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Non-stationary initial condition:

4(0))

(product state)

> [4(1))

(random state)

» No conserved quantities: establishment of “typicality”,
correlations:

» OTOC (out-of-time-ordered correlations)
> purity (entanglement)




Outline

1. Floquet circuits (fixed gates)

2. Purity and OTOC in random circuits (random gates):

» Markovian average purity (Floquet on average).

» Purity decay rate not always Ao.

3. U(d): exact solution for purity /(t)
unitary evolution — purity (non-unitary/non-Hermitian)

» Toeplitz matrix
» non-Hermitian skin effect (localized eigenvectors)
> matrix spectrum vs. operator spectrum vs. pseudospectrum



Floquet circuits

(MZ arXiv:2301.06395)

1. product initial state.

2. pick a fixed 2-qubit gate Uy x1:
Uk k11 = exp (—iH)

H= Z(ckok + aio'iJr1 + azogof 1) +0.82(o) + og,4) + 0.56(ck + of,q)

3. one-step Floquet propagator: apply all nearest-neighbor
Uk k+1 in a given order, U = [, Uk k+1
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...cont. Floquet circuits

10°
107
102
10°
10*
10°
10®
107
10®

10°

8

Spectrum of p4(t):

>
>

non-full rank until t; o< n
several separated A\ j and non-random bulk

(unlike e.g. PT in Scardicchio et al. PRA’10;
Vergassola et al. J. Stat. Phys. '11)

BW circuit with OBC, a; = 0.5
(b)

S circuit with OBC, a; = 0.2

@ 10°




' Random circuits|

Protocol:
1. Pick a pair of sites (n.n.).
2. Apply a given 2-qubit gate, e.g.:
(a) random U(4)
(b) fixed 2-qubit + 1-qubit random U(2)

3. Repeat in a certain order (e.g. BW, S,...) (a) brickwall (BW) (b) staircase (S)

Why:
» In quantum information, generating entanglement:
Emerson et al., Science '03; Oliveira et al. '07; Znidarig, PRA '08 [random n.n. obc U(4): I(t) =< (4/5)]....
» Understanding generic many-body systems: eg. operator dynamics

Keyserling et al. PRX '18, Nahum et al. PRX 18 [BW obc U(4): /(t) < (4/5)2'], Khemani et al. PRX '18,...

> C|aSSica| VS. quantum Computation: supremacy Arute et al., Nature '19.



Averaging over 1 — site Haar

Markovian evolution of average purity /(t) = tr[p3(t)]:
Expand many-qubit state: p = >, Ca 0% (> =110,
pa(t+1) = ca(t)cs(t)trg(Uo*UT)rg(UaP UT)

(CNOT XXZ..)

Uik = ViV Wk = H average over V;, Vi € Haar U(2)

Result: (¢2(t+ 1)) = Ma”@<0[2_}(i‘)> [Markovian (iieira et a. Jra 07)].

Reduction in dimension from 4 — 2 (ie., 4 x 4 for 2-qubits);

for random n.n. protocol M related to integrable spin chains, (MZ PRA’08)

General setting («uo, Akhtar, Arovas, and Yi-Zhuang You, PRE '20)
1. Write an abstract state ®(t) = > "¢ k(t)|s) dim(s) = 2"

bitstring s encodes a bipartition, e.g., s = 01011 is a bipartition with sites A = {1,3} and B = {2, 4,5}

2. Evolution of ®(t) is Markovian for any Wj «.

o(t) = M'®(0) |




Example: XY-gate W = exp [i§ (o} o + ol.yo,y()], plus 1-qubit random unitaries

8 0 0 3
110 3 6 0 .
M = 5le e ae M = Ms My 5 M 4M2 3M; o [not symmetric],
3000

W

» Works for fixed 2-qubit W + Haar U(2). B
» Also for full random U(d) on qudits.

map to statistical model (Nahum, Vijay, Haah PRX ’18; Nahum, Zhou PRX'20), dual unitary gates (Bertini et al. PRX

’19; Gopalakrishnan et al. PRB '19), Claeys & Lamacraft PRR '20, tripartite (Piroli & Bertini PRB ’20) ...

I(t) = Mt (0)
Standard reasoning:

> M: eigenvalue 1 corresponds to I, = I(t = o0).
» Decay of I(t) given by [\o|, /(1) — I = [Ao]'.
A2 = 1§(2 — cos (maz))? ewrsca =05
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Rate is not always determined by \o! . Bensa & Mz, PRX "21)

related math: Lindbladian gap doesn’t always give nonequilibrium relaxation time (Mori & Shirai PRL '20);
(Ueda et al. PRL "21); (Clerk et al. arXiv '22)

long transient boundary modes in Lindbladian decay (Flynn, Cobanera & Viola PRL '21)

How,...?
> Non-Hermitian: M = 3_; Aj|R;){L;j|, |L;) not orthogonal.
> (1) = AR, ¢ = (L;11(0)).

