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(Classical) Mpemba effect



(Classical) Mpemba effect

Aristotle wrote “to cool hot water quickly, 
begin by putting it in the sun”

Rediscovered (thanks to the ice-cream) 
by Mpemba (and Osborne) in the sixties

Source: picotech.com

http://picotech.com
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(Classical) Mpemba effect

It is noways clear that it is not related to freezing: 
the general statement is “hot systems cool faster”, 
as shown in many different experiments and 
theoretical calculations

A. Kumar, J. Bechhoefer, Nature 584, 64 (2020) 

Colloidal systems provide a controlled setting in 
which the Mpemba effect can be quantitatively 
described with the help of an experimentally 
measurable “distance” from the equilibrium state



A. Kumar, J. Bechhoefer, Nature 584, 64 (2020) 



What about quantum systems?

We have in mind an isolated quantum system at zero temperature prepared in 
a non-equilibrium pure state (like in a quantum quench) 

B

A

Such a system relaxes locally to a (generalized) Gibbs ensemble 

in the sense that the reduced density matrix ρA(t) tends to the 
equilibrium one

lim
t→∞

ρA(t) ≡ ρA(∞) = TrB( e−βH

Z )
A “quantum Mpemba effect” should be defined at the 
level of subsystems



What about quantum systems? (II)

We focus here on initial states that break a symmetry of the Hamiltonian which 
is eventually restored by the time evolution (Mermin-Wagner type of argument)

B

A

We then want an (experimentally measurable) quantity that 
tells as how much a symmetry is broken at the level of an 
(arbitrary) subsystem

Entanglement asymmetry



Basic setup
Basic setup

| i = ⇢ = | i h |

B A B

⇢A = TrB(⇢)

Q: charge operator generating a U(1) symmetry

The charge is local:

Q = QA +QB =
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Let Q be a local charge generating a U(1) symmetry Q = QA + QB =
1
2 ∑

j

σz
j

If the state is symmetric [ρ, Q] = 0 ⟹ [ρA, QA] = 0

q1

q2

q3

= ⨁
q

p(q)ρA(q) symmetry resolved 
entanglement

ρA =



What happens is the symmetry is broken?
Basic setup

| i = ⇢ = | i h |

B A B

⇢A = TrB(⇢)

Q: charge operator generating a U(1) symmetry

The charge is local:

Q = QA +QB =
1
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[ρ, Q] ≠ 0 ⟹ [ρA, QA] ≠ 0
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�SA = S(⇢A,Q)� S(⇢A)

Entanglement asymmetry: a probe of symmetry breaking
F. Ares,  S.Murciano P. Calabrese,,  ArXiv:2207.14693
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Entanglement asymmetry:

= ∑
q

ΠqρAΠq

 Recall: S(ρ) = − Tr(ρ log ρ)
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Replica trick for asymmetry
F. Ares,  S.Murciano P. Calabrese,  ArXiv:2207.14693


Entanglement asymmetry as a probe of symmetry breaking
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log Tr(⇢n

A,Q
)� log Tr(⇢n

A
)
⇤

�S
(n)
A

� 0 �S
(n)
A

= 0 , [⇢A, QA] = 0

7 / 16



<latexit sha1_base64="j8YYw/MHYsZnp/WDc4ElGQfTXlg="></latexit>

�S(n)
A =

1

1� n

⇥
log Tr(⇢nA,Q)� log Tr(⇢nA)

⇤

Replica trick for asymmetry (II)

We use   and  

 

ρA,Q = ∑
q

ΠqρAΠq Πq = ∫
π

−π

dα
2π

ei(QA−q)α ⇒ ρA,Q = ∫
π

−π

dα
2π

e−iαQAρAeiαQA
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Replica trick for asymmetry (II)

We use   and  

 

ρA,Q = ∑
q

ΠqρAΠq Πq = ∫
π

−π

dα
2π

ei(QA−q)α ⇒ ρA,Q = ∫
π

−π

dα
2π

e−iαQAρAeiαQA

Zn(α) = Tr[
n

∏
j=1

ρAei(αj−αj+1)QA] = Tr[ρAei(α1−α2)QAρAei(α2−α3)QA…ρAei(αn−α1)QA]

