) (6.8)
m = = . .
() 1 dt
In|>1/2eq |m|eM
We have from (6.7)
df dfde 2Cy
A 6.9
dt  dedt |n|™’ (6.9)
so that, noting that one has |0f/0¢e| > |n|/4, we have to exclude a set of measure
8Co -
Z T[T (2 + £o|n]) < const.ey’, (6.10)
In|>N
and one has to impose 79 = 1 4 g, with dg > 0. u
For p > 1 the sets £ will be defined recursively as
£@ = {a e £PY ¢ wn+aWP| > Cyln|" V|m| # |n|,
(6.11)
wn £ @ £52)] > Coln ™l #mEm|}, p21,
for 7 > 19 to be fixed.
In Appendix A4 we prove the following result.
Lemma 15. For all p > 1 one has
H@@)(E) - &@—1)(5)” <O Vee &, (6.12)

o0
for some constant C.
Therefore we can conclude that there exist a sequence {&) ()} converging to o) (e) for

e € £. We have now to show that the set & has positive (large) measure.
It is convenient to introduce a set of variables u(w,e) such that

Om, + pm (@, €) = wp, = Im; (6.13)

the variables u(@,e) and the counterterms are trivially related by

U (@, €) = P2, (@, €) + 2Dmpim (@, €). (6.14)

One can write &%) = wp, — pim (0P~ €), according to (6.4). We shall impose the Diophantine
conditions

lwn £ (Wi — pm (@271, €))] > Coln| ™7, (6.15)
lwn £ (W + W) — (um(&(”_l), €) £ tms (&(p_l),a))ﬂ > Copln| 7.

33



Suppose that for ¢ € £P~1Y the functions p,,(@»~,¢) are well defined; then define Z(») =
Il(p )y Iép ) I?(,p ), where Il(p ) is the set of values & € £~ verifying the conditions

jwn £ (@ — 1 (@*7,2))| < Colnl ™ (6.16)
Iép ) is the set of values & verifying the conditions
jon £ (@ = ) = (1@ P, ) = o (@7, 0))) | < Colnl ", (6.17)
and I:,(,p ) is the set of values & verifying the conditions
jwn £ (@ +wm) = (@77, ) + e (@D, ))) | < Coln| " (6.18)

For future convenience we shall call, for i = 1,2,3, Il-(p ) (n) the subsets of Ii(p ) which verify the
Diophantine conditions (6.16), (6.17) and (6.18), respectively, for fixed n.

We want to bound the measure of the set Z(®). First we need to know a little better the
dependence on ¢ and @ of the counterterms: this is provided by the following result.

Lemma 16. For all p > 1 and for all € € £P) there exists a positive constant C' such that

‘um(dj(p),a)’ < Ce, (?Q(pwm(@(p),a)’ < Ce, m>1,
C C
‘um(&(”),s)‘ <= l%mum(&(”),s)’ <= m=1, (6.19)
m/ m

‘85u§,’j)(w,s)’ <C, m>1,

where the derivatives are in the sense of Whitney [38].

Proof. The bound for v,,(@®),¢) is obvious by construction.
In order to prove the bound for 8w<p) VUm (&J(p), ¢) note that one has

(hey) , - (hey)

j i)y~ ~ ~ ~ —3hyg. ||~ ~ 112
90,7 (@) =g, 7 (@) = (@ = &) Dag,, (@) < COng 27" (|0 -3

0 !

(6.20)

from the compact support properties of the propagator.

Let us consider the quantity v(&’,e) — v(@,¢€) — (w — ') v (®, €), where dzv (@, €) denotes the
derivative in the sense of Whitney, and note that it can be expressed as a sum over trees each one
containing a line with propagator géfzj)(cb’) - gguj)(cb) — (- &;)géflj)(&), by proceeding as in
the proof of lemma 9 of [23]. Then we find

(&', €) = v(@,€) = (@ — &) D (@, ) o < Ce & = D2, (6.21)
and the second bound in (6.19) follows.
The bounds for i, (0™, ) and 0@ fm (@P), ¢) simply follow from (6.14) which gives
U (0WP) €) -1
fim (@) €) = (6.22)

Im| 14+ /1= @@, e)/m
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In order to prove the last bound in (6.19) we prove by induction the bound

