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Renormalizability

The Standard Model has a purely perturbative definition (series of
what?).[not first time in science...]

Due to triviality, a non-perturbative construction of the Standard
Model (at least EW) is expected only with a finite lattice cut-off
Cut-off must be higher than experiments scales
There is an expected connection between renormalizability and
maximal cut-off.
In Fermi ”Tentativo”(non renormalizable) control up to a cut-off
order of the inverse of the coupling (∼ 80Gev).
The U (1)Y × SU (2) SM electroweak is renormalizable (Weinberg
(1967), t’Hofft (1971) ) hence in principle one could reach a cut-off
exponentially large in the inverse coupling (higher than experiments).
Can we construct a non-perturbative EW theory with lattice cut-off
(Effective QFT)?
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Anomalies

Renormalizability in a chiral theory is not trivial; it has Anomalies
(Adler 1969) which should cancel to preserve gauge invariance.

In EW this is true at one loop (Bouchiat, Iliopoulos, Meyer (1972))∑
i
(Y 3

i,L − Y 3
i,R) = 0

∑
i

Yi,L = 0

for (ν, e, u, d) 6(1/3)3 + 2(−1)3 − 3(4/3)3 − 3(−2/3)3 − (−2)3 = 0,
−1+ (1/3)3 = 0; 3 colors, charges 0, 1, 2/3,−1/3 Yν,L = Ye,L = −1,
Yu,L = Yd,L = 1/3, Yν,R = 0, Ye,R = −2,Yu,R = 4/3, Yd,R = −2/3
Charge quantization. Explain why the charge of electron and proton
are exactly opposite (in the classical SM just parameters)
In perturbative continuum context higher orders are cancelled by
symmetries (Adler-Bardeen theorem) broken by the lattice ( Nielsen,
Ninomiya 1983)
Topology (lattice no interaction); Lattice QFT (Luscher ,Neuberger
order by order)[Ginspar-Wilson, overlap, extra dimension,...]
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Formal continuum model

An RG approach inspired by recent results on universality in statistical
mechanics.

Chiral U (1) gauge theory
∫

dxFµ,νFµ,ν + (1 − ξ)(∂µBµ)2

+
∑

i1

∫
dx[ψ+

i1,L,xσ
L
µ(∂µ + λYi1Bµ)ψ−

i1,L,x + ψ+
i1,R,xσ

R
µ ∂µψ

−
i1,L,x ]

+
∑

i2

∫
dx[ψ+

i2,R,xσ
R
µ (∂µ + λYi2Bµ)ψ−

i2,R,x + ψ+
i2,L,xσ

L
µ∂µψ

−
i2,L,x ]

with Fµν = ∂µBν − ∂νBµ;

γ0 =

(
0 I
I 0

)
γj =

(
0 iσj

−iσj 0

)
, γ5 =

(
I 0
0 −I

)
,

σL
µ = (σ0, iσ), σR

µ = (σ0,−iσ).
R fermions of kind i1 and the L fermions of kind i2 decouple (Testa,
Maiani 1990).
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Formal conservation laws

The current coupled to Bµ is

jT
µ =

∑
i1

Yi1ψ
+
i1,L,xσ

L
µψ

−
i1,L,x +

∑
i2

Yi2ψ
+
i2,R,xσ

R
µψ

−
i2,R,x

jT
µ = jT ,V

µ + jT ,A
µ with jT ,V

µ = 1
2
∑

i Yijµ,i,x , jT ,A
µ = 1

2
∑

i Yi ε̃ij5
µ,i,x ,

ε̃i1 = −ε̃i2 = 1,
Formal application of Noether theorem; phase symmetry ψ→ψeiα

implies ∂µjT ,V
µ = 0; Chiral symmetry ψ → ψeiαγ5 implies implies

∂µjT ,A
µ = 0; therefore the current is conserved ∂µjT

µ = 0
i1 = (ν1, e1, u1.d1), i2 = (ν2, e2, u2.d2); U (1)Y sector with no Higgs
and massless fermion.
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Lattice model

eWΛ(J ,J5,φ) =

∫
P(dB)

∫
P(dψ)eV (ψ,B,J)+Vc(ψ)+B(J5,ψ)+(ψ,φ)