Tr(ρn
A,Q) = ∫

π

−π

dα1dα2…dαn

(2π)n
Zn(α)

Sanity check: [ρA, QA] = 0 ⇒ Zn(α) = Zn(0) = Trρn
A ⇒ ΔS(n)

A = 0

The moments  can be accessed from the generalized charged moments  Tr(ρn
A,q)



Ferromagnet 
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A case study
F. Ares,  S.Murciano P. Calabrese,  ArXiv:2207.14693
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A case study
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n = 2
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|θ⟩ =

2

from (charged) partition functions. Indeed, using the Fourier
representation of the projector⇧q , the post-measurement den-
sity matrix ⇢A,Q can be alternatively written in the form

⇢A,Q =

Z
⇡

�⇡

d↵

2⇡
e�i↵QA⇢Aei↵QA , (3)

and its moments as

Tr(⇢n
A,Q

) =

Z
⇡

�⇡

d↵1 . . . d↵n

(2⇡)n
Zn(↵), (4)

where ↵ = {↵1, . . . , ↵n} and

Zn(↵) = Tr

2

4
nY

j=1

⇢Aei↵j,j+1QA

3

5 , (5)

with ↵ij ⌘ ↵i � ↵j and ↵n+1 = ↵1. Notice that,
if [⇢A, QA] = 0, then Zn(↵) = Zn(0), which implies
Tr(⇢n

A,Q
) = Tr(⇢n

A
) and �S(n)

A
= 0. Furthermore the order

of terms in Eq. (5) matters because [⇢A, QA] 6= 0. We will
refer to Zn(↵) as charged moments because they are a modi-
fication of the similar quantities introduced for the symmetry
resolution of entanglement [2].

Tilted Ferromagnet. As warm up, we start with an under-
graduate exercise. We consider an infinite spin chain prepared
in the tilted ferromagnetic state, i.e. the spins are not aligned
with the quantization axis z,

|✓;%% · · · i = e�i
✓
2

P
j �

y
j | "" · · · i. (6)

For ✓ 6= ⇡m, m 2 Z, this state breaks the U(1) symmetry
associated to the conservation of the total transverse magne-
tization Q =

1
2

P
j
�z

j
. When ✓ = ⇡m, it corresponds to a

fully polarized state in the z-direction, for which the trans-
verse magnetization is preserved. The angle ✓ controls how
much the state breaks this symmetry and, therefore, the state
(6) is an ideal testbed for the entanglement asymmetry, al-
though it is a trivial product state. Let the subsystem A con-
sist of ` contiguous sites of the chain; then �SA = 0 for
✓ = ⇡m and �SA > 0 otherwise. Since the state is sepa-
rable, Tr(⇢n

A
) = 1, and Zn(↵) is straightforwardly obtained

as

Zn(↵) =

nY

j=1

h
i cos(✓) sin

⇣↵j,j+1

2

⌘
+ cos

⇣↵j,j+1

2

⌘i`
.

(7)
Plugging Eq. (7) into the Fourier transform (4), we obtain

�S(n)
A

=
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1 � n
log

"
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2n`
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2

⌘ `X

p=0

✓
`

p

◆n

tan
2np
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2

⌘#
.

(8)
In Fig. 2, we plot this entanglement asymmetry as a function
of ✓ 2 [0, ⇡]. As expected, it vanishes for ✓ = 0, ⇡ while it
takes the maximum value at ✓ = ⇡/2, when all the spins point
in the x direction and the symmetry is maximally broken. Be-
tween these extremal points, �SA is a monotonic function of
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FIG. 2: The Rényi entanglement asymmetry �S
(n)
A in Eq. (8) for

the tilted ferromagnetic state with ` = 10 as a function of the tilting
angle ✓ for different values of the replica index n.

✓ (but this is not true for all n). For a large interval, it behaves
as

�S(n)
A

=
1

2
log ` +

1

2
log

⇡n
1

n�1 sin
2 ✓

2
+ O(`�1

). (9)

The limit ✓ ! 0 is not well defined in Eq. (9). Indeed, the
limits ` ! 1 and ✓ ! 0 do not commute: to recover the
symmetry, one should take first ✓ ! 0 in Eq. (7) and then
consider the large interval regime.

