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Main object : set of infinite-volume Gibbs states

of classical & quantum spin systems

Here : spin { XYZ model

Domain he Zᵈ

Hilbert space Jla = ④
¢2

✗C-1

Spin operators ( si )
" ""

s.t. [ si , si ] = i £
,
5×3

✗EN

etc
. . .

Hamiltonian : Ha = - I ( 3 , Sisi +325×25>2+3 , Sis;)
11×-711=1
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Hamiltonian : Ha = - I
"×.>"= ,

( ] ' #{
'

+32 + ] , Sis;)

Special cases : • ] , = ], = 0 : Ising model

• ] }
= 0

,
]

,
=]
,
: ✗ Y model

• ] , = ] , = ] } : Heisenberg model

Finite - volume Gibbs state :

( a≥ = ¥ Tra e-
•"^

,
2y=TréBᵗh
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Finite - volume Gibbs state :

C. a≥ = ¥ Tra e-
Bᵗʰ

, E. =Tr e-
Bk

Infinite - volume Gibbs states :
Those linear functionals on the space of local

observables that satisfy the KMS condition .

Remark : If An = {-n ,
. . . ,n}ᵈ and Ki? = I ¢4T'

✗ Cdn
is such that 1101¥11 → 0 as n -so

,

then the cluster point
of 1- Tr . e-

Bhan + Kim
Zin

satisfy the KMS condition .
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Known : The set of Gibbs states is convex .

Further
,
it is a Cloquet simplex : any element is

given by a unique convex combination
of

extremal states
.

Also known : The extremal states are ergodic
Ad

and they have short-range correlations .
→ /Iim ( <a2×b> - < a> 22×6>1--0

11×11 -so

Iim < ( Ia I 2- a - Las)) = O
n→•

✗ c- { I . . . _ in)ᵈ
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Difficult to prove : Explicit characterisation of

the set of extremal Gibbs states for a given model .

Here : Translation invariant states
.

Ferromagnetic couplings , ] i 70 for i = 1. 2,3

Let us review what to expect, and some rigorous results .
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① Ising regime 33 > ] , , ] 2

If d ≥ 2 , one expects that there exists Bc et .

• For B ≤ Bc : Unique Gibbs state

• For B > Bc : Exactly two extremal Gibbs states :

tim 1- Tr . e-
Bhan +HIS?

2 . >
±
= Iim

.

h→ Ot n-soo £1m

Fully proved when ] , =32=0 , i. e. classical Ising model
Proof of LRO for B large and ] , , ], 2<3} [Ginibre

'
69 ]

]
,
= ]
,
2 ]
,
[ Kennedy '85]

Exactly 2 tangent functionals to the pressure [ Frohlich , Rey- Better,UOB
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Sort of Fourier transform (suggested by Spencer )

01h ) = Iim < É
# Is:> % lim Lim Lei!ʰEˢ%µ

,

Iti Ed Bth 1ñZᵈ I'ñ2ᵈ

i-I.sk
,

= Iim < É¥I% > = Iim Ike
1↑Zᵈ dñ2ᵈa=± a

= 4¥za¥±&e<
"¥

' -2¥≥
=
[ { eihcs

?≥
a = ±

= cos ( h 283>+1
≤ mess

= cos ( hmu )
-

Question : If we know 10th )
,
what can we infer ?
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② ✗Y regime 3 , = ]z > 33

D= 2 : All Gibbs states respect the continuous symmetry,
FB [Merwin

,Wagner
' 66 ; Dobrushin , Shlosman

'

75;

Frohlich
,
Pfister '81 ]

Does this imply that the Gibbs state is unique ?

I≥} : One expects that these are extremal Gibbs states :
For a-

'

c- $
'
:

C. . > = lim lim
h -' Ot nunzd

( • >
Mh- h¥;(aisitazsi)

Distinct states when B>Bc

LRO proved when 33--0 , B large [Dyson, Lieb , Simon
'78]
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The sort of Fourier transform

( ? )
lim

n , ≥,
Lei # ¥ # > = Iim < eiih-ni.IE,⑦ ( h ) = lim

Bth ,Bth 1ñ2ᵈ I'1↑2ᵈ

= Iim < e'
÷

. -5¥ > = lim Se ⇒
z.ae:

1↑Zᵈ dñ>ᵈ
§
,

= Iim §, @
<%'#%

dais = feih < Sisi' day
nñ>ᵈ

$ '

= § jh
< É -É >é

, dogs = f eih ↳ <Sissi
dog

$
' $

' [
≤ Mfs)

= Ii ,z( ihmlrs ) )
"

(a Bessel function )
k> 0
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③ Heisenberg regime 3. =] , = ] }

D= 2 : Unique Gibbs state KB ?

I≥} : One expects that these are extremal Gibbs states :
For a→E $2 :

6 . > = lim lim
h -' Ot nunzd

( • >
Bth- hIoi.si

✗ C-1

Distinct states when B>Bc

The sort of Fourier transform : One finds

01h ) =/ im < ei-i.EE >
1ñzᵈ Sth

= §, eih
↳ <% > e-i

dog
,

sin (hmcs) )
=☒[

≤ mess)
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Ising : ¢ ( h ) = cos ( times) )

✗ Y : ¢ (b) = Ii zlihmcs ) )
"

K≥ 0

Heisenberg : ¢ (h ) =
sin(hm
hm (B)

MLB) depends on microscopic details (dimension
, strength

of interactions
,
. . . )

The function ¢ (h) depends otherwise on nature
of symmetry breaking
It can be calculated on complete graphs [Bjérnberg , Frohlich . U'20]
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Connection with loop models

some quantum (& classical ) spin systems can be
represented by loop models [ Toth '

93 ; Aizenman ,

Machtergaele '94 ; U
' 13 ]

The sort of Fourier transform can be expressed as

expectation of lengths of loops .
The latter have Poisson -Dirichlet distribution

[ Goldschmidt, U ,Windridge
'
II ] for the conjecture ;

[Schramm
'

05 ; Berestycti , Kozma
'
15 ] for rigorous

results on the complete graph .
_b Alternate way to calculate ¢1b ) .
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Conclusion

• still man> open questions about set of Gibbs states
in such models as XYZ spin systems .

• Spencer 's Fourier transform could help !

Convenient on complete graph & with loop models
• What exactly do we learn from knowing this
function ?

GRAZIE