-0 (w,s)’ <C,  mx>1, (6.23)

by assuming that it holds for @®~1; then from (6.4) we have

20 9.0P) () = v (@P 7V (e), ) (6.24)
= - Z aw(pfl) Vm(‘:}(p_l)(a)a E) 85@7(5/71)(5) - anum(‘:}r(g_l)(a)a 77) )
m'eZ ! n=e

as it is easy to realize by noting that p,, can depend on @,,» when |m/| > |m| only if the sum of

the absolute values of the mode labels m,, is greater than |m’ —m|, while we can bound the sum of

the contributions with |m’| < |m| by a constant times e, simply by using the second line in (6.19).
Hence from the inductive hypothesis and the proved bounds in (6.19), we obtain

H&(P) () — @ (e) = (e — &) B (E)H <Cle —el, (6.25)

so that also the bound (6.23) and hence the last bound in (6.16) follow. =

Now we can bound the measure of the set we have to exclude: this will conclude the proof of
Proposition 2.
We start with the estimate of the measure of the set pr ). When (6.16) is satisfied one must have

Colm| < |wm — i (@P~Y )| < wln| + Coln| ™™ < Cyfnl,

(6.26)
Cilm| 2 |wm — p(@P~Y, )| = wln| = Coln| ™™ = Cilnl,
which implies
Cy c,,
M1|TL| S |m| S ]\42|7’L|7 M1 = F, MQ = F, (627)
1 2

and it is easy to see that, for fixed n, the set Mg(n) of m’s such that (6.16) are satisfied contains
at most 2 + go|n| values.
Furthermore (by using also (6.5)) from (6.16) one obtains also

2Co|n| ™™ < |win| = wi| < wln| = wm + R @P 7Y, )] + |un (@P Y, €)]

B (6.28)
< Co|7’L| T + 080/|m|,
which implies, together with (6.36), for 7 > 7,
Co M, 1/(r0—1)
> Ny = . 6.29
ol = No = (B2 (6.29)

Let us write w(e) = w. = /I — ¢ and consider the function pu(@®~Y ¢): we can define a map
t — &(t) such that

Co

[n]™”

Fe®) = we®)|n] — wm + pm(@P Y e(t)) =t tel-1,1], (6.30)
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describes the interval defined by (6.16); then the Lebesgue measure of pr ) is

(P)y _
meas(Z,") = /Z(”) de = Z Z / dt ‘ (6.31)
[n|>No meMg(n)
We have from (6.30)
df _dfde _ Gy
— = 6.32
dt — dedt |n|7 (6:52)
hence . .
Co dfe®) |
V) = / dt | =2 6.33
mes@) = 3 2 fr L e (6:35)
[n|>No meMqp(n)
In order to perform the derivative in (6.30) we write
dptm ~(p—
% = Ozlbym + Z 8w<p71>um8€w§s/ 1), (6.34)
lm/|>1 "
where O: i, and 85&)7(5,_ Y are bounded through lemma 11. Moreover one has
00t | < Ce e =102, | > o, (6.35)

and the sum over m’ can be dealt with as in (6.24).
At the end we get that the sum in (6.34) is O(e), and from (6.29) and (6.30) we obtain, if g is

small enough,
‘ 0f(e(t)) ‘
0e(t)

> 6.36
pu— 4 ) ( )
so that one has

Co
de < t. — (2
/I{p) g < cons Z Pl (2 + eg|n|)

e (6.37)
< const. g9 (5,(3771)/(7"’1) + E((JT*ToJrl)/(Tofl)) '

() is bounded by 51”1 with

Therefore for 7 > max{1, 79 — 1} the Lebesgue measure of the set Z,"
61 > 0.
Now we discuss how to bound the measure of the set Iép ). We start by noting that from (6.30)

we obtain, if m, £ > 0,
o® _aw g <G, Ce 6.3
m—i—f m + m+£7 ( . )
for all p > 1.
By the parity properties of @,, without loss of generality we can confine ourselves to the case

n>0,m >m>2, and |wn — (&7(5,) - &J,(ff))| < 1. Then the discussion proceeds as follows.

When the conditions (6.17) are satisfied, one has
2Cy|n|7™ < |wn — (wmr — Wm)|
< Jon = (@ = (@77 €)
+ (Wi — PGP &) (6.39)

+ | @P7,€) — pm (@Y )|

Ce Ce 205
< Coln| ™™+ == + = < Coln| ™" 0
m m m
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which implies for 7 > 79

1/7’0
Co ) . (6.40)

> N =
|n| = (2050

We can bound the Lebesgue measure of the set Iép ) by distinguishing, for fixed (n,¢), with
£ =m'—m > 0, the values m < mgy and m > mg, where mg is determined by the request that one
has for m > my

