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Fractional Quantum Hall effect not discussed
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The experiment (von Klitzing, 1980)

Hall-Ohm law
T= O'E o= < ob  IH )

—O0OH 0D

on: Hall conductance
op: dissipative conductance, ideally = 0

”H__3 -7 experimental curve
[°/h] = 1/2x Lo / i\\ quantized plateaus
14 / / \\\/\classical curve
TV
op

Experiment: h/e? = 25'812.807'4555(59) Ohm
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Spectral vs. Mobility Gap

The spectrum of a single-particle Hamiltonian

extended states (continuous spectrum)
' localized states (pure point spectrum: Anderson localization)
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Mobility Gap

,uf Fermi energy (Pauli principle)

» (integrated) density of states n(u) is constant for . in a Spectral
Gap, and strictly increasing otherwise
» Hall conductance oy (1) is constant for p in a Mobility Gap
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Plateaus arise because of a Mobility Gap only!



The role of disorder
The spectrum of a single-particle Hamiltonian

extended states (continuous spectrum)
localized states (pure point spectrum: Anderson localization)

~
XK X XX X KK

Spectral Gap
Mobility Gap

;L: Fermi energy (Pauli principle)

» For a periodic (crystalline) medium:
» Method of choice: Bloch theory and vector bundles (Thouless et
al.)
» Gap is spectral
» For a disordered medium:
» Method of choice: Non-commutative geometry (Bellissard; Avron
etal)
» Fermi energy may lie in a mobility gap (better) or just in a spectral
gap
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Thouless et al.)
Bellissard et al.]
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Pump:
2mop = number n of electrons pumped from L to R
upon increasing the magnetic flux ¢ by 27. (Note:

® ~» & + 27 implies H ~ UHU*.) @3‘”
L R
Quantization: nis an integer.



Interpretations of IQHE and definitions of oy

Bulk
EThouIess etal.)
Bellissard et al.]

Pump Edge
ELaughIin) N EHaIperin)
Bellissard et al.] Schulz-Baldes et al.]

Bulk:
og conductivity by Kubo formula: Current density j'as linear response

to an applied (weak) electric field E in the bulk.

Quantization: 2wop is a Chern number.



Interpretations of IQHE and definitions of oy

Bulk
Thouless et al.)
Bellissard et al.]

Pump Edge
ELau hI|n e \EHaIperln)

Belllssard etal] Schulz-Baldes et al.]

Edge:
og conductance: Current carried by edge states per unit voltage,
og = dl/du.

Quantization: 27og is the number of edge channels.



Equivalences of interpretations

Bulk
/ \
[Belllssard et al.] /F [Schulz Baldes et al.]
Avron et al.] Elgart et al.]

Pump = s Edge

op — OE

[Elbau et al.]

[ ]: spectral gap
[ ]: mobility gap
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» (Quantum) Hall as a bulk effect

A voltage difference entails an electric field in the bulk
» (Quantum) Hall as an edge effect
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A voltage difference entails different Fermi energies of (chiral)
edge states at opposite edges
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Heuristic argument for og = og
Bulk: 7= —opeE with e = (9 ') (rotation by 7/2)
Edge: op = dl/dpu, i.e. | = og(n — ) with Fermi energy p and electric
potential ¢ at the edge

n

—

JE
Note: 6)(9 = —ﬁéaQ, E = —ﬁ(p
78 = —xaopeE JE = oB(1 — )enNdag
= XQUBgﬁ(P = —og(p — @)56969

div(eV) = —curl ¥ (= 0 for ¥ = V)
diVjB = (TBﬁXQ : 6690
div g = O'Eﬁw : €6XQ

Thus div(jg + Jg) = 0 implies og = o5.
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Topological insulators: definition stated
» Insulator in the Bulk: Excitation gap

v

For independent electrons: spectral gap at Fermi energy 1

B - E
Topology: In the space of Hamiltonians, a topological insulator
can not be deformed in an ordinary one, while keeping the gap
open (homotopy equivalence)

» Ordinary insulator: Can be deformed to the limit of well-separated
atoms (or void)

»> Topological Hamiltonians may be inequivalent. Thus:
Classification into classes

Analogy: torus # sphere (differ by genus)
Integer QHE: 270y € Z tells classes apart

Refinement: The Hamiltonians enjoy a symmetry which is preserved
under deformations. (Classification trivially more restrictive, yet
potentially richer: Hamiltonians along deformation may not enjoy
symmetry even if endpoints do. Thus finer classes.)
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Bulk-edge correspondence

Recall: In the space of Hamiltonians, a topological insulator can not
be deformed in an ordinary one, while keeping the gap open and
respecting symmetries
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Bulk-edge correspondence

Deformation as interpolation in physical space:

topological insulator interpolating material void

» Gap must close somewhere in between. Hence: Interface states
at Fermi energy.

