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ABSTRACT. We consider the one-dimensional nonlinear Schradinger equation with Dirich-
let boundary conditions in the fully resonant case (absence of the mass term). We investi-
gate conservation of small amplitude periodic solutions for a large measure set of frequen-
cies. In particular we show that there are infinitely many periodic solutions which continue
the linear ones involving an arbitrary number of resonant modes, provided the correspond-
ing frequencies are large enough, say greater than a certain threshold value depending on
the number of resonant modes. If the frequencies of the latter are close enough to such a
threshold, then they can not be too distant from each other. Hence we can interpret such
solutions as perturbations of wave packets with large wave number.

1. Introduction and set-up

We cousider the nonlinear Schrédinger equation in d = 1 on the interval [0, 7], given by

—iuy + Uz = o(Jul?)u,
{u(t, 0)= u(t,7rs37 =0, (1.1)

where () is any analytic function ¢(z) = ®x + O(2?) with ® # 0. More generally we can take, instead
of ¢(Ju|?)u, any function f(u,%) which is real analytic in its arguments, provided the two following
conditions are fulfilled: the function f is odd in (u,%) and the dominant order is still of the form ®|u|?u.
The first condition is likely only a technical one, while the second one is a non-degeneracy condition which
is essential in the derivation of our results. In principle it could be removed, but then all the forthcoming
analysis should be suitably changed.

We shall consider the problem of existence of resonant periodic solutions for (1.1), i.e. solutions arising
from superpositions of several unperturbed harmonics, and we shall show how suitably adapting the
techniques in Ref. [11] we can solve the problem.

The nonlinear Schrédinger equation has many physical applications, in nonlinear optics, plasma physics
and fluid dynamics, and generally in any problem of evolution of quasi-monochromatic wave packets
with moderate amplitude in strongly dispersive and weakly nonlinear media. The complex amplitude
modulation of the packet is found to be described approximately by the cubic nonlinear Schrédinger
equation. For a discussion of the applicative relevance of the equation we refer to Refs. [1], [5], [16], [17],
[18], [19], [20], and papers quoted therein. The most studied equation of the form (1.1), with in principle
any boundary conditions, is indeed the cubic one, and often equations containing high order terms are
called generalised nonlinear Schrodinger equations. The particular relevance of the cubic equation is that
it is completely solvable (i.e. integrable) on the line, as shown in Ref. [20], and on the interval with
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periodic boundary conditions, as shown in Ref. [14] by using the finite-gap approach first introduced in
Ref. [15]. Other initial boundary values, including Dirichlet boundary condition on the semi-line and on
the interval, have been recently considered in Refs. [8], [7] and [12], where the problem is shown to be
reducible to the study of a system of ODE with algebraic right-hand side for the spectral data.

Existence of periodic (as well as quasi-periodic) solutions for (1.1) is well known; see for instance
Refs. [13] and [3], and, very recently, Ref. [9], where more general nonlinearities are also considered,
including the ones discussed after (1.1). The fact that no linear term as pu (mass term) appears in (1.1)
introduces no further difficulties with respect to the case with mass. In this respect the situation is very
different from the case of the nonlinear wave equation, where the completely resonant case (1 = 0) can
not be studied in the same way as the case with mass: there, when u = 0 only very special solutions
of the linearized equation are found to be continuable in the presence of nonlinearities, for values of the
periods which have those of the linearized equation (unperturbed periods) as Lebesgue density points
[11] (the last result improves the previous ones where the unperturbed periods were found to be only
accumulation points [2]). On the contrary in the case of the nonlinear Schrédinger equation, just because
the cases = 0 and u # 0 are faced in the same way, all the periodic solutions for ;4 = 0 are obtained in
the quoted papers as continuations of oscillations involving only one single mode.

Here we consider directly the case p = 0, and first we show how to recover the known results with
a different technique, based on the Lindstedt series method introduced in Refs. [10] and [11]. Hence
we discuss how to obtain other more complicated periodic solutions which arise from superposition of
several (non-arbitrary) unperturbed modes. Such solutions look like perturbations of wave packets: the
larger is the number N of involved harmonics the higher is the minimum allowed wave number of the
corresponding wave packet. Moreover the width of the packet can be large with respect to the wave
number only if the latter is large too, so that the smaller is the wave number the narrower is the wave
packet itself. To give an idea of the phenomenology for instance, already for N = 2, we find that it is
possible to continue for £ # 0 a packet involving for instance the two modes 7 and 8, but none with
modes, say, 1 and 2. We note since now that the solutions that we find are special, as we impose that all
amplitudes to be real. We do not think that such a constraint is necessary, but it rather simplifies the
analysis of some non-degeneracy conditions of the unperturbed solutions.

If ¢ =0, or f =0, every solution of (1.1) can be written as

o0
.2 .2 .
u(t,z) = g Une™ 'sinne = g ane™ te A_p = —Qp, (1.2)
n=1 n€l.

where we have set Z, = Z\ {0}. For e® > 0 we rescale u — /¢/®u in (1.1), so obtaining
iU + Uze = |ul?u+ O(e?), (1.3)
u(t,0) = u(t,7) =0, '

where O(c?) denotes an analytic function of u, @ and ¢ of order at least 2 in ¢, and we define w. = 1 +¢.
We shall consider £ small and we shall show that for all m € N there exists a solution of (1.3), which
is 27 /we-periodic in ¢ and e-close to the function

ug(wet, ) = a(wet, ) — alwet, —x), (1.4)

with
a(t, x) — Aeimgteimoz

) \/g’



provided ¢ is in an appropriate Cantor set (depending on mg and on the nonlinearity f(u,a)). We shall
look for a solution of the form

us(t,{E) = Z einWtJrimmus,n,mv Ue,n,m € R7 Ue,nm = —Ugn,—m (16)
(n,m)eZ?
which is analytic both in z and ¢, and periodic in . Then we shall use the norm
IF(ta)lr = > Fome("Fmh (1.7)
(n,m)eZ?
for analytic functions.