2
Ceo - Co (6.41)
m = |n|™
which gives
2C|n|™
mo = mo(n) = (M) (6.42)
Co
Therefore for m > mg and 7 > 7y one has, from (6.5), (6.38) and (6.41),
2C 2C C C C
wn—((b(p,)—@,(,f))’2|wn—€|——€2 0 20 > 20 > 0 (6.43)
" m. "~ [n|™ n|7 7 |n[7 T ||
so that one has to exclude no further value from £ (1’_1), provided one takes 7 > 7y.
For m < mg define Ly such that
C/
O3t < ‘affjlg —oW| <wn+1<Cilnl Lo= 2, (6.44)
3

where (6.26) has been used. Again, for fixed n, the set Lo(n) of £’s such that (6.26) is satisfied
with m’ —m = ¢ contains at most 2 + £¢|n| values.

Therefore, by reasoning as in obtaining (6.37), one finds that for m < mg one has to exclude
from £P~1) a set of measure bounded by a constant times

o>y |n|T+1 < const. g9 (EE)T_TO)/TO + 5(1)+(T_T°_1)/T°) , (6.45)

[n|>N1 L€Lo(n) m<mgo(n)
provided that one has 7 > 79 + 1 > 2 the Lebesgue measure of the set I(p) is bounded by €1+52,
with do > 0.
Finally we study the measure of the set I(p) If n >0, |m| > |m| and |(@&m ® 4 Omy) —wn| <1
(which again is the only case we can confine ourselves to study), then one has to sum over |n| < Ny,
with Ny given by (6.40). For such values of n one has

2
wn — @) +6®)| > lwn — (m] + [m])] - %
20, B o N o & (6.46)
Z Tafo "l = Tal = Tl

as soon as |m| > my, with mg given by (6.42). Therefore we have to take into account only the
values of m such that |m| < myg, and we can also note that |m/| is uniquely determined by the
values of n and m. Then one can proceed as in the previous case and in the end one excludes a
further subset of £P~1 whose Lebesgue measure is bounded by a constant times

Z Z Tl |T+1 < const. e 1+(T To)/70, (6.47)
n

[n|>N1 m<mo(n)
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1+63

so that the Lebesgue measure of the set I(p ) is bounded by €, %%, with d3 > 0, provided that one

takes 7 > 7.
By summing together the bounds for pr ), for Iz(p ) and for Ig(p ), then the bound

meas(Z®P)) < bedt? (6.48)

with & > 0, follows for all p > 1, if 7 is chosen to be 7 > 79 + 1 > 2.

We can conclude the proof of Proposition 2 through the following result, which shows that the
bound (6.42) essentially extends to the union of all Z(®) (at the cost of taking a larger constant B
instead of b).

Lemma 17. Define W) as the set of values in EP) verifying (6.26) to (6.28) for T > 1. Then
one has, for two suitable positive constants B and 9,

meas (U;O:OI(”)) < Belt, (6.49)
where meas denotes the Lebesgue measure.

Proof. First of all we check that, if we call ag-p ) (n) the centers of the intervals IJ(-p ) (n), with
j=1,2,3, then one has
‘EE_PJrl)(n) _ &_;P)(n)‘ < D&‘g, (6.50)

for a suitable constant D.

The center sgp ) (n) is defined by the condition

wn £ (wm - um(dj(”_l)(agp) (n)),agp) (n))) =0, (6.51)

where Whitney extensions are considered outside £~1: then, by subtracting (6.51) from the
equivalent expression for p + 1, we have

(@D EP D (1)), 204D () = i (@D (P (), () ) = 0. (6.52)

n (6.48) one has

: : =he) - (6.53)
+ im (@(€'), ) = pm (@(e), &) + (1m (@(€),€") = pm (@(€), €)),
and, from Lemma 13,
(@ (&), €') = i (@(") )] < Oz’ = il 650
|1 (@(€7), ") = pm (@(e),€")| < Cele’ — €],
so that we get, by lemma 10,
e (n) — e (n)| < Cel, (6.55)

for a suitable positive constant C. This proves the bound (6.50) for j = 1. Analogously one can
consider the cases j = 2 and j = 3, and a similar result is found.
By (6.10), (6.51), (6.54) and (6.12) it follows for p > pg

P - <0 Y b=

k=po

6.56
1 _ EO ( )
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so that one can ensure that |5(p)( ) — ag-po)(n)| < Cp|n|~7 for p > py by choosing

po = po(n,j) < const. log|n|. (6.57)