» Ordinary insulator ~ void: Edge states

» Bulk-edge correspondence: Termination of bulk of a topological
insulator implies edge states. (But not conversely!)
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Bulk-edge correspondence

In a nutshell: Termination of bulk of a topological insulator implies
edge states

» Topological insulators are insulating in the bulk, but conducting
on the surface

» When breaking them, the newly created surfaces are conducting
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The periodic table of topological matter

Symmetry d

Class|© ¥ n{1 2 3 4 5 6 7 8
A O 0o 0|0 Z 0 Z 0 Z 0 Z
Al {10 0 1,2 0 zZ 0 Z 0 7Z O
Al 1 0 0|0 O O Z 0 Zo Zpo Z
BDI |1 1 1|2Z 0 0 0 Z 0 Zo Zo
D 0 1 0|Z, z 0 0O 0 Z 0 Z
pm |-+ 1 1%, Zo Z 0 0 0 Z O
Al |-1 0 0|0 Z, Zo Z 0 0 0 Z
chm |1 1 1,72 0 Z Zo Z 0 0 O
C 0O 1 0|0 Z 0 Zo Zp Z 0 O
Cl i 1 1,0 0 Z 0 Zo Zo 7Z O

Notation for symmetries:
> O (time-reversal): antiunitary, HO = OH, ©2 = +1

> ¥ (charge-conjugation): antiunitary, HY = —XH, ¥? = +1
> [1=0%X = X0O: unitary




The periodic table of topological matter

Symmetry d

Class|lo » n|1 2 3 4 5 6 7 8
A o 0 00 Z O Z 0 Z 0 Z
Al 10O 0 12z 0 Z 0 zZ 0 Z O
Al i 0 0|0 O O Z 0 Zo Zp Z
BDI /1 1 1]Z 0 0 0 Z 0 Z Zo
D 0 1 0({Z, z 0O O O Z 0 Z
pum (-1 1 1\%Z, Z Z 0 0O O Z O
Al |1 0 0|0 Zy Z, Z 0 0 0 Z
ch |1 1 1,%Z 0 Z, Z, Z 0 0 O
C 0O -1t 0|0 Z 0 Zy Zp Z 0 O
Cl i 1 1,0 0 Z 0 Zx Zo 7Z O

First version: Schnyder et al.; then Kitaev based on
Altland-Zirnbauer; based on Bloch theory




The periodic table of topological matter

Symmetry d

Class|© ¥ nj1 2 3 4 5 6 7 8
A o 0o 0|0 Z O Z 0 Z 0 Z
Al {10 0 1,2z 0 zZ 0 Z 0 7Z O
Al 1 0 0|0 O O Z 0 Zpo Zo Z
BDI |1 1 1|2Z 0 0 0 Z 0 Zo Zo
D 0O 1 0|Z, z 0 0 0 Z 0 Z
pm |1 1 1%, Zo Z 0 0 0 Z O
Al |-1 0 0|0 Z Zo Z 0O 0 0 Z
chm |1 1 172 0 Z Zo Z 0 0 O
C 0O 1 0|0 Z 0 Zo Zp Z 0 O
Cl i 1 1,0 0 Z 0 Zo Zo 7Z O

By now: Non-commutative (bulk) index formulae have been found in
all cases (Prodan, Schulz-Baldes)



Special cases to be considered
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Turning to mathematics: General setting
Pump=Bulk
Edge=Bulk



Various approaches to the QHE

» Landau Hamiltonians (not discussed)
» Periodic Hamiltonians (Thouless et al.)
» The role of disorder and non-commutative geometry

» Effective field theories (important, but not discussed; Frohlich et
al.)
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Broad mathematical setting

Definitions of oy and their equivalences should

e be based on a microscopic model (Schrédinger operator), as
opposed to an effective theory (conformal or topological field theory).
Setting:

Plane: lattice I > x = (X1, x2), e.9. [ = Z2

Single-particle Hamiltonian Hg: operator on £2(I') with Hg(x’, x) of
short range in |x — x’| (tight binding model).

e apply to infinite systems (thermodynamic limit)

e preferably, be compatible with disorder: Fermi energy u lies in a
Mobility Gap (as opposed to a Spectral Gap).



Mobility gap, technically speaking

Hamiltonian Hg on (2(Z9)
P, = E(_,.)(Hg) Fermi projection,

Assumption. Fermi projection has strong off-diagonal decay:
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Mobility gap, technically speaking

Hamiltonian Hg on (?(Z9)
P, = E(_,.)(Hg) Fermi projection,

Assumption. Fermi projection has strong off-diagonal decay:

supe X'l Ze”‘x_’(/'\P#(x, x| <

!
X X

(some v >0, alle > 0)
» Trivially true for Hg a multiplication operator in position space
» Trivially false for Hg a function of momentum (P, (x,0) ~ |x|~9)
» Proven in (virtually) all cases where localization is known.



Mobility gap and dynamical localization (DL)

DL of a random Schrédinger operator H,,, (w € Q) in an interval A
means (or could equivalently mean) that for some v > 0 (Notation:
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E( sup [(X|g(H.)[X)|) < Ce /X=X
geBi(A)
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Mobility gap and dynamical localization (DL)

DL of a random Schrddinger operator H,, (w € Q) in an interval A
means (or could equivalently mean) that for some v > 0 (Notation:
K(x, x) = (x|K|x'))

E( sup |(x|g(H.)X)]) < Ce 2/~
geBi(A)

where
Bi(A)={g:R—C||g(\)| <1,gconstanton A = A}
Let g(\) = e EA(N) (€ By(A)) for t € R. By DL