P(dB) gaussian measure with propagator

gB
µ,ν(x, y) =

1
L4

∑
k

eik(x−y)

|σ|2 + M 2 (δµ,ν +
ξσ̄µσν

(1 − ξ)|σ|2 + M 2 )

with σµ(k) = (eikµa − 1)a−1

P(dψ) Grassmann measure with propagator gi(x, y) =
1

L4
∑

k eik(x−y)(
∑

µ iγ0γµa−1 sin(kµa) + a−1γ0r
∑

µ(1 − cos kµa))−1

Wilson term proportional to r ; with r = 0 other poles in addition to 0
(π/a, 0, 0, 0 etc) corresponding to unphysical particles (low energy
limit non recovered r = 0). But r 6= 0 breaks chiral symmetry.
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Lattice model

Interaction with gauge field V = V1 + V2 with
V1 = a4 ∑

i,s,x [O
+
µ,i,s,xG+

µ,i,s,x + O−
µ,i,s,xG−

µ,i,s]

G±
µ,i,s(x) = a−1(: e∓iaYi(λbi,sBµ,x+Jµ,x) : −1)

O+
µ,i,s,x =

1
2
ψ+

i,s,xσ
s
µψ

−
i,s,x+eµa,O

−
µ,i,s,x = −1

2
ψ+

i,s,x+eµaσ
s
µψ

−
i,s,x

bi1,L = bi2,R = 1, bi1,R = bi2,L = 0 (Jµ external field). Interaction
with Bµ only the i1 L fermions and the i2 R fermions

V2 is obtained by the Wilson term with the perierls substitution with
H±
µ,i,x = a−1(e∓iaYiJµ,x − 1)

The mass counterterm is
Vc =

∑
i a−1νia4 ∑

x(ψ
+
i,L,xψ

−
i,R,x + ψ+

i,R,xψ
−
i,L,x) (fixed to get

vanishing dressed fermionic mass)
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−
µ,i,s,x = −1

2
ψ+

i,s,x+eµaσ
s
µψ

−
i,s,x

bi1,L = bi2,R = 1, bi1,R = bi2,L = 0 (Jµ external field). Interaction
with Bµ only the i1 L fermions and the i2 R fermions
V2 is obtained by the Wilson term with the perierls substitution with
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+
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−
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Observables

B = a4 ∑
µ,x J 5

µ,x j5
µ,x j5µ,x =

∑
i,s ε̃iεsYiZ5

i,sψ
+
x,i,sσ

s
µψ

+
x,i,s with

ε̃i1 = −ε̃i2 = 1 and εL = −εR = 1.

The 2-point function SΛ
i,s,s′(x, y) =

∂2

∂φ+i,s,x∂φ
−
i,s′,y

WΛ(J , J 5, φ)|0;

The vertex functions are
ΓΛ
µ,i′,s(z, x, y) =

∂3

∂Jµ,z∂φ
+
i′,s,x∂φ

−
i′,s,y

WΛ(J , J 5, φ)|0 and similar

Γ5,Λ
µ,i′s(z, x, y)

The three current vector VVV and axial AVV correlations are
ΠΛ
µ,ν,ρ(z, y, x) = ∂3WΛ

∂Jµ,z∂Jν,y∂Jρ,x
|0 and Π5,Λ

µ,ν,ρ(z, y, x) = ∂3WΛ

∂J5
µ,z∂Jν,y∂Jρ,x

|0.

They are the lattice analogue of < jT ,V
µ ; jT ,V

ν1 ; .jT ,V
νn >T and

< jT ,A
µ ; jT ,V

ν1 ; .jT ,V
νn >T
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Well definition

WΛ well defined for finite L, a,M (even if non compact)

We can integrate the Bµ; eV 0(ψ) =
∫

P(dB)eV (ψ,B) with
V 0 =

∑∫
dxHn(x)

∏
i ψ

εi xi ,H given by Truncated expectations
ET

B (eiε1eY1aBµ1 ; ...; eiεneaYnBµn )).
Battle-Bridges-Federbush formula X = 1, ..,n

ET
B =

∑
T∈T

∏
i,j∈T

Vi,j

∫
dpT (s)e−V (s)

with T trees
∫

dpT (s) = 1, V (s) convex combination of of
V (Y ) =

∑
i,j∈Y Vi,j , Y subsets of X , Vi,j = E(aBµi(xi)aBµj(xj)).