Theorem 1. Consider the equation

—iU + Ugy = f(u,ﬂ)7
{ u(t,0) = u(t,m) =0, (1.8)

where f(u,@) is any real analytic function, odd under the transformation (u,u) — (—u,—1u), such that
f(u, 1) = ®lul?u + O(Jul®) with ® # 0. For all mg € N, define ug(t,z) = a(t,z) — a(t, —x), with a(t,z)
as in (1.5). There are a positive constant 9 and a set € € [0,eq], both depending on my, satisfying
ENo
lim meas(£N[0,e]) _ 1, (1.9)
e—0 £
such that for all e € £, by setting we = 1 + €, there exists a 2w /we-periodic solution u(t,z) of (1.1),
analytic in (t,x) and of the form (1.6), with

’ ue(t, ) — \/e/Pup(wet, x)

with k = Kkolog1/eo, for some constants C, ko > 0. If f(u, @) = o(Jul?)u, with ¢ analytic, then one has
Uen.m =0 for all n # mi and € = [0, o), that is no value of € € [0, 0] has to be excluded.

< Ceve, (1.10)

As in Ref. [11] we start by considering the case f(u,u) = ¢(|u|?)u, with p(z) = z, which contains all
the relevant features of the problem. In principle, with respect to the case (1.8), this introduces further
symmetry properties which drastically simplify the problem, but if we ignore these simplifications we
shall be able immediately to extend the analysis to more general nonlinearities, as in (1.8). This will be
done in Section 4, where we shall also show how to deal with more general periodic solutions. The result
we obtain at the end is the following one.

Theorem 2. Consider the equation (1.1), where p(x) = ®x+ O(x?) is an analytic function, with ® # 0,
or, more generally, the equation (1.8). For all N > 2 there are sets of N positive integers My and sets
of real amplitudes {am }mem, , such that the following holds. Define

a(t,x) = Z gim*ttimeg (1.11)
meM4

and set ug(t,x) = a(t,z) —a(t, —z). There are a positive constant 9 and a set £ € [0, &o], both depending
on the set M, satisfying
ENNO
i eas(€ N[0, ¢])
e—0 £

=1, (1.12)
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such that for all € € &, by setting w. = 1 + ¢, there exist a 27 /we-periodic solution of (1.1) u.(t,x)
analytic in (t,x) and of the form (1.6), with

with kK = Ko log 1/eg, for some constants C, kg > 0.

ue(t, @) — \/e/ P ug(wet, x)

< Ceve, (1.13)

In the proof of Theorem 2 a characterization of the sets M and of the amplitudes a,, will be provided.
Hence the proof is constructive. What is found is that, by setting

M= > m’ |a’= Y a, amcR, (1.14)

meM meM4

one has to require ||a||? = M/(4N — 1) and a2, = 4||a|| — m?, which fixes the value of each amplitude, up
to the sign (and up to an overall phase in the case (1.1), which, however, can be chosen to be zero under
the request for the amplitudes to be real: we shall come back to this in a moment). In words, this means
that the integers in M have to be large enough and close enough to each other, so that the solutions
which can be continued appear as wave packets with large Fourier label (wave number). More precisely
we shall find that for fixed N the harmonics have to be large enough — at best proportionally to N2 —,
while the width of the packet can not be smaller than O(N). Then the wave packets with the smallest
allowed wave numbers (which are the ones surviving for the largest values of ¢) will have a width which
is of order of the square root of the wave number.

Note that the level of difficulty of Theorem 1 in the case (1.1) is much lower than that of Theorem 2
(or even of Theorem 1 in the case (1.8)). The first is a result on the existence of a nonlinear ground state,
and, with the Ansatz u(t,z) = exp(iw:t)v(x), it becomes a bifurcation problem for the function v(z).
Hence there is no small divisors problem, and other easier methods could be envisaged to prove that,
no matter which linear eigenvalue is considered, there are nearby nonlinear solutions. The advantage
of the method that we present is that it can be extended, with just a few slight adaptations, to prove
existence of the periodic solutions of Theorem 1 in the case (1.8) and, mostly, of Theorem 2, which is on
the contrary a substantially more difficult endeavour, as it mixes up different linear modes.

We can make a comparison between the nonlinear Schrodinger equation and the nonlinear wave equa-
tion, in the case of zero mass. For the wave equation only very special periodic solutions can be continued
in the presence of nonlinearities, and this is due to the fact that the Q equation involves simultaneously
all the harmonics. For the nonlinear Schrodinger equation one finds infinitely many periodic solutions,
because there are infinitely many (but still not arbitrary) sets of harmonics which can be excited.

Note that for a fixed set of harmonics we construct explicitly only a few periodic solutions which
continue the unperturbed ones (we have 2%V of them because of the arbitrariness of the amplitude signs).
For simplicity we looked only for real values of the amplitudes a,,. Indeed in this way it turns out to
be very easy to check some non-degeneracy conditions that we need in order to solve the equations to
all orders. The drawback is that we find only special periodic solutions. It can be that, by relaxing
the condition that the amplitudes be real, more general solutions can be found. We did not investigate
further the problem, but we think that, at least in the case (1.1), one should be able to fix the unperturbed
solution up to some arbitrary phases. This should mean that each amplitude a,, can be written as p,,e*™
with (pm,0m) € Ry x T, and likely there is some arbitrariness in choosing the angles 6, (at best there
can be N free parmeters, because of the symmetry 6_,, = 0,, + 7). For N = 1 this simply yields that
the unperturbed solution (1.5) is defined up to an arbitrary phase 6.
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Finally we note that, as the case of non-zero mass p can be reduced to that of zero-mass with the
exponential substitution u(t,z) = exp(—iut)to(t,z), Theorem 2 implies existence of families of quasi-
periodic solutions with two-dimensional frequency vectors for the nonlinear Schrédinger equation with
mass, or even further periodic solutions when the perturbed frequency w. becomes commensurate with
1. Also such solutions are not known in literature.

From a technical point of view the discussion below heavily relies on [10] and [11]. We confine ourselves
to explain how the renormalization group analysis developed in those papers applies to the nonlinear
Schrodinger equation, by outlining the differences everywhere they appear and showing how they can be
faced. Hence a full acquaintance with those paper is assumed to follow all the details of the technical parts.
The discussion of Theorem 2 requires some new ideas, and involves problems which can be considered as
typical of number theory and matrix algebra.