E(sup |(x|e 7 EA(H,)[x)]) < Ce /X=X
teR

» explains name "D’
» implies spectral localization
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Mobility gap and dynamical localization (DL)
DL of a random Schrddinger operator H,,, (w € Q) in an interval A
means (or could equivalently mean) that for some v > 0 (Notation:
K(x,x") = (x|K|x'))

E( sup [(x|g(H.)Ix)]) < Ce 2=~
geBi(A)

where

Bi(A)={g:R—C||g(\)| <1,gconstanton A = A}

Let g(A) = E(_oo)(N), i€ 9(Ho) = Pu(H.) = P, By DL, for any
e>0
E( Y [(XIPuwlx) e ¥1e=l) < € < 4o

x,x' €79

In particular (drop E, " ,/)
_5|X|Z|X|P x')e"* 1 < €, < +oo
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Aside: Rate of change in QM

State space H state v, observable X = X*. Expectation value is

(¥, X)

Rate of change of X?
i[H, X]
Because evolution is ¢ — e ), so

d

e M Xe )| o = (v,i[H, X]v)
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Aside: Poor man’s second quantization for fermions
Single particle Hilbert space H € ¢

Many particle state S has single-particle marginal ("density matrix”) p:
operator on H
p=p°, 0<p<i

Meaning: p tells expected occupation of any single-particle state
v €M, ((¢,v) =1)in the state S as

(v, pp) =tr(Pp)  (€10,1])
with P = (v, -) the projection onto .

X = X* single particle observable with spectral decomposition
X = E/X,'P,'.

Expectation value in S:

Z X tr(Pip) = tr(Xp)



Aside: Gauge transformations
(Unitse=h=c=1)

Electromagnetic (e.m.) fields E = E(X,t), B = B(X, t) expressed in
terms of e.m. potentials ¢ = ¢(X, t), A

E=-Vo—0A/dt, B=curlA
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Aside: Gauge transformations
(Unitse=h=c=1)
Electromagnetic (e.m.) fields £ = E(X, t), B = B(X, ) expressed in
terms of e.m. potentials ¢ = p(X, t), A= A(X, t)
E=-Vo-— 8;&/82‘, B=curlA
Gauge transformation generated by x = x(X, t):
o @ =@ —0x/ot, A A =A+Vy
leave E', B invariant.
Generic Hamiltonian for particle in R3: Operator on L?(R3) given as

B2

H=om

For charged particle in e.m. field
1

2m

+V(KX), (p=-iV)

H=_—(p— AP+



Aside: Gauge transformations
(Unitse=h=c=1)
Electromagnetic (e.m.) fields E = E(X,t), B = B(X, t) expressed in
terms of e.m. potentials ¢ = (X, t), A= A(X, )

E = Ve — 8;&/81‘, B=curlA
Gauge transformation generated by x = x(X, t):
o =p—0x/ot, AHA/:A+6X
leave E, B invariant.

For charged particle in e.m. field

1T 2 A2
H = %(P —A) +¢
Time-independent gauge transformations are realized as unitaries
U: L2(R3) — L2(R3), 1) s eXe)
H s UHU* = eXHe X = H'

/

(by eX(p — A)e x = p— A)



Physics background and overview

Turning to mathematics: General setting
Pump=Bulk

The periodic setting

Time-reversal invariant topological insulators

Chiral systems

Time periodic systems



IQHE as a pump: Flux insertion
\/d

,’ \$ Flux increase from 0 to ®
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IQHE as a pump: Flux insertion
\/d

,’ \$ Flux increase from 0 to ®

' .0 Charge Q traversing C inwards
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IQHE as a pump: Flux insertion

\/d
/ \% Flux increase from 0 to ¢
z L ¢ Charge Q traversing C inwards
\\\\ //C

Q = oyd
Flux ¢ generated by a gauge potential A:
L Y
7{A- ds=9¢,eq9. A= V(Z—argx) = Vyx
T
If x(X) were single-valued:

—

gauge equiv. to A=Vy

A=0
Hamiltonian Hg UHgU*

with U = e'X, unitary. For & = 27, U is single-valued, though
x(X) = arg X is not.



Charge Q according to quantum mechanics
Fermi energy u: all single-particle eigenstates of Hg with eigenvalues
(energies) < yu are occupied

Fermi projection (FP) of Hg (¢ = 0): P, = E(_, ,,)(Hg)
FP of UHgU* (¢ = 27): UP,U*
Evolution of FP as flux ®(t) increases from 0 to 2x: UP, U* with
propagator U
Tentatively, the charge Q is
2rop = dim UP,U* — dim UP,U* " = o0 — oo
(dim P = dim Ran P). The (non existent) expression counts difference

in number of electrons: After pumping to ® = 2, resp. in equilibrium
at o = 2x.



Charge Q according to quantum mechanics
Fermi energy u: all single-particle eigenstates of Hg with eigenvalues
(energies) < yu are occupied

Fermi projection (FP) of Hg (¢ = 0): P, = E(_, ,,)(Hg)
FP of UHgU* (¢ = 27): UP,U"

Evolution of FP as flux &(t) increases from 0 to 2x: UP, U* with
propagator U

Tentatively, the charge Q is
2nop = dim UP,U* — dim UP,U* " = o0 — o0

(dim P = dim Ran P). The (non existent) expression counts difference
in number of electrons: After pumping to ® = 2, resp. in equilibrium
at o = 2x.

