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Abstract. We consider the nonlinear Schredinger equation in higher @nension with
Dirichlet boundary conditions and with a non-local smoothing nonlinearity. We prove the
existence of small amplitude periodic solutions. In the ful resonant case we nd solutions
which at leading order are wave packets, in the sense that theontinue linear solutions
with an arbitrarily large number of resonant modes. The maindiculty in the proof
consists in a \small divisor problem" which we solve by using renormalisation group
approach.

1. Introduction and results

In this paper we prove the existence of small amplitude peridic solutions for a class of nonlinear
Schmedinger equations inD dimensions

Vi vE v =06 (V) (V)= J(VP(VFFG (V) (V) (1:1)

with Dirichlet boundary conditions on the square [0; ]°. HereD 2 is an integer, is a real parameter,
is a smoothing operator, which in Fourier space acts as

(C )k = jkj *ug; (1:2)

for some positives, and F is an analytic odd function, real for real u, such that F(x;u; u) is of order
higher than three in (u;u), i.e.

X X
F(x;u;u) = ap, :p, (X)UPTUP?; F( x; u; u= F(xju;u): (1:3)
p=4 pi+p2=p

In particular this implies that the functions a,,;,, must be even for oddp and odd for evenp, and real
for all p. The reality condition is assumed to simplify the analysis.

For D = 2 we do not impose any further condition on f, whereas forD 3 we shall consider a more
restrictive class of nonlinearities, by requiring

f(x;u;u) = @@H(x;u;U)+ a(x; u); H (X u;u) = H(xu; u); (1:4)

i.e. with H a real function and g depending explicitly only on u (besidesx) and not on u. Studying
Hamiltonian perturbations is quite natural. In fact, we can extend the analysis to more general pertur-
bations by including functions depending only onu, even if we cannot provide a physical motivation for
them. This limitation is due to technical di culties which d o not occur for D = 2, where any analytic
perturbation is allowed.

A particular case of (1.4) occurs whenH (x; u; u) = F(x; juj?): this is usually referred to as the gauge-
invariant case.



In general when looking for small periodic solutions for PDEs one expects to nd a \small divisor
problem" due to the fact that the eigenvalues of the linear taem accumulate to zero in the space of
T periodic solutions, for any T in a positive measure set.

The case of one space dimension was widely studied in the '96rfnon-resonant equations by using KAM
theory by Kuksin-Peshel [25], [26] and Wayne [32], and by usg Lyapunov-Schmidt decomposition by
Craig-Wayne [13] and Bourgain [5], [9]. The two techniques ee somehow complementary. The Lyapunov-
Schmidt decomposition is more exible: it can be successfly adapted to non-Hamiltonian equations and
to \resonant"equations, i.e. where the linear frequenciesare not rationally independent (see for instance
[27], [8], [2], [3], [20], [4] and [31] in the case of the nomiear wave equation). On the other hand KAM
theory provides more information, for instance on the stability of the solutions.

Generally speaking the main feature which is used to solve th small divisor problem (in all the above
mentioned techniques) is the \separation of the resonant ¢es". Such a feature can be described as
follows. For instance for D = 1 consider an equation D[u] = f (u), where D is a linear di erential
operator and f (u) a smooth super-linear function; let  with k 2 Z? be the linear eigenvalues in the
space ofT -periodic solutions, so that after rescaling the amplitudeand in Fourier space the equation has
the form

kU = "f k(u); (1:5)
with inf « j kj = 0. The separation property for Dirichlet boundary conditi ons requires:

1.ifj xj< thenjkj>C ° (this is generally obtained by restricting T to a Cantor set).
2. ifbothj xj< andj pj< theneitherh=korjh kj C(minfjhj;jkjg) .

Here o and are model-dependent parameters, an is some positive constant. In the case of periodic
boundary conditions, 2. should be suitably modi ed.
It is immediately clear that 2. cannot be satis ed by our equation (1.1) as the linear eigenvalues are

am = In +jmj2+ : I = 2?; (n;m)2Z ZD; (1:6)

so that all the eigenvalues ,,.m, with n; = n and jmij = jmj are equal to nm .

The existence of periodic solutions foiD > 1 space dimensions was rst proved by Bourgain in [6] and
[9], by using a Lyapunov-Schmidt decomposition and a techrgue by Spencer and Fmlich to solve the
small divisor problem. Again the separation properties arecrucial: 1. is assumed and 2. is weakened in
the following way:

20. the sets ofk 2 ZP** such thatj xj < 1andR < jkj < 2R are separated in clusters, say; with j 2 N,
such that each cluster contains at mostR * elements and distC;;C;) R 2, with0 < » 1+ 1.

Now, in order to apply Spencer and Fmlich's method, one hago control the eigenvalues of appropriate
matrices of dimension comparable tgC;j. Such dimension goes to in nity with R and at the same time
the linear eigenvalues go to zero, so that achieving such éstates is a rather delicate question.

Recently Bourgain also proved the existence of quasi-perdic solutions for the nonlinear Schmdinger
equation, with local nonlinearities (which corresponds tos = 0 in (1.2)), in any dimensions [10]. Still
more recently in [15], Eliasson and Kuksin proved the same mlt by using KAM techniques. We can
also mention a very recent paper by Yuan [34], where a varianof the KAM approach was provided to
show the existence of quasi-periodic solutions: in this vesion, stability of the solutions is not obtained,
but, conversely, the proof rather simpli es with respect to that given in [15].

In [18], Geng and You have proved, via KAM theory, the existerce of quasi-periodic solutions for the
NLS with a non-local smoothing nonlinearity which does not eplicitly depend on the space variables
and with periodic boundary conditions; under these assumptios they show the existence of a symmetry,
which greatly simpli es the analysis. In the case of Dirichlet boundary condition or with nonlinearities
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depending explicitly on x, such as (1.3), this symmetry is broken, so that the results 6[18] do not apply
to the equation (1.1) with F depending explicitly on x and/or with Dirichlet boundary conditions.

In this paper we give a di erent proof of existence of periodc solutions for the nonlinear Schredinger
equation (1.1) with Dirichlet boundary conditions (cf. The orem 1 below). We use the Lyapunov-Schmidt
decomposition and then the so-called (slightly improperly \Lindstedt series method" [19] to solve the
small divisor problem. The main purpose is to establish appopriate techniques and notation in the
simplest (non-trivial) possible case which still carries he main di culties of the D space dimensions.
This motivates our choice of equation (1.1), with the nonloal smoothing nonlinearities.

Nonlocal nonlinear Schredinger equations appear in sevat contexts in physics, but not of the form
(1.1) we are considering (see for instance [36], [35], [291,6], [28]). Although such equations do not arise
from any physical situation that we are aware of, the regulaisation through a smoothing function was
already considered in the literature (see [30], [1] and [18]as it provides some nice simpli cations when
looking for periodic or quasi-periodic or almost-periodicsolutions in PDE problems. In our case we can
take any regularisation (that is any s > 0 is acceptable). We can remove the smoothing (so allowing
s = 0), but this makes technically more complicated the proof, which will be discussed elsewhere [22].

Moreover, we are able to nd periodic solutions also in some an-Hamiltonian systems and in resonant
cases (cf. Theorems 2 to 4 below) where the result was not knowin the literature. Such a result
represents the main original contribution of our paper. we have preferred to start from the simpler
periodic solutions which are usually discussed in the litemture (cf. Theorem 1 below) because in that
case the formalism is less involved, and hence the proofs guify in a substantial way.

In particular in the completely resonant case ( =0 in (1.1)) we nd solutions which in the absence of
the perturbation reduce to wave packets, i.e. linear combimations of harmonics centered around suitable
frequencies { on the contrary the periodic solutions usual discussed continue a single unperturbed
harmonic. To the best of our knowledge the only results in ths direction are due to Bourgain: cf. [7]
and [8], which have been the main source of inspiration for ouwork. Solutions of this kind, which
arise from the superposition of several harmonics, were aady discussed [21] in the one-dimensional
case. Also for these solutions the higher dimensions intratste a lot of extra di culties. With respect to
the non-resonant case, the main additional di culties are related to the non-degeneracy property of the
unperturbed solution to be continued. Such a property is vey hard to check in general. Bourgain's paper
deals with periodic boundary conditions, and explicitly studies the case of quasi-periodic solutions with
two frequencies inD = 2, where the non-degeneracy property is not the main point. On the other hand,
the non-degeneracy property is signi cantly more dicult i n the case of Dirichlet boundary conditions,
and we have been able to solve completely the problem only iD = 2; we refer to Section 8 for a more
detailed discussion.

Let us now describe the general lines of the Lindstedt serieapproach, which were originally developed
by Eliasson [14], Gallavotti [17], and Chierchia and Falcoini [11], in the context of KAM theory for nite
dimensional systems.

The main idea is to consider a \renormalisation” of equation(1.5) which can be proved to have solutions.
More precisely we consider a new, vector-valued, equationith unknowns U; := fux : k2 Cjg

Dj(M)+ MY = "Fj(U)+ L; Yy (1:7)

where f Cj g;, N are appropriately chosen clusters (a precise de nition wil be given below), Dj (! ) is the
diagonal matrix of the eigenvalues ¢ with k 2 C;, F;j (U) is the vector ff(u) : k 2 Cjg de ned in (1.5),
and M;;L; are matrices of free parameters. Equation (1.7) coincides ith (1.5) provided M; = L; for all
j 2 N.

The aim then is to proceed as in the one dimensional renormaation scheme proposed in [19] and
[20]; namely we restrict (; fM;g) to a Cantor set and construct both the solution U;(";!; fMhg)
and L; (";!; fMnhg) as convergent power series irf. Then one solves the compatibility equationM; =
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L; ("1, fMn0); essentially this is done by the implicit function theorem but with the additional compli-
cation that L; is de ned for (!; fMpg) in a Cantor set.

We look for periodic solutions of frequency! = D + ", with " > 0, which continue the unperturbed
one (" = 0) with frequency ! o = D + . Note that the choice of this particular unperturbed frequency is
made only for the sake of de niteness: any other linear freqency would yield the same type of results.

For " 6 0 we perform the change of variables

Pty = (vixit)): (1:8)

so that (1.1) becomes

p“U) fGuut); (1:9)

Lilu u+ u)= "juju+ pl?F(x;p“u;
with a slight abuse of notation in the de nition of f.

We start by considering explicitly the caseF = 0, for simplicity, so that f (x;u; u;") = f (u;u) = juj?u.
In that case the problem of the existence of periodic solutins becomes trivial, but the advantage of
proceeding this way is that the construction that we are goirg to envisage extends easily to more general
f , with some minor technical adaptations.

We pass to the equation for the Fourier coe cients, by writin g

X :
u(x;t) = Un;m gnt+mx, (2:10)
n2Z:m22zP

so that (1.9) gives

X

2 2 - " . :
ooIn +mit+ ugm = UnymyUngimoUngms  fam (U5 U); (1:11)

|mj
ni+ny ng=n
mi+my mg=m

and the Dirichlet boundary conditions spell
Upym = Uns;(m)s Si(g)=1 2@ji)Ne 8i=1;:::;D; (1:12)

where (i;j ) is Kronecker's delta and S;j(m) is the linear operator that changes the sign of thei-th
component ofm.

We proceed as follows. We perform a Lyapunov-Schmidt decongsition separating the P-Q supple-
mentary subspaces. By de nition Q is the space of Fourier labels if; m) such that u,.,, solves (1.11) at
"=0.If 60 weimpose an irrationality condition on ,i.e.!gn p60, so that Q is de ned as

n 0
Q= (mm)2Z Z°:n=1;m = 18i : (1:13)

By the Dirichlet boundary conditions, calling V = f1;1;:::;1g, for all (1;m) 2 Q we have thatu;.,, =

uiv; see (1.12). Then (1p1£) naturally splits into two sets of egations: the Q equations, for (n;m)
such that n =1 and jmj = D, and the P equations, for all the other values of fi;m). We rst solve
the P equations keepingq := u;.y as a parameter. Then we consider th&) equations and solve them via
the implicit function theorem.

We look for solutions of (1.11) such thatu,m, 2 R for all (n;m); this is possible as one can nd real
solutions for the bifurcation equations in Q, and then the recursive P-Q equations are closed on the
subspace of real,.m, . The same condition can be imposed also in the more general &a (1.3), provided
the functions ay, ., are real, as we are assuming.



For 6 0 we shall construct periodic solutions which are analyticboth in time and space, and not only
sub-analytic, as usually found [6]. This is due to the presece of the smoothing non-linearity.

Theorem 1. Consider equation (1.9), with de ned by (1.2) for arbitrary s> 0 and F given by (1.3) if
D =2 and by (1.3) and (1.4) if D 3. There exist a Cantor setM  (0; () and a constant"( such that
the following holds. For all 2 M there exists a Cantor setE( ) (0;"o), such that for all " 2 E( )
the equation admits a solutionu(x;t), which is 2 -periodic in time, analytic in time and in space, such
that

P P
ux;t) (iPgée  sinx; C" Qo= Ds3D; (1:14)
i=1
uniformly in (x;t). The setM has full measure and for all 2 M the setE = E( ) has positive Lebesgue
measure and Lo
Jlim M =1 (1:15)
where measdenotes the Lebesgue measure.

In [22], by re ning the analysis we show that the result extends to the cases = 0.
For =0 the following result extends Theorem 1 of [21] to the highe dimensional case.

Theorem 2. Consider equation (1.9) with =0, D 2, dened by (1.2) and F given (1.3) and
(1.4). There exist a constant"y and a Cantor setE  (0; "), such that for all " 2 E the equation admits
a solution u(x;t), which is 2 -periodic in time, sub-analytic in time and in space, satis{ing (1.14) and
(1.15).

Remark. For 6 0 we could consider unperturbed periodic solutions with oher frequencies and we
would obtain the same kind of results as in Theorem 1, with ony some trivial changes of notation in the

proofs. For =0 and if the functions ay,.p,(X) in (1.3) are constant, we could easily extend Theorem
2 to unperturbed solutions with di erent frequencies (as the proof of Lemma 8.3 shows). Considering
non-constant ay, ;p,'s would require some extra work.

For D = 2 the following result extends Theorem 2 of [21].

Theorem 3. Consider equation (1.9) with =0, D =2, dened by (1.2) and F given by (1.3) and
(1.4). Let K any interval in Ry. For N > 4 there exist setsM , of N vectors in Zf and sets of real
amplitudes a, with m 2 M . such that the following holds. De ne

X
®(xt)= 4 am € 7 sin(m1x1) sin(M2Xz): (1:16)
m2M .

There are a nite set Ky of points in K, a positive constant", and a setE 2 (0;"p) (all depending on
M ), such that for all s2 KnKg and" 2 E, equation (1.9) admits a solutionu(x;t), which is 2 -periodic
in time, sub-analytic in time and space, such that

juxt)  og(xt)j C% (1:17)
uniformly in (x;t). Finally

lim

measE€\ [0;"]) _ 1
"o "

; (2:18)
where measdenotes the Lebesgue measure.

In the caseD > 2 we can still nd a solution of the leading order of the Q equations of the form
(1.16); however in order to prove the existence of a solutioru(x;t) of the full equation we need a \non-
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degeneracy condition”, namely that some nite dimensional matrix (denoted by Ji.; and de ned in
Section 8) is invertible.

Theorem 4. Consider equation (1.9) with =0, D 2, dened by (1.2) and F given (1.3) and
(1.4). There exist setsM . of N vectors in ZE and sets of real amplitudesa,, with m 2 M . such that
the Q equations at" = 0 have the solution

w(x;t) = (2i)° X ap €50
I m

m2M i=1

sin(m;x;): (2:19)

The setM . identi es a nite order matrix Ji.1 (depending analytically on the parameters). For N > 1
if detd;.; = 0 is not an identity in s then the following holds. There are a nite setKy of points in K,
a positive constant”y and a setE 2 (0;"y) (all depending onM . ), such that for all s 2 KnKgy and
" 2 E, equation (1.9) admits a solution u(x;t), which is 2 -periodic in time, sub-analytic in time and
space, such that

juxt)  o(xt)j C% (1:20)

uniformly in (x;t), and E satis es the property (1.18).

The existence of periodic solutions in the completely resamt case = 0 holds \for most values of
the parameter s". Essentially in the proof we use that detJ;.1 is not identically zero in s (which can be
explicitly proved for D = 2). Therefore it is not obvious how to extend Theorems 2 to 4 b the cases =0
even by following the strategy in [22]. Indeed one has in priniple the further di culty of proving that
detJ;.1 6 O for a given value of s, in particular for s =0. As far as Theorem 3 is concerned this is very
likely feasible. In the general case, for given setM ., one can check such a property numerically, but of
course in full generality the problem remains open.

Note that the sets M . for which Theorems 3 and 4 hold are di erent { as the constructon given in
the proof shows { from those considered by Bourgain, where alvectors in M . have the same modulus.
In particular, when considering periodic solutions, in ourcase also in the gauge-preserving case we nd
small divisor problems, contrary to what happens for the solitions explicitly described by Bourgain.

2. Technical set-up and propositions
2.1. Separation of the small divisors

Let us require that is strongly non-resonant (and in a full measure set), i.e. tlat there exist 1 0>0
and o > 1 such that

0

O+ )n p aj 8a=0;1;, (np)2Z% (n;p)6(1;D); n6O: (2:1)

We shall denote byM the set of values 2 (0; () which satisfy (2.1). For 2 M and "y small enough
we shall restrict " to a large relative measure seEq( ) (0;"p) by imposing the Diophantine conditions
(recallthat ! = D + ")

n (0]
Eo( ):= "2(0;"0):iin  p — 8(n;p) 2 N? (2:2)

forsome 1 > ¢+1and 0=2; see Appendix Al. These conditions guarantee the \separain of the
resonant sites", due to the regularising non-linearity, fa all pairs (n;m) and (n%m9 such that n 6 n®
indeed we have the following result.

Lemma 2.1. Fix sp 2 R. For all " 2 Eg( ) if for some p pi;n;n1 2 N one has

pjiln  p j =2 pjn: p1 j =2 (2:3)



then eithern = n; and p= p; or jn  nyqj pi‘): tandn+ n; Bgp; for some constantBy.

Proof. If n np 80o0nehas =jn nij* j!'(n ny) (p p1)j =p°, so that one obtains
P° jn nijt. ifn=ngthenjp pij =p3°, hencep = p;. Finally the inequality n+ n;  Bop:
follows immediately from (2.3), with the constant By depending on! and . |

Remark. Note that if s is small enough one can always boun®@op;  p;°~ *.

We shall now use the following lemma [12] to reorder our spacidex setZP. The proof is deferred
to Appendix A2 (see also [9]). Through all the paper, for any gven nite set A we denote with jAj the
number of elements ofA.

Lemma 2.2. Forall > 0 small enough one can writeZ® = [ j2N j such that
() all m2 ; are on the same sphere, i.e. for al] 2 N there existsp; 2 N such thatjmj> p, 8m2 ;
(i) j hasd; elements such thaj ;j d  Cip,, for somej-independent constantC;

(iii) for all i 6 j such that ; and ; are on the same sphere (i.e. such thap; = p;) one has

2

dist( i; j) Cap; = 2D +(D+2)ID2

(2:4)

for somej -independent constantCy;

(iv) if dj > 1then for any m 2 ; there existsm®2 ; such thatjm mY < C2p, , so that one has
diam( ;) CiCop ™ ;

If D =2 one can taked; =2 for all j and =1=3.

Remarks. (1) Essentially Lemma 2.2 assures that the points located orthe intersection of the lattice
ZP with a sphere of any given radiusr can be divided into a nite number of clusters, containing each
just a few elements (that is of orderr 1) and not too closer to each other (that is at a distance
not less than of orderr , > 0;in fact one has < ).

(2) In fact the proof given in Appendix A2 shows that diam( ;) < constpj:D .

By de nition we call 1 the list of vectors m such that m; = 1 (thatis p; = D). In the following we
shall take minfs; 1g, with s given in (1.2).
2.2. Renormalised P -Q equations

For (n;j) 6 (1;1), let us de ne
Unj = funmdm2 ;; (2:5)

which is a vector in RY . Recall that p = jmj2if m2 ; the equations for U,; are then by de nition

pjS mj Unj = "Fnj; (2:6)
where
nj = In+p Fnj =ffomdmz ¢ (2:7)
We introduce the "-dependent
Ynj = pjs2 n;j s (2:8)

where the exponents, < s will be xed in the forthcoming De nition 2.5 (iv), and we de ne the
renormalised P equations(for (n;j) 6 (1;1)) as

Bongl P ® 1(Ynj )Mnj Unj = Fonj + Lnj Unj; (2:9)

7



wherel (the identity), Mn; andL,; ared; dj matrices and i is aC! non-increasing function such
that (see Figure 2 below)

1(X)=1; if jxj< =8;

2:10
1(X)=0; if jxj > =4 ( )

and 9(x) < C ! for some positive constantC (the prime denotes derivative with respect to the
argument).
Clearly (2.9) coincides with (2.6), hence with (1.11), provded

=" 1(Ynj )M = Lnj ; (2:11)

for all (n;j) & (1;1). The matrices L; will be called the counterterms.
We complete the renormalisedP equations with the renormalised Q equations

. X X X
D q= Uny;myUngm,Ungims + Uny;my Ungim,Ungimas, (2:12)

ni+ny n3=l1 mji+my mg3=V ni+np ng3=1
nj=1 mi2 1 mi+mp mgz=V

P
where the symbol implies the restriction to the triples of (nj;m;) such that at least one has not
n; = jm;j? = 1. It should be noticed that the second sum vanishes at = 0.