Quench to the XX spin chain. We now analyze the time
evolution of the entanglement asymmetry after a quantum
quench. We prepare the infinite spin chain in the state

| (0)i =
|✓;%% · · ·i � |�✓;%% · · ·ip

2
, (10)

which is the cat version of the symmetry-breaking state in Eq.
(6). We then let it evolve

| (t)i = e�itH | (0)i, (11)

with the symmetric XX Hamiltonian ([H, Q] = 0)

H = �1

4

1X

j=�1

⇥
�x

j
�x

j+1 + �y

j
�y

j+1

⇤
. (12)

This Hamiltonian is diagonalized via the Jordan-Wigner trans-
formation to fermionic operators followed by a Fourier trans-
form to momentum space [15]. The one-particle dispersion
relation is ✏(k) = � cos(k).

The entanglement asymmetry after the quench. At time
t = 0, the entanglement asymmetry behaves asymptotically
as Eq. (9); for t > 0,�S(n)

A
(t) is analytically derived in Meth-

ods by adapting the quasiparticle picture of entanglement dy-
namics [16–18] to the charged moments (5) and then taking

2

from (charged) partition functions. Indeed, using the Fourier
representation of the projector⇧q , the post-measurement den-
sity matrix ⇢A,Q can be alternatively written in the form
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A
= 0. Furthermore the order
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refer to Zn(↵) as charged moments because they are a modi-
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Tilted Ferromagnet. As warm up, we start with an under-
graduate exercise. We consider an infinite spin chain prepared
in the tilted ferromagnetic state, i.e. the spins are not aligned
with the quantization axis z,
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✓
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P
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y
j | "" · · · i. (6)

For ✓ 6= ⇡m, m 2 Z, this state breaks the U(1) symmetry
associated to the conservation of the total transverse magne-
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1
2

P
j
�z

j
. When ✓ = ⇡m, it corresponds to a
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Plugging Eq. (7) into the Fourier transform (4), we obtain
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In Fig. 2, we plot this entanglement asymmetry as a function
of ✓ 2 [0, ⇡]. As expected, it vanishes for ✓ = 0, ⇡ while it
takes the maximum value at ✓ = ⇡/2, when all the spins point
in the x direction and the symmetry is maximally broken. Be-
tween these extremal points, �SA is a monotonic function of
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n ! 1
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FIG. 2: The Rényi entanglement asymmetry �S
(n)
A in Eq. (8) for

the tilted ferromagnetic state with ` = 10 as a function of the tilting
angle ✓ for different values of the replica index n.
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The limit ✓ ! 0 is not well defined in Eq. (9). Indeed, the
limits ` ! 1 and ✓ ! 0 do not commute: to recover the
symmetry, one should take first ✓ ! 0 in Eq. (7) and then
consider the large interval regime.
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formation to fermionic operators followed by a Fourier trans-
form to momentum space [15]. The one-particle dispersion
relation is ✏(k) = � cos(k).
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A lot of algebra!

Calculation of the ent. asymmetry: quasi-particle picture

Zn(↵) = Tr
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B A B

t

#entangled pairs = min(2t|vk|, `) vk = sin(k)
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FIG. 4: Time evolution of the entanglement asymmetry �SA(t) af-
ter preparing the spin chain at t = 0 in the tilted ferromagnetic state
of Eq. (6) and performing a sudden quench to the Hamiltonian H

given in Eq. (15) with N = 10. The continuous lines have been ob-
tained via exact diagonalization for different choices of the subsys-
tem length `, initial tilting angle ✓, and of the couplings and bound-
ary conditions in the evolution Hamiltonian H . In the plots of the
upper row, J2 = 0, and H corresponds to the XXZ spin chain with
anisotropy parameter �; in both cases, we take PBC for the chain. In
the plots of the lower row, J2 = 1, and the chain is non-integrable;
in the one on the left, we consider PBC while in the right panel we
choose OBC with the subsystem A placed in the middle of the chain.

to a periodic XXZ chain (J2 = 0) with interaction � = 0.4
(left panel) and � = 3.75 (right panel) . In the lower panels
of Fig. 4, the post-quench Hamiltonian contains next nearest
neighbour terms (J2 = 1) and, therefore, is non-integrable.
The lower left panel corresponds to periodic boundary condi-
tions (PBC) while in the right one we consider open bound-
ary conditions (OBC) with the subsystem located at the mid-
dle of the chain. In all the plots, the quantum Mpemba ef-
fect is clearly visible: the more the symmetry is initially bro-
ken, the faster �SA(t) decays to zero after the quench. The
Mpemba effect is very clear, although the finite size of the
system causes revivals that prevent us from observing the
restoration in a neat way as happens in the thermodynamic
limit in Fig. 3.