Rightly interpreted, it is an integer.



Charge Q according to quantum mechanics
Fermi energy u: all single-particle eigenstates of Hg with eigenvalues
(energies) < yu are occupied

Fermi projection (FP) of Hg (¢ = 0): P, = E(_, ,,)(Hg)
FP of UHgU* (¢ = 27): UP,U"

Evolution of FP as flux &(t) increases from 0 to 2x: UP, U* with
propagator U

Tentatively, the charge Q is
2mop =" dim LNIPMlNJ* —dimUP,U"” = 00 — o0

(dim P = dim Ran P). The (non existent) expression counts difference
in number of electrons: After pumping to ® = 2, resp. in equilibrium
at o = 2x.

Rightly interpreted, it is an integer. Hence
2rop =" dim P, —dim UP,U*”

since U is connected to 1 (unlike U)



The index of a pair of projections
Orthogonal projections P, Q on a Hilbert space H.

Example (Hilbert's hotel): H = ¢2(Z), projections P, Q defined by
filled dots n € Z.
P .... 00 0 0O © @ @ @@ @ ---:

Q e O O O O O @ © @ o - - -



The index of a pair of projections
Orthogonal projections P, Q on a Hilbert space H.

Example (Hilbert's hotel): H = ¢2(Z), projections P, Q defined by
filled dots n € Z.
P .... 00 0 0O © @ @ @@ @ ---:

Q e O O O O O @ © @ o - - -

Generalizations of dim P — dim Q:
tr(P— Q)

since tr P =dim P



The index of a pair of projections
Orthogonal projections P, Q on a Hilbert space H.

Example (Hilbert's hotel): H = ¢2(Z), projections P, Q defined by
filled dots n € Z.
P .... 0 0 00O © © © @ @ ----

Q - 0 O O O O © © @ @ -

Generalizations of dim P — dim Q:
tr(P— Q)
since tr P = dim P. More generally:
Definition. The Index of a pair of projections is
Ind(P, Q) =dim{yp € H | Py =, Q¢ =0}+
—dim{yy e H | QY =, Py =0}

(if dimensions finite)
Remarks. (i) In the example, both generalizations = 1. (ii) In the
IQHE only the index is well-defined



Properties of the Index
> Additivity: Ind(P, Q) = Ind(P, R) + Ind(R, Q)
» Stability: |[P— Q| <1 = Ind(P,Q)=0
| 2
Ind(P, Q) = tr(P — Q)2+
if P— Q € J2ny1 (trace ideals).



Properties of the Index

> Additivity: Ind(P, Q) = Ind(P, R) + Ind(R, Q)
> Stability: [P— Q|| <1 = Ind(P,Q)=0
>

Ind(P, Q) = tr(P — Q)™

if P— Q € Jany1 (trace ideals).
Remarks. (i) Ind(P, Q) = dim P — dim Q (finite-dimensional case)
(i) tr(P — Q)® = tr(P — Q) if P — Q € Jy; because
(P-Q) —(P-Q°=[PQ,[Q.P-Q

AB,BAc Jy = tr[A,B]=0
(iii) Ind(P, Q) = ind(QP) as a map on ran P — ran Q



Properties of the Index
> Additivity: Ind(P, Q) = Ind(P, R) + Ind(R, Q)
» Stability: |[P— Q| <1 = Ind(P,Q)=0

>
Ind(P, Q) = tr(P — Q)2+

if P— Q € Jony1 (trace ideals).

Remarks. (i) Ind(P, Q) = dim P — dim Q (finite-dimensional case)
(i) tr(P — Q)® = tr(P — Q) if P— Q € Jy; because

(P—Q)—(P-Q)°=[PQ,[Q,P- Q]

AB,BAc J; = tr[A B] =0

(iv) If the unitary U has an eigenbasis and P — UPU* € 71, then
tr(P — UPU*) = 0. In fact, by Uy, = up)n

(¢n, (P — UPU")yn) = (1 — |Un|2)(¢’na Pyn) =0



IQHE as a pump: Definition of op

Definition.

2rop =Ind(P,, UP,U") (Bellissard)
=tr(P, — UP,U")® (Avron et al.)

where U = ¢'@8X = z/|z|.

Remarks. (i) Is a (stable) integer, whenever defined.
(i) P, — UPU* ¢ Jy.



IQHE as a Bulk effect

Example: Cyclotron orbit drifting under a electric field E

<<

() el ()
\_/ i .

General: Hamiltonian Hg in the plane. Kubo formula (linear response

to E)
og =1tr PAL[[PAH/\da [PM, /\2”

where

P, = E(_,.)(Hg) Fermi projection,
A = N(x;), (i = 1,2) switches
X



IQHE as a Bulk effect (remarks)

Kubo formula (Bellissard et al., Avron et al.)
og = 1itr PH“P /\1] [ H,/\QH

extends the formula for the periodic case (Thouless et al., Avron)

op = / d?ktr(P(k)[01 P(k), D2 P(K)])
27r
where T: Brillouin zone (torus); P(k) Fermi projection on the space of
states of quasi-momentum k = (kq, k2); 0; = 0/0k;

Remarks.
2nog = ch(E)

the Chern number of the vector bundle E over T and fiber range P(k)
(see later)