For all p < pg define Jj(p) (n) as the set of values e such that (6.16), (6.17) and (6.18) are satisfied
with Cy replaced with 2Cy. By the definition of py all the intervals Z\") (n) fall inside the union of
the intervals Jj(o) (n),... ,Jj(p“)(n) as soon as p > po. This means that, by (6.31) to (6.37)

meas (U;":Oﬂp)) < meas (Uz‘;ojl(p)) < Z meas(Z" (n))

[n|>No
po(n,1) (6.58)
< const. Z Z |n|T+1 < const. Z ("D logn < Belt?,
[n|>No p=0 n=No

with suitable B and d, in order to take into account the logarithmic corrections due to (6.55).
Analogously one obtains the bounds meas(Zy) < Bej ™ and meas(Z3) < Bej ™ for the the Lebesgue
measures of the sets Zo and Z3 (possibly redefining the constant B). This completes the proof of
the bound (6.48). =

7. The case 1<+ <2

Proposition 1 was proved assuming that @ verifies the first and the second Diophantine conditions
(2.33) with 7 > 2. Here we want to prove that it is possible to obtain a result similar to Proposition
1 assuming only the first Diophantine condition and 1 < 7 < 2, and that also in such a case the
set of allowed values of ¢ have large Lebesgue measure, so that a result analogous to Proposition
2 holds.

The proof of the analogue of Proposition 1 is an immediate adaptation of the analysis in Sections
4 and 5. First we consider a slight different multiscale decomposition of the propagator; instead of

(4.2) we Wl“i(e
X(E \/ | n ""HL |) X 1(5 \/ | n ""HL |)
14 £ 14 £ ( ' )

3

212 ~2 —2n2 ~2 212 ~2
wny +wme Wy +wmtz wny +wme

and the denominator in the first addend of the r.h.s. of (7.1) is smaller than C/6; as in Section
4 we assume Cp < 1/2 without loss of generality. If [n| # |m| and |w?n? — @2 | < Cy/6, then, by
reasoning as in (4.12), we obtain

1

3
ol > m| > Zlnl,  min{jm], |n[} > =,

and

Co Co

wn| —om| < ——m—m—— < —.
inl =Gl < GO+ 5w < 6]

We can decompose the first summand in (7.1), obtaining

/ xn(lwn| = om) _ <
x(64/|w?n? — Z - n2—|—w2 = Z g (wn,m), (7.4)
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and the scales from —1 to hg, with hg given in the statement of Lemma 5, can be bounded as in
Lemma 6. We shall call line of type a a line with which a propagator g((lh)(um, m) is associated and
line of type b a line with which the second summand in (7.1) is associated; the scale of the b lines
is set equal to —1. If Ny(0) is the number of lines on scale h, the following result holds.

Lemma 18. Assume that there is a constant Cy such that one has |0y, — |m|| < Cie/|m| and
that @ verifies the first Melnikov condition in (2.33) with T > 1. If € is small enough for any tree
0 e G%kzn and for all h > hg one has

Ni(0) < 4K (0)23M/7° — Gy (0) + M (0) + Sn(6), (7.5)

where M} (0) and Sp(0) are defined as the number of v-vertices in 8 such that the mazimum scale
of the two external lines is h and, respectively, the number of self-energy graphs in 6 with hS, = h.

Proof. We prove inductively the bound
N7 (0) < max{0, 2K (0)20-"/7" _ 1}, (7.6)

where Nj(0) is the number of non-resonant lines in L(f) on scale ' > h. We proceed exactly
as in the proof of Lemma 5. First of all note that for a tree # to have a line on scale h the
condition K (0) > 2(h=1/7 > 2(h=1)/7" is necessary, by the first Diophantine conditions in (2.33).
This means that one can have N;(f) > 1 only if K = K(6) is such that K > ky = 21/
therefore for values K < ko the bound (7.6) is satisfied. If K = K(6) > ko, we assume that the
bound holds for all trees 6 with K(6') < K. Define Ej, = 2=1(20-"/7")=1 we have to prove that
N (0) < max{0, K(0)E; ' — 1}.

The dangerous case is if m = 1 then one has a cluster T" with two external lines ¢ and ¢;, which
are both with scales > h; then

[lwne| — Om,| < 271y, ’|wng1| — (:Jmh’ < 2 My, (7.7)

and recall that T' is not a self-energy graph, so that ny # ny,. Note that the validity of both
inequalities in (7.7) for h > hg imply, by Lemma 5, that one has

Ine —ne, | # [me & my, |. (7.8)

Moreover from (7.3), (7.8) and (7.2) one obtains

Co
Tr— g7 = [Ine = ne| = fme, Fme || <

Co
3min{|nel, [ne, |}

(7.9)
which implies
e —ne, | > 3Y7 min{|ng, ng, [}V, (7.10)