2. Lindstedt series expansion
2.1. Strategy of the proof. We proceed in three steps.

1. We perform a Lyapunov-Schmidt type decomposition. Namely we look for a solution of (1.3) of the
form _ _
u(t,x) = Z eMIEIMT Yy = v(wt, ) + w(wt, ),
(n,m)eZ?
v(t,x) = Z gim*ttima,
meZ
’LU(t, 'r) = Z eint+imwwn7m7
(n,m)€Z?
n#£m?
with U, m € R and w = w, = 1+ ¢. In order to satisfy the Dirichlet boundary conditions, the solutions
(if any), must verify
Un,m = —Un,—m; (2.2)
for all n,m € Z. Another property that will be used in the following is that the subspace with wy, ,, real
is invariant with respect to (1.1) and (1.8).
Inserting (2.1) into (1.3) gives two sets of equations, called the Q and P equations [6], which are given,
respectively, by

_ L
g m*vy, = [f(v+w,7 + @), , (2.3)

(wn —m?) wym = e [f(v+w, T+ )] n #m?,

n,m’

where we denote by [Fl,,m the Fourier component of the function F(¢,x) with labels (n,m), so that

F(tz)= Y ™ [F, o, (2.4)
(n,m)eZ?

and we shorthand [F],, the Fourier component of the function F(t,z) with label n = m?; hence [F],, =
[F]m2.m. We shall consider first the case f(u,u) = |u|*u.

2. We study equation the Q equation in (2.3), in the limit ¢ — 0 (and so wy,,, — 0), and prove that
it admits non-degenerate solutions ug(t,z) in appropriate finite dimensional subspaces; in particular in
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the case of Theorem 1, for ¢ = 0 we get v, = 0 for all |m| # mo and vy, = +A so that ug(t,z) =
a(t,x) — a(t, —x).

3. We solve iteratively the P equation for w(¢,z) using renormalization techniques; similarly, using the
non-degeneracy of ug(t, x), we solve the Q equation for

v(t,x) —ug(z,t) = V(x,t) = Z im*ttimey, (2.5)
meZ

2.2. The Q equation. The Q equation in (2.3), in the limit € — 0 (and so wy m — 0) is

m2v, (e = 0) = [Jv(e = 0)|?v(e = 0)]m, (2.6)

therefore a non-trivial infinite dimensional equation for the coefficients v,, (¢ = 0). Following the scheme
proposed in the previous section we set: v, (e = 0) = 0 for all |m| # mg and vy, (e =0) = £A, with A
defined as in (1.5), so that ug (¢, z) = a(t, z) — a(t, —z), which is clearly a solution of (2.6).

Let us now consider the Q equation at ¢ # 0. With the notations of (2.4), and recalling that we are
considering for the moment being f(u,%) = ¢(|u|?)u, with ¢(x) = z, we have

(0] 0]m + [Jwl*wlm + 210w + @] + 200 + Tw?]m

[|v +w|? (v + w)}m

(2.7)
= [[v]*v]m + [G2(v, w)]m,
where G2(v,w) is at least linear in w.
As said in the previous section we write v = a + b+ V, with b(wt, x) = —a(wt, —x), i.e.
b(t,z) = Be'mat—imor  p— _4 (2.8)

so that we obtain

[[0[20]m = |AI? Adpmg + | BI*Bm.—mo + 2| AP Bm. —mo + 2| B> Abpm.me
+ 2|A*V,, 4+ 2|BI*Vy + 2ABV_161m.—mo + 2BAV_.6m mo (2.9)
+ VA% .me + 2V _in ABOm +me + Vi B20m —mo + [G1(0)]m,

where G1(v) is at least quadratic in V.
Then, by setting G(v,w) = G1(v) + Ga2(v,w), the Q equation in (2.3) can be rewritten for m = mg as

MEVine = 2| AP Ving + 2|B*Ving + Ving A% + 2ABV _ + 2BAV_ 0 + [G(v, )], (2.10)
and for positive m # mg as
m?Vy, = 2|AP*V,, + 2| BI*Vy + [G(v, W), (2.11)
while the equation for negative values of m can be obtained by using the symmetry properties (2.2),
which imply V_,,, = —V,,.

By defining o = |A|?> = AA and using the identities

a=AA=BB=-AB=-BA, [=AA=BB=-AB=—BA, (2.12)



which follow trivially from the definitions of A and B in (1.5) and (2.8) respectively, we can rewrite (2.10)
as
MmEVime = 40V, + BV my — 28V _ing — 20V_ 1, + [G(0, W)y, (2.13)

where we have used that a = |A|?> = m2/3. By using once more the identities (2.2) and imposing that the
coefficients V;,, be real, so that a = 8 in (2.12), we can write (2.13) and the equation (2.11), respectively,
as

M3V = 9V, + [G(0, W) g (2.14)
M2V = 40V, + [G(0, )], '
so that we find 1
Vine = _G_[G(va)]mov
fx (2.15)
Vo = g (G0 Wl

respectively for positive mg and m # my.

2.3. The P equation. The P equation in (2.3) involves small divisors; as in Refs. [10] and [11] we
handle them by appropriately renormalizing the frequencies.
Given a sequence {vy,(€)}};|>1, such that v, = v_,,, we define the renormalized frequencies as

=w., — Um, W = |m, (2.16)

and the quantities v, will be called the counterterms.
By the above definition and the parity properties (2.2) the P equation in (2.3) can be rewritten as

(um - J}fn) Wnom = UmWnm + E[f(v+w,T+0)]nm

2.17
= Vw0 + 1V Ow, o + e[f (0 + 0, T +T)]nm, (2.17)
where
vy — (2.18)
Finally we write
W = () (1 Wnm + 10D 00—+ il + W0 + )] ) (2.19)
where 1
_ 2
g(n,m) = —— " #m?, (2.20)
and we look for a solution u,, ,, in the form of a power series expansion in p,
tnm = > pFulf),, (2.21)
k=0

with u%kzn depending on € and on the parameters 1/7(,5), with ¢ = a,b and |m| > 1.