IQHE as a Bulk effect (remarks)

Kubo formula (Bellissard et al., Avron et al.)
og = 1itr PH“P /\1] [ H,/\QH

extends the formula for the periodic case (Thouless et al., Avron)

70 =~ gz | KPR PUK).02P(K)
’/T
where T: Brillouin zone (torus); P(k) Fermi projection on the space of
states of quasi-momentum k = (kq, k2); 0; = 0/0k;

Remarks.
2nog = ch(E)

the Chern number of the vector bundle E over T and fiber range P(k)
(see later)

Alternative treatment of disorder (Thouless): Large, but finite system
(square); (ky, k2) ~ (¥1, v2) phase slips in boundary conditions



IQHE as a Bulk effect (remarks)

0B = itrP,u [[Plu /\1]7 [PlM /\2”
where A; = A(X;), (i = 1,2) switches. Supports of VA;:

X2¢

X1

Recall Kubo: ji = —ogE»

Remarks. (i) A, A2: where from? Current operator across x; = 0:
i[Hg, \{]; field E = —VA,

(i) The trace is well-defined. Roughly: An operator has a well-defined
trace if it acts non-trivially on finitely many states only. Here the
intersection contains only finitely many sites.



Theorem: Quantization and equivalence

Definition. Ergodic operators H,,, (w € Q: probability space): actions
of (magnetic) Z?-translations on Q and on ¢2(Z?) compatible.

Theorem [Index=27 Kubo] (Bellissard, van Elst, Schulz-Baldes)

If 1 lies in a Mobility Gap, then op(u) = 0 and 2wop(p) = 2mwog(u) is
an integer and constant.

Proof by non-commutative geometry.



Theorem and proof reformulated
Theorem [Index=27 Kubo] (Avron, Seiler, Simon)
If 4 lies in a Mobility Gap, then 27wop = 2703, i.€.

tr(Py — UP,U")? = 2ri tr P, [Py M. [Py Aol

Remark. No ergodic setting.



Theorem and proof reformulated
Theorem [Index=27 Kubo] (Avron, Seiler, Simon)
If 4 lies in a Mobility Gap, then 27wop = 2703, i.€.

tr(Py — UP,U")? = 2ri tr P, 1Py M. [Py Aol

Explicitely,
2i Z PH(X7y)PH(y7Z)PM(Z’X)S(X,yvz):
X,y,ZE72
—2mi Y Pu(XY)Puly; 2)Pu(z, )[(M(Y) = M(X))(A2(2) = Aa(y)) — (1 > 2)]
X,y,2€72
where
_ i UGN Uy L U
Stx.1,2) = —5 (1 U(y))(1 U(z))(1 U(x))

=sin Z(x,0,y) +sin Z(y,0,z) +sin Z(z,0, x)



Theorem and proof reformulated
Theorem [Index=27 Kubo] (Avron, Seiler, Simon)
If 4 lies in a Mobility Gap, then 27wop = 2703, i.€.

tr(Py — UP,U")? = 2ri tr P, 1Py M. [Py Aol

Explicitely,
2i Z PH(X7y)PH(y7Z)PM(Z’X)S(X,yvz):
X,y,ZE72
—2mi Y Pu(XY)Puly; 2)Pu(z, )[(M(Y) = M(X))(A2(2) = Aa(y)) — (1 > 2)]
X,y,2€72
where
_ i UGN Uy L U
Stx.1,2) = —5 (1 U(y))(1 U(z))(1 U(x))

=sin Z(x,0,y) +sin Z(y,0,z) +sin Z(z,0, x)

Remark. Mobility gap: Substantial contribution only when x, y, z all
near 0.



Sketch of proof
e Flux and cross are centered at the origin p = 0. Take instead
p € R? arbitrary: neither side changes. For w = x, y, z replace

Ni(w) ~ N(w —p),  U(w)~ U(w —p)
and get
S(x,y,z) ~sinZ(x,p,y) +sin Z(y,p, Z) + sin Z(z, p, X)



Sketch of proof
e Flux and cross are centered at the origin p = 0. Take instead
p € R? arbitrary: neither side changes. For w = x, y, z replace

Ni(w) ~ N(w —p),  U(w)~ U(w—p)
and get
S(x,y,z) ~sinZ(x,p,y) +sin Z(y,p, Z) + sin Z(z,p, X)

e Average both sides over p € C; (cube of side L):

L2 d’p
peCL



Sketch of proof
e Flux and cross are centered at the origin p = 0. Take instead
p € R? arbitrary: neither side changes. For w = x, y, z replace

N(W) ~ N(w —p),  U(w) ~ U(w — p)
and get
S(x,y,z) ~sinZ(x,p,y) +sin Z(y,p, Z) + sin Z(z, p, X)
¢ Average both sides over p € C; (cube of side L):
L2 Ppd ~L? Pp N
PECL XEZ? peR? XEZ2NC,

(by mobility gap) for L large



Sketch of proof
e Flux and cross are centered at the origin p = 0. Take instead
p € R? arbitrary: neither side changes. For w = x, y, z replace

Ni(w) ~ N(w —p),  U(w) ~ U(w —p)
and get
S(x,y,2) ~ sinZ(x,p,y) +sin Z(y,p, Z) + sin Z(z,p, X)

¢ Average both sides over p € C; (cube of side L):

e dpy~r?[ oo Y

2
peCL X€EZ2 PER X€Z2NC,

e (p,y,x €R)
/dp(A(y—p)—A(x—p))=y—x

because = f(y — x), f(0) =0and f'(y — x) = [dpN(y —p) = 1.