Finally if Co|n|™" < ||wn| — @m| < Co27 "+ we have |n| > 2("=1/T 50 that from (7.8) we obtain
Ing — ng,| > 3Y/72=1/7* Then K(0) — K(61) > Ep, which gives (7.6), by using the inductive
hypothesis. L]

The analysis in Section 5 can be repeated with the following modifications. The renormalized
trees are defined as in Section 5, but the rule (9) is replaced with

(9') To each self-energy graph T the £’ operation is applied, where
L'V (wn,m) = Vi(wn,m), (7.11)
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if T is such that its two external lines are attached to the same node vy of T' (see as an example
the first graph of Figure 4.1), and £'V}(wn, m) = 0 otherwise.

With this definition we have the expansion (5.2) to (5.4), with v, replaced with vy, (as
L'VA(wn,m) is independent of n,m).

We have that the analogue of Lemma 7 still holds also with £’, R’ replacing £, R; indeed by
construction the dependence on (n,m) in R’ V;T (wn,m) is due to the propagators of lines £ along
the path connecting the external lines of the self-energy graph. If a line ¢ in the path is a line of
type a, the propagator has the form

) Xn(lwnel — Om,)
— (lwne| + Om,) (lwne| = G, )’

x(64/|w?ni — &2, (7.12)

and the second factor in the denominator is bounded proportionally to 27"¢, while the first is
bounded proportionally to |m? + mee, |. Then we get for h$ < hy

9]
ef’i‘ml|

|R'VET (wn,m)g (e )(wn m)| < Ce? nee |71, (7.13)

|m? + mgcT|

which means that propagator of the external line of the resonance 7' is compensated, if 1 <7 < 2,
by the extra factor (mgcT)’l. Here we used that there are at least two nodes, carrying a node factor
proportional to €, not contained in any inner internal self-energy graphs, as otherwise the points
to which the external lines are attached would coincide.

The same happens if £ is of type b, as we are going to show. In the following with C' we denote
any constant. We can assume that [mge [/2 < [my| < 2|mye |, otherwise one has [m| > [mye |/2 and
we can use the factor e "Im¢l/2 < C|mgeT|71, to compensate the propagator of one of the external
lines of T'. We can decompose the propagator of the line ¢ as

Xn(lwn| — &)
X—1(64/|w? Z e (7.14)
h=-—1

If the line has scale i < hg then we can bound the propagator with O([emye |~"), and we get

IR/ Ve (wn,m)g(h[eT)(wn,mﬂ < Ce—lnge |71 (7.15)

Moreover if [mye | < 61 still (7.15) holds. We have then to consider the case in which the line £ is
a line of type b with scale h > ho and |m[’er| > 6c71. We have still two cases: either ¢ is such that
|wne — @, | < 2C0/|myg, | or not. In the first case, remembering that [wnes — &JmeeT| < 2Co/|mec |
because £ is a line of type a, we find

Co

T < |w(ng —ne) Eme £ meg | < 5Co My, |, (7.16)
Ing —nes |
where we have used that @p, = |m| 4+ O(em™"). This implies [ng — nge | = [nd| > 57 |mye [V,
so that one has )
|R'VET (wn, m)gh"mT (wn,m)| < Ce2e "CImel” |ng%|771. (7.17)
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In the second case one has |wng — Om,| > 2Co/|mye |. If hy is the scale of £ we can distinguish two
subcases: either hy < hgcT or hy > hgcT. If hy < hgeT we sum find

_Co < |w(ngp — nge ) £mp +mye | < 5Co27 M, (7.18)

|n€1 _ ”lﬁT |7- T T

as ‘:’mch = [mee | + O(elmee | 71) = [mue | + O(e27") and @y, = |me| + O(e27"). Hence we find

[n9| > 2("1=2)/7 and by bounding the propagator corresponding to ¢ by O(|m,|~1)2"1) and using

the factor e=*2" """ we get also in this case R’V}LT (wn,m) is O(jm')).
Finally if hy > hee we sum again the denominators of £ and ¢7 and We find

C - €

m <l|w(ne —nee ) £mp £ mee | < 5C2 h"]T, (7.19)
e g

as &JmeeT = |mge |+ O(elmye | 71) = |mye | + O(e27") and @y, = |mgp| 4+ O(27"). Hence we find

|n26T| > 2572/ and this factor compensates the extra factor 25 arising from the entering line
of T.