2.4. Recursive equations. So we obtain recursive definitions of the coefficients uslkzn The coefficients

w,(,kzn verify for k£ > 1 the equations
0, = gnm) (Vw0 + vl + o+ w o + w5 ), (2.22)
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where

v+ wP+wli, = > Do T Uy (2.23)

ki1+kot+ks=k —ni+nz2+nz=n
—mi+mat+mz=m

with
A, if n = m? and m = mo,
u%ozn =< —A, ifn=m?and m=—my,
0, otherwise (2.24)
(k) e 2
i ={Va, A=
Wrm, if n#m?, k>1,

while the coefficients Vn(@k) verify for k£ > 1 the equations

k) _ 2 * —(k k k
vaz) = g(m*,m) g g ughl)%lu%;znzu%;zns, (2.25)
ki+kot+ks=k —nitnz+nz=m
—mi+mat+mz=m

where

-, if |m|=mg ,
2 2
gom?,m) = 20 (2.26)

S gz’ L Iml#mo.

and the * means that there appear only contributions either with at least one coefficient with n # m? or
with at least two labels k; > 1.

It is easy to realize that to any order k£ one has u%kzn = 0 whenever n # m2, and the same remains
still true if we replace f(u, %) = ®|u|?u with any function of the form f(u,u) = ¢(|u|*)u (one can check
this obvious property, for instance, by induction on k). For the time being, however, we ignore such a
property, and we proceed as if every value of n was possible. The reason to do this is that in such a way
the results that we can find for the case f(u,u) = o(|u|)?u can be extended immediately to the more
general case of equation (1.8).

To prove Theorem 1 we can proceed in two steps as in Ref. [11]. The first step consists in looking
for the solution of the recursive equations by considering @ = {@m }}m|>1 as a given set of parameters
satisfying the Diophantine conditions (called respectively the first and the second Mel’nikov conditions)

lwn £ &% | > Coln| ™" Vn € Z, and Vm € Z, such that n # m?, (2.27)
lwn £ (@2, £@2,)| > Coln| ™" Vn € Z, and Ym, m' € Z, such that |n| # |m? £ (m')?|,

with positive constants Cp, 7. We can assume without loss of generality Cp < 1/2.
We shall show in Section 3 how to adapt the discussion in Ref. [11] in order to obtain the following
result.

Proposition 1. Consider a sequence & = {@p,}jm|>1 verifying (2.27), with w = w. = 1 + € and such
that |©2, —m?| < Cie for some constant Cy. For all ug > 0 there exists g > 0 such that for |u| < po and
0 < e < gg there is a sequence v(@, €; i) = {Vm (@, €; ) }m|>1, where each vy, (©, &5 p) s analytic in p, such
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that there are coefficients u%kzn which solve the recursive equations (2.22) and (2.25), with vy, = v (0, ),

and define a function u(t, z;®,e; ) which is analytic in p, analytic in (t,x) and 27 /we-periodic in t.

Then in Proposition 1 one can fix py = 1, so that one can choose p = 1 and set u(t,z;w,e) =
u(t,x;w,e;1) and v, (0, €) = vy (0, €; 1).

The second step, also to be proved in Section 3, consists in inverting (2.1), with v, = v, (©,¢) and @
verifying (2.27). This requires some preliminary conditions on &, given by the Diophantine conditions

lwn £ m| > 2Cyln|~™ Vn € Z, and Vm € Z, such that n # m, (2.28)

with a positive constant 79 > 1. Then we can solve iteratively (2.1), by imposing further non-resonance
conditions besides (2.28). At each iterative step one has to exclude some further values of ¢, and at the end
the left values fill a Cantor set £ with large relative measure in [0, o] and @ verify (2.27). Of course in the
case (1.1), which yields n = m3, no further condition has to be imposed as one has |m? —m3| > 1 > |em3|
for fixed mg and € small enough.

The result of this second step can be summarized as follows.

Proposition 2. In the case (1.8) here are § > 0 and a set € C [0,eq] with complement of relative
Lebesgue measure of order €3 such that for all & € € there evists & = &(e) which solves (2.1) and satisfy
the Diophantine conditions (2.27) with |&2, — m?| < Cie for some positive constant Cy. In the case (1.1)
the same result holds for all e € [0,¢e¢).

The proof follows the same strategy as in Ref. [11]. The slight changes will be discussed in Section 3.

3. Renormalization and proof of Theorem 1

We refer to Section 3 in Ref. [11] for the basic definitions of trees (cf. in particular Definition 2). With
respect to that paper the diagrammatic rules are changed as follows.

(1) We call nodes the vertices such that there is at least one line entering them. We call end-points the
vertices which have no entering line. We denote with L(6), V(6) and E(f) the set of lines, nodes and
end-points, respectively. For any vertex v (node or end-point) there is one and only one line ¢ exiting it,
so that we can set ¢ = /.

(2) There can be two types of lines, w-lines and v-lines, so we associate with each line ¢ € L(f) a badge
label v, € {v,w} and a momentum (ng,ms) € Z*, to be defined in item (6) below. One has v, = v if
ne = m?2, and v, = w otherwise. One can not have (ng,m;) = (0,0). All the lines coming out from the
end-points are v-lines.

(3) With each line £ coming out from a node we associate a propagator g¢ = g(ng, m¢), with g(n,m)
defined in (2.20) and (2.26) if the line comes out from a node, while one has g, = 1 if the line £ comes
out from an end-point.

(4) If we denote by s the number of lines entering the node v one can have either s = 1 or s = 3. In the
latter case we call L the set of lines entering v: we associate with each line £ € L a label s(¢) € {£1} with
the constraint ), ., s(¢) = 1. Also the nodes v can be of w-type and v-type: we say that a node is of
v-type if the line £ coming out from it has label v, = v; analogously the nodes of w-type are defined. We
can write V' (0) = V,(6) U V,,(0), with obvious meaning of the symbols; we also call V,5(6), s = 1,3, the
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set of nodes in V,,(#) with s entering lines, and analogously we define V,#(6), s = 1,3. One has s = 3 for
all v € V,, (so that V! = 0 unlike Ref. [11]). If v € V,2(f) and two entering lines come out of end points
then the remaining line entering v has to be a w-line. If v € V,1(6) then the line entering v has to be a
w-line.

(5) With each end-point v we associate a mode label (n,m), with m = +mgy and n = m3, and an
end-point factor

—A, m=-mg.

V= {A= m=mo , (3.1)

1/3, veV,(0),
n=1<_c¢, ve V3o, (3.2)
Vi), vevhe),

where V,, = V2 (cf. item (4)), and ¢ = a if my = my, where £ is the line entering v, while ¢ = b if
myg = —my, with the same notations.