2.3. Matrix spaces
Here we introduce some notations and properties that we shaheed in the following.

De nition 2.3.  Let A be ad d real-symmetric matrix, and denote with A(i;j ) and () (A) its entries
, we de ne the norms

ALy = max A ATy = max jAG ) e ™ ™
B T 1)

%
10 ——— i . (2:13)
kAk:= p= tr(ATA)=1 = A(irj)3;
d d i =1
with  depending onD. For xed m = fmg;:::;mgg 2 Z% we callA(m) the space ofd d real-symmetric
matrices A with norm jAj .y .
Lemma 2.4. Given a matrix A 2 A (m), the following properties hold.
(i) The norm KAk is a smoothau_nction in the coe cients A(i;j ).
(i) One has pl—akAk i Ajx dkAk. o
(iii) One has pl—a max;, (D (ATA) k Ak max;, (O (ATA).
(iv) For invertible A one has
- Ihe 1) — Ifpe 1riyy- N _ A, )
@ijH)A “()y= A “(hii)A “(l1); @ (i;j )kAk = FIVE (2:14)

Proof. Item (i) follows by the invariance of the characteristic polynomial under change of coordinates.
Items (iii) and (iv) are trivial.
The rst relation in item (iv) follows by the de nition of di  erential as

Daf (A)B] @f (A + "B )jr=o: (2:15)
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Now by Taylor expansion we getDa(A) [B]= A BA 1. The second relation is trivial. [
. R
Remark. Note that for A symmetric one has O (ATA) = j ()(A)j.

De nition 2.5.  Let f jgjl:l be the partition of ZP introduced in Lemma 2.2. Fix small enough with

respect to minf s; 1g, with s given in (1.2). Call Z N the set of indexeq(n;j) 6 (1;1) such that

1 . 1

§+(D+ o)n<p; <(D+ )n+§: (2:16)
For "o small enough (2.16) in particular implies n > 0, hence N%. With each (n;j) 6 (1;1)
we associate the list ; = fmj(l);:::;mj(dj)g, with d Cip, and adj dj real-symmetric matrix

Mnj 2A( j) (see De nition 2.3), such that Mp; =0 if (n;j) 2

(i) We call M the space of all matrices which belong to a spage( ;) for somej 2 N, and for A2 A( ;)
we setjAj = jAj; .

(i) We denote the eigenvalues of 1(ynj )Mnj with p, ,(1';]), so that ,(1';j) CiMpjji CjMy;j , for
some constantC.

(iii) For invertible ;1 + p, * 1(ynj )Mnj we denexn; and ,j by setting

Xnj = nmj T B 2on = (gl B S 1(Ynj )Mn; ) Lo (2:17)

where the normkAKk is introduced in De nition 2.3 { notice that n; , hencexy; , depends both or' and
M;

(iv) We call s;=s 2 and sets; = s;=4 in (2.8).

(i)

Remark. Note that the eigenvalues ; are proportional to 1(yn; ), hence vanish forjy,; j > = 4.

Lemma 2.6. There exists a positive constantC such that one hag ,jj CjMpjji CjMy;j .

Proof. For notational simplicity set Mpn;j = M, nj = ,p=p,d =d Xnj =X, nj = , pnf = i,
anddene ;= +p 5 ;,withjij CjMj; (see De nition 2.5 (ii)). Then one has
I 1=
xd _ -
x= +p = 10 L Ci?p™?minj j CIPp77 i+ p = minj
i ! i

i=1

We distinguish between two cases.
1. If there existsi = ig such thatj j< 2p 5* j i,j then one obtains

X 2C;7%p SE i+ p ST 2ming ij 4CTTp 5P

I
Therefore, ifj j<p 52 j j=2 one has
p 2 jj=2<x< 4C17p i) 4CCiTp P jMjs;
hencej j constjMji . If jj p S*2 | j=2 one has, by the assumption on, p %2 jj=2 j | <
20 St j i, 4p 5*2 | i,j, and the same bound follows.
2.1fjj 2p 5" jijforalli=1;:::;d, then one has
! 1=2
I R 1 . -
x=jj = =jj+O(p max );

d_ @+ ips )

9



sothatj j constp CjMj; . ]

Remark. The space of listsM = fMy; Iinj )2 N2 such that Mp; 2 M (cf. De nition 2.5 (i)) and
JMj =supp; [Mnjj <1 isa Banach space, that we denote withB.

Denition 2.7. We dene Do=f(";M):0<" "o; [M] Co" 00, for a suitable positive constant
Co,and D( ) Dy as the set of all(";M ) 2 Dg such that" 2 Eq( ) and
!

nope b oo B2 5 ()8 neo; (2:18)
]

forsome > o+1+ D.

Remark. We shall call Melnikov conditions the Diophantine conditions in (2.2) and (2.18). We shall
call (2.2) the second Melnikov conditions as they will be used to bound the di erence of the momenta of
comparable lines of the forthcoming tree formalism.

2.4. Main propositions

We state the propositions which represent our main technicaresults. Theorem 1 is an immediate conse-
quence of Propositions 1 and 2 below.

Proposition 1. Assume that(";M ) 2 D( ). There exist positive constantscy;Ko;K1; ; 0;Qo such
that the following holds true. It is possible to nd a sequene of matricesL 2 B,

L:="fLn; (;"M ;q)g(n;j )2 N2nf (1:1)g - (2:19)

such that the following holds.
(i) There exists a unique solution Uy (;M;" ;q), with (n;j) 2 Z Nnf(1;1)g, of equation (2.9) which
is analytic in ;q for j j 0, Jd  Qo, 0Q% co and such that

JUnj GM;" 50)(@)] | joPKoe UMI*IPITD); (2:20)
(if) The sequencely; (;";M ;0) is analytic in and uniformly bounded for(";M ) 2 D( ) as
JLGM s9f Koj jot (2:21)

(i) The functions Un;j (;";M ;q) and Ln; (;";M ;) can be extended on the seDy to C! functions,
denoted byU,EJ- (;"M ;g and LE;J' (;"yM ;q), such that

Lej GM )= Loy ("M 5 0); Usi GGM 50 = Ung (5 M 5 a); (2:22)

forall ("M)2D(2 ).

(iv) The extended Q-equation, obtained from (2.12) by subgtiting Un; (;™;M ;q) with UF; (;"M ;0),
has a solution gf (;";M ), which is a true solution of (2.12) for (";M) 2 D(2 ); with an abuse of
notation we shall call

Us GSM )= U5 GSM GaE(GM ) Ly GM )= Lg GYM a5 (5" M):

(v) The functions Lﬁ;j (;";M ) satisfy the bounds
LEGHMOL J 0K J@LE (MO)T K™=
” ) j j 2:23
@ @LE(GM ) e dMma MKy (2:23)

(nj)2 ab=1
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with  depending onD, and one has
US (M) jKge Gnitipd™); (2:24)
uniformly for (";M ) 2 Dy.

Once we have proved Proposition 1, we solve the compatibilit equation for the extended counterterm
function Lﬁ;m ( ="";M ), which is well de ned provided we choose"y so that "o < .

Proposition 2. For all (n;j) 2 , there existC! functions Mp; (") : (0;"0) ! Do (with an appropriate
choice of Cy) such that
(i) Mp; (") veries

1(Ynj Mng (") = Lg; (5" M (); (2:25)
and is such that
Mnj (i K2 j@Mn; ()] Ka(1+j"nj)jnj®; (2:26)
for a suitable constantK ,;
(i) the set A A(2 ), de ned as
A=1"2Eo():(mM(")2D(2)g; (2:27)

has large relative Lebesgue measure, namelyn., o~ " meas@\ (0;"))=1.

Proof of Theorem 1. By proposition 1 (i) for all (";M ) 2 D( ) we can nd a sequencelL; (;";M )
so that there exists a unique solutionUp; (;";M ) of (2.6) for all j | 0, Where o depends only on
for "o small enough. By Proposition 1 (iii) the sequencel; (;"; M ) and the solution Uy (;";M ) can
be extended to C! functions (denoted by LE(;";M ) and UE(;";M )) for all (";M ) 2 D. Moreover
L5 M )= Loy (5"M )and Ug; (5"M )= Upj ("M ) forall (M) 2D(2).

Equation (2.8) coincides with our original (2.6) provided the compatibility equations (2.10) are satis ed.
Now we X "g < ¢ so that Lﬁ;m ( =""M)and Ur'f;j ( ="";M ) are well de ned. By Proposition 2 (i)
there exists a sequence of matriceM ; (") which satis es the extended compatibility equations (2.24).
Finally by Proposition 2 (ii) the Cantor set A(2 ) is well de ned and of large relative measure.

Forall " 2 A(2 ) the pair (";M (")) is by de nition in D (2 ) so that by Proposition 1 (iii) one has
Log (575M (D= L5 C5M (D)5 UM (0= uE(3sM (xit); (2128)
so that Uy (";"; M (")) solves (2.8) for = ". So by Proposition 2 (i) M (") solves the true compatibility

equations (2.10), 1(Ynj )Mnj (") = Lnj ("M (")), for all " 2 A2 ). Then u(";";M ("); x;t) is a true
nontrivial solution of our (1.9) in A(2 ). Then by setting E( ) = A(2 ) the result follows. |

3. Recursive equations and tree expansion

In this section we nd a formal solution Uy,; of (2.9) as a power series on; the solution Uy;; is parame-
terised by the matricesLy; and it will be written in the form of a tree expansion.
We assume forLn; (;";M ) and Uy ("M ), with (n;j) 6 (1;1), a formal series expansion in , i.e.

R X
" k). L. k). .
Lo (;"M )= KLE9: U (M) = uly); (3:1)
k=1 k=1

for all (n;j) 6 (1;1). Note that (3.1) naturally de nes the vector components uﬁk% ,m2 .
By de nition we set

U{?% =furm :m2 40; Uiv = q; (kl) =0; k60; (3:2)

11



whereV = (1;1;:::;1).
recursive equations

i 1
k k k
B mi !+ B S alym Mey U = R+ LU s

Inserting the series expansion in (2.9) we obtain for all(n;j) 6 (1;1) the

(3:3)
r=1
while for (n;j) = (1;1) we have
q=fov: (3:4)
In (3.3), for ma 2 j, wherea=1;:::;d,, F,f;'j‘)(a) is de ned as
(k) - X X (k1) (k2) | (ks) :
Fny'(8) = Upyim o Ungim, Ungims: (3:5)
ki+kz+ksz=k 1 ni+tnp ng=n
mi+my mgz=ma
where eachu%'fi;?ni is a component of someU,g'i‘gj)i. Recall that we are assuming for the time being
f (u; u) = juj?u and we are looking for solutions with real Fourier coe cients Uy .
3.1. Multiscale analysis
It is convenient to rewrite (3.3) introducing the following scale functions.
De nition 3.1.  Let (x) be aC! non-increasing function such that (x)=0 if jxj 2 and (x)=1
if jX] ; moreover, if the prime denotes derivative with respect tolie argument, one hag qx);] C !
for some positive constantC. Let ,(x) = (2"x) (2"*1x) for h 0, and 1(x)=1 (x); see
Figure 1. Then
1= 1(x)+ h(X) = h(X): (3:6)
h=0 h= 1
We can also write
1= 1)+ o)+  1(x); (3:7)
with  1(x) = (8x) (cf. (2.8) and Figure 2), 1(x)=1 (4x), and o(x)= 2(x)= (4x) (8x).
(x) 2(x) () o(x) 1(X)
=8 =4 =2 2 X
Figure 1. Graphs of some of the C1 compact support functions  (x) partitioning the unity. The
function  (x) is given by the envelope of all functions but 1(x).
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1(x) o(x) 1(x)

=8 =4 =2 X

Figure 2. Graphs of the C! functions partitioning the unity 1(x), o(x) and 1(x).

Remark. Note that h(x) 6 Oimplies2 " 1 < jxj<2 "™ jfh Oand < jxjifh= 1. In
particular if 1(x) 60 and po(x) 60 for h6 h®thenjh hY=1.

De nition 3.2. We denote (recall (2.17) and thats; = s 2 )

Xnj  Xnj (M) = g+ p”sjl : (3:8)
I
Forh= 1,0;12;:::;1 andi= 1;0;1we dene Gpjni (";M) as follows:
(i) for i= 1,0, we setGpjni =0 for h& 1andGpj; 1; =0 forall (";M ) such that i(yn;)=0;

(i) similarly we set Gpjn: 1 =0 for all (";M ) such that h(Xxn;j)=0;
(i) otherwise we set
8 !
)Y Mg
% Gnj; i = i)y njl+ %
i

; i= 1;0;
Loy (3:9)
1(Ynj ) Mp;
Py

_E Gnijin; 1 1(Ynj ) n(Xn; )P, oyl

Then Gp;jn;  will be called thepropagator on scaleh.

Remarks. (1) If p, ,(f;j) are the eigenvalues of 1(ynj )My; (cf. De nition 2.5) one has by Lemma 2.4

min- nj I+ p * r(1l;j) Xnj miinp 4 njl+p r(1l;j) ; (3:10)
sothat njl+p ® 1(Ynj ) My is invertible where Gpjni (";M ) is not identically zero; this implies that
Gnjni (";M ) is well de ned (and C! ) on all Dy (as given in De nition 2.7).

(2) If i = 1,0, then for (";M ) 2 D¢ the denominators are large. Indeed 6 1 implies jyn; ] =8,
hencej njj p * =8, whereasjp; ** njj p **CCoj"oj constp *"oin Do (with C as in Lemma
2.6 andCo as in De nition 2.7), so that Xnj = nj + P St J nji=2. Then

1(Yn;i ) M ;i !
S

iGnj wily =% njl+ ; .

(3:11)

S1

= = ‘i 1 = = . . 16 = =
Ci. ij s+ =2 i + F:,J ZC% 2pj S+ = 2+ SZJYn;j i 1 _Ci. ij 3s 4;
J
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where we have also used Lemma 2.4 (ii).
(3) Notice that Gnj; 1, 1 is a diagonal matrix (cf. (3.9) and notice that  1(yn; ) 1(ynj ) = O identi-
cally).

Inserting the multiscale decomposition (3.6) and (3.7) into (3.3) we obtain

X R
uly = Ul (3:12)
i= 1,0;1h= 1
with 0 1
XX K1
Ué!?;)h;i = Gnjinii Frs;lj() + (i; 1) Gnijh; 1@ LE]r;j);h Ué!?;hrl);ilA; (3:13)
h1= 1i1=0;1r:1
where (i;j ) is Kronecker's delta, and we have used thath = 1 fori 6 1 and written
(r) X (r)y . .
Loy = 1(Ynj ) n(Xn; )Ln;j;h ' (3:14)

h= 1
with the functions Lff;j);h to be determined.

3.2. Tree expansion

The equations (3.13) can be applied recursively until we okdin the Fourier componentsuﬂ% as (formal)

polynomials in the variables Gy, , g and Lgr;j);h with r <k . It turns out that uﬁkr% can be written as
sums overtrees (see Lemma 3.6 below), de ned in the following way.

A (connected) graph G is a collection of points (vertices) and lines connecting dlof them. The points
of a graph are most commonly known as graph vertices, but maylao be callednodesor points. Similarly,
the lines connecting the nodes of a graph are most commonly kiwn as graph edges, but may also be
called branches or simplylines, as we shall do. We denote withV (G) and L (G) the set of nodes and the
set of lines, respectively. A path between two nodes is the mimal subset of L (G) connecting the two

nodes. A graph is planar if it can be drawn in a plane without graph lines crossing.

De nition 3.3. A tree is a planar graph G containing no closed loops. One can consider a tre& with a
single special nodevy: this introduces a natural partial ordering on the set of lines and nodes, and one can
imagine that each line carries an arrow pointing toward the mde vy. We can add an extra (oriented) line
"o exiting the special nodevy; the added line will be called theoot line and the point it enters (which is not
a node) will be called theroot of the tree. In this way we obtain arooted tree dened by V( ) = V(G
andL( )= L(G)[ “o. A labelled treeis a rooted tree together with a label function de ned on the sets
L()andV().

We shall call equivalenttwo rooted trees which can be transformed into each other by entinuously
deforming the lines in the plane in such a way that the latter do not cross each other (i.e. without
destroying the graph structure). We can extend the notion of equivalence also to labelled trees, simply
by considering equivalent two labelled trees if they can be tansformed into each other in such a way that
also the labels match. An example of tree is illustrated in Fgure 3.

Given two nodesv;w 2 V( ), we say thatw v if v is on the path connectingw to the root line. We
can identify a line with the nodes it connects; given a line” = (v; w) we say that = entersv and exits (or
comes out of)w. Given two comparable lines™ and "3, with "3 *, we denote with P("1; ") the path of
lines connecting™1 to *; by de nition the two lines ~ and "; do not belong toP ("1; ). We say that a node
v is along the path P("1;") if at least one line entering or exiting v belongs to the path. If P("1;7) = ;
there is only one nodev along the path (such that *; entersv and ° exits v).
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Figure 3. Example of an unlabelled tree (only internal nodes with 1 and 3 entering lines are taken into
account, according to the diagrammatic rules in Section 3.3 ).

In the following we shall deal mostly with labelled trees: fa simplicity, where no confusion can arise,
we shall call them just trees.

We call internal nodes the nodes such that there is at least one line entering them; @ call internal
lines the lines exiting the internal nodes. We callend-points the nodes which have no entering line. We
denote with L( ), Vo( ) and E( ) the set of lines, internal nodes and end-points, respectisly. Of course

V()=V()[ EC).

3.3. Diagrammatic rules

We associate with the nodes (internal nodes and end-pointsind lines of any tree some labels, according
to the following rules; see Figure 4 for reference.

@ ———o 0 < (©) S

Figure 4. Labels associated to the nodes and lines of the trees. (a) The line * exits the end-point v: one
associate with ~ the labels i+, h-, n- and m-, and with v the labels n,, my and ky, with the constraints

i~= 1,hh= 1,n=n,=1 m =my2 1,ky =0. (b) The line " exits the node v with sy = 3:
one associate with * the labels i+, h-, n+, j-, m-, m9% a, b, and with v the label ky, with the constraints

(n;j)6@;1), m = . (a) mo = j-(b), kv =1. (c) The line " exits the node v with sy = 1: one
associate with ~ the labels i+, h-, n-, j-, m-, m% a, b, and with v the labels ky, ay, by, jv and ny,
with the constraints ( n-;j~) 6(1;1), m - = ;. (a), mo = jo(b) kv la=b,by=a,n=n,

j~ =]j-,. Other constraints are listed in the text.

(1) For each nodev there are s, entering lines, with s, 2 f 0;1;3g; if s, =0 then v2 E( ).

(2) With each end-point v 2 E( ) one associates themode labels (nh,; my), with my 2 ; and n, = 1.
One also associates with each end-point aorder label k, = 0, and a node factor , = @, with the sign
depending on the sign of the permutation fromm, to V: one can write , =( 1)™v Vii=2q wherejxj;
is the I.-norm of x.

(3) With each line ©~ 2 L( ) not exiting an end-point, one associates theindex label j- 2 N and the
momenta (n-;m-;m% 2 Z Z° ZP° such that (n-;j-) 6 (1;1) and m-;m?° 2 j-. One hasp;. =
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jm-j2 = jm?%2 (see Lemma 2.2 (i) for notations). The momenta de nea;b 2 f1;:::;d; g, with dj. =
j jj Cip.,suchthatm = j (a), m’= ; (b).

(4) With each line * 2 L( ) not exiting an end-point one associates aype labeli- = 1;0;1. Ifi- = 1
then m- = m°.