Then the bound (5.11) is replaced, using also Lemma 18, by

[Val(6)| < s’““ﬁ’“( ]O'o[ exp [h 1og2(4K(9)2*<h*2>/72 —C(0) + M,’;(@))D

h=hgo
( I1 2—hMr7<9>) (7.20)
h=hgo
I1 efn<\nv|+\n;\>)( II efmmvmmw),
VeV (0)UE(H) VeV (0)UE(6)

There is no need of Lemma 8, while the analogues of Lemma 9 and Lemma 10 can be proved with
some obvious changes. For instance in (5.28) one has 7y = 0, which shows that the first Mel’nikov
is required, and v, is replaced with v, i.e. one needs only one counterterm.

Finally also the analogue of Proposition 2 can be proved by reasoning as in Section 6, simply by
observing that in order to impose the first Mel’'nikov conditions (6.16) one can take 79 = 7; note
indeed that the condition 7 > 2 was made necessary to obtain the second Mel'nikov conditions
(6.17) and (6.18).

8. Generalizations of the results

So far we have considered only the case p(u) = u? in (1.1). Now we consider the case in which the
function ¢(u) in (1.1) is replaced with any odd analytic function

o(u) = du® + O(u), ® # 0. (8.1)
Define w = +/1 — Ae as in Section 1. Then by choosing A = ¢ we obtain, instead of (1.14),

Q nfan = [(v+w)? + O(E)Lz,n ,
0 = [0+ ) + 0@ 82)

P (—w2n2 + m2) wn,m =& [(1} + ’LU)3 + O(E)} n,m’ |m| # |TL|,
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where O(e) denotes analytic functions in u and e of order at least one in . Then we can introduce
an auxiliary parameter p, by replacing € with eu in (8.2) (recall that at the end one has to set
@ = 1). Then we can proceed as in the previous sections. The equation for ag is the same as

before, and only the diagrammatic rules for the coefficients uﬁl’“Zn have to be slightly modified. The
nodes can have any odd number of entering lines, that is s = 1,3, 5, .... For nodes v of w-type with

s > 3 the node factor is given by 7 = £(*=1/2 which has to be added to the list of node factors
(3.4), while for nodes v of v-type one has to add to the list in (3.3) other (obvious) contributions,
arising from the fact that the function fr(Lk) in (2.14) has to be replaced with

k

FEE =3 plR, (8.3)

k'=1

where the function f,(,k’l) is given by (2.14), while for k > 2 and 1 < k¥’ < k one has

FORD 3 3 ulk) e (8.4)
ki+..4kop 1=k—k mit..Angp=n
mi+...+mypr 1 =m
where the symbols have to be interpreted according to (2.15) and (2.16); note that s = 2k’ 4+ 1 is
the number of lines entering the node in the corresponding graphical representation.
In the same way one has to modify (2.31) by replacing the last term in the r.h.s. with

k
lp(w + W) = D (v +w) ", (8.5)
k'=1

where [p(v + w)]g’“,}) is given by the old (2.32), while all the other terms are given by expressions

analogous to (8.4).
The discussion then proceeds exactly as in the previous cases. Of course we have to use that, by
writing

p(u) = @put, (8.6)
k=1

with ®; = @, the constants &, can be bounded for all ¥ > 1 by a constant to the power k& (which
follows from the analyticity assumption).

By taking into account the new diagrammatic rules, one change in the proper way the definition
of the tree value, and a result analogous to Lemma 2 is easily obtained. The second statement
of Lemma 3 has to be changed into [E(6)] < >y (5)(s — 1) + 1 (see (3.24)), while the bound on

|V3(6)| still holds. For V*(6), with s > 5, one has to use the factors (=1)/2,

Nothing changes in the following sections, except that the bound (5.12) has to be suitably
modified in order to take into account the presence of the new kinds of nodes (that is the nodes
with branching number more than three).

At the end we obtain the proof of Theorem 1 for general odd nonlinearities starting from the
third order. Until now we are still confining ourselves to the case j = 1.

If we choose 7 > 1 we have perform a preliminary rescaling u(t,z) — ju(jt, jz), and we write
down the equation for U(t,z) = u(jt, jx). If p(u) = Fu® we see immediately that the function U
solves the same equation as before, so that the same conditions on ¢ has to be imposed in order
to find a solution. In the general case (8.2) holds with j2e replacing e. This completes the proof
of Theorem 1 in all cases.
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Appendix Al. The solution of (1.5)

