Magnetic skyrmions under confinement

Cyrill B. Muratov

Dipartimento di Matematica
Universita di Pisa

in collaboration with G. Di Fratta, A. Monteil, T. Simon and V. Slastikov

supported by NSF via DMS-1908709




Magnetism and magnets

Magnetic Materials
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Loose and Random Effect of Magnetization
Magnetic Domains Domains Lined-up in Series

spins act as tiny magnetic dipoles

- quantum-mechanical interaction between spins: exchange

In transition metals below the critical temperature, exchange results in local
spin alignment into the ferromagnetic state

magnetic field mediates long-range attraction/repulsion between magnets
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Dzyaloshinskii-Moriya interaction (DMI)

- In 1957, while trying to explain weak ferromagnetism in a-Fe20s3, DzyaloshinskKii,
used symmetry arguments to introduce an antisymmetric exchange term that
favors canted spin arrangements |. Dzyaloshinskii, Sov. Phys. JETP 5, 1259-1272 (1957)

E = Dij . (Sixs]')

 In 1960, Moriya developed a theory of anisotropic s, /(
‘ Ry \

super-exchange interaction, including spin-orbit
coupling in Anderson theory of super-exchange
T. Moriya, Phys. Rev. B 120, 91-98 (1960)

* The same effect was shown to be induced by the symmetry breaking at an

interface A. Fert and P. M. Levy, Phys. Rev. Lett. 44, 1538-1541 (1980)
A. Crépieux and C. Lacroix, J. Magn. Magn. Mater. 182, 341-349 (1998)

A. Fert, V. Cross and J. Sampaio, Nature Nanotechnol. 8, 152-156 (2013)
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T. Lancaster, Contemp. Phys. 60, 246-261 (2019)

Topological spin textures

spin spirals and chiral domain walls from Dzyaloshinskii-Moriya interaction (DMI):

magnetic skyrmions:

Néel-type skyrmion
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C. Hanneken et al., Nature Nanotechnol. 10, 1039-10342 ®015)




Skyrmions on
the track
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O. Boulle et al., Nature Nanotechnol. 11, 449-455 (2016)
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Motion of a skyrmion in a track (from simulations)
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Magnetic memory applications
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Micromagnetics of ultrathin films

atomically thin extended ferromagnetic films with PMA and DM
state variable m : R* — S* — normalized magnetization per unit area

micromagnetic energy: m = (m,,my) my — —1 as |r| = oo

E(m) = Eox(m) + B, (m) + Ez(m) + Epya(m) + Ey(m)

where:

Eo(m)= [ |Vm]*d*r, E,(m)=Q | |m, |?d*r, FEz(m)= —2h / (1 + my)d°r,

R2 R2 R2
Epyi(m) = li/ (mHV .m, —m, - Vm“) d’r,
R2
dimensionless parameters: unit of length:
K D H

= —— = = { =/ A/K Kq =

Q Kd7 Y AKda h Msa / ds d




Stray field energy

electron spins are magnetic dipoles

in a thin film the stray field is due to the bulk and surface magnetic charges:

. . . /
Es(m) ~ —/ ‘mJ_’2d2T + i/ V | (r) V mJ_(r )dZTdQ,r/
R2 4 R2 JR2 ’I‘—I‘”

L )2
0 / / (my(r) —my ()" 2 o
ST R2 JR2 ‘I‘—I"‘?’

Dietze and Thomas, 1961; Garcia-Cervera, 1999; De Simone et al., 2000; M, 2019; Knupfer, M and Nolte, 2019

here 6 « 1 Is the effective film thickness

|12 :—»::E;:




The minimal model

S

~easy axis

use the local approximation for the stray field Winter, 1961; Gioia and James, 1997

Bogdanov and Yablonskii, 1989

two-dimensional micromagnetic energy: Rohart and Thiaville, 2013

Bernand-Mantel, M and Simon, 2020

E(m) = /R2 (IVm|* — 2sm, - Vi + (Q — 1)|m |?) d°r Q>1

for |k] < v/@Q —1 the ground stateis m = £z . Indeed, for m # +z
E(m) > [[Vm|; — 2|&] - [[m_[2[[Vmy 2 + (Q — 1)[m_[3 > E(£2)

specify a non-trivial topological degree: m; — —1 as |r| = o0
1
N(m) = [ m (Oim X Oom) d*r € Z  Brezis and Coron, 1983
T JR2

sharp topological lower bound:

Vm|*d*r > 87 |N(m)
RQ

IVm|* 4+ 2m - (01m x Oam) = |O1m F m x Jam|?