(5) With each line * 2 L( ) not exiting an end-point one associates the scale labéi- 2 N[f 1;0g. If

i+ =0; 1thenh = 1;if two lines ;"% have (n;j-) = (n-wo;j-0), then ji- i 1 and if moreover
i~ = io=1thenalsojh- hwoj 1.
(6) If ~ 2 L( ) exits an end-pointvthenh- = 1,i-= 1,j-=1,n-=1and m = m,.
(7) With each line ™ 2 L( ) except the root line one associates a sign(*) = 1 such that forall v 2 Vo( )
one has X
1= 0); (3:15)
2L (v)

where L (V) is the set of the s, lines enteringv. One does not associate any label to the root line “g.

(8) If sy =1 the labels n-_;j-, of the line entering v are the same as the labels-;j- of the line * exiting
v, and one de nesj, = j+, a, = b, b, = a-,. One associates with suctv an order labelk, 2 N and with
T atype labeli- = 1.

(9) If sy, =3 then ky, =1. If " is the line exiting v and "1; ;"3 are the lines enteringv one has

X
n= (Con,+ (C2n, + (Ca)ny, = (9N (3:16)
02 L (v)
and X
ml= (Cym,+ (C2m,+ (zm, = C9m-o; (3:17)
02 L (v)

with L(v) de ned after (3.15).
(10) With each line * 2 L( ) one associates thepropagator

g = Gnj.hi(a;b): (3:18)

if © does not exit an end-point andg = 1 otherwise.

(11) With each internal node v 2 Vp( ) one associates aode factor , such that , =1=3fors, =3 and
v = LE]ITV;J')\;h\ (av;by) for sy, = 1.
(12) Finally one de nes the order of a tree as
X
k()= ky: (3:19)
v2V ()

De nition 3.4.  We call (¥ the set of all the nonequivalent trees of ordek de ned according to the

diagrammatic rules. We call %kr% the set of all the nonequivalent trees of ordek and with labels(n; m)
associated to the root line.

Lemma 3.5. Forall 2 (k) and forall lines” 2 L( ) one hasjn-j;jm-j;jm% Bk, for some constant
B.

Proof. By de nition of order one has jVp( )j k and by induction one provesjE( )j 2jVo( )j +1 (by
using that s, 3 forallv2 Vy()). HencejE( )j 2k + 1. Each end-point v contributes n, = 1to
the momentum n- of any line ~ following v, so that jn-j 2k +1 for all lines ~ 2 L( ).

Let - be the tree with root line * and let k( ) be its order. Then the boundsjm-j;jm% 2k( ) +1
can be proved by induction onk( -) as follows. If v is the internal node which * exits and s, = 3, call

16



"1; 2; 3 the lines entering v (the cases, = 1 can be discussed in the same way, and it is even simpler)
and fori = 1;:::;3 denote by ; the tree with root line *; and by k; the corresponding order. Then
ki + ko + k3 = k( *) 1, so that by the inductive hypothesis one has

X
ml=m,+m,+m, =) j m (ki +1)  2k( ) +1;
i=1
and hence alsgm-j = jm9%  2k( )+ 1. n
The coe cients u( ), can be represented as sums over the trees de ned above; thisin fact the content
of the following Iemma.

Lemma 3.6. The coe cients u(k) can be written as

ul), = val( ); (3:20)
2
where Y %
Val( ) = o v (3:22)
2L() vav ()

Proof. The proof is done by induction onk 1. For k =1 it reduces just to a(s'mal check.
Now, let us assume that (3.20) holds fork®< k , and use thatuﬁozn =q (n1) - 1( (mi;  1)). If we
setm = j(a), we have (see Figure 5)

X X N X X
) = Guini (2D Uk, USth U,
h= 1i= 1;0;1b=1 ki+ ka+kz=k ni+tnz nz=n
myi+tmpz mg= j(b) (3:22)
X X 1 o
+ G‘n;j;h; 1(a;b) I-n;j;h (b; 6)) U j (bO):
h=  1b;bo=1 r=1
Consider a tree 2 ﬁ'% such that m = (&), sy, =3 and h, = h, if o is the root line of and vg
|§ dened in 3.3. Let 1; »; 3 be the sub-trees whose root Imesl, 2; 3 enter vo. By (3.15) one has
J - Cp)my, = m®  with m® = ;(b) for b= b,. Then we have
Val( ) = Gnjni (a;bVal( 1)Val( 2)Val( 3); (3:23)
and we reorder the lines so that ("3) = 1, which produces a factor 3.
(k1;n1;my)

(k;n;m) (k2; n2;my) « . )(kl;n;ml)
v, N, M= my
’ = + P
(h;i;n;m;m 9 ‘ (h; 1;n;m; m9 ‘
(ks; n3;m3)

Figure 5. Graphical representation of (3.20); the sums are understoo d; note that j (Cj)m; = mQin

the rst summand and ky + ki = k in the second summand.
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In the same way consider a tree 2 %'% such that m = (a), sy, =1 and h-; = h, with the same

notations as before. Let 1 be the sub-tree whose root line’; entersvy. Setky, = r, my, = j(b),
mo, = (), whereb= b, andt’= a,. Then

Val( ) = G 1(a; D)LY (b;B)Val( 1); (3:24)
so that the proof is complete. ]

3.4. Clusters and resonances

In the preceding section we have found a power series expansifor Uy solving (2.9) and parameterised
by Ln; . However for general values oL ,; such expansion is not convergent, as one can easily identify
contributions at order k which are O(k! ), for a suitable constant . In this section we show that it is
possible to choose the parameterk,; in a proper way to cancel such \dangerous" contributions; inorder
to do this we have to identify the dangerous contributions ard this will be done through the notion of
clusters and resonances

De nition 3.7.  Given a tree 2 ﬁkr)n a cluster T on scaleh is a connected maximal set of nodes and

lines such that all the lines® have a scale label h and at least one of them has scalé; we shall call
ht = h the scale of the cluster. We shall denote by (T), Vo(T) and E(T) the set of nodes, internal
nodes and the set of end-points, respectiv@y, which are c@ined inside the clusterT, and with L(T) the
set of lines connecting them. Finallykt = V(T) ky will be called the order ofT.

Therefore an inclusion relation is established between chters, in such a way that the innermost clusters
are the clusters with lowest scale, and so on. A clustel can have an arbitrary number of lines entering
it (entering lines), but only one or zero line coming out from it (exiting line or root line of the cluster);
we shall denote the latter (when it exists) with “+. Notice that by de nition all the external lines have
i~ =1

De nition 3.8.  We call 1-resonanceon scaleh a cluster T of scaleht = h with only one entering line
“r and one exiting line "} of scaleh(Te) >h +1, with jV(T)j > 1 and such that
(i) one has

na =n, oh 2= . mP% 2 (3:25);

:
(ii) if for some * 2 L(T) not on the pathP("1; 1) one hasn- = n-,, thenj- 6 j-, .

We call 2-resonancea set of lines and nodes which can be obtained from a 1-resor@nby settingi-, =0.
Finally we call resonanceghe 1- and 2-resonances. The liné} of a resonance will be called the root line
of the resonance. The root lines of the resonances will be alscalled resonant lines.

Remarks. (1) A 2-resonance is not a cluster, but it is well de ned due tocondition (ii) of the 1-resonances.
Indeed, such a condition implies that there is a one to one caespondence between 1-resonances and 2-
resonances.

(2) The reason why we do not include in the de nition of 1-res;mances the clusters which satisfy only
condition (i), i.e. such that there is a line * 2 L(T)nP(r; %) with n- = n-; andj- = j-,, is that
these clusters do not give any problems and can be easily cawolled, as will become clear in the proof of
Lemma 4.1; cf. also the subsequent Remark (1).

(3) The 2-resonances are included among the resonances fdvet following reason. The 1-resonances are
the dangerous contributions, and we shall cancel them by a stable choice of the counterterms. Such a
choice automatically cancels out the 2-resonances.

An example of resonance is illustrated in Figure 6. We assoate a numerical value with the resonances
as done for the trees. To do this we need some further notatian

De nition 3.9.  The trees 2 Rf]'fg;j withn 20 2= and(n;j)2 are dened asthe trees 2 ().
with the following modi cations:
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n;j;m;h-;

Figure 6. Example of resonance T. We have set j. 1= =], =n, m0 =m0, m-. = m, so that

n. =nandj, =j,by(3.25). Moreover, if ht = h |s the scale of T, one hash h +1 by de nition
of cluster and h.; = h(Te) > h +1 by de nition of resonance. For any line ~ 2 L(T) one hash- h and
T

there is at least one line on scale h. The path P('t; ‘%) consists of the line "1. If n-, = nthen j-, 6 ]
by the condition (ii).

(a) there is a single end-point, callede, carrying the labelsne; me such thatne = n, me 2 j; if "¢ is

the line exiting from e then we associate with it a propagatorg, = 1, a labelm-, = m. and a label
. 2f 1g;

(b) the root line "o hasi-, =1, n, = n and m90 2 j and the corresponding propagator isy, = 1;

(c) one hasmax ( yn*ore)g N = h.

A cluster T (and consequently a resonance) on scaler h for 2 R ﬂ‘g is de ned as a connected

maximal set of nodesv 2 V() and lines™ 2 L( ) nf’g; g such that all the lines™ have a scale label
ht and at least one of them has scalar.

We de ne the setR(®) as the set of trees belonging t&®

hen for some triple (h;n;j).

Remark. The entering line "¢ has no Iabelmo while the root line has no labelm-,. Both carry no
scale label. Recall that by the diagrammatic rule (7) the rod line "o has no label.

Lemma 3.10. Let B be the same constant as in Lemma 3.5. Forall 2R ﬁkgl and for all * not in the path
P(e; o) one hasjn-j Bk andjm-j;jm% Bk. For " on such path one hasninfin- negj;jn: + nejg
Bk.

Proof. For the lines not along the path P = P (¢; "o) the proof is as for Lemma 3.5. If a line” is along
the path P then one can writen- = n® ne, wheren? is the sum of the labels n, of all the end-points
preceding” but e. The signs depend on the labels ("9 of the lines " preceding; in particular the sign
in front of ne depends on the labels ("9 of the lines *°2 P (*¢;"), in agreement with to (3.16). Then the
last assertion follows by reasoning once more as in the proaf Lemma 3.5. |

The de nition of value of the trees in R is identical to that given in (3.21) for the trees in (%),

Let us now consider a tree with a resonanceT whose exiting line is the root line o of , let ; be the
tree atop the resonance. Given a resonancg, there exists a unique 1 2 R ﬁkgj ,with n=n+,j = j,
and h = ht, such that (see Figure 7)

Val( )= g, Val( t)Val( 1); (3:26)
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Val (

(h, m, m', h,i=1)

Figure 7 . We associate with the resonance T (enclosed in an ellipse and such that m = (a); mO0=
j(b);my; m‘f 2 j)thetree 1 2Ry, , and vice-versa.

so that we can call, with a slight abuse of language, Val(t) the value of the resonanceT .

3.5. Choice of the parameters L

With a suitable choice of the parametersL j;, the functions uﬁkr)n can be rewritten as sum over \renor-
malised" trees de ned below.

(Rk%;m de ned as the trees in  {% with no
resonances nor nodes withs, = 1. In the same way we de neR (Rk;ﬂ];n;j . We call R(Rk%;n;j (a; b the set of
trees 2R (Rk;ﬂ];n;j such that the entering line hasme = ; (b) while the root line hasmp0 = j(a). Finally
we de ne the sets gk) and Rg‘) as the sets of trees belonging to g%;m

to R(Rk%;n;j for some h; n;j .

De nition 3.11. We de ne the set of renormalised trees

for some n; m and, respectively,

We extend the notion of resonant line by including also the Ines coming out from a nodev with s, = 1.
This leads to the following de nition.

De nition 3.12. A resonant line is either the root line of a resonance (see Denition 3.8) or the line
exiting a nodev with s, = 1.

The following result holds.

Lemma 3.13. For all k;n;m one has

X
ul = val( ); (3:27)
2 o
provided we choose in (3.14)
8 i X X _
3 Lnjn (a;b = Val( ); mj)2
hish 1 2r (0 (ab) (3:28)

3 k) (4 : i :
Lnjn (@D =0; nj)z
where Rf?k;?u;n;j (a;b) is as in De nition 3.11.

Proof. First note that by de nition Lnj, =0if (n;j) 2 . We proceed by induction on k. For k =1
(3.28) holds as & ﬁl?n . Then we assume that (3.28) holds for allr < k. By (3.13) one has

R;n;m
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U,

0 1
k k k
Ul 1= Gngn: 1F ) + Grjn, 1@ Lo ulk DA

njh “nijh g5z 0
ho= 1i2=1;0r:1

(3:29)

where F,f;'f) is a function of the coe cients u<n’0°’mo with r®< k. By the inductive hypothesis eachu!!

can be expressed as a sum over trees ing;?o;mo. Therefore (Gp;jh;i n;j))(a) is given by the sum over

the trees 2 Ekr)n , with m = (a) and sy, = 3 (Vo is introduced in De nition 3.3), such that only the

root line "o of can be resonant. Note that™o can be resonant only ifi = i-, = 1. If " is non-resonant

then 2 (er)m , so that the assertion holds trivially for i 6 1.

n°m0

For i = 1 we split the coe cients of Gpn; 1F(k) as sum of two terms: the rst one, denotedGp;jn: 1Jn] ,
is the sum over all trees belonging to r.n:m for m 2 ; with s,, =3 and the second one is sum of trees
with value

Val( ) = g, Val( t)Val( 1); (3:30)
with 1 2R (Rr% onj and 12 (len;rrn) o with m®= " (b) for somer and someb; by de nition of resonance
we haveh; <h 1.

We get terms of this type for all + and ; so that

0 1
hs X K1 X X
) val( )X U " (b (3:31)

n]h 2ii2

Fi @)= 3% (a) +

b=1 hp= 1i,=1;0r=1 h;<h 1 ) .
2 2 1 2R R’hm (a;b)

where the sum overh; <h 1 of the terms between parentheses givesL (rj)h (a;b) by the rst line in
(3.28) Therefore all the terms but J(k)(a) in (3.31) cancel out the term between parentheses in (3.29)

and only the term Gp;jn;i J,g!;)(a) is left in (3.29). On the other hand Gy;jn; n;j)(a) is by de nition the
(k)

sum over all trees in ..., , SO that the assertion follows also fori = 1. n

Remarks. (1) The proof of Lemma 3.13 justi es why we included into the de nition of resonances (cf.
De nition 3.8) also the 2-resonances, even if the latter arenot clusters. Indeed in (3.29) we have to sum
also overi, = 0.

(2) Note that Val( ) is a monomial of degree R +1 in gfor 2 () and it is a monomial of degree

R;n:m
(k)
2 R;n;m °

2k in g for

In the next section we shall prove that the matricesL J)h are symmetric (we still have to show that
the matrices are well-de ned). For this we shall need the folowing result.

Lemma 3.14. For all trees 2 Rgrynnj (a;b) there exists a tree 1 2 Rrnn (b; @ such that Val( ) =
Val( 1).

Proof. Given a tree 2R Rhn, (a; b) consider the pathP = P(T¢; ), and setP = f1;:::; N g, with
o 1 it N N+t = Te. Weconstruct atree 1 2 Rgnn (b;@) in the following way.

1. We shift the - labels down the pathP, sothat - ! -, fork=1;:::;N, "o acquires the label
*,, while "¢ loses its label -, (which becomes associated with the lin€y).

2. Forall the lines ™ 2 P we exchange the labelsn-;m?, so thatm-, ! m®,m° !  fork=1;::5;N,
while one has simplymp0 ' m_andm- ! mO for the root and enterlng Imes

3. For any pair “1(v); 2(v) of lines not on the path P and entering the nodev along the path, we exchange
the corresponding labels -, i.e. - (! vy and ! - (-
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4. The line "¢ becomes the root line, and the line’ g becomes the entering line.

As a consequence of item 4. the ordering of nodes and lines alpthe path P is reversed (in particular
the arrows of all the lines™ 2 P [f “r; 1g are reversed). On the contrary the ordering of all the lines
and nodes outsideP is not changed by the operations above. This means that all pgppagators and node
factors of lines and nodes, respectively, which do not belgnto P remain the same.

Then the symmetry of M, hence of the propagators, implies the result. ]

4. Bryuno lemma and bounds

In the previous section we have shown that, with a suitable cleice of the parametersL,; , we can express
the coe cients uﬁkr)n as sums over trees belonging to (Rk;?um . We show in this section that such expansion

is indeed convergent if is small enough and ;M ) 2 D( ) (see De nition 2.7).

4.1. Bounds on the trees in g()
Given a tree 2 (Rk;,)m ,wecallS(; )thesetof (";M)2 Dg suchthatforall 2 L( ) one has
2 ey 2 My h-6 1
J X (4:1)
Xnj- ; h-= 1,
with xn;j dened in (2.17), and
8 o , _
2 JYnij-) 27, i~ =1;
2% vy 2% i-=0; (4:2)
27 AL = L
with y,; de ned in (2.8). In other words we can have Val( ) 6 0 only if (";M )2 S(; ).
Wecal D(; ) Dgthe setof ("; M) such that
gl e (4:3)
for all lines 2 L( ) such that i- =1, and
n‘:j‘ nxl;jxl Jn‘ n‘lj (4'4)

for all pairs of lines*;  * 2 L( ) suchthatn 6 n-,i;i:, =0;1 andQ«ozp ey (9 (1) =1 (the

last condition implies that jn- n-,j is bounded by the sum ofjn,j of the nodesv preceding” but not

"1). This means that D(; ) is the set of (*; M) verifying the Melnikov conditions (2.2) and (2.18) in
In order to bound Val( ) we will use the following result (Bryuno lemma).

Lemma 4.1. Givenatree 2 &  such thatD(; )\ S(; )6 ;, then the scalesh- of obey

R;n;m
Nn( ) maxfO;ck( )2? M= 1g (4:5)
where Ny, () is the number of lines™ with i- =1 and scaleh- greater or equal thanh, and c is a suitable

constant.

Proof. For (M) 2 D(; )\ S(; ) both (4.1) and (4.3) hold. Moreover by Lemma 3.5 one has
inj  BKk( ). This implies that one can haveN,( ) 1 onlyif k( )issuchthatk( ) >ko:= B 1200 D=
Therefore for valuesk( ) ko the bound (4.5) is satis ed.
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If k( ) > ko, we proceed by induction by assuming that the bound holds foall trees °with k( 9 <k ( ).

Dene Ep := ¢ *20 M= : 50 we have to prove thatNn( ) maxfO;k( )E,* 1g. In the following
we shall assume thatc is so large that all the assertions we shall make hold true.

Call ¢ the root line of and “1;:::;"m the m 0O lines on scale h 1 which are the closest to"g
and such thati-_ =1for s=1;:::;m

If the root line "o of is on scale< h then
hd
Nn( )= Nn( i); (4:6)
i=1

where ; is the sub-tree with *; as root line.
By construction Ny 1( i) 1, so thatk( ;) >B 12(" 2= and therefore for ¢ large enough (recall

that < 1) one has max0;k( ;)E, bo1g= Kk( i)E, 11, and the bound follows by the inductive
hypothesis.
If the root line " hasi-, =1 and scale h then "4;:::; 1 are the entering line of a clusterT.

By denoting again with ; the sub-tree having'; as root line, one has

xn
Nn()=1+ Nn( i); (4:7)
i=1

so that, by the inductive assumption, the bound becomes trival if either m=0or m 2.

If m =1 then one has a clusterT with two external lines "3 = g and "t = "4, suchthath., h 1
andh-, h. Then, for the assertion to hold in such a case, we have to pravthat (k( ) k( 1))E, 1o,
For(;M)2S(; )\ D(; )onehas

minfjn-,j;jn-jgj 2" 27, (4:8)
and, by de nition, one has i, = i-, =1, hencejyn. ;- i:jyn- -] =4 (see (4.2)), so that we can apply
Lemma 2.1.

We distinguish between two cases.

1. If n, 6 n+,, by Lemma 2.1 with sp = s, (and the subsequent Remark) one has

2

jn', n,j constminfin: j;jn-,jg%*=* constminfjn- j;jn-,jg%2~  const2(" 2)s2= En;
where we have used thats,= 2 = for small enough. ThereforeB(k( ) k(1)) mina= 1jn-, +
an,j En.

2. If n-, = n-, consider the pathP = P("1; o). Now consider the nodes along the path, and call;
the lines entering these nodes and; the sub-trees which have such lines as root lines. ifn; denotes the
momentum label m-; one has, by Lemma 3.5jm;j  Bk( ).

Call " the line on the path P [f ";g closest to o such thati- 6 1 (that is all lines ~ along the path
P(; o) havei- = 1).

2.1. If jn-j j n-,j=2 then, by the conservation law (3.16) one hak( ) k( 1) >B !jn-j=2 Ep.
2.2. If jn<j j n+,j=2 we distinguish between the two following cases.