The odd 27-periodic solutions of (1.5) can be found in the following way [30], [32]. First we consider
(1.5), with (a3) replaced by a parameter cg, and we see that

ao(§) = Vsn(Q¢, m), (A1.1)
where sn(Q€, m) is the sine-amplitude function with modulus v/m [25], [1], is an odd solution of
o = —3coap — ag, (A1.2)

if the following relations are verified by V, 2, c¢g,m

V2
V =+v-2mQ —_— = — Al.3
v—2mQ, TR (A1.3)
Of course both V' and m can be written as function of ¢y and 2 as
3co / 6co
In particular one finds
1 6¢o V—2m 3¢o 2
0qV =+v-2 — = —— | =4/— Al.5
@ m -+ —om 2 m (m Qz) —m’ ( )
so that one has OBV )
Q
= —. Al.6
v —-m ( )

If we impose also that the solution (A1.1) is 27-periodic (and we recall that 4K (m) is the natural
period of the sine-amplitude sn(§, m), [1]), we obtain Q = Qy = 2K (m) /7, and V is fixed to the

value Vi = v—2mQp.
Finally imposing that ¢y equals the average of a3 fixes m to be the solution of [32]

E(m) = K(m) ™ (ALT)

where

/2 1 /2
K(m) = df ——on—,  E(m)= df /1 —msin? 4 (A1.8)
2
0 v1—msin“6 0

are, respectively, the complete elliptic integral of first kind and the complete elliptic integral of
second kind [1], and we have used that the average of sn?(Q¢, m) is (K (m) — E(m))/K(m). This
gives m ~ —(0.2554.

One can find 27/j-periodic solutions by noticing that equations (1.5) are invariant by the sim-
metry ag(§) — aag(af), so that a complete set of odd 27w-periodic solutions is provided by

ao(§,7) = Jj ao(j§)-
Appendix A2. Proof of Lemma 1

The solution of (2.21) is found by variation of constants. We write (a2) = co, and consider ¢y as a
parameter. Let ao(€) be the solution (A1.1) of equation (A1.2), and define the Wronskian matrix

_ [ wii(§)  wi2(§)
wie = (L) v, (42,1
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which solves the linearized equation

W=MOW, M(E)= (—3ag(£) 3¢, (1)> , (A2.2)

and is such that W(0) = 1 and det W(§) = 1 V€. We need two independent solutions of the the
linearized equation. We can take one as ag, the other as dqag (we recall that m and V' are function
of Q and ¢ through (A1.3)); then one has

w11(6) = 5p70(E) = en(QE, m) dn (0, m),
wa (&) = w11(€) = —sn(2€, m) (an(QS, m) + mcn2(Q§,m)) ,
wiz(§) = maﬂao@ (A2.3)

= Bm (£en(Q€, m)dn(Q€, m) + Q' Dsn(Q€, m)) ,

w2 (&) = w12(§)
= cen(Q€, m) dn(Q€, m) — QBr&sn(Q¢,m) (dn*(Q€, m) + men?(Q€, m)),

where we have used (A1.3) to define the dimensionless constants

Q@QV 1 1 —-m
Dm === Bm_(1+Dm)_1—m'

(A2.4)

As we are interested in the case cg = (a3) we set Q = Q = 2K(m)/7 (in order to have the
period equal to 27) and we fix m as in Appendix Al.

Then, by defining X = (y,y) and F = (0,h), we can write the solution of (2.21) as the first
component of

13
X(6) = WO X +W(e) / A WHE) F(E), (42.5)

0

where X = (0,9(0)) denote the corrections to the initial conditions (ag(0), @o(0)), and y(0) = 0 as
we are looking for an odd solution.

Shorten ¢(€) = en(Qm&,m), s(€) = sn(Qmé, m), and d(§) = dn(2m&, m), and define cd(§) =
en(Qm&,m) dn(Qmé, m). One can write the first component of (A2.5) as

13
y(€) = win(€) §(0) + / A’ (w1 (€) wn (') — win(€) i (€)) h(€)

= B (€cd(€) + Q' Dms (€ ))y(O)

+Bm< / ¢’ / d¢” cd(€") h(€") (42.6)

, 3
+Qy' D (S(é)/ d¢’ ed(¢') h(€') —Cd(E)/O dE’S(é’)h(é’)>>,

0

as we have explictly written

wi2(§) wir(§') — w11 (§) wi2(€) (A2.7)
= Bm (£ cd(§) cd(€') + Q' Dins(€) cd(&') — cd(€) € cd(€') — Q' Dmed(€) s(£1))
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and integrated by parts

13
/ A’ (€ cd(£) cd(€') — cd(€) €' cd(€)) h(€)
0 (A2.8)

13 ¢
= cd(¢) /0 a¢ /0 Ae”cd(€") h(e").