Sketch of proof
e Flux and cross are centered at the origin p = 0. Take instead
p € R? arbitrary: neither side changes. For w = x, y, z replace

Ai(w) ~ Ni(w —p),  U(w) ~ U(w - p)
and get
S(x,y,z) ~sinZ(x,p,y) +sin Z(y,p, Z) + sin Z(z, p, X)
e Average both sides over p € C; (cube of side L):

_2 2 -2 2
vef dpy it oy
peC; PER

XEZ2 XEZ2NC,

e Onr.h.s. use

/dp1 dp2(A(y1 —p1) = Ax1 —p1))(Mz2 — p2) = A(y2—p2)) — (1 < 2)
=W —x1)(z2—y2) — (1 & 2) =2Area(x,y, 2)



Sketch of proof (continued)
The claim

2i Z PM(X”V)PH(}CZ)Pu(Z,X)S(X,y,Z) =

X,y,2€7?

—2ri Y Pu(x,¥)Puly, 2)Pu(z,X)[(M(y) = M(x))(Aa(2) = Aa(y)) — (1 < 2)]

X,y,2€7?

reduces by the above to

/dzp(sin L(X, P, y) +sin 2(y,p, 2) +sin £(2,p, X)) = 27 Area(X, , 2)



Sketch of proof (continued)

/ dzp(sin Z(x,p,y) +sin Z(y,p,2) +sin £(z,p, X)) = 27 Area(X, y, Z)

(Connes’ triangle formula)



Sketch of proof (continued)

/ dzp(sin Z(x,p,y) +sin Z(y,p,2) +sin £(z,p, X)) = 27 Area(X, y, Z)

(Connes’ triangle formula)

z

Proof: Observation (Colin de Verdiére)
e Drop sin: obvious.



Sketch of proof (continued)

/ dzp(sin Z(x,p,y) +sin Z(y,p,2) +sin £(z,p, X)) = 27 Area(X, y, Z)

(Connes’ triangle formula)

z

Proof: Observation (Colin de Verdiére)
e Drop sin: obvious.
e Let f be odd with 7(t) — t = O(t3), (t — 0); e.g. f = sin. Then

/d2 £(x.p.y)) - L(x.p.y)) = 0

by (i) integrand 0(|p|~2), (p — o) and (ii) reflection symmetry.



Physics background and overview

Turning to mathematics: General setting

Edge=Bulk

The periodic setting

Time-reversal invariant topological insulators

Chiral systems

Time periodic systems



IQHE as an edge effect

X2 4
=%
! .
(00
NIV AV VY, e 3 e |
X =e T — pnes = T

Hamiltonian Hg on the upper half-plane: restriction of Hg through
boundary conditions at x, = 0.
State p(Hg): 1-particle density matrix, e.9. p(Hg) = E(_ ) (HE), Or
(actually) smooth
p(E)

T~
- E

supp ) C Spectral Gap for Hg (not for Hg)




IQHE as an edge effect

X2y
‘/ \' !
\_/ }
COOO)
/ / ! / i - .. | V
X = spec(He) xten ed states X2 spec(H)
1= ound states

Hamiltonian Hg on the upper half-plane: restriction of Hg through
boundary conditions at x, = 0.

State p(Hg): 1-particle density matrix, e.g. p(Hg) = E(_« ) (HE), Or
(actually) smooth

Current operator across x; = 0: i[Hg, A1]
I=itr(p(He + V) — p(HE))[He, M]
AsV —0:1/V — og
or = i tr(p'(Hg)[He, M])



Equality of conductances

Theorem (Schulz-Baldes, Kellendonk, Richter). Ergodic setting. If the
Fermi energy p lies in a Spectral Gap of Hg, then

OF — OB.

In particular, o does not depend on p’, nor on boundary conditions.



What about the case of a Mobility Gap?

Is
og = —itr(p'(Hg)[He. M)

well-defined? (Here, switches A; (i = 1, 2) with flipped orientations)



What about the case of a Mobility Gap?

Is
OE = —itr(p'(HE)[HE,/\1])
well-defined?
Spectral Gap Mobility Gap
Xo ¢ localized states Xo %

(or resonances)
extended states
0o J

Xq Xq
trace: yes trace: no

.. the definition of og needs to be changed in case of a Mobility Gap!



What about the case of a Mobility Gap?

Spectral Gap Mobility Gap

L]

L]

X2 ¢ localized states  x» ¢
(or resonances)

b O
vejxtended states Q 5 O

X1 X1
trace: yes trace: no
.. the definition of o needs to be changed in case of a Mobility Gap!

Guiding principle: Localized states should not contribute to the edge
current



What about the case of a Mobility Gap?
Spectral Gap Mobility Gap

L]

L]

Xo ¢ localized states Xo ¢
(or resonances)

. b O
vv%xtended states 0 5 O

X1 X1
trace: yes tfrace: no

.. the definition of o needs to be changed in case of a Mobility Gap!
Analogy: Electrodynamics of continuous media
7= JF + Jm = free + molecular currents Im = curl M

Localized states should not contribute to the (free) edge current



Equality of conductances

For a so amended definition of og:
Theorem (Elgart, G., Schenker). If supp o’ lies in a Mobility Gap, then

OEF — OB

In particular o does not depend on p/, nor on boundary conditions.