2.21.Ifn. 6 n, (= n,) then by Lemma 2.1 and (4.2) one nds

jn. n.j constminfjn.j;jn-,jg2= const2 s2= 2 2s2=" 5 E .

2.2.2. Ifn. = n-, then we have two further sub-cases.
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0
the path P(‘;I‘Do) one hasi- = 1, hencem- = m? (cf. the Remark (3) after De nition 3.2), so that
jm. mQOj (imij  B(k() Kk( 1)), and the assertion follows once more by using (4.8).

2.2.2.2. Ifj>, = j- theni. =0 becauseh- h 2 and one would havejh- hj=jh. hj 1ifi.=1.

As 2-resonances (as well as 1-resonances) are not possilfiere exists a line'° (again with i-o = 0 because
ho h 2), not on the path P("; ), such that j-o = j-, and jn.oj = jn- j > 2" 2= : cf. condition (ii)

in De nition 3.8. In this case one hask( ) k( 1) >B 1jnoj Ep.

2.2.2.1. Ifj~, 6 j-, thenjm.  m? | Czp]-\0 Cjn-,j , for some constantC. For all the lines ° along

This completes the proof of the lemma. |

Remarks. (1) It is just the notion of 2-resonance and property (ii) in D e nition 3.8, which makes non-
trivial the case 2.2.2.2. in the proof of Lemma 4.1.

(2) Note that in the discussion of the case 2.2.2.1. we have prved that k( ) k( 1) constjn-,j (using
once more thats,= for , hence , small enough with respect tos).

The Bryuno lemma implies the the following result.
Lemma 4.2. There is a positive constantDo such that for all trees 2 Kk, .. and for all (M) 2

D(; )\ S(; ) onehas

; ival( )i k y2k+1 ¥ ohN k() Y ~ 3s=4,
(i) jval( )j Dgq P

h=1 21()
Y Y
(i) j@val()j Dgg?*t — 22M0) % (4:9)
h=1 2L()
X e O ke T o Y s
(iii ) 1@ o, 0a0p0yVal( )] Doq 22MNn () P2
(n%j 92 a%bo=1 h=1 2L()

if jnj <Bk andjmj < Bk, with B given as in Lemma 3.5, andVal( ) =0 otherwise.

Proof. By Lemma 3.5 we know that ';e;n;m is empty if jnj > Bk or jmj > Bk . We rst extract the
factor g?*1 by noticing that a renormalised tree of orderk has % + 1 end-points (cf. the proof of Lemma
3.5).

For(";M )2 D(; )\ S(; )thebounds (4.5) hold. First of all we bound all propagatorsg such that
i = 1,0 with 16C;~> %jp.j 354 according to (3.11). For the remainin%g‘ we use the inequalities
(4.1) due to the scale functions: by Lemma 2.4 (i) one hagGn;n. 1(a;b)j dip %ing +p a0
that we can bound the propagatorsg: proportionally to 2 h\jp,aj 3s=4  This proves the bound (i) in (4.9);
notice that the product over the scale labels is convergent.

When deriving Val( ) with respect to " we get a sum of trees with a distinguished line, say, whose
propagator g is substituted with @g- in the tree value. For simplicity, in the following set j = j-, h- = h
andn=n-.

Let us rst consider the casei- = 1;0 (so that g is given by the rst line of (3.9)), and recall Lemma
2.4 (i) and (iii)). Bounding the derivative @g we obtain, instead of the bound ong:, a factor

p2jnjCyp” °

Pimj t P * ng ]

1

CCllzzl—Sjnjpj (s 252 =2, (4:10)

arising when the derivative acts on i(yn; ) (here and in the following factors C ! is a bound on the
derivative of  with respect to its argument), and a factor

2JnjCyp;

162- . (s 2s )
2C, —jnjp; 2 (4:11)
B + P )2 2 :
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arising when the derivative acts on the matrix ( nj I + p, S (Ynj )Mpj) 1t

If i- = 1 then the propagator is given by the second line in (3.9), sathat both summands arising from
the derivation of the function 1(yn; ) and of the matrix ( nj I + p, * (Ynj )My ) 1! are there, and they
are both bounded proportionally to p; %2 jnj2?" (recall that s, = (s 2 )=4). Moreover (see Lemma
2.4 (iv)) there is also an extra summand containing a factor

jnjp] = 22"+t

S1

Bimj t 0 gl

2c c/? constp, ** jnj2?"; (4:12)

arising when the derivative acts on (Xq; ). Indeed, by setting A = (' n;j I + S 1(ynj )Mnj ) 1, sothat
x = kAk 1, one has

1 X
@xnj = — AGiK) A ) ACK)@A (R 1); (4:13)
" djl_zkAk3 ikhl =1
which implies (4.12). For s we can bounds 4 with s, +

Finally we can bound eachn = n- with Bk (see Lemma 3.5). All the undistinguished lines in the tree
(i.e. all lines *°6 " in L( )) can be bounded as in item (i). This proves the bound (i) in (4.9).

The derivative with respect to Mpo;j0(a% ) gives a sum of trees with a distinguished line® (as in
the previous case (ii)), with the propagator @flno o(a%9) @ replacing g. Notice that = must carry the
labelsn%j° We have two contributions, one arising from the derivative of the matrix and the other one
(provided i- = 1) arising from the derivative of the scale function . (there is no contribution analogous
to (4.10) becausey,; does not depend onM). By reasoning as in the case (ii) we obtain a factor
proportional to 22"p, 2

The sums over the Iabels (10 92 and a%b’=1;:::;d,o can be bounded as follows. By Lemma 3.5
one haSJn‘i < Bk . Then j°must be such that pjo = O(no) which implies that the number of values
which j ° can assume is at most proportional tojn4® *, and &% b’ vary in f1;:::;d;0g, with do Cipjo
constjnY . Therefore we obtain an overall factor proportional to k*( P 2. ki*D Ck for some
constant C. Hence also the bound (iii) of (4.9) is proved. ]

4.2. Bounds on the trees in Rg()

Givenatree 2Rgnnj ,wecalS(; )setof(;M) 2 Dg suchthat(4.1) holds forall > 2 L( )nf¢; o0,
and (4.2) holds for all > 2 L( ). Let B(; ) Dy be the set of (;M ) such that (4.3) holds for all
"2 L()nfe 00, and (4.4) holds for all pairs™;  ~ 2 L( ) such that

@) n,&n i, =0;1and " op -, (9 (C1)=1

(i) either both *; "1 are on the path P("¢; o) or none of them is on such a path.

The following lemma will be useful.

Lemma 4.3. Given atree 2R (Rk)h - (a;b) such thatB(; )\ §(; )6 ; then there are two positive
constants B, and B3 such that
(i) a line * on the pathP('¢; o) can havei- 6 1lonlyif k Bajnj ;

(i) one has k Bzjmy myj with1= =1+ = =1+ D1+ D(D +2)!=2).

Proof. (i) One can proceed very closely to case 2. in the proof of Leman4.1, with “¢ and ~ playing the
role of "3 and °, respectively { see the Remark (2) after the proof of Lemma 41L. We omit the details.
(i) By Lemma 2.2, for all ma;mp 2 one hasjma myj  Cap " . For (n;j) 2 this implies that
jma myj constjnj * . If k Byjnj thenone hask constjm, mpj=( * ) the statement holds
true (recall that = is given by (2.4)). If k <B ,jnj then by item (i) all the lines ~ on the path P("¢; "0)
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havei- = 1, hencem- = m% Then by calling, as in the proof of Lemma 4.1, ; the sub-trg,es whose root
lines enter the nodes oP ("¢; o) and m; the momentum labelm- , we obtainjm-, m-j (imij  BKk,
and the assertion follows once more. u

The following generalisation of Lemma 4.1 holds.

Lemma 4.4. Given tree 2R (Rk,)h,n_j such thatB(; )\ §(; ) 6 ; then the scalesh- of obey, for
allh h,
Nn( ) maxfO;ck( )2¢ M= g (4:14)

where Ny ( ) and ¢ are de ned as in Lemma 4.1.

(k)

Proof. To prove the lemma we consider a slightly di erent class of trees with respect toRR;h;n;j , which
we denote byR(Rk;)h. The di erences are as follows:
(i) the root line has scale labelsh-, handi-, 2f 1;0;1g,
(ii) we remove the condition ne = n-,, je = j+,, and require only that jngj > 2" 2=,
Notice that, for all 2 R g‘;)h;n;j , among the three sub-trees entering the root, two are in g‘l) and
(sz)’ respectively, and one is inRth)l, with hy  h (recall that by de niton h- hforall ~ 2 L()),

and k; + ko + k3 = k 1. Hence we shall prove (4.14) for the trees 2 R f?k')h’
by induction on k. '

For (;M)2 B(; )\ §(; ) we have both (4.1) and (4.3) for all> 2 L( ) nf’o; eg. Moreover by
Lemma 3.10 we haveBk( ) j n- + angj, wherea=0if "~ is notonthe path P = P('¢; 0)anda2f 1g
otherwise.

For * not on the path P one can haveh-  honly if k( ) is such thatk( ) >ko= B 12" D= (cf. the
proof of Lemma 4.1). If all lines not along the path P have scales< h, consider the line” on the path P
with scaleh-  h which is the closest to” ¢ (the case in which such a line does not exist is trivial, becase
it yields N ( ) =0)). Then " is the exiting line of a cluster T with "¢ as entering line. Note that we have
both jn<j 2" D= andjnej > 2" 2= with h h. As T cannot be a resonance, ifi- = ne then either
j* 6 je, SO that

for which we can proceed

kr > minfBajnej ;B 'Cojp.j g> const2® D=

(cf. Lemma 4.3 (i) and the case 2.2.2.1. in the proof of Lemma .4), or j- = j¢, so that
ky >B 1200 2= g 1ph 2)=

(cf. the case 2.2.2.2. in the proof of Lemma 4.1). If on the cdmary n- 6 ne, by Lemma 2.1 one has
Bk() constminfin- ngjg const2(M 2)s2= *. Therefore there exists a constant8" such that for
valuesk( ) Ro:= B 1200 Ds2= * the pound (4.14) is satis ed.

If k() > Ko, we assume that the bound holds for all trees ° with k( 9 < k(). Dene E, =
c 120 2*M = : we want to prove that Np( ) maxf0;k( )E, 'g.

We proceed exactly as in the proof of Lemma 4.1. The only di eence is that, when discussing the case
2.2.1, one can deducgn- n-,j constminfin-,j;jn-jg%=  const2(" 2= ° > E by using that the
quantity ne cancels out as the line is along the path P. |

The following result is an immediate consequence of the préous lemma.
Lemma 4.5. For xed k the matrices Lffj) are symmetric; moreover the following identity holds:
© X X
Loj = 1(¥nj) Ch (Xnj ) Val( ); (4:15)
h= 1 R ()
R;hinij

26



where, by de nition,
R
Ch(x) = h(X): (4:16)

hi=h+2

Proof. The previous analysis has shown that the matriced. l) are well-de ned. Then the matrices are
symmetric by Lemma 3.14, where we have established a one to ercorrespondence between the trees

contributing to L(k) (a; b) and those contributing to L(k) (b; @ such that the corresponding trees have the
same value. Ident|ty (4.15) follows from the de nltlons (3.14) and (3.28). ]

Remark. Notice that Ch(x) =1 whenjxj 2 " 2 andCp(x)=0Owhenijxj 2" 1.
Lemma 4.6. Given a tree 2R(Rk,)1nJ (a;b), for ("M)2B(; )\ §(; )and > 0one has
w . Y -
(i) jval( )i (DgH)*2 " 2Nne) g ime mo) B>
ho= 1 20()

Y . Y
(i) j@val( )i (Dg*)*2 "jnj 22nNnol) g ime mol P

ho= 1 2L()
X g (4:17)
(iii ) 1@ o, o(a0p0) Val( )
(n%j 92 a%bo=1
ko h ¥ h© i Y
(qu) 2 22 Npno( ) e JMa Mp) pj‘sZ
ho= 1 2L()

for some constantD depending on and

Proof. The proof follows the same lines as that of Lemma 4.2. We rst atract the factor g?* by noticing
that a renormalised tree in R(Rk) has X end-points. To extract the factor 2 " we recall that there is at
least a line* 6 g on scaleh- = h: then Np( ) 1 and by (4.14) we obtaink > const2"= | so that
ck2 " 1 for a suitable constantC. To extract the factore M= ™ol we use Lemma 4.3 (i) to deduce
Cke ima moi 1. Hence the bound (i) in (4.17) follows.

When applying the derivative with respect to " to Val( ) we reason exactly as in Lemma 4.2; the only
di erence is that we bound jn-j < jnj + Bk, which provides in the bound (4.17) an extra factorjnj with
respect to the bound (ii) in (4.9).

The derivative with respect to M no;0(a% ) gives a sum of trees with a distinguished line' carrying the
propagator @y 20 0(a%b9) O instead ofg-. As in the case (iii) of Lemma 4.2 we have two contributions, me
when the derivative acts on the matrix and the other (if i- = 1) when the derivative acts on . ; by the
same arguments as in Lemma 4.2 (ii) we obtain a factor of ordep?" p]-\SZ

By Lemma 3.10 one has mifi n® nj;jn%+ njg < Bk , so that the sum overn®is nite and proportional
to k. The sum overj%a% b’ produces a factor proportional to jn4(® D*2 [ reason as in the proof of
(4.9) (iii) in Lemma 4.2. This provides an overall factor of order jn%P. If k  Byjnj (with B, de ned
in Lemma 4.3) this factor can be bounded byCK for some constantC. If k < B ,jnj then, by Lemma
4.3 (i), one must havei- = 1, hencem- = m?, for all lines * on the path P("¢; o): then if a6 B
necessarily the line™, which the derivative is applied to, is not on such a path, andthe possible values of
j % a% 1 are bounded proportionally to kP . If a%= K either * 2 P ("¢; "o) { and we can reason as before
{or > 2P (e 0): inthe last case we use the conservation law (3.17) of the nmenta (m-; m?), and we
obtain again at most kP terms. |

Remark. For any xed > O the constantD in (4.17) is proportional to C, hence grows exponentially
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in . As we shall need forC to be at worst proportional to 1="g (in order to have convergence of the
series (3.27)), this means that can be taken as large a©(jlog"j).

We are now ready to prove the rst part of Proposition 1.

Proposition 1 (i)-(ii). There exist constantscy, Ko, Qo and such that the following bounds hold for
all (;M)2D(),q<Qoand 1= GQp%:

junmj <Koj jg®e UMTIMD L j < Koj jof (4:18)
jOLnjj <Kojnj*%j jof;  j@Lajj <K od;

for all (n;j) 6 (1;1). Moreover the operator norm of the derivative with respect® M, is bounded as

j@n L[A]j
k@ Lk :=sup ————
@ A2rl:3) JA]
X R _ N _ (4:19)
.S-up sup j@lno;j o(aO;bO)Ln;i (a; b)je (ima Mol ] Mao Mol ) < K Oj jqz;

nj 2 ab=1;:d; n0;j 0 a0:p0=1
where the spaceB is de ned in the Remark after the proof of Lemma 2.6.

Proof. By denition D( ) is contained in all D(; ) and in all B(; ), so that we can use Lemma
4.2 and Lemma 4.6 to bound the values of trees. First we x an ufabelled tree and sum over the
values of the labels: we can modify independently all the engboint labels, the scales, the type labels and
the momentam- if i- 6 1 (one hasm- = m% fori- = 1). Fixed (";M ) and (n-;j-) there are only
di. = O(p,.) possible values form-. This reduces the factorsp. 2 to p;..%* in the bounds (4.9) and
(4.17). By summing over the type and scale labelgi-;h-g, () (recall that after xing the mode labels
and " there are only two possible values for eacth such that Val( ) 6 0), we obtain a factor 4%, and
summing over the possible end-point labels provides anothiefactor 2(° *1@ k+1)  Finally we bound the
number of unlabelled trees of orderk by C* for a suitable constant C [23]. In (4.9) we can bound

X s
2"WNn() =exp log2 hNp( )  exp constk h2 h=2 ck: (4:20)
h= 1 h= 1 h=1

for a suitable constant C, and an analogous bound holds for the products over the scaden (4.17).
Since (see (3.1) and (3.20))
R X
Unm = X Val( ); (4:21)
e,
and, by Lemma 3.5, g%;m is empty if k<B ljnjork<B !jmj, we obtain the rst bound in (4.18).
Using (4.17) (i), we bound the sumon 2 R (Rk;?];n;j exactly in the same way. The main di erence is
that R(Rk;%;n;j (a;b) is empty if jmag mpj >B 5 1K= | by Lemma 4.3 (ii). Then by Lemma 4.5, we obtain
the second bound in (4.18).
As for the third bound in (4.18), we have

b3 X
@Ln; = 1(Ynj ) Ch (Xnj ) @Vval( )
e 1 R,
% X % X (4:22)
1(Yn; ) (@Ch(Xnj ) Val( ) (@ a(yn;)) Ch (Xnj ) Val( );
h= 1 oR (0 h= 1 oR (0

Rin;jh Rin;jh
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where the rst summand is treated, just like in the previous cases, by using (4.17) (ii) instead of (4.17)
(). In the other summands Val( ) is bounded exactly as in the previous cases, but the derivate with
respect to" gives in the second summand an extra factor proportional tojnj2" p]-3 { appearing only for
those values ofh such that (xn; ) is non-zero (and for each value of' there are only two such values
so that the sum overh is nite) { and in the third summand a factor proportional to jnj pfz. We omit
the details, which can be easily worked out by reasoning as fq4.10) and (4.12) in the proof of Lemma
4.2. Finally we bound 2" by Ck as in the proof of Lemma 4.6.

The fourth bound in (4.18) follows trivially by noting that t o any order k the derivative with respect
to of * producesk k 1.

Finally, one can reason in the same way about the derivative vih respect to M, , by using (4.17) (iii),
so that (4.19) follows. ]

5. Whitney extension and implicit function theorems
5.1. Extension of U and L
In this section we extend the functionL,; , de ned in D( ), to the larger set Do.

Lemma 5.1. The following statements hold true.
(i) Given 2R (Rk;?];n;j , we can extendVal( ) to a function, called Val® ( ), de ned and C! in Dy, and
Lnj (;"M ;q) to afunction L5; Ly (;";M ;q) such that

. X R . X £
Loy = alyng) Ch (Xn;j ) Val=( ); (5:1)
h= 1 k=1 2R ()

satis es for any (*;M ) 2 D the same bounds in (4.18) and (4.19) asLE;j (;";M ;q) in D( ). Further-
more Val( )=Val E( ) forany (;"M)2B(;2) B(; )andVal®()=0 for ("M)2DonB(; ).
(iiy In the same way, given 2 g‘;?];m , we can extendVal( ) to a function Val® ( ) de ned and C! in

Do, and Uy (;";M ;0) to a function UF; (;";M ;0) such thatug,,  ugm (;" M ;0), given by

X
uk = K val® (); (5:2)
k=1 5 (K)

R;n;m
satis es for any ("; M) 2 D, the same bounds in (4.18) asin.m, in D( ).

Furthermore Val( ) = ValE( ) for any (M) 2 D(;2) D(; )andVal®() =10 for (M) 2
DonD¢(; ).

Proof. We prove rst the statement for the case 2 R (Rk;,)];n;j . We use theC! compact support function

1(t) : R R", introduced in De nition 3.1. Recall that 1(t) equals O ifjtj < and 1ifjtj 2,
andj@ 1(t)j C 1, for some constantC.

Givenatree 2R (Rk;ﬂ];n;j , we de ne

Val= ()= 1(Xn - Jinj ) W(niy gy ding g j ) val( ), (5:3)
2L el 00 T1722L ()

h Q . o Q NN
where . . 5| () Is the productonthe pairs™s "2 2 L( )suchthat ., C10) () C)=1,1i, =1,0,
n-, 6 n-,, and gjther both “;; , are on the path connectinge to vp or both of them are not on such a
path. The sign ~ .5 (- ..,, (') (1) issuchthatjn-, n-j n.
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By de nition Val E( )=Val( )for (;M )2 B(; 2 ) as in this set the scale functions  in the above
formula are identically equal to 1.
By de nition supp(Val E( )) B(; ), as the scale functions ; in the above formula are identically

equal to 0 in the complement of B (; ) with respect to Dog.