Magnetic skyrmions

Bloch-type skyrmion

2 2 . o o H*I:;nf;*f 44 " )b 4{,4,/‘{*,‘/ ‘/4{59“
maps m: R* — S° with non-trivial topology SN (D2 1)
eerfertt YV I

example: harmonic maps

T. Lancaster, Contemp. Phys. 60, 246-261 (2019)

E(m):/ IVm|*d*r
R2

all minimizers with prescribed degree are known

Belavin and Polyakov, 1975

after the stereographic projection, they are rational functions of z = x + 1y

or their complex conjugates

specifically, all degree 1 minimizing maps belong to:

B = {SCI)(p_l(- —x)):5€8S0@3), p>0,z¢€ R2}

l.e., dilations, rotations and translations of;
o 20 1 — |z
)= (T i )
Belavin-Polyakov (BP) profiles

Eells and Sampson, 1964
Lemaire, 1978

Wood, 1974

Brezis, Coron, 1985




Com paCt mag netiC E(m) — / (le|2 . 2/fmJ_ . va i (Q . 1)|mJ_|2) Cl27“

skyrmions

consider the topologically non-trivial admissible class

A= {m c HY(R%S?): N(m) =1, m+1z ¢ L2(R2;R3)}

note that the last condition simply selects the limit at infinity, since

1

min{ my| + 1|2d27“,/ my| — 1|2d27“} < — [ |[Vm]*d* [ |m,|*d*r
R2 R2 4 R2 R2

we have the following non-optimal existence result:  Bernand-Mantel, M and Simon, 2020

Then there exists m € A such that

Theorem 1. Let Q > 1 and let kK € R be such that 0 < |k| < %\/Q — 1.

adapting arguments of
. ~ Melcher, 2014
E(m) = inf E(m). Ddring and Melcher, 2017
mec.A

see also Greco, 2019

4
Note: no minimizersif x =20 or K| > - Q—1

(Derrick-Pohozaev) (E unbounded below: stripes)




Compact magnetic

| E(m) = /1R<2 (|Vm|2 —2rkm, - Vm + (Q — 1)|mL|2) d*r
skyrmions (cont.)

conformal Iimit: 0 < ’KJ| <1, @>1 Bernand-Mantel, M and Simon, 2021

Theorem 2. Let QQ > 1, 0 < k < 1 and let m,, be a minimizer of F(m) =
E.q(m) over all m € A. Then there exist v, € R* and p, > 0 such that
m, — ®(p, (e — 1)) = 0 in H{(R*R?) and prtlogr™ — 3(Q — 1) as
k — 0.

as the H'(R?)-norm is translation and dilation invariant, this means that
a rescaled and translated minimizing profile m,, converges to the AN

' 7;/ J‘\\}% ‘fi; ” » '
canonical Belavin-Polyakov profile — the Néel skyrmion FEANERR J

** / “’ “ >\ \
OARRANY

relies crucially on the rigidity estimate for degree 1 almost harmonic maps:

cmin [ |V(m — ¢)|*d*r < Vm|*d*r — 8x
PeEB JR2 R2

for some universal c >0 and all m € H'(R%:S?) : M(m) = +1

Bernand-Mantel, M and Simon, 2021;  see also Gustafson, Kang and Tsai, 2007;
Hirsch and Zemas, 2022; Topping, 2022




Bounded domains

restrict to Q ¢ R? — bounded simply connected domain with C* boundary

- ‘" film limi i T Gioia and
which energy”? Thin film limit of 3D micromagnetics: Jamef,le}I o

E(m) = /Q (IVm* + k(mV-m; —m, - Vm)) + (Q — 1)|m_|?) d°r

| - | L Rohart and
radial critical points when Q = By, but are they minimizers (even local)?+,.i o015

the degree is no longer defined => no topological protection

escape through the boundary:

- - - - . - . 1

s’ %5 @’ w0 wll w2 wl 03 &0

wld wld wlb6 wl/7 =18 19 2 -1

Cortes-Ortuno et al., 2017 Cortes-Ortuno et al., 2019



Restoring the topological protection

A

supplement the energy with Dirichlet b.c.: mlgg = —2z

defines a non-trivial admissible class
A={me H'(;S*), m= -2z on 00, N(m) =1}
where
1
N(m) = —/m - (Oim x Oom) d*r
47T 0
family of energies: simplify even further by setting @ =1
Eq(m) = / (IVm|* — 26m, - Vm)) d°r
Y/
extend the magnetization by m = —z outside

conformal limit: 0 < |k| < 1 wlog assume x>0
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Micromagnetics of the fim edge

two-dimensional energy accounting for the dipolar interactions in R?* :