(6) The momentum (ng, mg) of a line £ = ¢ coming out from a node v is given by

ng = Z (—1)5(’1})”7 my = Z (_1)5(’@7”"" Z (=2me), (3.3)

CE(0) CE(0) €V (0)ie=b
= = <

where S(w, ¢) is the number of lines ¢ with s(¢) = —1 between w and £.

Note that the rules given above look simpler with respect to Ref. [11]. This is due essentially to the
fact that the Q equation is much simpler in the present case.

Introducing a multiscale decomposition as in Section 4 of Ref. [11] we can define for the lines ¢ with
v¢ = w the propagator on scale h > —1 as
_ Xn(wne — o))
T wng — w2,

h ~
g = xn(Jwne — G2)) ge

5 (3.4)
where x5 () is a C™ function non-vanishing for 27"~1Cy < |z| < 27"+1Cq if h > 0 and for |z| > Cp if
h=-1.

This leads to new diagrammatic rules, which differ with respect to the previous ones because item (6)
has to be replaced by the following one.

(6") Each line carries, besides the momentum (ng,my) € 77, also a scale label hy > —1 for Ye = w and

a scale label hy = —1 for v, = v. The corresponding propagator gg”) is given by (3.4) with h = hy for

v¢ = w, while is the same as before for v, = v.
Then for each tree 8 one can define the tree value as
val@) = | T & | | T =) { II V|- (3.5)
LeL(0) ev(0) €E(0)
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so that one has
= Val(9), (3.6)

where @%kzn is the set of tress 6 of order k, that is with |V,,(6)| = k, and with momentum (n, m) associated
with the root line (we omit the proof, as it proceeds exactly as for Lemma 2 in Ref. [11]). Note that one
has |V, (0)] < 2|Vi(0)| = 2k and |E(0)] < 2(|Vw(8)] + [Vo(0)]) +1 < 6k + 1 (cf. Lemma 3 in Ref. [11]).
Clusters and self-energy graphs are defined as in Ref. [11] (cf. Definitions 6 and 7). In particular we
call £}, and ¢% the lines exiting and entering (respectively) the self-energy graph 7. Given a self-energy
graph 7 with momentum (n,m) associated to the line ¢2. the corresponding self-energy value is given by

sienn = (1) ( T12)( I ) 01

VEE(T)

where h = h(; ) is the minimum between the scales of the two external lines of T (they can differ at most

by a unit and hg? ) > 0), and, given a self-energy graph, one has

n(T)= Y (-1)5t)n =0,

€E(T)
m(T) = Z (-1 SCE ) 4+ Z —2my) € {0,2m}, (38)
€E(T) €V (T)

c=b

by definition of self-energy graph. One says that T is a self-energy graph of type ¢ = a when m(T) =0
and a resonance of type ¢ = b when m(T) = 2m.
The following results hold.

Lemma 1. Assume that there is a constant Cy such that |&%, —m?| < Cie for allm > 1. If |wn,—&2,| <
1/2 and € is small enough then min{ng, m?} > 1/4e.

Proof. One has wn — @2, =en + (n — m?) + vy, so that |wn — &2, > 1/2 for n #m? and 0 < n < 1/3e.
Moreover if |wn — @2,| < 1/2 then one has n > 0 and m? > wn — |vy,| — 1/2 > 1/4e. u

Hence if ny, < 1/4e we can bound |g(ng,me)] < 2 while if n, > 1/4¢ in general we can bound
lg(ne, me)| < 20F1Cy . To any line £ with n, < 1/4e we can assign a scale label hy = —1.

Lemma 2. Assume that there is a constant Cy such that |©2, — m?| < Cie. Define ho such that
2M0 < 16Cy/ /2 < 2L, Then for h > hg one has

Ni(0) < 4k2C=M/7 _ . (0) + Sn(0) + MY (6), (3.9)

where Np(0) is the number of lines in L(0) on scale h, Cy(0) is the number of clusters in 6 on scale h,

Sh(0) the number of self-energy graphs in 6 with hg,f) = h and M} (0) is the number of v-vertices (i.e.
nodes v of w-type with s = 1) in 6; for more details cf. Definition 8 and Lemma 5 of Ref. [11].

Proof. The proof as for Lemma 5 of Ref. [11]. Again the only case which deserves attention is when one
has a cluster T with two external lines ¢ and ¢; both on scales > h, so that, with the same notations as
in Ref. [11], one has

27"2C > |w(ne — ne,) + @, + 10,0, |- (3.10)
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Then |ng —ng, | = |mj +mj | would require |ng —ng, | > |mg| +|my, | > 1/4/2, while (3.10) would become
27h*2Cy > |e(ng —ny, )| — 20 6. Combining the two inequalities one would obtain Co2~"*+3 > /2, which
contradicts the condition h > hg. Then one proceeds as in Ref. [11]. ]

Lemma 3. Assume that there is a constant Cy such that |2, — m?| < Cye. Then one has

ho—1

[T II 1o < ke, (3.11)
h=0 ¢€L(6)
hl:h

for some positive constant Cs.

Proof. If h < ho one has |g\"")| < Cu2~"0+1 < \/2/4, and the number of lines £ with scales 0 < hy < hg
can be bounded by the total number of lines ¢ with label v, = w, which is less than k. L]

The renormalized expansion is defined as in Section 5 Ref. [11], with the only difference that now the
action of the localization operator £ is such that

LV (wn,m) = VR(&2,,m), (3.12)

so that, in the definition of the set Ey(f) (see item (7’) in Section 5 of Ref. [11]), we set @, = &2, /w.
Up to these notational changes no other difference appears with respect to the discussion carried out in
Ref. [11], hence we introduce the set @5{“23 of renormalized trees by adding the following further rules to
the previous ones.

(7) With the nodes v of w-type with s = 1 (v-vertices) and with A > 0 the minimal scale among the lines

entering or exiting v, we associate a factor 2_hl/}(f2n, ¢ = a,b, where (n,m) and (n,+m), with |m| > 1,

are the momenta of the lines, and a corresponds to the sign + and b to the sign — in +m.