To bound the derivatives the only fact that prevents us from smply applying (4.17) (ii-iii) is the
presence of the extra terms due to the derivatives of the ; functions. Each factor of the rst product
in (5.3), when derived, produces an extra factor proportioral to 2" pf’, jn-j *1. Note that a summand of
this kind appears only if i- =1 and ("; M ) is such that

ho 1 2 . .
2 Xn-j o (5:4)
This implies jn-j < 2D = | so that the presence of the extra factor simply produces, in4.17) (i), a
larger constant D and a larger exponent { say 4 { instead of 2 in the factor Z0°Nno( ) Each factor of the
second product produces an extra factojn-, n-,j ***, which can be bounded byCk.
Therefore the derivatives ofLE;j respect the same bounds (4.18) ak,; modulo a rede nition of the
constants ¢y, Kg. As these bounds are uniform (independent of if; | )), then LE;J- is a C! function of

(";M).
We proceed in the same way for 2 gr.nm :
Y Y
Val® ()= 1(iXn-m-iin°j ) 1(n iy negy ding g )val(); (5:5)
2L ( )ic=1 “1;722L()
where now the product runs on the pairs of lines*; ", such that Q‘ZP Cirsy () C1) =1,
i, =1;0,andn-, 6 n-,. |

Proposition 1 (iii). LE is dierentiable in (";M ) 2 Dg and satisfy the bounds
@LE; (aib) <Cijnj**>ze M ™ j jf;
X %o . S o (5:6)
@), o, o(a0p0 Ly (a;0) €T Mol < Cyj j;
(n%j 92 a%bho=1

where C; is a suitable constant.

Proof. Simply combine the proof of Lemma 5.1 with that of Proposition 1 (ii). ]

5.2. The extended Q equation

Going back to (2.12), we can extend it to all D¢ by using U,Ej instead of Up; for all (n;j) 6 (1;1); we
obtain the equation
DSq= fyy (UE) = UG, .m, US,m, Ubm (5:7)

ni+ny ng=1
mi+mp mg3z=V

The leading order is obtained forn; =1 and m; 2 ; forall i =1;2;3, namely at = 0 we have a

nonlinear algebraic equation forg,
D%q=3°¢’; (5:8)

. . P—— .
with solution g = Ds3 P. We can now prove the following result.

Proposition 1 (iv). There exists o such that for all j j o and (";M ) 2 Dy, equation (5.7) has a
solution gF (";M ; ), which is analytic in and C! in (";M ); moreover

X
j@F (M) Kjj; @, @y (M) Kjij; (5:9)
(nj)2 ab=1
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for a suitable constantK , and of = g for (;M )2 D(2 ).

Proof. SetQq := 2. Then there exists ; such that u¥ is analytic in ;q forj | 1andjg Qg and
Clin (";M). By the implicit function theorem, there exists ¢ 1 such that for all j j o there is a
solution f  ¢f (;";M ) of the Q equations (5.7) such thatjgfj < 3g=2. By de nition of the extension

uk, the equation (5.7) coincides (2.12) orD (2 ). The bounds on the derivatives follow from Lemma 4.2
and Lemma 5.1. ]

We now de ne
U GSM )= U GSM G (GSM )5 Ly GSM )= LE GSM Sde(5M ) (5:10)

Proposition 1 (v).  There exists a positive constantK ; such that the matricesLE;j (;"yM ) satisfy the

bounds _ S _ S
JLEGUM)) j jKg; J@LE (M) JKgjnjtt e
X R . . (5:11)
@, @pLTGM ) e IMe mel Ky
(nj)2 ab=1
and the coe cients UnE;]- (;";M ) satisfy the bounds
US (M) ] jKge nFimit™; (5:12)
uniformly for (";M ) 2 Dy.

Proof. It follows trivially from the bounds (5.9) and from the bound s of Lemma 5.1. ]

6. Proof of Proposition 2
6.1. Proof of Proposition 2 (i)
Let us consider the compatibility equation (2.11) whereLn; = LE;J- (;";M ). One can rewrite (2.11) as
1O Mg = L5 (GiM ) 1 JER(GIM ); (6:1)

with CE(;";M )= O(1), so that (6.1) has for =0 the trivial solution Mp; =0.
The bounds of Proposition 1 (v) imply that the Jacobian of the application CE(;";M ): B !B is
bounded in the operator norm (B is de ned in the Remark before De nition 2.7). Thus there exists
0; K2 such that, for j j o and for all (";M ) 2 D(2 ), we can apply the implicit function theorem to
(6.1) and obtain a solution Mn; ( ;" ), which satis es the bounds

Mnj i Kol i j@Mn (57)i Konft"2j i j@Mng (5")i Ko (6:2)
for a suitable constantK .
Finally we x "g o, = " and set (with an abuse of notation) Mn; (") = Mpj ( = ";"), so that, by
noting that
d
g Mni (') = @Mn; (57)+ @Mn; (57); (6:3)

we deduce from (6.2) the bound (2.26).

6.2. Proof of Proposition 2 (ii) { measure estimates

We now study the measure of the set (2.27). By de nition this is given by the set of* 2 Ey( ) such that
the further Diophantine conditions

Xng ()= (g 14 1(yng )Mag () * j—l (6:4)
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are satis ed for all (n;j) 2 such that ( n;j) 6 (1;1). Recall that (n;j) 2 implies n> 0. By Lemma
2.4 (iii) one has

Xuj (") ming OCag 1+ 9 ° 1(ng ) Mag )i =min jog + 5> & (DI (6:5)

since the matrices are symmetric. Recall thatp; (') i (") are the eigenvalues of 1(ynj ) M, (') ; (") and that
di  Cip; (cf. De nition 2.5).
Then we impose the conditions

W U0 2 smiz nfmg i=1nd; (©:6)

and recall that M; =0 (i.e. ,(1']) =0)if(n;j) 2 , so that for ( n;j) 2 the Diophantine conditions
(6.6) are surely veri ed, by (2.1).
Call A the set of values of" 2 Eg( ) which verify (6.6). We estimate the measure of the subset of

Eo( ) complementary to A, i.e. the set de ned as union of the sets

" . + " 2
lni = "2Eo()iim +B % BN (6:7)

for(n;j)2 and i=1;:::;d;.

Given n, the condition (n j) 2 implies that p; can assume at most'on + 1 dierent values { cf.
(2.16). On a (D 1)-dimensional sphere of radiusR there are at most O(RP 1) integer points, hence
the number of values whichj can assume is bounded proportionally ton® (1 + "on). Finally i assumes
gj Clpj values.

Since 2 M we have, forn ( ¢=4"o) (oD |

i HRTT M) @ N 2Zon o (6:8)

so that we have to discard the setd nj; only for n  ( g=4"g)=( o*D .
Let us now recall that for a symmetric matrix M (") depending smoothly on a parameter’, the eigen-
values areCt in " [24]. Then the measure of each ;i can be bounded from above by

d i !
— 4 p st O : 6:9
n " ZSEUOEJ ) dll n; pj n;J ( ) ( )

where one has
n

5 (6:10)

F om0

This can be obtained as follows. Proving (6.10) requires to nd lower bounds for

d "
F oMt n® Ong) ()

where () (") are the eigenvalues oMp; (") (i.e.  1(Ynj) 4 (') [(")=p (') /(")). The eigenvalues n; (")
are C?! |n , so that, by Lidskii's lemma [24], one has

d
T Oy g g Mni CiKz 1+"on™*% n ; (6:11)
1
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where we have used (6.3) and (6.2). Sincs; + s , We obtain

d i) fn
FoMmERE s o) H) =2
which implies (6.10).

Recall that p; is bounded proportionally to n. Then for xed n we have to sum over cons(1+ "on)nP 1
values ofj and overd; Cip;  constn constn.

Therefore we have

X X X 1 "
meas( nji ) const in® 5+ —

(nj)2 i=1 n (=4") =Co* in) n (6:12)

const ng D)=( o+1) + I.é+( D 1)=( o+1)

provided >D + 1. Therefore the measure is small compared to that ofEg( ) { which is of order "o{ if
> maxf g+ D+1;D+1g= o+ D +1.

7. Generalisations and proof of Theorem 1
7.1. Equation (1.4): proof of Theorem 1 in D> 2

In order to consider equation (1.4) we only need to make few geralisations. By our assumptions
f(x;u;u) = g(x; u)+ @H (x; u; u);

with H real valued. For simplicity we discuss explicitly only the case with odd p in (1.3) and g odd in
u. Considering also everp should require considering an expansion in ™: this would not introduce any
technical di culties, but on the other hand would require a d eeper change in notations.

We modify the tree expansion, analogously to what done in [2]l The change of variables (1.8) trans-
forms each monomial in (1.3) into a monomial” (P1* P2 1)=2ap1;pz(x) uPruPz; we can take into account the
contributions arising from g(x; u), by considering the corresponding Taylor expansion and ptiing p; =0
and p, 3. All the other contributions are such piayp,;p, = (P2 + 1) ap,+1p, 1 (Dy the reality of H and
of the functions ay, ;p,).

Each new monomial produces internal nodes of ordek, = (pv.1 + pv.2  1)=22 N, such that k, 2,
with py.1+ pyv.2 entering lines among whichp,.; have sign =1 and p,.» have sign = 1; note that the
case previously discussed corresponds t@(f1;py:2) = (2;1). Hence, with the notations of Section 3.3,
we can write sy, = py:1 + pv.2, With s, odd.

Each internal node v has labelsky; py:1; pv.2; my, with the mode label m, 2 ZP. The node factor
associated withv is ap,. , ;p,.,;m, ,» Namely the Fourier coe cient with index m, in the Fourier expansion
of the function ay,. , . ,; by the analyticity assumption on the non-linearity the Fou rier coe cients decay
exponentially in m, that is

8o, vpuom,  Are AFM; (7:1)

for suitable constants A; and As.

The conservation laws (3.16) and (3.17) have to be suitably ltanged. We can still write that n- is given
by the right hand side, the only di erence being that L (v) contain s, lines (and each line” 2 L(v) has its
own sign (%)). On the contrary (3.17) for m® has to be changed in a more relevant way: indeed one has

X
m%=m, + COYm-o; (7:2)
2L (v)

with L(v) de ned as before.
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The order of any tree s still de ned as in (3.19), and, more generally, all the other labels are de ned
exactly as in Section 3.3.
The rst di erences appear when one tries to bound the moment of the lines in terms of the order of
the tree. In fact one has X
JEC) 1+ (sv 1); (7:3)
v2Vo( )

which reduces to the formula given in the proof of Lemma 3.5 oly for s, 3. One hass, =2k, +1, so
that X X
(sv 1)=2 ky = 2k; (7:4)
v2Vo( ) v2Vo( )

and one can still boundjn-j Bk foranytree 2 () andanyline® 2 L( ).
The conservation law (7.1) gives, for any line” 2 L( ),
X
maxfim-j;jm%g Bk + imyi; (7:5)
v2Vo( )

for some constantB. The bound in (7.5) is obtained by reasoning as in the proof oLemma 3.5; the last

sum is due to the mode labels of the internal nodes. Thus the hnd on n- in Lemma 3.5 still holds, while

the bounds onm-; m? have to be replaced with (7.5). The same observation applieto Lemma 3.10.
Also Lemma 3.14 still holds. The proof proceeds as follows. fe tree ; which one associates with each
2 Rrnjn (&;b) is the tree in Rrin;in (b; @ de ned as follows.

1. As in the proof of Lemma 3.14.
2. As in the proof of Lemma 3.14.

3. Let v be a node along the pathP = P("¢; o) and let "1;:::; s, with s = s, be the lines enteringv;
suppose that"; is the line belonging to the path P [f “¢g. If ("1) =1 we change all the signs of the
other lines, i.e. (j)! (i) fori=2;:::;s, whereas if (")= 1 we do not change the signs.

24. As in the proof of Lemma 3.14.

Then one can easily check that the reality ofH implies that the tree ; is well de ned (as an element
of Rr;njin (b; &) and has the same value as.

Remarks. (1) Note that item 3. above reduces to item 3. of Lemma 3.14 ifs, = 3 for each internal
nodev.

(2) If the node v hasp,.1 = 0 (i.e. the monomial associated to it arises from the functon g(x; u)) then
the operation in item 3. is empty.

Therefore we can conclude that the counterterms are still sgnmetric.

The analysis of Section 4 can be performed almost unchangeddere we con ne ourselves to show the
few changes that one has to take into account.

The rst relevant di erence appears in Lemma 4.1. Because ofthe presence of the mode labels of the
internal nodes the bound (4.5) onNy,( ) does not hold anymore, and it has to be replaced with

n X 0
Nn() max 0;c k( )+ jmyj 2¢ M= 1 ; (7:6)
v2Vo( )

for a suitable constant c. The proof of (7.6) proceeds as the proof of Lemma 4.1 in Secth 4. We use
that in (4.7) for m =1 one has

x . . x . . x . .
k() k(1)+ jmyj jmyj = kr + imyj; (7:7)
V2Vo( ) V2Vo( 1) V2V0(T)
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and, except for item 2.2.2.1., we simply bound the right handside of (7.7) with k. ThernIy item which

requires a di erent argument is item 2.2.2.1., where instea of the bound jm-  m-j i im;j we have,
X X X X
ime o meyj jmyj + jmij Bkt + jmyj  maxfB; 1g ky + jmyj
V2P (o) [ V2Vo(T) v2Vo(T)

wherev 2 P (7; ") means that the nodev is along the pathP(%; o) (i.e. v 2P (; o) [ “0)) and the sum
over i is over all sub-trees which have the root lines entering onefcsuch nodes.

Remark. Note that if the coe cients ay,p,(x) in (1.3) are just constants (i.e. do not depend onx),
then my, 0 and (7.6) reduces to (4.5).

Moreover in (4.9) we have a further product

Y o
Age Azimvi (7:8)
v2Vo( )

while the product of the factors 2N () can be written as

0

¥ ¥
ohN s () 2hNw () 2hok ohNh ()
h= 1 h=hp+1 h=ho+1

; (7:9)

with hg to be xed, where the last product, besides a contribution which can be bounded as in (4.20),
gives a further contribution

¥ Y himei2@ M= Y L h=
2chimvi2 exp constjmyj h2 = (7:10)
h=ho v2Vo( ) v2Vo( ) h=ho

so that we can use part of the exponential factors in (7.8) to ompensate the exponential factors in (7.10),
provided hg is large enough (depending on).
Another consequence of (7.2) is in Lemma 4.3: item (ii) has tde replaced with

jma  mpj constk® + imvij; (7:11)
v2Vo( )

because each internal node contributes a momentum m, to the momenta of the lines followingv. Up
to this observation, the proof of (7.11) proceeds as in the prof of Lemma 4.3.

Therefore also the bound (4.14) of Lemma 4.4 has to changedtm (7.6), for all h  h. The proof
proceeds as that of Lemma 4.4 in Section 4, with the changes dined above when dealing with the case
2.2.2.1.

The property (7.11) reveals itself also in the proof of Lemma4.6. More precisely, in order to extract a
factor e 1Ma Mol we use that (7.11) implies (recall that < 1)

X
jma mp  C k+ imyj ; (7:12)
v2Vo( )

for a suitable -dependent constantC, so that we can write, for some other constantC,

Y
e jma  mpj C’k e lva, (713)
v2Vo( )
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where has to be chosen so small (e.g. j < A 2=4, with A, given in (7.1)) that the last product in (7.13)
can be controlled by part of the exponentially decaying facors e #2i™vi associated with the internal
nodes. This means, in particular, that cannot be arbitrarily large when "o becomes small (cf. the
Remark after the proof of Lemma 4.6).

As in (4.9) also in (4.17) there are the further factors (7.8) which can be dealt with exactly as in the
previous case.

Besides the issues discussed above, there is no other subial change with respect to the analysis of
Sections 4 to 6.

7.2. Equation (1.1) in dimension 2: proof of Theorem 1 in D=2

We can consider more general nonlinearities in the casB = 2, that is of the form (1.3) without the
simplifying assumption (1.4). Indeed in such case the coumtrterms are 2 2 matrices (cf. Lemma 2.2),
so that we can boundx,; by the absolute value of the determinant of n;j | + 1(Yn;j JMn; P, S, which is a
C! function of " (we have proved onlyC? but it should be obvious that we can bound as many derivatives
of LE;]- as we need to, possibly by decreasing the domain of convergamof the functions involved).

Set for notational simplicity M, = 1(Ynj )My . Let us evaluate the measure of the Cantor set

Ei= "2Eo():] r%:j *t B °tr mn;j nj * B 2 detmn;ij 2 jnj ; (7:14)
following the scheme of Section 6. Here we are using expligtthat for D = 2 one has

det njl +p Mnj = &

5P S Mpg o + B 2 detM p; ; (7:15)

becauseM,; isa 2 2 matrix.
We estimate the measure of the complement oE; with respect to Eq( ), which is the union of the sets

Inj == "2Eo( ): a5 +p %@ +p Pbyi Ji—l ; (7:16)
wherean =tr Mp; and by =det My; .

Given n the condition (n;j) 2 implies that p; can assume at most'gn + 1 di erent values. On a
one-dimensional sphere of radiuR there are less thanR integer points, so the number of values can
assume is bounded proportionally ton("on + 1).

Since 2 M we have forjnj ng( 2="0)!*2 °, with some constantno,

wi (i * P %an)* B g O+ On g 2on)® const’e mgoi (T17)
so that
mi (nj + B Sang )+ p, by JW (7:18)
provided < 2=2and > 2.
The measure of eacl ,; can be bounded from above by
1
—— sup E Nt R Cang gt P 2y ; (7:19)
inj g,y d '
In order to control the derivative we restrict " to the Cantor set
Eox= "2Eo(): nj(@@n+ P Sag;j (") + np Sanj + P zsbﬂ;j @) e for all (n;j) 2 ; (7:20)
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with aﬂ;j (") = dap; (")=d" and tﬂ;j (") = dhby; (")=d". On this set we have (recall that p; is bounded
proportionally to jnj)
X X "on2 _
meas( nj) const n_r-:_iorl const"g 2 220, (7:21)
(m;j )2 n no(="o)*20 in

provided > ,+3. Hence meas( n;j ) is small with respect to "o provided > 2o+ > +2.
Finally let us study the measure of E;. The bounds (6.2) { and their proofs to deal with the second
derivatives { imply

janj jiibngj  Clo; a)y by C 1+ "gjnjtt

00 . 100 W i242s, .
an; ; by C 1+"onj==™ |

(7:22)

for some constantC.
Let us call | ﬁ;j the complement of E, with respect to Eq( ) at xed ( n;j) 2 . As in estimating the

setl,j in (7.16) we can restrict the analysis to the values ofn such that n > n 1( ¢="0)'*2 ©, possibly
with a constant n; di erent from ng. Then we need a lower bound on the derivative, which gives

. n?
jnj@n+ag;p )+ njanp SR p ® o (7:23)
(recall that ,; < 1=2). Hence we get
X X n+" n2 —
meas | ﬁ.j const % const"f) 2 M2 o, (7:24)
_ ’ ) jnj 2
(nj)2 n ni(="¢)=20

provided , > 5. Again the measure is small with respect to"y provided , > 2 g +4. For o > 1 this
gives , > 6 and therefore > 2 o+ ,+2 > 10.

Remark. The argument given above applies only wherD = 2, because only in such a case the matrices
Mp; are of nite n-independent size (cf. Lemma 2.2). A generalisation to the @seD > 2 should require
some further work.

8. Proof of Theorems 2, 3 and 4

Let us now consider (1.9) with = 0, under the conditions (1.3) if D = 2 and both (1.3) and (1.4) if
D 3. Note thatfor =0Oonehas! =D ".
The Q subspace is in nite-dimensional, namely (1.13)) is replaed by

Q:=f(mm)2N Z°: Dn = jmj?g; (8:1)

so that Q contains as many elements as the set ah 2 ZP such that jmj?=D 2 N.

As in [21] our strategy will be as follows: rst, we shall nd a nite-dimensional solution of the
bifurcation equation, hence we shall prove that it is non-dgenerate inQ and eventually we shall solve
both the P and Q equations iteratively.

A further di culty comes from the separation of the resonant sites. Indeed the conditions (2.1) and
(2.2) are ful lled now only for those (n; p) such that Dn 6 p. This implies that Lemma 2.1 does not hold:
givenp®jini pij =2fori=1;2itis possible thatD(n; nz)= p1 pz and in such case we have
atmostjpr  p2j  ="p3°, which in general provides no separation at all. Hence we camt use anymore
the second Melnikov conditions.
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We then replace Lemma 2.2 a by more general result (cf. Lemma.8 below), due to Bourgain; conse-
quently we deal with a more complicated renormalisedP equations.

8.1. The Q equations

In [21] we considered the one-dimensional case and used th&dgrable cubic term in order to prove the
existence of nite-dimensional subsets ofQ such that there exists a solution of the bifurcation equatin
with support on those sets.