Definition of og in case of a Mobility Gap
Replace Hg to H; (a > 0) as follows

edge: xo = —a
(eventually: —a — —o0)

» Current across the portion B of x; = 0:
—itr(p'(Ha)[Ha, AM]A2)  (exists!)
» Current across the portion B:



Definition of og in case of a Mobility Gap
Replace Hg to H; (a > 0) as follows

x2¢

>

X1

edge: xo = —a
(eventually: —a — —o0)

» Current across the portion B of x; = 0:
—itr(p'(Ha)[Ha, AM]A2)  (exists!)
> Current across the portion B: In the limit a — o pretend that

p/(Ha)~p'(Hp) = Zp YA (r, )

(sum over eigenvalues X of Hg: HBz/;A = \y)
(1x, [He, M](1 — A2)wn) = —(x, [He, M]N2vy)



Definition of og in case of a Mobility Gap
Replace Hg to H; (a > 0) as follows
> Current across the portion M of x; = 0:

—itr(p(Ha)[Ha, AM]A2)  (exists!)

> Current across the portion B: In the limit a — o pretend that

p'(Ha)~p'(Hg) = ZP JUa(¥a, -)

(sum over eigenvalues A of Hg: Hgy\ = \y)

(¥x, [He, MI(1T = A2)pa) = — (¥, [HB, M]N29y)

» Together:
o = ali_)ngo —itr(p' (Ha)[Ha, M]A2)+

+IZP ¢A7[HB7A1]A2’¢))\)



Magnetization
Question? What is the term

(1, [He, M]A2tpy) ?



Magnetization
Question? What is the term

i(¢x, [He, M]A21») ?
Or better after hermitization of i[Hg, A1]A2, i.e.
i i i
5(["’5, A]A2 — N2[Aq, Hp)) = E[HB7/\1/\2] - E(/\1 HgMs — NoHpA+)
where we get

i
—5(%, (A HgA2 — NaHM)py) ?



Magnetization

Question? What is the term

i
—5(%7 (AMHBA2 — NoHBA1)y) ?

Answer: Replacement x; ~ A;, (i = 1, 2) signifies extensive ~
intensive. Thus

=

A

x|

m = WM:%(/\1/\2—/\2/\1)

N =

signifies “magnetic moment ~ magnetization”. So, by A; = i[Hg, Al],

i
M = 5(NiHghz — A2Hghy)

—%(%7 (AHN2 — A2HA 1)) = —(¥x, Mapy)



Magnetization (alternate)

Magnetization current: 7y = curl M = —=VM

» Classically: Magnetization is current across Dirac string
(dn = eds)



Magnetization (alternate)
Magnetization current: 7y = curl M = —=VM
» Classically: Magnetization is current across Dirac string
(dn = eds)
0

> Quantum:

Then hermitize



The periodic setting
Bloch bundles and Chern numbers
Edge index
Proof of duality
Graphene



The periodic setting: Bloch decomposition (d = 2)
» Position space X = R? or X = 7Z?



The periodic setting: Bloch decomposition (d = 2)

» Position space X = R? or X = 7Z?
» Abelian group £ = Z? 5 n = (ny, np) of lattice translations acting
on X: x+— Tpx. UnitcellC = X/L



The periodic setting: Bloch decomposition (d = 2)
» Position space X = R? or X = 7Z?
» Abelian group £ = Z? 5 n = (ny, np) of lattice translations acting
on X: x+— Tpx. UnitcellC = X/L
» Dual group £* > k = (k1, k2): group of characters

x(ny + n2) = x(n)x(n2)



The periodic setting: Bloch decomposition (d = 2)
» Abelian group £ = Z? > n = (ny, np) of lattice translations acting
on X: x — Tpx. UnitcellC = X/L
» Dual group £* 5 k = (ky, k2): group of characters
x(M 4+ n2) = x(m)x(n2)
viewed as 2-torus T (Brillouin zone)
n—x(n=e¢*"  keT=(R/27Z)>



The periodic setting: Bloch decomposition (d = 2)

» Abelian group £ = Z? > n = (ny, np) of lattice translations acting
on X: x — Tpx. UnitcellC = X/L

» Dual group £* 5 k = (k1, k2): group of characters viewed as
2-torus T (Brillouin zone)

ne x(n)=e %" keT=(R/2nZ)?
> Hilbert space H = L2(X)



The periodic setting: Bloch decomposition (d = 2)

» Abelian group £ = Z? > n = (ny, np) of lattice translations acting
on X: x — Tpx. UnitcellC = X/L

» Dual group £* 5 k = (ky, k2): group of characters viewed as
2-torus T (Brillouin zone)

n—x(n=e¢*"  keT=(R/27Z)

> Hilbert space H = L?(X) (variant: may be tensored by @CN:
internal d.o.f. (spin, ...))