V (Y ) ≥ 0.
V (s) ≥ 0 and

∑
T ≤ Cnn!; convergence and ”dimensional” bounds

||Hn,m|| ≤ Cna−(4−3n−m)N (|λ|/(Ma))2(n−1)

Fermionic part determinant bounds (L finite). To get L → ∞
multiscale (see below)
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Vector current conservation

By the change of variables ψ±
i,s,x → ψ±

i,s,xe±iYiαx we get
W (J , J 5, φ) = W (J + dµα, J 5, eiYαφ) hence Ward Identites

∑
µ σµ(p)Π̂Λ

µ,ν1,..,νn(p1, ., pn) = 0 p = p1 + ..pn, [Vector current
conservation ∂µ < jT ,V

µ ; jT ,V
ν1 ; ...jT ,V

νn >T= 0]∑
µ

σµ(p)Γ̂Λ
µ,i,s(k, p) = Yi(ŜΛ

i,s,s(k)− ŜΛ
i,s,s(k + p))

∑
ν σν(p1)Π̂

5,Λ
µ,ν,ρ(p1, p2) =

∑
ρ σρ(p2)Π̂

5,Λ
µ,ν,ρ(p1, p2) = 0
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Axial current

If r = 0 (exact decoupling) also the axial current would be conserved

If r 6= 0 generally no conservation for the axial current.
In the non-interacting case. λ = 0 (with finite lattice), up to possible
subdominant corrections (lhs r independent)∑

µ σµ(p1 + p2)Π̂
5
µ,ρ,σ = εµ,ν,ρ,σ

1
2π2σµ(p1)σν(p2)[

∑
i1 Y 3

i1 −
∑

i2 Y 3
i2 ].

Conservation if
∑

i1 Y 3
i1 −

∑
i2 Y 3

i2 ] = 0.
This is just the lowest order of a complex series;

Π̂5
µ,ρ,σ = Π̂5

0,µ,ρ,σ + λΠ̂5
1,µ,ρ,σ + λ2Π̂5

1,µ,ρ,σ + ...

Do all other terms cancel under the same condition?
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Main result

TheoremLet us fix r = 1 and Ma ≥ 1. For |λ| ≤ λ0(Ma) and
suitable νi , Z5

i,s
1)the limits L → ∞ of correlations exist
2)limk→0 Ŝi,s(k) = ∞ and limk,p→0

Γ̂5
µ,i,s

Γ̂µ,i,s
= εsI ,εL = −εR = 1

3)
∑

µ σµ(p1 + p2)Π̂
5
µ,ρ,σ =

εµ,ν,ρ,σ
2π2 p1

µp2
ν [
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i1 Y 3
i1 −

∑
i2 Y 3

i2 ] + rρ,σ

with |rρ,σ| ≤ Caθp̄2+θ, p̄ = max(|p1|, |p2|) and θ = 1/2.

Convergence if the lattice cut-off is smaller than the boson mass.
The vanishing of the anomaly is proved with a finite lattice cut-off at
a non perturbative level with the same condition in the continuum
perturbative
Prerequisite for construction at higher cut-off.
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Fermionic integration

One gets
∫

P(dψ)e−V (ψ) with V sum of monomials in ψ, J , J 5.

As the fermions are massless, one needs a multiscale decomposition
ψ =

∑0
h=−∞ ψh, and integrate step by step the fields with decreasing

energy γN ∼ π/a (exact Wilson RG); in the first step is essential the
Wilson term to have the correct scaling∫

P(dψ(≤N))eV =
∫

P(dψ(≤N−1))
∫

P(dψ(N))eV (ψ(≤N−1)+ψ(N)))

=

∫
P(dψ(≤N−1)) eV (≤N−1)(ψ(≤N−1)) = ....

Renormalization; convergent expansion in the rcc Zh,i,s (Gallavotti
trees). Zh,i,s (wave function renormalization) ZJ

h,i,s ( vector current
renormalization), Z5

h,i,s ( axial current renormalization), νh,i (mass
renormalization)
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Cancellations

rcc have a finite imit |Zh,i,s −Z−∞,i,s| ≤ Cεγθ(h−N); the Z−∞,i,s
depends on i, s and all lattice details.