(8) The set {h¢} of the scales associated to the lines £ € L(6) must satisfy the following constraint (which
we call compatibility): fixed (ng, mg) for any ¢ € L(f) and replaced R with 1 at each self-energy graph,
one must have xp,(Jwne| — om,) # 0.

In terms of the renormalized trees we can write

Unm =l + Y pF Y Val(6), (3.13)

k=1 geo®*

where, for |m| > 1 and h > 0, A9 s given by

h,m

O R . Frysh( -
2 HVhm = WV + 9 Z Z H TVT(me,m), (314)
o=t reT()

with ¢ = a,b, and T<(2) denoting the set of self-energy graphs T of type ¢ with hy < h. The tree value
Val(6) is defined recursively as in equations (5.5) to (5.7) in Ref. [11]. Call Lo(6), V5(0) and Ey(f) the
sets of lines, nodes and end-points, respectively, in # which are not contained in any self-energy graph,
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and Sy(0) the set of mazimal self-energy graphs, i.e. self-energy graphs which are not contained in any
self-energy graphs. We can write Val(d) in (3.13) as

e)

hes
Val(0 ( H g(he)) ( H 77) ( H ) ( H RV wngT,mgT)), (3.15)
LeLo(0) veVy(0) vVeEL(0) TeSo(0
where {7 denotes the line entering 7', and we have set
B(®) 50} R
RV" (wnpp,mep) = VT (wheg, My ) — EV (WNep, Mgy ), (3.16)

7
with V (wnep,me,) given by

V(Te)(wngT,meT —( H g/”)( H 77)( H V)( H RVT,TC)(wngT,,mgT,)) (3.17)

LeLo(T) veVo(T) VEEL(T) T'eSo(T)

if Lo(T), Vo(T), Eo(T) and So(T) are the sets of lines, nodes, end-points and maximal self-energy graphs
in T which are not contained in any self-energy graph internal to T

Now we proceed exactly as in Ref. [11].

First (by Lemma 7 of Ref. [11]) we have that the expansion (3.13) is well defined, for vy, = O(e);
namely we have that that the coefficients (3.13) are bounded by |ty | < Doel™!/4moglnl/4mg

The presence of the factor 5"”'/4’”“5'"‘/4’”3, instead of the factor e e~ #("+ImD/4 in equation (5.8)
of Ref. [11], is due to the fact that the end-points carry a mode label (+mg,m3), so that in order
to have a momentum (n,m) flowing through the root line one needs at least k. nodes, with k, >
min{|m|/mo, [n|/m3}, and for 6 € @%kzy)jz the tree value Val(f) is in general proportional to /2 by
(3.11) (the discussion is very similar to that performed in Ref. [10], which we refer to for further details).

Then (by Lemma 8 and Lemma 9 of Ref. [11]) we have that under the same conditions also the r.h.s.
of (3.14) is well defined. Moreover (by Lemma 10 of Ref. [11]) we find that it is indeed possible to choose
) such that Uh.m = O(e) for any h. We omit the other details which can be easily worked out by
looking at the quoted reference.

This completes the proof of Proposition 1.

We now pass to Proposition 2: we look for the perturbed frequencies @,,(¢) which solve (2.16) and
satisfy the Diophantine conditions (2.27) for € € £, where £ is a Cantor set of relative large measure. We
proceed as in Section 6 of Ref. [11], with some minor differences (which are in fact simplifications) that
we outline below.

The condition (2.28) on & can be imposed exactly as in Ref. [11] (Lemma 14), and requires ¢ € £,
with £ a suitable subset of [0, 0], with € as in Proposition 1, of large relative measure provided one
sets 9 > 1.

We define a sequence w = {r.um)}o"_1 by setting

(W) = w}, (3.18)
(@2 = w2, — vy (@2 Ve),  p>1, '

with vy, (wr(,f), ¢) well defined on a Cantor set £) where, as in equation (6.11) of Ref. [11], the Mel'nikov

conditions (2.27) are satisfied with &, = o®
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By reasoning as for Lemma 16 of Ref. [11] the following result is immediately obtained.

Lemma 4. For all p > 0 there exists a positive constant Cs such that |v,, (0P, )| < Cse.

Hence for all fixed p the hypotheses of Proposition 1 are satisfied and v,, ((.D,(,’fﬂ), ¢) is well defined on

some smaller Cantor set £P+1) ¢ £P),
By reasoning as for Lemma 15 of Ref. [11] (Section 6) we have that the difference between the frequencies
at two subsequent steps decreases exponentially:

max [Um (@P) ) — v (0P~ )| < CeP, (3.19)
me

so that the sequence {&J(p)}gozo has a limit ©(>) = &(°°) (¢) which satisfies the equations (2.18) and is well

defined on a Cantor set £ = £(°°).

To conclude the proof of Proposition 2 we still need to impose the Mel'nikov conditions in (2.27), with
Wy, = (.D,(ff) (¢) and to verify that the set of ¢ which satisfy such conditions for all p is of large relative
measure and has the origin as a density point. To do this, we evaluate the measure of the complementary

set to £P) in [0, ¢¢] defined by

() = (14 £(B)n — @2 (£(1)))* = t-20

=t te[-1,1], e(t) € (0,e0), (3.20)
when dealing with the first Mel'nikov conditions (cf. equation (6.30) of Ref. [11]), and through

fae()) = (Le(®) Ine = (@GR (£(1)* £ (@) (c(1))?] = t|f|i, te[-11),  e(t) € (0.20), (3:21)

when dealing with the second Mel'nikov conditions. The functions f; and fo depend also on n,m and
n,m, m’, respectively: we are not making explicit such a dependence in order not to overwhelm the
notations.

The measure of the complementary set is then bounded by

Z* Lo ax |8f1/85|_1+z*:

|n|7' e€(0,e0)

Co max |0fs/0e| 71, (3.22)
K - mre7, €€(0,€0)

n,me 3T,
where * means that in the sums over n, m, m’ one only has to consider those values n, m, m’ such that both
fi(e) and fa(e) can be small, say smaller than 1/4. As in Ref. [11] one has to use that |0f;/0¢e| > |n|/2
for j =1,2.