In conclusion, Fig. 4 shows that quantum Mpemba ef-
fect occurs under very general conditions (both for integrable
and non-integrable interactions with different boundary con-
ditions), even for (sub)systems of few sites, which makes pos-
sible to observe it experimentally in, e.g., ion trap setups.

Closing remarks. In this work, we introduced the entan-
glement asymmetry, a probe to study how much a symme-
try is broken at the level of subsystems of many-body sys-
tems. As an application to show its potential, we have studied
its dynamics after a quench from an initial state breaking a

U(1) symmetry and evolving with a Hamiltonian preserving
it. We showed that the entanglement asymmetry detects neatly
all the physical relevant features of the dynamics and in par-
ticular the restoration of the symmetry at late times. It also
identifies the appearance of an unexpected Mpemba effect, a
phenomenon that, as we have seen, happens in many settings
that can be studied through the entanglement asymmetry. It is
then very important to study other quench protocols (e.g. dif-
ferent initial state, interacting Hamiltonians, etc.) and under-
stand how to modify the quasiparticle description, following
e.g. Ref. [29], to describe these more general situations.

We can easily imagine many other applications of the en-
tanglement asymmetry. The first one is in equilibrium situ-
ations that have been left out here. In this respect, it would
be useful to recast the charged moments (5) in terms of twist
fields [14, 30] within the path-integral approach: this would
allow us to explore more complicated situations, e.g. the sym-
metry breaking from SU(2) to U(1), which are also relevant
in high-energy physics [31]. Similarly, our setup can be ex-
tended to non-Abelian symmetries [32] to explore, e.g., how
the asymptotic behavior of �SA with the subsystem size of
Eq. (9) depends on the symmetry group.

Finally, �S(n)
A

(t), with n integer n � 2, can be experimen-
tally accessible by developing a protocol based on the random
measurement toolbox [33–35]. This would require the post-
selection of data from an experiment like the one in [36], but
with an initial state breaking the U(1) symmetry.
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FIG. 3: Time evolution of the Rényi entanglement asymmetry
�S

(n)
A (t) after the quench (11). The symbols are the exact numerical

results for various values of `, n, and ✓ (see Methods). The contin-
uous lines are our prediction obtained by plugging the charged mo-
ments reported in Methods into (4) and (2). In the inset, we check the
asymptotic behavior (13) (full lines) and (14) (dashed) of �S

(n)
A (t)

for large t/`.

the Fourier transform (4). The resulting curves are plotted in
Fig. 3 as a function of ⇣ = t/` for several values of ✓, find-
ing a remarkable agreement with the exact numerical values
(symbols). We can also write a very effective closed-form ap-
proximation of �S(n)

A
(t),

�S(n)
A

(t) ' ⇡2b(⇣)`

24
,

b(⇣) =
sin

2 ✓

2
�
Z 2⇡

0

dk

2⇡
min(2⇣|✏0(k)|, 1) sin

2
�k,

(13)

which is independent of the replica index n (see Methods for
the definition of �k). This approximation becomes exact in
the limit of large ⇣ and its effectiveness, also for not too large
⇣, is proven by the inset of Fig. 3.

We now discuss some relevant features of the entanglement
asymmetry and show that it encodes a lot of new physics.
First, as expected [19, 20], �S(n)

A
(t) tends to zero for large

⇣ (i.e. large t) and the U(1) symmetry, broken by the initial
state, is restored. This is analytically shown by Eq. (13) that
indeed at leading order in large ⇣ is

�S(n)
A

(t) ' ⇡

1152

⇣
1 + 8

cos
2 ✓

sin
4 ✓

⌘ `

⇣3
, (14)

i.e. it vanishes for large times as t�3 for any value of ✓. An-
other characteristic, following from having a space-time scal-
ing, is that larger subsystems require more time to recover the
symmetry, as it is clear from Fig. 3 and Eq. (13): this justi-
fies the significance of the definition of �S(n)