¢j can be exponentially large in n! |

= A2 may not matter for t < n/2.

phantom
S OBC
az =0 05




’A/SO in OTOC‘ (J. Bensa & Mz, PRR 22)

Out-of-time-ordered correlation (OTOC):

2
0%(1,),1) = ghte| [o5(0),07 ]| = 1= Frtr(of (Do o5 (D)o])

spreading of operators, o§(t) = UTo{ U, correlations

14

'20(1./,(~=\:L=1 | g’B (a’)

to)

o r m

@

Oo(1,j,t=
o o
s o

°
N

s
[

v

|4
°

At long times O%(1,j,t — o0) — 1.



The question:
relaxation towards O(t = o) = 1, i.e., O(t) — O()?

BW PBC XXZ a, = 0.2:
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thermalization with phantom Ay = 0.39 (ixzls_rsc = §(@ - cos(a,m)): also
Bertinia Piroli PRB '20)
instead of “correct”

A2[BW—pPBC = 0.16 (= 1222_psc)-



Solution for U(d) random gates (MZ arXiv:2205.01321)

1 0 0 0
. g g M = @ U e =9
Simple 2-site transfer matrix: " o 00 e ’ T
A
)
My = 10)h1 4 1r2) ol = oy lug) (] + [2) (vl S o

Staircase configuration with OBC
» Markovian process simplifies:
recursion among only n contig. bipartitions (instead of 2")
(1) = ok + 585 ok 277l (t — 1)
» in matrix notation: | := (b, ks, ..., I,_1)
I(t+1)=a+ TI(t)

Dos oLy > left and right eigenvectors localized at the edge
[ I non-Hermitian skin effect

S

@l T e e » (Lj|R;) ~ exp (—~n); almost co-linear basis



..cont.

> fort < tc o N (from recursion)

—\! _ d
I(t) = /\ph’ /\ph = m

> for t > tc: (from exact spectrum)
2
I(t) ~ AL, o = —20
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Why?.
» Many almost co-linear |L;); expan. coeff. grow with n.
» What/where is \,p?



» Spectrum completely discontinuous in TDL v { %
> finite matrix T (\; = 4a? cos? /) vs. operator T

:: (a) 0.2 0.2 (C) wovo
01 = 01 01 < o -
0 T 0 0 : .: e G
01 * 01 o1 - =
-0.2 -0.2 -0.2
-0.30.3 02-0.1 0 0102030405 -0‘%03 -02-01 0 0102030405 >0'3>0.3 0.2-0.1 0 0102 03 04 05
. 2
> spectrum of T, given by the symbol a(z) = ¢ + 2.
» Pseudospectrum T + ¢E is the right thing
> lim._limp_ oo spec(T + cE)
Being exact is wrong. J Being (slightly) wrong is correct. J
Spectrum of exact finite T gives an incorrect rate Ao Spectrum of noisy T gives the correct Ay,

BW configuration with OBC
» T is symmetric tridiagonal, the same ); as for S
2t

- 2t _ 2d
> no phantoms, /() < (2a)* = ( 455
(known before, Haah et al. PRX'18; Sondhi et al. PRX'18; You et al. PRB '20 )



S U m m ar . purity arXiv:2101.05579; OTOC arXiv:2112.07281; U(d) arXiv:2205.01321; Floquet arXiv:2301.06395

> lterating non-Hermitian matrix M
I(t) = M!I(0)
examples: purity, OTOC,...(shows aiso in von Neumann (1))
beware of \;:
Physically relevant relaxation often not ~ Aé!

slower: faster:

(a) 100 - 100 S Pbc: az=0‘.5, n=50 ‘
102 102} “\smaller (1/4)"
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Non-commutativity: lim; .o lims oo 7 limsoo lim; oo
Expansion coefficients can blow-up in a many-body system

» Common: Floquet, random circuits



Purity:

Gate Protocol Rier,  Relorence | - P
Configuration - Boundary Configuration Boundary (for X¥)
conditins conditions
N,
~ 3 1-dim.(NN):
et Ridom  PRC 3—o4 o |LG
v Rndom  OBC 1-02 (i [Nxr ~ One mlexan ;
U@ Pomuaion  OBC min040 DM |y S PBC  Ind~139 In3~ 110
U@ BW PBC 4lngw 089 IXXZ S OBC In2=0.69 Ind=139
v BW OBC  2mi~045 M535 |enoT BW PBC %0591
|oo-dim. (all-all): “NOT BW OBC ~0.284
) Random 12425]  |cNoT s PBC %0570
XY. CNOT Random 1241 ICNOT S OBC =~ 0.296
Configuration Gate
XY. a,=0 XXZ, a,€(0,1)
BW OBC A A la, € (0,a.)], faster
BW PBC Faster Faster
S OBC Phantom Phantom, faster
S PBC Faster Faster
Gate Protocol Phantom True eig.
config. b.c. Aph [Az2]
s OBC no 0.86 = |X2|obe
W, S PBC 0.86 = |A2]obe 0.74
a= (05,0301 BW OBC no 0.86 = |X2/obe
BW PBC 0.86 = |A2]obe 0.73
S OBC ;§ = |A2|spbe 0.45
XXZ S PBC no 2 = |A2lspbe
eg. a=(1,1,05) BW OBC 2 = |A2|spbe 0.45
BW PBC = |A2lspbe 3 = [A2|BWpbe