In order to extend this resultto D 2 we start by considering (1.9) projected on theQ subspace. We
setunm = gy if (N;m) 2 Q, so that the Q equations become

X
jmj2(1+ D 1% = Un;;myaUnym,Ungms-
mi+my mgz=m
ni+ny n3:jmj2:D
Setting gn = am + Qm, with Qn = O( ), the leading order provides a relatively simple equation,as
shown by Bourgain in [9]:
X
imj2A*sp 1g, = am, 8m,am.; (8:2)
maq:m 2:m 3

mi+my mgz=m
hmq mgamp mg3i=0

which will be called the bifurcation equation. One can easily nd nite-dimensional sets M such that
@iy if my;my;mzg2M andbhm; mg;my; msi =0,then my+m, mz2M .

Remarks. (1) Condition (i) implies that M is completed described by its intersectionM . with z°.
(2) Clearly (8.2) admits a solution with support on sets respecting (i) and (ii) above. An example is as
follows. For all r the setM 4 (r) := fm 2 ZE’ :jmj = rgis a nite-dimensional set on which (8.2) is
closed.

(3) We look for a solution of (8.2) which satis es the Dirichlet boundary conditions. Hence we study
(8.2) as an equation foram, with m2 M ..

(4) Note that the bifurcation equation (8.2) is only apparently equal to that considered by Bourgain,
because of the Dirichlet boundary conditions. The latter inroduce a lot of symmetries { and hence of
degeneracies { which make the analysis much more complicade in particular checking the invertibility
of the forthcoming matrix J requires a lot of work.

Finding non-trivial solutions of (1.9) by starting from sol utions of the bifurcation equation like those of
the example may however be complicated, so we shall prove thexistence of solutions under the following,
more restrictive, conditions.

Lemma 8.1. There exist nite sets M . Z? such thatjmj? is divided byD for all m 2 M . and (8.2)
is equivalent to

jmj2(1+s)D 1 2D+1A2 (3D 2D+1)ar2n =0; am 2M .,

am =0; an 2Z°nM,, (8:3)

, P
with A2:= o aZ.

Proof. The idea is to choose them 2 M , so that jmj?> 2 DN, (8.3) is equivalent to (8.2) and has a

non-trivial solution. We choose M . so that the following conditions are ful lled:

(a) setting N := jM . j and mingm 2y , jmj = jmj (this only implies a reordering of the elements ofM . ),

we impose X

2D+l jmj2+23 3D +2D+l (N 2) jmlj2+23; (84)
m2M :nfmig
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(b) the identity hm; mg3;m, mgsi = 0 can be veried only if either m; mz=0o0orm, mz=0or

An easy calculation shows that under conditions (b) equatiom (8.2) assumes the form
am jmj2(1+ s) D 1 2D +1 A2 (3D 2D +1 )arzn =0; (8:5)

and hence is equivalent to (8.3). Now, in order to nd a non-trivial solution to (8.5) we must impose

jm1j®*?° = min jmj**2s  2°*1 A%D; (8:6)
m2M .
with A determined by
X
D 2°""(N 1)+3° A*’=M; N =jM.j; M:= jmjz2e: 8:7)
m2M 4

As in the one-dimensional case [21], if we XN then (8.6) is equivalent to condition (a), i.e. (8.4), which
is an upper bound on the moduli of the remainingm; 2 M . nfmyg. Then there exist sets of the type
described above at least folN = 1.

To complete the proof (for all N 2 N) we have still to show that setsM .. verifying the conditions (a)
and (b) exist. The existence of sets withN =1 is trivial, an iterative method of construction for any N
is then provided in Appendix A3. |

Remark. The compatibility condition (8.4) requires for the harmonics of the periodic solution to be
large enough, and not too spaced from each other. Thereforence we have proved that the solutions of
the bifurcation equation can be continued for" 6 0, we can interpret the corresponding periodic solutions
as perturbed wave packets. The same result was found iBD =1 in [21].

We have proved that the bifurcation equation admits a non-trivial solution

X 2 o P
q9 (x;t) = d9 Tt (2i) sin(m; x;); (8:8)
m2M i=1

with q,(r?) = ay form2 ZE’ and extended to all Z° by imposing the Dirichlet boundary conditions.
(0)

We can setgn = gn’ + Qn forall m 2 ZP and split the Q equations in a bifurcation equation (8.3)
and a recursive linear equation forQp,:

X X X
imi2t2s 1 0) ~(© 0) ~(O — .
jmj D Qm 2 leq(n)zq(nl Or(n)lq(n)szs_ Uny;imyUngimoUngimg  (8:9)
mg;m 2;m 3 mgima2m3 mi+mpy mgz=m
mi+my mg=m mi+mp mgz=m ni+ny ng=jmj2=D
hmji mgagmj, mg3i=0 hmji mg3mj, mg3i=0

where for all (n;m) 2 Q one hasun,m  Gn and in the last sum means that the sum is restricted to
the triples (n;i; m;) such that if at least two of u,,.m, are q(ﬁ’? then the label (n; m) of the third one must
not belong to Q.

By using once more the Dirichlet boundary conditions, we carsee (8.9) as an equation for the coe cients
Qm with m 2 Z?. In particular the left hand side yields an in nite-dimensi onal matrix J acting on ZE.
We need to invert this matrix.

Lemma 8.2. For all D and for all choices ofM , as in Lemma 8.1, one has that) is a block-diagonal
matrix, with nite dimensional blocks, whose sizes are bouded from above by some constaMl ; depending
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onlyonD and M ..

The result above is trivial for D = 2 and requires some work forD > 2, see Appendix A4. In any case
it is not enough to ensure that the matrix J is invertible.

Lemma 83. For N =1 andanyD 2andfor N> 4andD =2 there exist setsM . such that the
matrix J is invertible outside a discrete set of values o$.

Proof. We can write J = diagfj mj?*2s=D 2P*1 A2g+ Y, where A is de ned in (8.7) and with jYj;
bounded by a constant depending only orD and M .. Therefore for M large enough we can writeJ as

Jia 0
0 Jz2

whereJ;.1 isaMqg Mg matrix, and J;.» is { by the de nition of Mg { invertible.

To ensure the invertibility of J;.; we notice that detJ;.; = 0 is an analytic equation for the parameter s,
and therefore is either identically satis ed or has only a denumerable set of solutions with no accumulation
points. For all s outside such denumerable sef is invertible.

ForN =1and M, = fV (1;:::;1)g the Dirichlet boundary conditions imply that we only need to
consider thosem 2 ZE’ with strictly positive components. For all such m either m = V or jmj?> > D .
This implies that J1.; has two diagonal blocks: a 1 1 block involving M . and a block involving m such
that jmj2 > D . The rst block is trivially found to be non-zero. In the second block the o -diagonal
entries all depend linearly onD?2%, and for all m the diagonal entry with index m is jmj2* $)=D plus a
term depending linearly on D?S: therefore in the limit s! 1  this block is invertible. Hence detl;.; =0
is not an identity in s.

If N > 1 we restrict our attention to the case D = 2, where we can describe the matrixJ;.; with
su cient precision. We have the following sub-lemma.

J =

Sub-lemma. For D =2 and N > 4 consider M ; as a point in C*" .

(i) The set of points M , which either do not respect Lemma 8.1 or are such thatletJ;.; = 0 identically
in s is contained in a proper algebraic varietyW.

(ii) Provided that jmjj is large enough one can always nd integer points which do ndbelong toW and
respect (8.4) for all s in some open interval.

The proof is in Appendix A5. Then the assertion forD =2 and N > 4 follows immediately. ]

Remark. On the basis of Lemma 8.2 one expects that invertibility ofJ holds in more general cases.
However, proving that for a given M , the function detJ;.; is not identically zero can quite lengthly.

The two cases envisaged in Lemma 8.3, where invertibility ofJ can be explicitly proved, lead to
Theorems 2 and 3.

Theorem 4 covers applies to the general case in whicl;.1 is known a priori to be invertible. Of
course, given a seM . verifying the conditions of Lemma 8.1 one can check, througla nite number of
operations, whetherJs.; is invertible, and, if it is, then the analysis below ensureghe existence of periodic
solutions. Indeed, the forthcoming analysis of theP equations applies without any further assumption
in all cases in whichJ;.1 is invertible because of Lemma 8.2.

8.2. Renormalised P equations

The following Lemma (Bourgain lemma) will play a fundamental role in the forthcoming discussion. A
proof is provided in Appendix A6.

Lemma 8.4. For all su ciently small we can partition ZP = [ 2N i SO that, setting

p = min jmj?; ('m) = (m;jmj?); (8:10)
J
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there existj -independent constantsC; and C, such that

Il Gy dist(( i); () Cominfpip g diam( ) <C.1Czop, T (8:11)
with = =(1+2P DD +1))D.
Remarks. (1) For xed ", !n j mj2 can be small only ifn is the integer nearest tojmj2=! .
(2) For any (my;n1) and (nz;mz) such that my 2 j, mp, 2 o for j°6 j, and n; is the integer nearest
to jm;j2=!,i =1;2, one has
jmi mzj+jni nyj  Caminfp ;p.g (8:12)

for some constantC3; independent of! .
(3) As in Lemma 2.2 also here one could prove that in fact diam( ;) < constpj:D ; see Appendix A6 for
details.

De nition 8.5.  We call G the sets of(n;m) 2 Z ZP such thatm 2 i, Dn 6 jmj2 and 1=2+
(D "o)n j mj> Dn+1=2. Weset ,,n = !n +jmj? and d; = jGj, and de ne the d; -dimensional
vectors and thed, d; matrices
. 2 S q S
Uy = funm Gmyzc;; Dy =diag  —— am by; = diag 1( ) (8:13)
Pi (n;m )2C; (n;m )2C;

parameterised byj 2 N.

Remark. Notice that for each pair (n;m); (n%m9 2 G we havej(n;m) (n%m9%j C("op=D+ p? )
for a suitable constantC.

We de ne the renormalised P equations

8 _ [
3 Unm = ijzn57m, (n;m) 2C:= G; Dn 8 jmj?;
i i2N (8:14)
pjs Dj+p]-s|9|j U= Fj+Ljy; j 2 N;

where®; = by Mj by, and the parameter and the countertermsL; will have to satisfy eventually the
identities
=" Mj = Lj (8215)

forall j 2 N.

Remark. We note that d; can be as large a@("opj“ ), hence can be large with respect tq;. However
for given" the matrix A; = Dj + p, *M1; is diagonal apart from aCip;  Cip, ("-depending) block. This
implies that the matrix A; has at mostp; eigenvalues which are di erent fromjmj?s . . This can be
proved as follows. Consider the entryA (g b), with a;b2 G, with a = (n1;m1) and b= (nz; my). The
non-diagonal part can be non-zero only if  1( n,;:m,) 1( n,:m,) M (@;b) 6 0, which requires | n,:m,j
=4 fori =1;2. Therefore for xed ", m; and m, one has only one possible value for each;, i.e. the
integer closest to! jm;j2. This proves the assertion becaus¢ |j Cip; and for all (n;m) 2 G one
hasm2 ;.

De nition 2.3 and Lemma 2.4 still hold, with Z%° replaced with ZP*Y in the de nitions of A(m).
De nitions 2.5 (i)-(ii) can be maintained with ( n;j) replaced by j, while (iii) becomes

Xj = kbl;j (Dj + P SM]‘) 1b1;j k 1; (8:16)
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where the normk k is de ned according to De nition 2.3, with d replaced with Cyp; , which is a bound

on the size of the nonsingular block of the matrixby; (Dj + p; °M1;) by .
Finally there is no parameter s,. Equivalently we can sets, = 0, which leads to identify y,m with
nm (cf. (2.8)): this explains why there is no need to introduce he further parametersyn.nm .
The main Propositions 1 and 2 in Section 2.4 still hold with the following changes.

1. (n;j)2 Z N (or ) has to be always replaced either with j 2 N or with (n;m) 2C, for Dn 6 jmj?
{ the set Cis de ned in (8.14).

2. In Proposition 1, q (i.e. the solution of the Q equations) is not a parameter any more: it is substituted
with the solution, say @, of the bifurcation equation (8.2), whose Fourier coe cients can be incorporated
in the list of positive constants given at the beginning of the statement.

3. In Proposition 1 (i) the bound (2.20) becomes
jUnm (;M;" )] Koj je Ui H+imit™, (8:17)

for some constantK g, namely we have only sub-analyticity in space and time.

4. In Proposition 1 (v) one must replaces; with sin the rstline of (2.23) and in (2.26), and e ima mpj
with e 1(nama) (nemu)i iy the second line of (2.23), for a suitable constant .

8.3. Multiscale analysis

The multiscale analysis follows in essence the same ideas iasthe previous sections, but there are a few
changes, that we discuss here. It turns out to be more conveant to replace the functions (x) with
new functions «w(x) = r(32x), in order to have ~ 1(x;) =1 when 1( nm) 6 1 forall (n;m) 2 G.
This only provides an extra factor 32 in the estimates. For ndational simplicity in the following we shall
drop the tilde.

Letus call Aj = D; + p; °M;. Note that

1= 1(nam)+ ol nm)*+ 1(nam)  8(n;m)2G: (8:18)

Introduce a block multi-index B, de ned as a d; -dimensional vector with componentsb(a) 2 f 1;0; 1g,
and set
i

v b(a)( n(aym(a): (8:19)

a=1

in such a way that the rst N; elements are 1, the followingN, elements are 0, and the lastN3 = dj N,
with N = N3 + Ny, elements are 1. The permutation , induces a permutation matrix P such that
PyAj Py ! can be written in the block form
0 1
A1 Az Az
PyAIP, 1= @AL, Azp AzzhAj (8:20)
A.{;S A£;3 A3;3

where the blockAy;1, Az and Az;z contain all the entries A; (a; b) with b(a) = b(b) = 1, with b(a) =
b(b)=0and b(a) = b(b)= 1, respectively, while the non-diagonal blocks are de ned ensequently.
Then for all b such that i 6 0 we can write
0
A1 Az O
A =P, @AL, A, 0 A P, 1 (8:21)
0 0 Ass
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where we have used that if i 6 0 then the blocks A;.3 and A,.3 are zero. Furthermore, for the same
reason, the blockAg;3 is a diagonal matrix. Note that N Cypp; by the Remark after (8.15).

The rst N N block of A; in general is not block-diagonal, but it can be transformed nto a block-
diagonal matrix. Indeed, we have

1 0 1
L. O 0 I B O
A =S,RS Ry=@o0 Ay 0A 5,=P,@0 | 0A; (8:22)
0 0 Ass 0 0 |
where
RBr1=Au1 AL2A, AL, B = A12A,3; (8:23)

while | and 0 are the identity and the null matrix (in the correct spaces). Of course also the matrices
Aj; depend onb even if we are not making explicit such a dependence.

inverseAz;% can by bounded proportionally to 1= in the operator norm. Then alsoA; can be inverted

provided A&;.; is invertible, i.e. provided detA7.; 6 0. Hence in the following we shall assume that this

is the case (and we shall check that this holds true whenevet eppears; see in particular (8.29) below).
Hence for allb such that i 6 0 we can write

1_ Te lg 1. .
AT = Sj:bﬁj;b b’ (8:24)
and set
0 1
. &1 00 .
S .
0O 0O
0 1 0 1 (8:25)
0O 0 O 00 O
— T 1 1 — T 1
Gi:b;o =P sSj;b @o Az2 0A S, 5’ GJ b; 1- B °S B @0 o OlA SJ;b
0O 0 O 0 0 Azz
so that (8.24) gives
P SAJ’ t= Gi;b; 1t Gj;b;0+ Gi;b;l (8:26)

for all B such that i 6 0. We can de ne Gj;b;i also for b such that i = 0, simply by setting

G ; =0 for such b. Then we de ne the propagators

b

8 .
% i h(xi)Gj;b;l; ifi=1and n(xj) 60,
Gipin = 3 o Gppi ifi=0; landh= 1, (8:27)
0; otherwise ,
so that we obtain
S 1 S X 1 X h X I
PoA =R j pA = b Gi;b; 1t Gj;lfi;O + h(xi)Gi;b;l
o} o] h= 1
X X 2 (8:28)
= G piin s
p i= L01lh= 1

which provides the multiscale decomposition.

Remark. Only the propagator G
G

i p:1n Can produce small divisors, because the diagonal propagato

b 11 and the non-diagonal propagatorGj;b;o; , have denominators which are not really small.
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We can boundej;b;i; J fori = 1,0 by using a Neumann expansion, since by de nition in the

corresponding blocks one hag nmj =8 and jM;j C"o;.

Hence we can bound the propagators as
Gj;b;i; 1 C lpi Soi=00 g Gj:b;l;h 1 2'C 1pi o (8:29)

forallj 2 N.
Recall that we are assumingjJ 1j C for somes-dependent constantC.
We write the counterterms as v X
L]' = h(Xj) j;bLj;b;h; (8:30)
h= 1 b
where by de nition Lj; pn (@) =0if either b(a)= 1orb(h= 1.
With this modi cations to (3.9) the multiscale expansion fo llows as in Section 3.1, withj = ( n;m):

X X X
(k) — (k) . .
U]- = Uj;b;i;h, (8:31)
i= 1,001 i h= 1
with
8
) £ (0 [ -
ulh = e (mm)2  G; Dn 6 jmj%
' Jmj%s nm )
]ZN
X X X K 1
(ky  _ (k) . (r) (k 1) . ; . .
Uj;b;i;h - G'j:l’i;i;h Fi + G 1)Gj;b;1;h Lj;b;hUj;bl;il;hl ! j 2N (8:32)
hy= 151§0i1:o;1; 1r=1
(k) (k) 1 X X (k1) y(k2)  (ks) imi2
Upm = On” = J unll;mlunzz;mgun33;m3; Dn = my=

ki+kza+kz=k mi+my mgz=m
ni+np n3:jmj2:D

where has the same meaning as in (8.9) and(i;] ) as usual is Kronecker's delta.

8.4. Tree expansion

We only give the di erences with respect to Section 3.2.

(2) One has (y; my) 2 Q and the node factor is | = q(ﬁ)v

(3) We add a further label r; p; q to the lines to evidence which term of (8.32) we are consideng. We
also associate with each line a label j- 2 Z,, with the constraints j+ 2 N if ~ is ap-lineandj- =0
otherwise.

(4) The momenta are: (n-;m-); (n%m% 2 G. for a p-line, (n;m-);(n%m% 2 Q, with jm- m% My,
for a g-line, and nally ( n-;m:) = (n%m% 2| ijq [ Q for an r-line. For a p-line the momenta de ne
the labelsa:;b 2 f 1;:::;djg, with dj. = jG.j, such that (n-;m-) = G.(a') and (n%m® = G.(b). For a
g-line the momenta de ne a-;b such that (n-;m-) = Q(a) and (n% m% = Q(b).

(5) Each p-line carries also ablock label- with componentsb-(a) = 1;0;1, wherea=1;:::;d;..

(6) Both r-lines and¢-lines ™ havei- = 1andh- = 1.

(7) One must replace f1-;j-) with j-. Moreover if two lines * and “®havej- = j.othenjb-(a) bwo(a)j 1
and if h- 6 1thenb- 6 0 (by the de nition of functions ).

(8) One hasn- = n, instead ofn- =1 for lines * coming out from end-points.
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(9) One must replace ;) with j-.
(10) Equation (3.16) becomes

X
= (Con,+ (2n,+ (o, = SLE (8:33)
021 (v)

(that is n- is replaced with n®), while (3.17) does not change.
(11) The propagator G- of any line " is given by g = Gj‘;b‘ ;.. (@;b), as de nedin(8.27), if " is ap-line,
while it is given by g = J (a;b)if “isanglineand by g = 1= ..n.jm:j? if *is ar-line.
(12) The node factor fors, =1is | = Lj(?‘_vg‘_h‘ (av;by), where " is the line exiting v.
The set ¥ is de ned as in De nition 3.4, with j instead of n; m, by taking into account also the new
rules listed above. This will lead to a tree representation 8.20) for (8.32), which can be proved as for
Lemma 3.6.

In Lemma 3.5 the estimatejn-j Bk does not hold any more because there is no longer conservatio
of the momentan- (i.e. (3.18) has been replaced with (8.33)), and all the bouds on the momenta should
be modied into jn-j;jn%;jm-j;jm% Bk** for some constantB. This can be proved by induction on
the order of the tree. The bound is trivially true to rst orde r. It is also trivially true if either the root
line hasi = 1 oritis ¢line or ar-line (one just needs to choosd appropriately). Suppose now that
the root line is a p-line with i 6 1: call vo the node which the root line exits. If sy, =3, call 1; 2; 3
the sub-trees with root lines "1; “»; "3, respectively, enteBng the nodevp. We havej(n-,;m-,)j ki1+4 by
the inductive hypothesis, and by de nition j(n% m9)j 3. Bk¥  B(k 1™ . Thenj(n;m)j
B(k 1™ + Cyk 12 @ ) Bk | If s, =1 the proof is easier.