E(m) = {]Vm]z +(Q - Dm, *+ k(mV-m; —m, - Vmy)} d°r

/
/ V-m(r)V- -my(r )d2frd2fr’
R2 JR2

|r — r’l
m — T
/ |(r 1(x')? e
R2 JR2 |1' — 1ﬁ"|3

restricting the integrals to 2 would neglect the fringe fields

solution: extend m by zero outside €2 ?

No! - the dipolar energy is generically undefined (e.g., for m = —z )

=> regularize the edge with a smooth cutoff: |m| = n;

n(t)

ns(r) = n(6 dist(r, Q)  J< 1 \
Chaves-O’Flynn and M, 2013; M, Osipov and Vanden-Eijnden, 2015; Lund, M and

0 1
Slastikov, 2018; Morini et al., 2023+; Di Fratta, M and Slastikov, 2023+

teR




Micromagnetics of the film edge (cont.)

two-dimensional energy with a regularized edge:

E(m) = /R2 n; {]Vm]Q +(Q — 1)|m,|* + K(mV-m; —m, - VmH)} d*r

n i/ V- (nym)(r)V - (775mj_)(r/)dgr 2
47 R2 JR2

r— 1
0 (s (x)my (x) = ms(x )y ()" 5 5
87'('/]1%2/]1@ |I’—I"|3 drd

make the size of {2 depend on § = &, with a new parameter e«1, rescale:

5 i el In € el Ine| L/2 2TEY, 12
N =e719.Q, Q.=1+ O, Ko = A, 0 =
2T, 27, |1n€|

then after an integration by parts Ve > 0




Micromagnetics of the film edge (cont.)

rescaled two-dimensional energy with a regularized edge: m € H,.(Q + B.;S?)

_|_

. . /
Ye / V (nemJ_)(r)v (neml)(r )dQTdQT‘/
Z‘IHF;‘ R2 JR2 |I'—I'/

= 3 / / V(nemy)(x) - Vinamy)(t) 5 o
2’1H5‘ R2 JR2 |I'—I'/‘

E.(m) = /R2 nz {|Vm|* + alm [+ A(mV -m, —m, - Vm) } d°r

inthelimit ¢ —0 with 7%= weget I'—limFE.=FEy, where
Ep(m) := / (Vm|* + ajm, |*) d°r + )\/ (mV-m; —m, - Vmy) d°r
0 0

2 2 1
compare with Kohn and Slastikov, 2006 +7/ ((mL ‘n)” — mH) dH (r)
o

f 1< 9. < |Ilne| => Dirichlet b.c. (after renormalization)

If Ve K 1 => free b.cC. Di Fratta, M and Slastikov, 2023+




N(m) = ﬁ/ﬁm (Om x om) d°r

Skyrmions under confinement

minimize

Eq(m) = /Q (IVm|* — 26m, - Vm) d°r

IN the class
A={me H'(S"), m= -2z on 90, N(m) =1}

Theorem 3. There exists kg > 0 depending only on ) such that for all
0 < kK < Kg there exists a minimizer of £, over A.

note that there is no minimizer for x =0 => limit as x — 0O is singular!
expecting the minimizer to concentrate on a shrinking BP profile

formally optimizing among BP, expect inf&, — 87 = O(x*), p = O(x)
=> study the T — lim & — 8T n A, i {meAdA . E(m)—8r <0}

k—0 /{2

Monteil, M, Simon and Slastikov, 2022+



Topology for the [ -limit

Definition 4. Let

S~

Ay :={Ry € SO3): Ryz =12z} x (0,00) x €.