Crucial step ; the 3 current correlation can be decomposed as
Π̂5
µ,ρ,σ(p1, p2) = Π̂a

µ,ρ,σ(p1, p2) + R̂µ,ρ,σ(p1, p2)

with
Π̂a depend only on rcc (only triangle graphs) [non-differentiable]
R̂µ,ρ,σ by an at least an irrelevant term (infinite series of terms)
[differentiable].
Renormalized triangle graphs [fh momentum cut-off in the RG]

Π̂a
µ,ρ,σ(p1, p2) =

∑
h1

h2,h3

∑
i,s

ε̃iεsY 3
i

Z5
−∞,i,s

Z−∞,i,s

ZJ
−∞,i,,s

Z−∞,i,s

ZJ
−∞,i,s

Z−∞,i,s∫
dk

(2π)4 Tr fh1(k)
iσs
µkµ

iσs
µ

fh2

iσs
µ(kµ + pµ)

iσs
ν

fh3

iσs
µ(kµ + p2

µ)
(iσs

ρ)
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Cancellations

The lattice WI implies exact relations between cancellation
ZJ
−∞,i,s

Z−∞,i,s
= 1 [because of the fact that correlation are equal to free with

reormalized parameters up to subleading]; moreover by the choice of
Z5

i,s we have Z5
−∞,i,s

Z−∞,i,s
= 1.

Π̂a
µ,ρ,σ = Iµ,ρ,σ becomes equal to the continuum free triangle with

momentum regularization

Iµ,ρ,σ = (
∑

i
ε̃iY 3

i )

∫
dk

(2π)4 Trχ(k)
6 k

γµγ5
χ(k + p)
6 k+ 6 p

γν
χ(k + p2)

6 k+ 6 p2 γσ

It does not conserve current∑
µ

(p1,µ + p2,µ)Îµ,ν,σ =
(
∑

i ε̃iY 3
i )

6π2 p1,αp2,βεαβνσ

∑
ν p1,ν Îµ,ν,σ =

(
∑

i ε̃iY 3
i )

6π2 p1,αp2,βεαβµσ
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Cancellations

R̂µ,ρ,σ(p1, p2) (in contrast to Πa) cannot be written explicitly
(renormalized series expansion).

However it can by written in Taylor series in p1, p2 up to first order
(in contrast to Πa)
The coefficients are fixed using the WI

∑
ν σν(p1)Π̂

5,Λ
µ,ν,ρ(p1, p2) = 0

and the WI for I , so that R̂µ,ν,σ(0, 0) = 0 and
∂R̂µ,ν,σ

∂p2,β
= − 1

6π2 ενβµσ(
∑

i ε̃iY 3
i )

Using such values and the WI for I we get the main result.
Note the resummation; from the naive perturbation expansion one
extracts (in the renormalizaed one) a class of dominant terms
renormalizing the triangle, up to more regular ones
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Renormalizability

The boson propagator is composed by two terms; one is O(1/k2) for
k2 >> M 2 and the other is O(1) for k2 >> M 2. If the second term
does not contribute D = 4 − 3nψ/2 − nA (renormalizable) so in
principle one can get |λ2 log a| ≤ ε0 (if contribute
D = 4 + 2n − 3nψ/2 non renormalizable).

Assume that r = 0; new WI implying conservation of axial part of
current
Averages of invariant observables are ξ independent hence only first
part contribute
∂ξ

∫
P(dB)

∫
dψO = 1

L4
∑

p ∂ξ ĝ−1
µ,ν(p)

∫
P(dB)B̂µ,pB̂ν,−p

∫
dψO = 0

With r 6= 0 one needs the anomaly cancellation to reach exponential
cut-off; the result is a necessary prerequiste as it holds at lower scales.
Note that M breaks gauge invariance in the B but for
renormalizability one needs invariance in the external fields or WI (see
massive QED, e.g. Okun book)
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Conclusions

The cancellation of the VAA anomaly with the same conditions as in
the continuum (charge quantization, neutrality of atom...) is proved
at a non-perturbative level and finite lattice

Cut-off 1/a ≤ M (regime where cancellation not necessary for
construction); prerequisite for higher values (greater than mass M ).
One needs surely mulltiscale decomposition for Bµ and...
SU (2) (even in the low energy regime); mass of fermions requires
Higgs; infrared problem for Aµ needs aymptotic freedom; and so on....
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