8.5. Clusters and resonances
De nition 3.7 of cluster is unchanged, while De nition 3.8 of resonance becomes as follows.

De nition 8.6.  We call 1-resonanceon scaleh 0 a cluster T of scaleh(T) = h with only one entering
line *t and one exiting line "1 of scaleh(Te) >h +1 with jV(T)j> 1 and such that
(i) one has

@ j:1=iy O p, 2027, (8:34);

(i) for all ~ 2 L(T) not on the pathP(1; %) one hasj- 6 j-, .

We call 2-resonancea set of lines and nodes which can be obtained from a 1-resor@nby settingi-, =
0; 1. Resonances are de ned as the sets which are either 1-resamaes or 2-resonances. Di erently from
3.8 we do not include among the resonant lines the lines exilj a 2-resonance.

De nition 3.9 is unchanged provided that we replace (;j ) with j, we requirep; 2" 2= | we associate
with the node e the labels (ne; me) 2 G and with “g the labels (n-,;m,) 2 G.

Since we do not have the conservation of the momenturm, Lemma 3.10 does not hold in the same
form: the bounds have to be weakened intgn-j;jm-j;jn%;jm% Bk'** for the lines * not along the
P(e; o), and jn-j;jm-j;jin%;jm% B(jnj + k)*** for the lines along the path.

8.6. Choice of the counterterms

The choice of the counterterm (8.30) is not unique and theredre is rather delicate.

Resonances produce contributions that make the power serseto diverge. We want to eliminate such
divergences with a careful choice of the counterterms.

The sets (Rk;j) and Rg‘;%;j are de ned slightly di erently with respect to De nition 3. 11.
De nition 8.7.  We denote by (Rk;j) the set ofrenormalised treesde ned as the trees in ]-(k) with the
following di erences:
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(i) The trees do not contain any 1-resonanceT with bx% =b.
(i) If a node v hass, =1 then b- 6 b-o, where* and " are the lines exiting and entering, respectively,
the nodev. The factor , = Lj(f(,vb)\ . associated withv will be de ned in (8.39).

(i) The propagators of any line ~ entering any 1-resonanceT (recall that by (i) one has b‘% 6 b,,
where 1 = 7), is

6= n(G) ;5 G, o@ib)*G . 4(@ib) G, y@ib) G . ,(aib) ; (8:35)

i
L
and the same holds for the propagator of any liné with i- =1 entering a nodev with s, = 1.

In the same way we de neR g‘;%;j . We call R(Rk;r)];j (a;b) the set of trees 2 R (Rk;r)];j such that the entering

line has me = G (a) while the root line hasmp0 = G(b). Finally we de ne the sets (Rk) and R(Rk) as the

sets of trees belonging to S(J) for somej and, respectively, toRgf?“j for someh;j.
By proceeding as in Section 3.5 we introduce the following maices:

TK (5:p) = X X . .
(@b = val( ): (8:36)
hi<h 1 2R (Rkj)h l(a;b)

We use a di erent symbol for such matrices, as we shall see thahe counterterms will not be identi ed
with the matrices in (8.35), even if they will be related to them. We shall see that, by the analog of

Lemma 3.14, the matrices'l'j;(hk) are symmetric.
To de ne the counterterms L; we note that, in order to cancel at least the 1-resonances, waeed the
following condition:

(k) (k) —-N- .
G LY+ T8 Gy, =0: (8:37)

iiBiLh Tipih

Moreover in order to solve the compatibility condition we need a solution Lj; 5:n (@ B) which is proportional
0 1( naymea) 1( n(:mp), and clearly the solution Lj(;ké;h + Tj;(hk) = 0 does not comply with this
requirement. However, sinceGj; w:1n IS NOtinvertible, (8.37) does not imply Lj(;ké;h =T j;(hk); indeed there
exists a solution such thatL].; p:n(@;b) 6 0 only if b(a) = b(b) = 1. This solution does not cancel the

resonancesl with b‘% 6 b-,, and does not even touch the 2-resonances. Nevertheless(#.37) holds,
we shall see that we are left only with 2-resonances and paailly cancelled 1-resonances, which admit
better bounds (see (8.17)).

By de nition Lj(,ké.h(a; b) = 0 if either b(a) or b(b) is equal to 1. Then (8.37) reduces to the following

equation for the matrix X = Lj(k) + Tj;(hk):

;Bh
0 | 1+ 0 | 1
@oA s XS @oA =0 =) X11  BX{,+ X12BT +BX2,BT =0; (8:38)
o " M 0
where we de ne: 0

1
X111 X2 X3
P 'XP, = @X[; Xz2 Xz3A
X{z XJ3 Xag3

In (8.38) there are two matrices which act as free parametersA (non-unique) solution is

0 1 0 1 0 1
L% o0 o | B 0 I 0 0

PILY P=@0 0 0A=@ 0 O0AP 'T;P@ B 0 0A: (8:39)
b 0 00 0 0 0 0 0 0



In this de nition, Lj(_ké_h (a;b) 8 0 only if b(a) = b(b) = 1, so that Lj(_ké_h has the correct factors 1,

that is Lj(_k;_h = Ny Cj(_ké_h 7y, for a suitable Cj_ké_h (a; b). Moreover the 1-resonances witrb‘% = b, are
cancelled, while the 2-resonances witmj\% = b, are untouched sinceLj;b;h(Gj;b;o; 1t Gy 1 1) =0.
Let us now consider a 1-resonanc& with bx% 6 b, . We can write (by setting b = b‘%)

0 () :
GJ';ti;l;h Lj;b;h + Tj;h Gj;bl;l;hl (8:40)

_ ) (k) , 1

- Gj;ltj;l;h Lj;b;h + Tj;h hl(xl) b1 pj SAj Gj;bl;o Gj;bl; 1

— (k) (k) ) .

= Gian Lipn T m®i) g Gioot Gin 1 Gjvio Gywy 1

which does not vanish sinceb\% 6 b, . In that case we say that the 1-resonance isegularised

Then Lemma 3.13 holds true, with Lf]kj)h substituted with ijr'f), provided that in the de nition of
renormalised trees (cf. De nition 3.11) we add the condition that all 1-resonancesT with b‘% 6 b, and
all the nodes with s, =1 and iy, =1 are regularised.

Also Lemma 3.14 is still true, as the property for the matrix to be symmetric depends only the non-
linearity.

8.7. Bryuno Lemma in g()

The setS(; )isdened by (4.1), provided we substitute (n;j) with j and with =32. (4.2) is replaced
by:
8

2 I n@m (] 27, b-(a)=1;
S2° 0 n@m@l 27 b-(a) =0; (8:41)
r27 j n(a);m(a)j; b-(a)= 1;

forall j landa=1;:::;d;..
For the de nition of the set D(; ) we require only the condition (4.3), which becomes

jXi.j —: 8:42
1Xj-] B ( )

We de ne Ny( ) as the set of lines™ with i- =1 and scaleh-  h, which do not enter any resonance.
Then, with this new de nition of Npn( ), one hasNh( ) maxf0;ck( )2¢ M=2  1g (note in the
exponent the extra factor 1=2 with respect to the bound (4.5)) . The proof follows the samelines as the
proof of Lemma 4.1 in Section 4.1, with the following minor ctanges.

In order to have a line on scaleh we need thatBk** ~ Cp,.  C2(" D= for some constantC. We
proceed as in the proof of Lemma 4.1, up to (4.8), where again-, should be substituted with p;.  with

i=0;1. Dene Ep = ¢ 120 2xM =2

1. If j~, = j-, then, since; by hypothesis does not enter a (regularised) resonance, the exists a line°
with i~0 2 f0; 1g, not along the path P("; ), such that j-o = j-,. By the Remark after De nition 8.5,
we know that jnoj j n.,=2j> 2" 2= _|n this case one hask( ) k( 1)** >B jnwoj Ep.

2. Ifj-, 6 j-, then we call” 2P ("o; 1) the line with i 6 1 which is the closest to™g.

2.1. ifp. p, =2then (k( ) Kk( 1)*** Cp., -

2.2. If p. > pj., =2 then one reasons as in case 2.2. of Lemma 4.1, with the follovg di erences.

22.1. Ifj-, 6 j-, thenj(n;m-) (n,;m)j constpj\o. For all the lines * along the path P(*; o) one
hasi- = 1, hence eithern- = n® and m- = m? (if * is ap-line) or jm- m% M (if * is ag-line), so
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that j(n-;m.) (n;;m))j 2B(k( ) k( 1)) , with the same meaning for the symbols as in Section
4.1, and the assertion follows once more by using (4.8).

2.2.2. Ifj-, = j- then there are two further sub-cases.
2.2.2.1. If* does not enter any resonance, we proceed as in item 1.
2.2.2.2. If* enters a resonance, then we continue up to the next liné€ on the same path withi 6§ 1.

If j-6 j-, the proof is concluded as in 2.2.1. sinceBk'™* j (n-;m.) (n-mJ)j Cip; . Likewise {
using item 2.2.2.1{ the proof is concluded if the line™~does not enter a resonance. If enters a resonance
with j-=j-,, we proceed until we reach a line withi 6 1 which either hasj 6 j-, or does not enter a

resonance: this is surely possible, because by de nitior, does not enter a resonance angt, 6 j-,. This
completes the proof of the lemma.

Lemma 4.2 holds withjnj;jmj Bk'** andq=1, and with p; 34 in all the lines of (4.9). The proof
is the same (recall that we can sets; = 0); we only need to substitute p; (which bounded the dimension
of the non-diagonal block) with d; . In (iii) the labels (n%;j% should be substituted by j°.

i (k)
8.8. Bryuno Lemma in  Rg

The de nitions of §(; )and B(; ) are changed exactly asS(; ) and D(; ), respectively, in the
previous Section 8.7.

De nition 8.8.  We divide Rgry; into two sets Rgy,; and R%y,; : REy contains all the trees such
that either P("o;¢) = ; or at least one line” 2 P ("o; e) hasj- 6 j, and Ré;h;j = Rgrpj N R}{;h;j . This
naturally yields a decompositionR &}, = Rih [R &2 for all k2 N.

The two properties (i) and (ii) of Lemma 4.3 should be restated as follows.

= (144 ) (k1)

(i) There exists a positive constantB, such that if k  B2p, then RRijn contains only trees with

P(Coi'e)=1;
(i) forall 2R (Rkhlj) (a;b) we havej(n(a);m(a)) (n(b); m(b)j k, with  a constant depending orD.

The proof of (i) can be obtained by reasoning as in the cases 2. and 2.2.1. of Section 8.7, while that
of (ii) proceeds as in the proof of Lemma 4.3 (ii).

For the trees in Rg‘hzj) all the lines * along the path P("o; ¢) have j- = j, and we can bound the
product of the corresponding propagators as
Y X , .
4C 'p > exp j(n::m)  (n%m9Yj Cke 1(mgim=o) (neim-e)i - (8:43)
2P (o) 2P (o)
where the factor 4 is due to regularisation of the propagatos with i- = 1 (see (8.35)), and we have used

(8.29) to bound jGj;b;i; ,) fori=0; 1. Hence alsgVal( )j is bounded by CK.
Lemma 4.4 and properties (i) and (ii) of Lemma 4.6 are modi ed exactly as the corresponding 4.1 and
4.2. In (4.17) (ii) jnj should be substituted by jp;j. Finally (4.17) (iii) should be replaced with

X R ¥ , Y L
i@, oaopo Val( )j D¥2 " O (8:44)
io2N a%bo=1 ho=" 1 X
which can be proved as follows.

1. Let us rst consider Ré;j;h . We have no di culty in bounding the sums and derivatives app lied on lines

" 2P (To; e). By the analog of Lemma 4.3 discussed above, B,k pj: @4 then P(o; ) = ; and we
have no problem. Otherwise we have at most (8 + k)!** possible values of f; m) and (n% m9 which
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can be associated with a liné along the path P ("o; "¢) and by our assumption one has (8 + k)1** Ck
for some constantC.

2. If all the lines * 2 P (*o;e) have j- = j then the sums with a6 K contain at most Cfp? terms,
whereas the sums witha® = kP contain at most k terms, since there are at mostk lines onP (*g; e).

The rest of Section 4 is unchanged. In Section 5.1 we remove éhsecond Melnikov condition (the
and products) in (5.3) and (5.5).

8.9. Measure estimates

By de nition we have to evaluate the measure of the set
( )
n.oA S N ! 2 H . .
to M (D + o M) Ty o 8j 2N (8:45)
i
By Lemma 2.4 (iii) one has
Xj . _min. O + p °M)) ; (8:46)

since the matrices are symmetric and the minimum is attainedfor somei such that 1( n(i):m()) 6 O.
The set (8.45) contains the set

( )
E= "2(0"): (D +p M) i— 8i=1;:::;d; 8 2N; : (8:47)
]
We estimate the measure of the subset of (0g) complementary to E, i.e. the set de ned as union of the
sets ( )
lji = "2(0;"): (Dj + p °™)) i— (8:48)
]

First we notice that if jpjj C="g, for appropriate constants and C, then, by Lidskii's Lemma [24],

jm(i)i2 °

O + p *M)
l

Dn(i)+ jm(@i)j®* C "op +p P* ("o+ "oP); (8:49)

which implies that
1
E:
as soon as = 1=2 and C is suitably small. Therefore we have to discard the setd ; only forp; C=".
Let us now recall that for a symmetric matrix M (x) depending analytically on a parameterx, the
derivatives of the eigenvalues are@ ()(x) = hvi; @M (x)vii, wherev; are the corresponding eigenvectors
[24].
SinceD; depends linearly { and therefore analytically { on " we consider ;(x;") := ) (Dj (x)+ P /)
with x;" independent parameters.
Clearly j@ i(x;")j ;. and, by Lidskii's Lemma again,

O + p *M)

_ _ X
j@ i(x")j p° O(@%;)) :

i=1
Now M1; is ad; dj matrix which for each xed " has only a nonzero block of sizgy, ; the properties of
the functions . ; imply that also @®; has only a nonzero block of sizg, . So one has

j@ (6" C@+"opt )
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for some constantC.
Then the measure of eacH j; can be bounded from above by

4 d . 1 8
_ - (M ("Y+ p SM (" . .
YA D (") + p °M; (") o (8:50)
Therefore we have
X N X 1 .
meas( i) const pP* 5 const "\ ) (8:51)
j2Ni=1 p C=",

provided > D + + 1=, so that the measure of the complementary ofE is small in (0;"p) if >
D+ +1=.
Appendix Al. Preliminary measure estimate

We estimate the measure of the complement oEq( ), de ned in (2.2), with respect to the set (0;"
under the condition 2 M. For all n;p 2 N we consider the set
n

0
bnp = "20 ") tiin - pi (AL1)
The measure of such a set is bounded proportionally tgnj ( :*1) . Moreover one has
R R R
meas( np) const. jnj (Y +const."o  jnj *; (AL:2)
n;p=1 n=1 n=1

because the number of values thap can assume is at most 1 +'gn (simply note that j'n pj 1=2ifp
is not the integer closest to!ln andj! D i "
Finally we note that, by (2.1), for n< ( ¢=2"¢) o+) one has

jm p j(O+ )n p "ojnj jnj % (AL3)
provided 0=2. Hence the sum in (A1.2) can be restricted ton  ( ¢=2"0)**( o*D | so that
X =( o+1) 1+( D=( 0*1) .
meas( np) const"'" ° +const."; * ot (A1:4)

np

which is in nitesimal in "o provided ; > o+1.

Appendix A2. Proof of the separation Lemma 2.2

LetD 2 Nbe xed, D 2. ForalD>d 1andforallr> 1 let SUr) denote ad-sphere of radiusr,
Sd(r) a sphereSY(r) centred at the origin and B (S9(r)) the ball with boundary S9(r). A ball B(SY(r))
determines uniquely a @+1) dimensional subspacé 9+ in which it lies. Consider now a spheres® ()
contained in S4(r): this determines a d-dimensional subspace { sayH { of P9*1. H divides P9*? in
two parts, and hence dividesB (SY(r)) in two as well. We call these two parts spherical caps, we da
B(SY %()) the base of the cap, the radius of the cap and nally the m aximum of the distance between
a point in the cap and the base will be called the height of the ap { and will be denoted by h.

Lemma A2.1. Given anyD >d 1 there exist two constantsC(D;d); CYD;d) such that the following
holds. For all0 <" 1 and for all d-spheresS§(r) there existN = N (";r;D;d) sets of integer points
(depending on the sphere and oti, d and D), such that:

S\ z° = ©j j c(D;d)ymaxfr;d+2g; dist( ; ) CYD;d)r ("9,
=1
(A2:1)
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with (";d) :=2"=d(d+2)!.

The proof of this lemma follows easily from the following resilt.

Facts. We group here some simple facts on points on a sphere.
A. For any sphereSd(r) one hasjS?(r)\ Z°j C(D;d)r¢, for some constantC(D; d).

0 1
Vi1 i1 Vip
%jdetNNTj%; N=@::: ;0 A, (A2:2)
I: Vit Il Vpp

and, sinceN has integer coe cients, the volume of the simplex is boundedfrom below by 1=j!.

C. The volume of a spherical cap of heighth and radius is O( 9h); some trivial trigonometry tells us
that if his o(r) then 2=h= O(r) and hence we can write 9h = O( 9*2 =r).

D. Given two balls S4(R) and S9(r), SY(R) determines two spherical caps onB(S%(r)) with basis
B(SY(r)\ SY(R)): clearly the radius of the caps is smaller thanR and r.

E. Considerj + 2 anely independent points ni;:::nj+2 in ZP which determine the sphereS! (r;) for
somer;. If forall i =1;:::;j +1one hasjny nj+1j K = ofrj) then all the points ny;:::nj+

are contained in a spherical cap which does not contain the eger of S (rj) and of radius K. This
implies that also h = o(r; ) and the volume of the cap is bounded byc(j ) i+2 =r;  1=j! for some constant
c(j). Therefore one has the boundr;  C(j YKI*2 with C(j) = j!=dj).

N3

N2

ni

Figure 8. Simplex generated by three points ni;nz;nz on the sphere S(r). is the base of the
spherical cap in which the three points are contained and h the height. If h is small then the volume
(=area) of the cap is of order  3=r, with = O(jny nzj+ jn1 nzj).

Proof of Lemma A2.1. For k d+1 the assertion is trivially satis ed, hence we can assume rfom
nowonk d+2. Fori=1;:::;d let k; be the largest index such thatni;:::;ng, are contained in an
(i + 1)-dimensional a ne subspace and therefore de ne ai-sphere { sayS'(r;) in S4(r) for somer; r.
The proof is performed by induction.

Step 1:Call S*(r;) { with ry r {the 1-sphere determined byni, n, and nz (which are surely a nely
independent); by hypothesisjn; n;j 2Cr "9 for i = 2:3. Providedr;  r? (*9) then ny;ny;ns
respect the assumptions of Fact E withK =2Cr (“9) and we haver; <A (D; 1)r * , with = (";d),
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1 = 3 and a suitably large constant A(D; 1). If r;  r2 (%9) then surelyr;  A(D; 1)r * . By Fact
A we have at most C(D; 1)r; C(D; 1)A(D; 1)r® integer vectors on S'(r;) \ SY(r) and therefore
ki C(D;1)r3.

Assume that for alli j 1, we have proven thatny;:::ny, lie on ai-sphere of radiusri ~ A(D;i)r
{sothat ki C(D;i)r" " .

Stepj > 1.Bydenitionif kj 1 <k the point ny, ,+1 is such thatny; N2 N3 Nig+1 5000 N 41 arej +2
a nely independent points which determine a j-sphereS! (r;), for somer;  r. By de nition of r; 1 one
hasjni nij 2r; 1 2A(D;j Lr it foralli=2;:::kj 1andclearlyjng, ,+1 nij Cr +2r;
Bjr i *, for a suitable constantB;. If rj r?3 t the inductive hypothesis is proven, otherwise ifr; >
r2 i 1 then we can apply Fact E with K = Bjr i * . We haver; A(D;j)r0*2 i+ A(D;j)r i
by setting (j)=(j +2) j 1=(] +2)!=2. =

Remarks. (1) A careful look at the proof of Lemma A2.2 shows that in Lemnma A2.1 one can choose
C(D;d) and CYD;d) as functions of the only D.

(2) In the proof of Lemma A2.2 the construction in step 1. shovs that if one takes three vectorsny,
n, and n3 on a 1-sphereS'(r;) then (with the notations used in the proof of the lemma) one has
maxfn; np;n; nzg>C 1r%:3. Therefore ford = 1 these sets ; can be chosen in such a way that each
set contains at most two elements, and the distance betweenao distinct sets on the same spheré&*(r)
is larger than a universal constant timesr*=3.