A
in terms of ⇢A

rather than the full state | i. Finally, a very odd and intrigu-
ing feature is that the more the symmetry is initially broken,
i.e. the larger ✓, the smaller the time to restore it. This is a
quantum Mpemba effect [21]: more the system is out of equi-
librium, the faster it relaxes. At a qualitative level this is a con-
sequence of the fact that for larger symmetry breaking there is
a sharper drop of the (entanglement) asymmetry at short time,
see Fig. 3, before the truly asymptotic behavior takes place.
Furthermore, we can quantitatively understand the quantum
Mpemba effect: from Eq. (14) the prefactor of the t�3 decay
is a monotonously decreasing function of ✓ in [0, ⇡/2]. Thus
the quantum Mpemba effect is not as controversial as its clas-
sical version [22]. To the best of our knowledge this awkward
effect was not known in the literature, showing the power of
the entanglement asymmetry to identify new physics.

Quantum Mpemba effect. The quantum Mpemba effect is
not a prerogative of integrable free systems, such as the XX
spin chain, but it turns out to be much more general and ro-
bust. To show this, we analyze now a global quantum quench
having as initial state the tilted ferromagnetic configuration of
Eq. (6) and evolving with the interacting Hamiltonian

H = �1

4

NX

j=1

⇥
�x

j
�x

j+1 + �y

j
�y

j+1 +��z

j
�z

j+1

⇤

� J2

4

NX

j=1

⇥
�x

j
�x

j+2 + �y

j
�y

j+2 +�2�
z

j
�z

j+2

⇤
, (15)

where N is the total number of spins. This Hamiltonian com-
mutes with the transverse magnetization Q =

1
2

P
j
�z

j
. For

J2 = 0, it corresponds to the Heisenberg XXZ spin chain
with anisotropy parameter�, which is the prototype of all in-
teracting integrable models. For � = J2 = 0 , we recover
the XX spin chain of the previous paragraphs. For J2 6= 0,
the next nearest neighbor couplings break integrability [23].
The U(1) symmetry is expected to be restored after a generic
quench to the Hamiltonian (15) [19]. In fact, at late times, the
local stationary behaviour is described by a statistical ensem-
ble, corresponding to thermal or generalized Gibbs for chaotic
or integrable systems respectively [24–28]. In one dimen-
sional quantum systems, the Mermin-Wagner theorem forbids
the spontaneous breaking of a continuous symmetry at finite
temperature. In the quench, the finite energy density of the
initial state plays the role of an effective temperature, causing
in general symmetry restoration (with the exception of very
few pathological cases).

In Fig. 4, we plot the time evolution of�SA after a quench
using the Hamiltonian (15) with N = 10 spins for different
values of the couplings and initial tilting angle ✓. In all the
cases, the curves have been obtained by applying exact diago-
nalization. In the upper panels of Fig. 4, we perform a quench
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1.  Prepare a tilted ferromagnet  

2.  Perform randomised measurements

3.  Estimate entanglement asymmetry with classical shadows

  

Experimental observation with trapped ions

Perform randomized measurements

Rotated ferromagnetic state

Quench with:

Protocol:
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3) Estimate the entanglement asymmetry with classical shadows

4) Observe the Mpemba effect
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Theta dependence in the initial state:
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Entanglement asymmetry for 12 ions: 



  

Effect with global dephasing noise 

Dephasing rate given in 1/s

  

Effect with global dephasing noise 

Dephasing rate given in 1/s

  

Effect with global dephasing noise 

Dephasing rate given in 1/s

Curiosity: effect of dephasing
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Effect with global dephasing noise 

Dephasing rate given in 1/s

Dephasing makes Mpemba stronger
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Let us now consider as initial state a tilted Neel 

 breaks the U(1) symmetry and very surprisingly it is not restored by time evolution 
in the XX spin chain
|θ⟩
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Non-symmetry restoration: the tilted Neel
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Let us now consider as initial state a tilted Neel 

 breaks the U(1) symmetry and very surprisingly it is not restored by time evolution 
in the XX spin chain
|θ⟩

Because of the activation of the non-abelian charges Qm
− = ∑

j

(−1)jcjcj+m

This fact attracted no attention in the literature, but it is valid for all gapless XXZ 