In the case of the first Mel’nikov conditions one has to consider only the values of n such that n >
No = O(gy 1), as |vm| < Cie, and for each n the set Mo(n) of m’s such that fi(¢) < 1/4 contains at
most 2 + €gy/n values. Therefore the measure of the set of excluded values of € turns out to be bounded
proportionally to

Z o (2 + 0v/n) < const.e5 ™, (3.23)

nT+1
’n,:N()

with §; > 0 provided one takes 7 > 1.
In the case of the second Mel'nikov conditions one has to use that if |n| is close to |m? — (m')?| then
|n| is of order ||m| — [m/|| (Jm| + |m/|), with |m| — |m/| # 0, so that |m|+ |m/| < |n|. This means that for

14



each n the number of pairs (m,m’) one has to sum over is at most proportional to 2 4+ eg|n|?. The same
happens (trivially) when |n| is close to m? 4+ (m/)2. In both cases one has to sum only on the values of n
such that [n| > Ny = O(gg '), so that one has to exclude a set of values of & whose measure is bounded
proportionally to

= C

Z 0 (24 eon?) < const. egTo2, (3.24)

nT+1
n=~Ny
with do > 0 provided one takes 7 > 2.

The argument above is for fixed p. By taking into account that the centers of the intervals of excluded
values of € get closer and closer at each iterative step p (cf. Lemma 17 in Ref. [11]), we find that we
have to apply the construction above only for a finite number of steps pg(n) (growing proportionally to
log|n|), at the price of enlarging the sizes of the first po(n) intervals. The conclusion is that if we set
7 > 2 we have that £(°) has large relative measure. Again we refer to Ref. [11] for further details.

4. Extension of the results and proof of Theorem 2

The extension of the results of the previous sections to the case in which p(z) is any analytic function with
©'(0) # 0, can be easily dealt with by reasoning as in Section 8 of Ref. [11]. Essentially the diagrammatic
rules change as one has to take into account also the contributions of order higher than three arising from
the nonlinearity, which means that now s can be any odd positive integer and for each node v with s > 1
the node factors n depend on the function ¢.

If we use that w&kzn =0 for n # m% then we see that in fact we have no small divisor problem: the
quantity |wn + @2| = |wm3 + @2 is bounded from below for all m € Z \ {£my}, provided ¢ is small
enough. Hence in the case (1.1) the discussion can be substantially simplified.

The advantage of the proof given in Section 3 is that it still applies to any f(u, @) as in (1.8). In such
a case there is no longer a symmetry property which imposes n = m2, so that n can really assume any
value. Therefore we need the Diophantine conditions (2.27) and we have to exclude some values of .
This leads naturally to the set £ defined in the statement of Theorem 1. As for the diagrammatic rules
now also the constraints on ) ,.; s(), besides the node factors, depend on f.

No extra difficulty arises with respect to the analysis of Section 3, so we pass directly to discuss the
case of more general periodic solutions to be continued.

For ¢ =0 we call vg = v(e =0) = a + b the solution of the Q equation in (2.3), by writing

a(t,z) = Z et trime (4.1)
m=1

with coefficients a,, € R to be determined, and setting b(¢,x) = —a(t, —z). Then the Q equation becomes

2 _ _ _
m-vom = § V0,m1Y0,m>00,ms = 21}0,m E V0,m’'V0,m’ + 0V0,mV0,mv0,m, (42)
—mi+mat+mz=m m’#m

2 2 2 2
—mit+ms+mz=m

so that we obtain
vo.m (m* = 2[[vol|* + vo,m[*) =0, (4.3)

where we have defined
M={mezZ:vym,+# 0}, Mi={meM:m>0}, (4.4)
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and set

ool = D" v6m =D hm- (4.5)

meZ meM

Hence (4.3) can be satisfied either if vg,, = 0 or, when vg ., # 0, if

2M
2
= 4.6
ool = o, (16)
where we have set
2N = M| =#{me M}, 2M= Y m’ (4.7)
meM
By inserting (4.6) into (4.3), setting
1
U =Vom, m>0, a|®= Y ap = 5 llvoll?, (4.8)
meM4
and writing My = {my,ma,...,my}, with my < mpy1, k=1,..., N — 1, we obtain
2 2 2 4 2 2 2 2
. = 4lall —mk:4N_1(m1+m2—|—...—|—mN)—mk, k=1,...,N, (4.9)
which makes sense as long as
4
2 2
mnel.%zlim < AN 1 Z m°. (4.10)
meMy
The following result is easily proved.
Lemma 5. For all N > 2 there are solutions of (4.9) such that 4||al|? is not an integer.
Proof. To obtain a solution one can take my = my — (N — k) for k = 1,..., N, and choose my >
4N (N —1). Choose my = (4N +j)(N —1), with j € {0,1}: then 4(m? +...+m%) can not be a multiple
of AN — 1 for both j =0 and j = 1. L]

Here we are confined ourselves only to an existence result. Of course more general solutions can be
envisaged, with more spacing between the involved wave numbers my. The result above can indeed be
strengthened as follows.

Lemma 6. For all N > 2 and for all increasing lists of positive integers I := {i1,...,in_1} there exists
my(I) (mn for short) such that (4.10) has a solution in the set My = {my —in_1,...,mN — i1, MmN}
with 4||a||? # m? for all m ¢ M.

Proof. Fix the set of integers I = {iy,...,iny_1}, and consider the expression M — (N — 1/4)j% for
j € N. For j = my it becomes a polynomial of degree two in my, with positive leading coefficient 1/4
and positive discriminant. Hence there is an integer K7 such that for all my > Kj one has fi(my) =
M — (N —1/4)m3% > 0, hence (4.10) is satisfied.

The inequality M — (N — 1/4)j2 > 0 is trivially satisfied for j < my, so that it is enough to look an
integer mx > K; such that one has fo(my) =M — (N —1/4)(my + 1)? < 0. Again f, is a polynomial
of degree two in my, with positive leading coefficient 1/4 and positive discriminant, so that there exist
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two integers Ko < K3 such that fo(mpy) < 0 for Ky < my < K3. Moreover K5 — Ky > 4(N — 1), so that
there is my satisfying (4.10) such that 4||a|| # j* for all j € N. u

The condition 4||al|?> # m? for all m € M, required in Lemma 6 and implied by Lemma 5, implies
that the solution vg(t, z) is non-degenerate, namely the linearized operator acting on V is invertible, so
that V,, turns out to be defined iteratively to all orders (compare (2.15) in the case of Theorem 1 with
Lemma 8 below). The request for the amplitides a,, to be real was motivated just with the aim of making
straightforward the check of the non-degeneracy condition.