We then say that a sequence m,, € A, BP-converges to (Ry,ro,ag) € Zl;) as
kn — 0 if and only if the following holds: There exist R, € SO(3), p, > 0,
a, € Q such that for ¢, := R, P(p, (e —a,)) € B we have

: 2 2 12
lim sup k., V(m, — ¢,)|°d“r < oo,
Nn— 00 R2
: : Pn :
Ry=lm R,, 7ry= lim —, ap= lim a,.
N—00 n—00 Ky, n—00

expecting the above definition to be satisfied by the minimizers of the
rigidity estimate

cmin [ |[V(m — ¢)|°d*r < [ |Vm|*d*r —8r
¢€B R2 R2




A
| log k]

Exa(m) = / <|Vm|2 —2km, - Vmy + \mLP) d°r
0

Limit energy

Definition 5. For (Ry, 19, ap) € ;lvo let

g()(R(), T, CLO) = T%T(CL()) — 27“()/ (RO(I))J_ ¥ VCI)H dl’,
R2

where the Dirichlet contribution of the tail correction s

T — A

T(ag) :=  inf {/ Vul*dz : u(z) =2

ue H' (R2;R?) R2 |$ — aolz

in R*\ Q} .
We furthermore define a restricted admissible set

AO = {(Ro,?“o,&o) - .ZE) : go(Ro,To,ao) < O} :

anisotropy can be added as a continuous perturbation:

g()(R(), T0o, CL()) = T%(T(ao) + 877')\) — 27“0/ (ROCI))J_ . V(I)H dx

R2




Theorem 6. The I'-limit as k — 0 of the functionals 5"“/;28” restricted to A,
with respect to the BP-convergence is given by &y restricted to Agy in the sense
that we have the following:

g/fn(m/fn)_&n-
s,

0 there exists a subsequence (not relabeled) and (R, rg,ag) € Ay such

that m,_ BP-converges to (Ry, 1¢, ag).

(i) For every sequence of k, — 0 andm,,_ € A, withliminf,

(ii) Let k, — 0, let m,, € A, BP-converge to (Ry, 1o, a9) € Ay and let

Ee (M, ) — 87

lim inf ; < 0.
n—oo /{,n
Then we have
g/{} K - 8
lim inf n(m 7;) " > 80(R0,7“0,CL0).
N— 00 K

n

(111) For every (Rg,ro,a0) € Ay and every sequence of k, — 0 there exist
m, € A, BP-converging to (Ry,ro,ag) such that

lim sup g’i”(m’ﬂ”) —om

2
n—00 Ry

< gO(R(), To, CL()).

<




T — Ay

Convergence | 2
Co T'(ap) := O}nf2 2 { Vu|*dx : u(x) = 2
of MINIMIZers uer (&) JR2

meQ\Q}

|z — agl?

an iImmediate conseqguence of the [ -convergence Is:

Theorem 7. Let k, = 0 as n — 0o and let m,_ be minimizers of &; over

A. Then there exists a subsequence (not relabeled) and ay € argmin, . T'(a)
such that with

and Ry :=1d

we get for ¢, = ® (' — ao) € B and all n € N that

ToRn

2 2 : n n
. V(m, — ¢,)|*de < Ck:, and 7}1_2)10 " = T(as)’

=> for x <« 1 every minimizer is close to a Néel skyrmion of radius xro centered at ao



Application: disks N

Proposition 8. For Q) = B,(0) and zy € §2, the map achieving T'(zy) is given
by

2_ if 2 € C\Bg(O)

Z—Z0

22 .
—— c By(0),
Uzo(z) — {6 —R0%~ ZfZ €< )

Its energy 1s given by

167¢?
T _
(ZO) (62 B ‘ZO|2)27
which is minimized by zo = 0 with T(0) = 166—2”. The rescaled skyrmion radius
1S Ty = % and the corresponding limiting enerqy s & (id, %, O) = —7l?.

skyrmion goes to the center




Proposition 9. For { >0, Qy =R x (—£/2,0/2), and yy € (—£/2,0/2), the
map achieving T'(1yg) is given by

y (2) = 7 tanh (2%(2 + iyo)) — 7 coth (2%(2 + iyo)) 4+ 2+2iy0 if 2 € Q
O 2 ZfZ c C \ Qg,

Z41yo

Its enerqy s given by

43
T(Zy()) — T )
(2 cos? (%)
which is minimized by yo = 0 with T'(0) = 46—7;3. The rescaled skyrmion radius
1S Ty = f;—z and the corresponding limiting energy s & (id, ﬁ—z, O) = —4762.

skyrmion goes to the midline




Summary

. starting_with thin film micromagnetics, obtained the minimal variational model
describing a single skyrmion under confinement

- established existence of topologically non-trivial energy minimizing
magnetization configurations

 characterized the behavior of degree 1 configurations in the conformal limit

- every degree 1 minimizer in the low DMI regime is close to a single Néel BP
profile that is repelled from the sample boundary

» solved for the energy minimizers of the limit problem in several geometries

- note a close analogy with the theory of Ginzburg-Landau vortices (but only
one vortex/skyrmion up to now)