The entanglement asymmetry is the ideal quantity 
to study the lack of symmetry restoration

M. Fagotti. ‘14



Non-symmetry restoration: the tilted Neel II
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A lot of algebra!
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point, we get

Tr(⇢2A,Q(t = 0)) =
Tr(⇢2

A
(t = 0))p

⇡`g0(✓)/2
+ O(`�3/2) (62)

and, inserting it in Eq. (4), we obtain that the n = 2 entanglement asymmetry behaves at
time t = 0 as

�S(2)
A

(t = 0) =
1

2
log ` +

1

2
log

⇡g0(✓)

2
+ O(`�1). (63)

For larger integer values of n, one can follow a similar reasoning. We then find

�S(n)
A

(t = 0) =
1

2
log ` +

1

2
log

⇡n1/(n�1)g0(✓)

4
. (64)

It is interesting to note that the term g0(✓) is given by the square of the eigenvalues of the
symbol Ft(k, ✓) at t = 0 that generate the correlations h (0)| c†

j
c†
j0 | (0)i, see Eq. (29).

In the large t limit, we can repeat the same steps. Now we can use the stationary value
of the charged moments provided by Eq. (49). If n = 2, this function presents two saddle
points, at ↵⇤ = 0, ⇡, whose leading contributions in ↵ read

log Z2(↵, t ! 1) = log Z2(0, t ! 1) +
(↵ � ↵⇤)2

2
`g(2)1 (✓) + O((↵ � ↵⇤)4), (65)

where
g(2)1 (✓) =

Z 2⇡

0

dk

⇡

2f2
11(k, ✓)

(1 + n+(k, ✓)2)(1 + n�(k, ✓)2)
. (66)

Observe that this expansion is analogous to the one of Eq. (60) for t = 0. Then we can directly
conclude that the stationary n = 2 entanglement asymmetry after the quench has the form

�S(2)
A

(t ! 1) =
1

2
log ` +

1

2
log

⇡g(2)1 (✓)

2
+ O(`�1). (67)

By repeating similar steps, we can also obtain an analytical prediction for the stationary value
of the Rényi entanglement asymmetry for larger integer n, which is given by

�S(n)
A

(t ! 1) =
1

2
log ` +

1

2
log

⇡n1/(n�1)g(n)1 (✓)

4
+ O(`�1). (68)

As at initial time, the stationary entanglement asymmetry grows logarithmically with the
subsystem length `. The `-independent term is instead different and, moreover, it shows a
non-trivial dependence on n; for example, for n = 3,

g(3)1 (✓) =

Z 2⇡

0

dk

2⇡

f11(k, ✓)2(1 � n+(k, ✓)n�(k, ✓))

(1 + 3n+(k, ✓)2)(1 + 3n�(k, ✓)2)
. (69)

In order to verify the logarithmic behaviour in ` of Eqs. (67) and (68), we compare them with
the exact numerical results in the left hand side of Fig. 4. As the subsystem size increases, we
observe that the agreement between the numerics and our theoretical predictions improves,
despite we are using finite values both for t and ` and our predictions are valid in the regime in
which they behave as t, ` ! 1. The right hand side of the same Figure shows the behaviour of
the asymmetry for n = 2, 3 as a function of the tilting angle ✓. We observe that the agreement
worsens as ✓ ! 0, ⇡/2, i.e. when the symmetry is restored. This can be understood also from
our analytical prediction in Eqs. (67) and (68). The function f11(k, ✓) vanishes as ✓ ! 0, ⇡/2,
so these limits are not well defined. Moreover, the limits ` ! 1 and ✓ ! 0, ⇡/2 do not
commute: to recover the symmetry, one should take first in Eq. (55) ✓ = 0, ⇡/2 and then
consider the large interval regime. Something similar also happens for the ferromagnetic case
when ✓ ! 0 [].
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We introduced a new experimentally accessible quantity, the entanglement asymmetry, 
which measure the symmetry breaking and allowed us to discover a new unexpected 
phenomenon, the quantum Mpemba effect

To conclude:

◉ Entanglement asymmetry in ground states

◉ Breaking of non-abelian symmetries  

Some current research directions:

◉ Random unitary circuits and integrable models

◉ Disordered models and MBL


