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= Models for D?

il

e

— Luckhaus-Mugnai 2010
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— Runnels-Beyerlein-SC-Ortiz 2016
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“Lemma”. Choose “minimal” F. If D < 1 in w, then curl F =0 in w
Elasticity: F = Vu, E[u] = [ W(Vu)dx

(W(QFR) = W(F), Q € SO(3), R € GL(3,Z))
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m Linearize!!

©(x) = QFRx, @ € SO(2), F € GL*(2,R), R € GL(2,Z)

o(x + h) — o(x) = QFRh = h+ QF(R — Id)h + (QF — Id)h
~ h+ (R — Id)h+ (QF — Id)h
=:h+ gp/(x’ h) =+ SEI(Xa h)

i
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= Model

Basis: Ariza-Ortiz ARMA 2005, Related: Giuliani-Theil JEMS 2022

L = FZ" lattice, N C L bonds, C C L cluster

as
ay

Elastic kinematics:
u:QnNel —R", du(x, h):= w (xeQneL, heN)

Cn={(x,h):x,x+heC,he N}
Eolu] - Cn = R", eg., &y, h) := du(xo + ey, h)
Compatibility: &(x, h) = —&(x + e¢h, —h)



2.
m Linear Ariza-Ortiz model

Ariza-Ortiz:

Z Bx,y,h,h’(g - é—p/)(x’ h)(f - gp/)(y’ h/)

x,y,h,h

Boundary conditions?

Giuliani-Theil:
*Z[ —u(x) =P,y =x)) - (y =x)?, €Plxy—x)eL

X~y




u 2.
s Elastic energy

Ec : Dc — R, quadratic, Ec[{] = Ec[{ + F] for F €

Rnxn

skew

amin Y [€(x,h) ~ Fh* < Ec[¢] s

(x,h)eT.

Example: E2[¢] := min > 1&(x, h) — FhP.
(x,h)ECNr

1
Elastic constants: ECA A= T, EclA]

Total energy: E.[u., Q] = Z S Ec[éxue]]
x+eCCQNel
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= Elastic energy

Total energy: E[u, Q] = Z SEclédud]]
x+eCCQNel



u 2.

= Plastic slip

(bl, ml), ey (sz, m/\[s) € L x L*

Slip systems

&°1(x, h) = 3202, beCe(x, h)(me - h),

g=golyev

i

P

Q(X, h)mg -heZ

17
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= Plastic slip

(b1, m), ..., (bn,, mn,) € L x L mﬂwﬁ@ iﬂ @
Slip systems P

&P (x, h) = S04 beCo(x, h)(my - h), Ce(x,h)mg-heZ

F:ZZ’ngg@mg Fh:zefwbe(me.h) . D
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similar bound for angles, a. — 0 slowly.
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s Dilute dislocations

v =Uy; CQ, v segments, |vi| > a,
similar bound for angles, a. — 0 slowly.

& “curl-free" on Q\ B,_(7e)
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t simplex, circ(€,-) =0 on t: &(x, h) = Fhon t.

Interpolate:

(LE)(t) :=argmin > [Fh—§(x, h)?

3x3
FeRr®x (x,x+h)et
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= Extension+rigidity

Extension: If circL{ =0 in Q\ B,(Uj7i),
J extension 3 € L}(Q/; R3*3)

with curl =30, ® t;H L~ N ¢,
1Bll3/2 < [[LE][3/2-

Theorem [SC-Garroni 2021]:
For any 8 € L}(Q;R"*") there is R € R such that

18 = Rllz= < ClIB+ BT = + Cleurl B(Q)

+ the corresponding nonlinear estimate, with 1* = n/(n — 1)

n = 2, linear: Garroni-Leoni-Ponsiglione 2010
n = 2, nonlinear: Miiller-Scardia-Zeppieri 2014



u 3.
= [ convergence

Let E. : X. — [0,0], Eg : Xo — [0, o<].
Fix a convergence criterion x. — xg (xc € X., xo € Xo).

E. 5 E iff:

a) Eo[xo] < liminf E.[x] for all sequences u. — xo;

b) Vxo, Ixc — xo with Eg[xo] > limsup E[x.].

Compactness: If sup, Ec[x] < 0o, then there is a convergent

subsequence.

Here: £, — [ if the interpolations converge weakly in LP

20
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= Discrete-to-continuum, elasticity

Theorem [SC-Garroni-Ortiz 2022]: E[u., Q] iR / %CDU - Dudx.
Q

Key estimate: E.[t)s * ue,w'] < E.[ue, Bs(w')]

1
5CFs - Fadx < (1+ c%)Ee[ue,w], where Fs = b5 % DJ.uq

w’

21
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= Continuum-to-continuum, dilute dislocations

1
EEC:/ ZCB- B, curl B =eb@ tH'L~v
Q\B.(v.) 2

Theorem [SC-Garroni-Ortiz 2015, SC-Garroni-Marziani 2022]
If v¢ dilute,

1 1
1 ES[B] > Eoln. p] :=/ *Cn-ndXﬂL/wée'(b, t)dH’
€2 In < Q 2 o

Topology:
B.— Sin L, SeR33

skw
1
pe = —curl e =~ p=b@ tH'L~y
€
Be - S

€ . 3
—_— L2; curln =0
1/2 1 nn Lz,

€ln <

22
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m Discrete-to-continuum, dilute dislocations

Theorem [SC-Garroni-Ortiz 2023+]
If v¢ dilute and &, curl-free on Q\ Bne(7e),

1 r 1
— 1 Eelée] = Eoln, 1] :/707‘77+/
e?1In < Q 2 v
Topology:

1
—curlLée = p=bRtH L~ in D’
€

Lge - Se . 3/2
T2 X@\Bne () TN Lioe

el (b, t)dH!
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m Discrete-to-continuum, dilute dislocations

Theorem [SC-Garroni-Ortiz 2023+]
If v¢ dilute and &, curl-free on Q\ Bne(7e),

1 r 1 .
— 1 Eelé] = Eoln. p] =/f<Cn'n+/ (b, t)dH
€ In < Q 2 v
Topology:

1
“curlLég = p=b@ tH~yin D’
€

1

{/ LE, - curl gpdx%/bcptd?—ll Y € C°(QR?)
€ Ja v

Lge — S . 3/2
T2 X@\Bn () TN Lioc
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M Line-tension in linearized elasticity

m Straight dislocations: from C to ¢

Theorem [SC-Garroni-Ortiz 2015]:
L 1 . 1
lim lim (’?/E)Inf/TgR E(Cﬂﬂ—'l/)(c(b, t)

h—o00 e—0 hln

with curl 3 = b® tH'L(Rt),
Tlr=(Br\ Bc) x (0, h),

c(b, t) the energy of the 1d solution

24
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m Straight dislocations: from C to ¢

Theorem [SC-Garroni-Ortiz 2015]:
L 1 . 1
lim lim (’?/E)Inf/;—:.ﬂ E(Cﬂﬂ—w(c(b, t)

h—o00 e—0 hln

with curl 3 = b® tH'L(Rt),
Tlr=(Br\ Bc) x (0, h),
c(b, t) the energy of the 1d solution

Proof strategy:

Uniform Korn's inequality

Average in direction t, reduce to 2D

Again Korn, affine inside and outside

Uniqueness of the solution to div C4 =0, curl 3 = p

24
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