Lemma A2.1 implies that it is possible to decompose the se?P [ S5 (r) as the union of sets such
that diam() < constr *" (cf. [6], p. 399), andj j < constrP(*"). Hence, if we take small enough
andweset = and = D( +"), byusingthat "= =(d+2)!d=2, Lemma 2.1 follows.

Appendix A3. Constructive scheme for Lemma 8.1

Here we prove that the setsM . verifying the conditions (a) and (b) in the proof of Lemma 8.1 are
non-empty. The proof consists in providing explicitly a construction.
1. Fix a list of parameters ;;:::; Ny 2 Rsuchthat ;< ; ;fori=2;:::;N,with ;=1,and

X
2P z2s 3D 4 2D(N  2): (A3:1)
i=2

2. Givenr 2 R" and fori =2;:::;N consider the regionsR;(r) := fx 2 ZE’ Dol joxj irgwith r
so big that it is not possible to cover any of theR;(r) with 3N 222P planes and spheres.

3. Choose an integer vectom; 2 Z? such that jm4j2 = r2 is divided by D, and construct the \orbit"
O(ma) = fm 2 Z° :jmij = j(my)j.

4. For each pairm;m®2 O (m;) consider the two planes orthogonal tom m°and passing respectively
through m and m® and the sphere which hasm m° as diameter (there are at most 3 2° (20 1)
planes and spheres).

5. Choose the second integer vectam, 2 R ,(r) such that jm,j? divides D and the orbit O(m,) does not
lie on any of the planes and spheres de ned at step 4.

6. For each pairm;m®2 O(m;)[O (m,) proceed as in step 4. We have at most further 32° (2°+1 1)
planes and spheres.

7. Then we proceed iteratively. When we arrive tomy we have to remove at most 3120 1(N2P 1)
planes and spheres.

Appendix A4. Blocks of the matrix J
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L:=jVi= M(M 1). We call alphabetthe setV and letters the elements (vectors) ofV. We call word
of length © 1 any string vivo:::v-, with v 2V for k =1;:::; . Let us denote with A the set of all
words with letters in the alphabet V plus the empty set (which can be seen as a word of length 0).
For v 2 V with v = (m;;m;) we write v(1) = m; and v(2) = m;. Given two words a = Vvi:::Vy
and b= v?:::v% we can construct a new wordab = vy :::v,v9:::v% of length n + n% Finally we can
introduce a mapa! w(a), which associates with any letterv 2 V the vector v(1) v(2), to any word
a = vi:::v, the vector w(a) = w(vy) + :::+ w(vy) and nally w(;) = 0. We say that a is a loop if
w(a) = 0.
Remarks. (1) Given a setM let V be the corresponding alphabet. IfjiMj = M then jVj = L(M) =
M(M 1). If we add an elementmy+; to M so to obtain a new setM °= M[f my+1 0, then the
corresponding alphabetV° contains all the letters of VV plus other 2M letters. We can imagine that this
alphabet is obtained through 2M steps, by adding one by one the ®1 new letters. In this way, we can
imagine that the length L of the alphabet can be increased just by 1.

(2) By construction w(viVvz) = w(vovi). In particular w(a) depends only on the letters ofa (each with
its own multiplicity), but not on the order they appear withi n a.

De ne a matrix J, such that
() I = I(q;0), with g;0 2 Z°,
(i) J(q;cP) 60 if there exist my;;m, 2M suchthatg m;=¢® myandhm® my;m; myi =0, and
J(q; d) = 0 otherwise.

n = jCj the length of the chain C. A chain can be seen as a pair of a vector and a word, that is
C = (q;a), where p 2 ZP anda= vi::ivy, with w(vk) = &k & 1. Note that, by de nition of the
matrix J, given a chainC as above, one has

Gk = G 1+ W(W); o w(2); w(w)i =0; (A4:1)

Lemma A4.1. Given a chain C = (;a), if the word a contains a string vpagvo, with vo 2 V and
ag 2 A, then hw(vpag); w(vg)i =0.

Proof. As the word a of C contains the string voagvg, by (A4.1) there exists] 1 such that
g vo(2); w(vo)i =0; hg + vo+ w(ag) Vo(2);w(vo)i =0;
so that hw(vg) + w(ag); w(vp)i = 0. ]

Lemma A4.2. Given a chain C = (q;a), if the word a contains a string aglpag, with ag;hy 2 A and
ag containing all the letters of the alphabetV, then aghy is a loop.

Proof. For any v 2 V we can write ag = a;vap, with aj;;a, 2 A depending onv. Then aglpag =
a;vazhpayvay. Consider the string vaxhpav: by Lemma A4.1 one hashw(vaztpay); w(v)i = 0. On the
other hand (cf. Remark (2) after the de nition of loop) one has w(vaxtna;) = w(aivazby) = w(aphy), so
that hw(aghyp); w(v)i = 0. As v is arbitrary we conclude that

hw(aghy);w(v)i =0 8v2V =) w(aghy) =0;
i.e. aohy is a loop. |

Lemma A4.3. There existsK such that if a word has lengthk K then the word contains a loop. The
value of K depends only on the number of letters of the alphabet.

Proof. The proof is by induction on the length L of the alphabet V (cf. Remark (1) after the de nition
of loop).
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For L = 1 the assertion is trivially satis ed. Assume that for give n L there exists an integerK (L) such
that any word of length K (L) containing at most L distinct letters has a loop: we want to show that
then if the alphabet has L + 1 letters there exists K (L + 1) such that any word of the alphabet with
length K (L + 1) has also a loop.

Let N(L) be the number of words of length K (L) written with the letters of an alphabet V with
jVj = L +1. Consider a word a = a;:::ay )1 , Where eachay has length K (L). We want to show
by contradiction that a contains a loop. If this is not the case, by the inductive assmption for each k
either ax contains a loop or it must contain all the L + 1 letters. As all words ax have length K (L) and
there are N (L) + 1 of them, at least two words, say & and & with i <j , must be equal to each other.
Therefore we can writea = a;:::a 1ab3aj+1 ::iany1 , Wwhereb= a4 ii:ay 1ifj>i +1land b= ;
if j = i +1. Hence a contains the string a;bg, with a containing all the letters. Hence by Lemma A4.2
one hasw(ajb) =0, i.e. ajbis a loop. ]

Remark. Note that the proof of Lemma A4.3 implies

\
K(L+1) K(L)(N(L)+1) (NOY+D); (A4:2)
=1

which provides a bound on the maximal length of the chains in erms of the length of the alphabetV.

Lemma 8.2 follows immediately from the results above, by ndhg that all the spheres with diameter a
vector v(1) v(2) with v 2V are inside a compact ball ofZ".

Appendix A5. Invertibility of J for D=2

In the following we assumeD =2 and N > 4. We prove the Sub-lemma of Lemma 8.3.
We rst prove that (i) implies (ii). As seen in Appendix A3 con dition (8.4) is implied by
. . 2+2s
jmij .
— i+1; 8i=2;::,N 1, A5:1
JjmayJ e ( )
where the ;| > 1 are xed in Appendix A3.
For jm,j large enough, (A5.1) contains a A -dimensional ball of arbitrarily large radius. By de nitio n
an algebraic variety is the set of solutions of some polynonail equations and therefore cannot contain all
the positive integer points of a ball provided the radius is brge enough (depending on the degree of the
polynomial).
To prove (i) let us start with some notations. We consider Z™ as a lattice in C*N, we denotex =

and for each pointx; 2 M . we have the orbit O(x;) 2 M i.e. the four points in M obtained by changing
the signs of the components o¥; .

De nition A5.1. (i) Given two points m;; m; in M we consider: the circle with diameterm; m; (curve
of type 1) the two lines orthogonal tom; m; and passing respectively througm; (curve of type 2) and
through m; (curve of type 3). Note that the curve is identied by the coupe (m;;m;) and by the type
label. We call C the nite set of distinct curves obtained in this way for all couplesm; 6 m; in M .

(i) Let C be a curve inCidenti ed by the couple (m;j; m;). We say that a pointm®is g-linked by(m;;m;)
tom 2 C if one has either (1)m°=  m+ m; + m;, if C is a curve of type 1, or (2)m°= m+(m; m;),
if C is a curve of type 2, or 3)ym°=m (m; m), if C is a curve of type 3. Notice that in case (1)
alsom%is on the circle, while in cases (2) and (3)m°is on a curve of type 3 and 2, respectively. We say
that two points m;m°2 Z% are linked by (m;;m;) if there are two points m 2 O(m) and m®2 O(m9
such thatm; m° are g-linked by(m;; m;).

(i) Given M . we consider the setH of points y; 2 M which lie on the intersection of two curves
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in C, counted with their multiplicity. Set r := jHj: we denote the list of intersection points asy =

We rst prove that the points x 2 C? which do not satisfy Lemma 8.1 lie on an algebraic variety. As
seen in Appendix A3, Lemma 8.1 is veri ed by requiring that if either a curve of type 1 contains three
points in M or a curve of type 2 or 3 contains two points inM , then such points are on the same orbit.
It is clear (see Appendix A3) that this condition can be achieved by requiring that x does not belong to
some proper algebraic variety, sayW, in C*" .

Let us now consider the set of pointsx 2 ZEN where detls.; is identically equal to zero (as a function
of s); since J1.1 is a block diagonal matrix we factorise the single blocks andreat them separately. The
matrix Ji.1 has some simple blocks which we can describe explicitly. Ralt that

X
16A%2=¢;  jxij%; 222 = (1 c)jxij® c ixi% (A5:2)

i=1 j=1 ;N

wherec; = 8=(8N +1).

1. Forallm 2 Zf such that m does not belong to any curveC 2 C one hasYmmo = 0 for all m% by
considering the limit s! 1 one can easily check thatl,, = jmj?*25=2 8A2 =0 is never an identity
in s (independently of the choice ofM . ).

2. For all linked couples m;m° 2 Zf such that each point belongs to one and only one curve one has
either a diagonal blockjmj?*2s=2  8A2? 4aZ for somex; 2M . if m=m% ora2 2 matrix

jmj2+2 s=2 gAZ? Zamiamj
2am,am,  jmy2?s=2 8A’

if m & m®and (m;; m;) is the couple linking m°to m. In both cases a trivial check of the limit s! 1

will ensure that the determinant is not identically null.

3. There is a block matrix containing all and only the elemens of M .. Such a matrix is easily obtained
by di erentiating the left hand side of (8.5):

0 10 10 1
am,0 0 O 9 8 ::- 8 am,0 1 O
B Rl f
T | . . 8 R |
0 ::: 0 am, 8 :: 8 9 0 ::: 0 am,

Since all the a,,, are non-zero we only need to prove that the matrix in the middle is invertible, which is
trivially true since the determinant is an odd integer.

We now have considered all those blocks id1.; whose invertibility can be easily checked directly. We
are left with the intersection points in H?:= H \ Z? nM . and all those points m® which are linked to
somey; 2 H% We call J the restriction of Ji.1 to such points; the crucial property of J is that it is a
K K matrix with K bounded by above by some constant depending only oN .

We will impose that J is invertible at s = 0 by requiring that M , does not lie on an appropriate
algebraic variety in C?N .

By de nition the points in H (and the points linked to them) are algebraic functions ofx 2 c. By
construction Jiym  Ymm = jmj#*25=2  8AZ and moreoverYny, o contains a contribution  2ay, am, for
each couple (ni; m;) linking m°to m. We want to prove that for s =0 the equation detJ = 0 (which is
an equation for x 2 CZN) de nes a proper algebraic variety, sayW; , in c.

We consider the spac€C” := C™ CN C? and, with an abuse of notation, we denote the generic point
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variables). Note that det J°= 0 is a polynomial equation in C". We call Wy, the algebraic variety de ned
by requiring both that the a,, satisfy (A5.2) and that each y; lies on at least two curves ofC (W, is
equivalent to a nite number of copies of c™ ).

We now recall a standard theorem in algebraic geometry whiclstates: Let W be an algebraic variety
in C"™™ and let be the projectionC"*™ I C" then ( W) is an algebraic variety (clearly it may be
the whole C"1) We setn = 2N (the rst 2 N variables), m = 2r + N and apply the stated theorem to
( Wp\W ¢); we now only need to prove that the algebraic variety we haveobtained is proper; to do so
it is convenient to treat separately the invertibility cond itions of each single block ofJ-.

The rst step is to simplify as far as possible the structure o the intersections and therefore of the
matrix J. The simplest possible block involving an intersection pait y; is such that

(i) only two curves in C pass throughy; ;

(if) the two points linked to y; (by the couples of points inM identifying the curves) are not intersection
points.

Such a con guration gives either a 3 3 matrix or a 2 2 matrix { if one of the curves is either an
horizontal or vertical line or a circle centred at the origin.

De nition A5.2.  We say that a curveC 2 C depends on the two { possibly equal { variables;;x; 2 c?
if C is identi ed by the couple (m;; m;), such thatm; 2 O(x;) and m; 2 O(x;).

The negation of (i) is that y; is on (at least) three curves ofC. such condition de nes a proper algebraic
variety in c', say W;. We now consider the projection ofWp\ W ; on C®N: its closure is an algebraic
variety and either it is proper or the triple intersection occurs for any choice ofx (which unfortunately
can indeed happen due to the symmetries introduced by the Dichlet boundary conditions).

Three curves inC depend on at most six variables inC?. If four or more of such variables are di erent
then at least one variable, sayxy, appears only once. By movingxg in C? we can move arbitrarily one of
the curves, while the other two (which do not depend onxy) remain xed. This implies that the triple
intersection cannot hold true for all values ofxx and thus ( Wy \W j) is a proper variety in c.

In the same way the negation of (ii) is that one point linked to y; lies on (at least) two curves ofC
(one curve is xed by the fact that the point is linked to y;); again the intersection is determined by six
points in M and the same reasoning holds.

We call W, the variety in C" de ned by the union of all those W; such that ( W,\W ) is proper.

In Wy n W, we can now classify the possible blocks appearing il (notice that only intersection points
which are integer valued have to be taken into account when aostructing the blocks in J).

1. We have a list of at most 3 3 blocks corresponding to the intersection points of type (j-(ii). Such
intersection points are identi ed by two curves which can depend on at most four di erent variables x;,

2. There are more complicated blocks corresponding to mulgle intersections (or intersection points
linked to each other), which occur for all x 2 C® due to symmetry. As we have proved above the curves
de ning such intersections depend on at most three di erent variables x;, .

In any given block, call it By, the contribution from Y involves only terms of the form 2an, am,
such that mj;m; 2 [ #_; O(x;,). Each am; depends on all the com%onents ok; in particular, aﬁqi can
be written as a term depending only on thex;, plus the term %cl . sz. Since by hypothesis
N > 4andk 4 the second sum is surely non-empty.

Finally one has the diagonal contributions (from J  Y): jy;j? %cl
polynomial funﬁtion in the x;,'s.

In the limit ¢ ... , x? 11 the terms depending on thex,'s become irrelevargt and we are left
with a matrix (of unknown size) whose entries, apart from the common factor Zc; (81 g x?, are
integer numbers. It is easily seen that these numbers are oddn the diagonal, while all the o -diagonal
terms are even; indeedY contributes only even entries whileJ Y is diagonal and odd due to the term

-4xj2+ z, wherez is a
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8A2. Thus the determinant (apart form the common factors) is odd and hence the equation deBy, = 0 is
not an identity on Wy, If we call Wy, the variety in C' de ned by detB, =0 then ( Wp\W ) is surely
proper. Finally we call Wy the union of all the Wy, and setW; = Wy [W ([W ..

Appendix A6. Proof of the separation Lemma 8.4

The following proof is adapted from [9]. Given" > 0 dene = (D)= "=2° DI(D + 1).. Then
Lemma 8.4 follows from the results below.

Lemma A6.1. Let x 2 RY. Assume that there existd vectors 1,11 d, which are linearly independent
in Z%, and such thatj «j Apandjx j Axforall k=1;:::;d. Then jxj C(d)A‘f 1A, for some
constant C(d) depending only ond.

Proof. Call ¢ 2 [0; =2] the angle between  and the direction of the vector x. Without any loss of

generality we can assume y gforall k=1;:::;d 1. Set 3 = = 4. One has 3 > 0 because
1;::1; g are linearly independent.
Consider the simplex generated by the vectors 1;:::; 4. By the fact 2. in the proof of Lemma 8.4

one has, for somed-dependent constantC(d),
1 C(d)j ajj 2j:::j djisin p2jjsin 12:3)::0 SN 1@ 1) s (A6:1)

where 1. 1., ] 2, is the angle between the vector ; and the plane generated by the vectors
1,505 j 1. Hence

1 C(DA] Y giisin 1@ 1)ai (A6:2)

Moreover one has
X di = jxij dijcos ¢ = jxij diisin & j Xji ai SN 120 1 (AB:3)
so that, from (A6.2) and (A6.3), we obtain jxjA; @5 C(d)A,, so that the assertion follows. ]
Lemma A6.2. There exist constantsC and C° such that the following holds. Letny;:::;ny 2 ZP be a

sequence of distinct elements such thgt( n;) ( nj+1)j Cr . Thenk CPmaxfr’;D +2g.

Proof. Since the vectorsn; are on the lattice ZP there exist a constant Ci(D) and jo k=2 such
that jnj,j > C1(D)k¥®. Set ; = n; nj,. By assumption one hasj( nj) ( nj«1)j Cr , hence
i(n)  (ny)i CG joyr foralljo+1 j k. Thenj(n)) (nj)i As:= Cdir forall
jo+1l j jo+ Ji. Fix 31 = k¥ (P) with (n)=2n(n+1). By using that

(n) (njg)= 525 ng+ij ji%; (A6:4)

we ndj jj Arandjnj, jj Az:=AZforalljo+1 j jo+ Ji.

If Spanf j,+1;:::; jo+3,9 = D then by Lemma A6.1 one hasjn;,j C(D)AP**. Then, for this
relation to be not in contradiction with jn;,j > C1(D)k*®, we must have C;(D)k**P < C (D)A?*l,
hencek C,(D)r (P) for some constantC,(D).

If Spanf j,+1;::: j,+3,9 D 1then there exists a subspacél; with dim(H.) = D 1 such that
nj 2nj,+ Hyforjo+1 | jo+ Ji. Choosej; J1=2 such that Py, nj, := n;, nj, 2 Hy satis es
iPu.n,j>Cc (D 137 Y and x ;=377 ® Y. Redene j=n; nj,forj ji+1, Ay = Clor

and A, = A%: by reasoning as in the previous case we nd agaip jj A andjnj, jj A, forall
jotl j jo+Ji

If Spanf j,+1;::1; j,+3,9= D 1then by Lemma A6.1 one hagn;,j C(D 1)A?, which implies
Ci(D 1)3;™° '<C(D)AD. By using the new de nition of A, we obtainJ; Cy(D  1)r ® 1
hencek C3(D)r (P D (P) for some other constantCs(D).
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If Spanf j,+1;::: jo+3,9 D 2 then there exists a subspacéd, with dim(Hy) = D 1 such
that nj 2 nj, + Hy for j; +1 i j1 *+ J2. Then we iterate the construction until either we nd
kK  Chs2(D)r (B D= (B 1) for somen D 1 and some constantC,.> (D) or we arrive at a
subspaceHp ; with dim(Hp 1) =1.

In the last case the vectors j, ,+1;::; jo ,+Jp ., With Jp 1= Jé: 2(2), are linearly dependent by
construction, so that they lie all on the same line. Therefoe, we can nd at least Jp ;=2 of them, say
the rst Jp 1=2, with decreasing distance from the origin. If we setn;, ,+1 = a, nj, ,+j, ,=2 = b, and

Nip ,+1  Njp ,+3p =2=C andsumoverjp 2+1 | jp 2+ Jp 1=2 the inequalities
jnj nj 4j+jnjj® jny 1j> constj(n;) (nj 1) constCr ; (A6:5)
we obtain ]
jg+jd? j ¢+ja® j b*> constCr D2 L (A6:6)

wherejg Jp 1=2. Hencelp 1 (Cr )2
By collecting together all the bound above we nd k  Cp(D)r? (P)= @ | so that, by de ning
C%= Cp (D) and using that "= = (D)::: (2)=2P 1D!(D +1)!, the assertion follows. n

Lemma A6.3. There exist constants"®, ° C and C° such that the following holds. Givenng 2 ZP
there exists a set ZP, with ng 2, such thatdiam() <C% andj(x) (y)j>C% for all
Xx2 andy2

Proof. Cf. [9], p. 399, which proves the assertion with'®= + " and °= = (";D). n

Lemma A6.4. Let be as in Lemma A6.3. There exists a constanC% such that one hasj |
copp '+ ),

Proof. The bound follows from Lemma A6.3 and from the fact that diam() <C %", by using that the

points in are distinct lattice points in RP. |
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