To have solutions of (4.9) requires the integers in M to be large enough, and not too distant from
each other. Indeed, at best, the distance between the harmonics is O(N'), while the harmonics themselves
are greater than some threshold value, which is O(N?) — cf. the proof of Lemma 5. Hence the solutions
whose existence is stated in Lemma 5 have the form of wave packets centered around some harmonic
(wave number) large enough, with a width proportional to the square root of the wave number. In
general, if the harmonics are very large with respect to the threshold value, then also the width of the
packet can be large. Not however that in order to be sure that the quantity 4/ al|? is not a squared integer
in the proof of Lemma 6 we required my (hence the wave number of the corresponding packet) to be
not too large. Moreover we are more interested in wave packets with wave number not too large, as the
larger is the latter the smaller is the corresponding value ¢y appearing in the statement of Theorem 2, as
we shall see.

Hence we have proved the following result.

Lemma 7. For any N there are sets M and functions vo(t,x) = a(wt, z) — a(wt, —z), with

a(t,x) = Z gim*witimey (4.11)
meM 4

which solve the Q) equation with € = 0.

Moreover, by using once more the parity properties V_,, = —V,,, one obtains, generalising (2.14) to
the case N > 1 and with the same meaning as there for the function G(v,w), for m € My

> Apm Vi = [Gv,w)],, (4.12)

m/'eMy

where A is an N x N matrix with entries

m? — 4|a||® = 5a2, m=m',
Am,m/_{_sa a”,” oo (4.13)

It is also easy to check that, if the amplitudes a,, are chosen to be real, then also the amplitudes V,
and wy, m,m can be found to be real (as remarked in Section 2 the condition uy, , € R is consistent with
equation (1.8)).

Then the following result holds.

Lemma 8. For M chosen according to Lemma 6 (or Lemma 5), one has for m € M4

Ve =Y Do [G(v, )], (4.14)
m’eM4

17



with D a N x N non-singular matriz. For positive m ¢ M., an analogous, simpler expression is found
of the form (4.14) with
Vi = (m® = 4f|a]*) ™" [G (v, w)],, (4.15)

where the coefficients (m? — 4|a||?) are not zero by Lemma 6 (or Lemma 5). The amplitudes Vi, for
negative m are easily obtained by noting that Vi, = —V_,,.

Proof. To obtain (4.14) it is sufficient to prove that the matrix A with entries (4.13) is not singular. By
using (4.3) we can write the diagonal entries of A as A, m, = —6a2,. Then one realizes immediately that
one has

a

(4.16)

2
m>

|.':]2

det A = (—1)" det D (6, 8)

3

where Dy (p, q) is the N x N matrix with diagonal entries p and all off-diagonal entries g. One can easily
prove that det Dy (p,q) = (p — )N~ (p + (N — 1)q). As in our case p = 6 and ¢ = 8 (so0 that p # ¢ and
p < (N — 1)q for all N > 2) the assertion follows. Finally equation (4.15) is a direct generalisation of
(2.9). |

This allows us to extend the analysis of the previous section to the case in which the function vy is of
the form considered here. At the end Theorem 2 is obtained, with the set M chosen according to Lemma
6.

Following Section 2 we insert the series expansion (2.21) in the P equation in (2.19) and in the new Q
equation, as given by (4.14) and (4.15). The iterative P equation (2.22) is unchanged, while, by equation
(4.15) and by Lemma 8, the iterative Q equation (2.25) should be substituted by

k) _ 2 Z Z* —(k k k
Vn(1 ) - g(m 7m) u’ELll,anungZ,anugl;’,an’ (4'17)
kitkatks=k —pn+ns+ns=m?
—mi+mzt+mz=m

with g(m2,m) = (m? — 4[|al|?)~!, for m ¢ M, and

VP = S D Y Z* alkn) w2 ulks) (4.18)

m’eM4 kit+kat+ks=k —n;4ny+nz=(m’)?
—mi+matmz=m’

for m € M, while Vi = —Vf?l for m e M\ M.

Let us consider first the case f(u,%) = |u|?u. The tree expansion is as in Section 3, with the following
differences. In item (5) now to each end-point a mode label (n,m), with m € M and n = m?, and an
end-point factor V = oga,,, with ¢ = sgnm are associated. Moreover each line ¢ carries two momentum
labels (ng, me) and (nj, mj), with m, and my both in M or in its complement. If my,m) € M they are
both either in My or in M \ M, and the propagator g, is not diagonal any more, as it is given by
9t = Dy (see (4.15)), while if mg, my ¢ M then my = mj and g, = g(m?,m), with g(m? m) given as
after (4.17); like in the previous case one has ny = m? and n, = (m})? for such lines. Also for the lines
of type w we set ng = nj, and my = m/, but one has n, # m? in such a case.

The momentum (nj,m}) is recursively defined as

g => (-1 One mp =" (=1)"Omy, (4.19)

LeL leL
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for v e V3(0) UV2(0), and
712 = Ny, my = 5c7amg — 5c)bmg, (4.20)

for v € V.1, if £ denotes the line entering v.

The self-energy graphs 7' with momentum (n,m) associated to the line ¢% are characterized by the
relations n(T) = np — ngz = 0 and m(T) = mgp — myz € {0,2m}. No other differences arise with
respect to Section 3, so that the analysis can be carried out in the same way.

For more general f one reasons as at the beginning of this Section. We do not describe in detail the
obvious changes of notations.

Of course the value of €y depends on the set M, and in particular it goes to zero when N — oo (as M
diverges in such a case) and, for fixed N, when M — oo.

The conclusion is that infinitely many unperturbed solutions which are trigonometric polynomial with
an arbitrary number of harmonics can be continued in presence of nonlinearities. The case of polynomials
of degree 1 (Theorem 1) is the one usually considered in literature, while the case of polynomials of higher
order (Theorem 2) is new. In the latter case the only request on the harmonics is that the corresponding
wave numbers have to be close enough to each other and that larger is their number the larger are their
values.
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