By using that if P[F] = 0 then P[I[F]] = 0 and that I switches parity we can rewrite (A2.6) as

y(€) = Bon (€ cd(€) (9(0) — T[ed h](0) = ! Din (5h) ) + i Dins(€) (9(0) — Ted h(0) )

(A2.9)
+ Q' Dia (5(€) Ted h](€) — cd(€) I[P[s h]](€)) + cd(€) I[ed h]](é)) :
This is an odd 27-periodic analytic function provided that we choose
9(0) — I[ed h)(0) — Q' D (sh) =0, (A2.10)

which fixes the parameter §(0); hence (2.22) is found

Appendix A3. Proof of (2.27)

We have to compute (agL]ag]), which is given by (recall that one has ag(§) = Vin $(§) and cd(&) =
Qm'5(6))

(aoL]ag]) = BmQ2V2 (D?n (s2)” + D (s 1[s5]) — D (s31[P[s%])) + (séI[I[sé]D) . (43.1)

Using that one has I[ss] = (s? — (s?))/2, we obtain

(10s8]) = 5 ()~ (+2)°) (43.2)

moreover, integrating by parts, we find

1 1 2
ssI[P[s?]]) = —= (s* —(s?)",
(sSTP]) = —1 (s1) + 1 (s7) s

( (

(ssT[T]s3]]) = —
so that we finally get

(apL[ag)) = %Vn‘iQ;?Bm ((2Dm - %) (s*) + (2Dm (Dm — 1) + %) <s2)2> : (A3.4)

which is strictly positive by (A2.4) and by the choice of m according to Appendix Al; then (2.27)
follows.

Appendix A4. Proof of Lemma 15

We shall prove inductively on p the bounds (6.12). From (6.4) we have
0% (e) = o~V ()] < Clvm(@P V() €) —vm(@P~D(e), €, (A4.1)
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as we can bound |w(p)( )+ w,(ffl)(aﬂ > 1 foreec &W
We set, for |m| > 1

AV = vhm(@PV(€),8) = vhm(@P 2 (e),€) = lim Ay | (A4.2)

q—0o0

where we have used the notations (5.37) to define
A, = @V (E).) — @), ). (44.3)
We want to prove inductively on ¢ the bound
|Av?,| < Cela® () - 3D (o) |, (44.4)

for some constant C', uniformly in ¢, h and m.
For ¢ = 0 the bound (A4.4) is trivially satisfied. Then assume that (A4.4) hold for all ¢’ < q.
For simplicity we set @ = &P~V (¢) and &' = &P~ (). We can write, from (6.25), for |m| > 1
and for h > 0,
h—1
1
A =32k 2(5,5 D (@6, {7V (@,0)})
k=h (A4.5)
— B0 e, V@9,

where we recall that 6,(5 (@, ¢, {I/(q Y (@,e)}) depend only on I/(q )(@,e) with & < k—1, and we

can set
(Q) (w e {U(q 1)(& &)

= B @6 {7V @,0))) - Bun” @& {nf V@, e))),
according to the settings in (2.3). Then we can split the differences in (A4.6) into
@2 V(@ 0))) - B0, @ e {1V (@ 0)})
= (B, @5 0V (@,9)) - B0 @ e, 11V (@,90D) (44.7)

+ (B0, e, I @,0)) - B @ e, V@)

and we bound separately the two terms.
The second term can be expressed as sum of trees 6 which differ from the previously considered
ones as, among the nodes v of w-type with only one entering line, there are some with V,ic)(q_l) (@,¢),

some with u,gc)(q_l)(&’, e) and one with u,gc)(q_l)(&, ) — u,gc)(q_l)(&’, g). Then we can bound

D@ A @, - 90 @ V(@ e)h)

< Die sup sup Ayh, V< Do -,
h>0 [m/|>2

(44.6)

(A4.8)

by the inductive hypothesis.
We are left with the first term in (A4.8). We can reason as in [23] (which we refer to for details),
and at the end, instead of (A9.14) of [23], we obtain

(he;) (he,) , - -
Val/ (90)( V@) gy (w)) Val’(@ﬁ(HVal(@i))‘ (A4.9)
< IV D] g=rE @2V DHVED g/ _ g

< IV Va TV D) =R (T) f4mr2® 00 4 0 )

oo !
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where K (T) is defined in (4.7).

Therefore can bound ||(.D(p) (e) — J)(p_l)(a)Hoo with a constant times € times the same expression
with p replaced with p — 1, i.e. H&J(p_l)(a) — =2 (E)HOO, so that, by the inductive hypothesis,
the bound (6.12) follows.
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