The periodic setting: Bloch decomposition (d = 2)

» Abelian group £ = Z? > n = (ny, np) of lattice translations acting
on X: x — Tpx. UnitcellC = X/L

» Dual group £* 5 k = (k1, k2): group of characters viewed as
2-torus T (Brillouin zone)

ni—x(n)=e*"  keT=(R/2xZ)?

> Hilbert space # = L?(X) carrying representation U, of £



The periodic setting: Bloch decomposition (d = 2)

» Abelian group £ = Z? > n = (ny, np) of lattice translations acting
on X: x — Tpx. UnitcellC = X/L

» Dual group £* 5 k = (k1, k2): group of characters viewed as
2-torus T (Brillouin zone)

ni—x(n)=e*"  keT=(R/2xZ)?

> Hilbert space # = L?(X) carrying representation U, of £
» Decomposition of Hilbert space and of states

H /EB h d?k = L3(T, b), h=L(C)
T

b(x) = /T G, b (ke

by reduction of the representation

(Unt)(x / Gr(x)e a2k



The periodic setting: Bloch decomposition (d = 2)

» Abelian group £ = Z? > n = (ny, np) of lattice translations acting
on X: x — Tpx. UnitcellC = X/L

» Dual group £* 5 k = (k1, k2): group of characters viewed as
2-torus T (Brillouin zone)

ni—x(n)=e*"  keT=(R/2xZ)?

> Hilbert space # = L?(X) carrying representation U, of £
» Decomposition of Hilbert space and of states

H /EB h d?k = L3(T, b), h=L(C)
T

000 = [ 0Pk b e
by reduction of the representation

(Unt)(x / Gr(x)e a2k

Note: A state T > k — ), € b is a section of the (trivial) vector bundle
T xb



The periodic setting: Bloch decomposition

» Decomposition of Hamiltonian (translation invariant)

@
H%/ H(k) d?k, Hy «— (H(K)Yk) ke
T



The periodic setting: Bloch decomposition

» Decomposition of Hamiltonian (translation invariant)

®
Hg/ H(k) d?k, Hy «— (H(K)Yk) ke
T

» H(k) acting on h = L?(C) has discrete spectrum (C compact) with
eigenvalues ¢;(k) (j =0,1,...)



The periodic setting: Bloch decomposition
» Decomposition of Hamiltonian (translation invariant)

D
H =~ / H(k)d?k,  Hi < (H(K)¥k)ker
T

» H(k) acting on h = L?(C) has discrete spectrum (C compact) with
eigenvalues ¢j(k) (j =0,1,...)
» H has continuous spectrum:




The periodic setting: Bloch decomposition
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» Decomposition of Hamiltonian (translation invariant)

H =~ / ’ H(k) d?k,  Hi < (H(K)¥k)ker
T

> H(k) acting on b = L?(C) has discrete spectrum (C compact) with
eigenvalues ¢j(k) (j =0,1,...)
» H has continuous spectrum:
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Bloch bundles

P: spectral projection associated to a part of the spectrum o (H)
separated from the rest, e.g. the Fermi projection

,u,v E

or the projection associated to a single isolated band
Decomposition

Py «— (P(K)Yx)ker

Definition. The Bloch bundle is the complex vector bundle with base
space T and fiber rangeP(k) C b.

Note: It is a subbundle of T x b, possibly not trivial.
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Bundles (E, T) on the 2-torus

2

(—=m,m) (m, )
©
T —_—
o1
(—=m,—m) (7, —m)

> T3> ¢=(p1,02)
> Fibers E,: abstract linear spaces

» Frame bundle F(E) has fibers F(E), > v = (v4,...Vn)
consisting of bases v of E,.

» Does F(E) admit a global section? Yes, iff E is trivial
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» Boundary values v. (2) and v_(y2) at the point
(1, p2) = (=, po) of the cut

» Transition matrix T(p2) € GL(N)

Vi(p2) = vo(p2)T(p2),  (p2€8")
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The winding number

Definition. The Chern number ch(E) is the winding number of
det T(y2) along ¢, € S'

> t(p2) # 0: eigenvalues of T(p2)
> Phases t(2)/|t(p2)| € S' as a function of 0 < ¢, < 27

winding number=

signed number of crossings of fiducial line
ch(E)=-2
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Hall conductance (bulk)

Definition: Bulk Index is the Chern number ch(E) of the Bloch bundle
E defined by the Fermi projection

Physical meaning (Thouless et al.): The Hall conductance in the bulk
interpretation is
= (2rr) " 'ch(E)

Remark.

ch(E) = / d?k tr(P(k)[01P(k), D2 P(k)])

2ri
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From plane (bulk) to half-plane (edge)

Hamiltonian on the lattice N x Z (half-plane) with N = {1,2,...}

i

Z
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Half-plane geometry

» Hamiltonian H! obtained by restriction to right half-space x; > 0

» Remaining symmetry L: translation in 2-direction;
corresponding unit cell C* = X/L£, not compact (half-line)

» Bloch decomposition over the circle S’

D
Hf =~ [ H'(k)dk
St

> H*(k) acting on L2(C*) has continuous and (possibly) discrete
spectrum
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Hall conductance (edge)

Definition: Edge Index

N* = signed number of eigenvalue crossings of Fermi energy

Physical meaning: The Hall conductance in the edge interpretation is

on = (2m) ' N*
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Bulk edge correspondence in the periodic setting

Definition: Edge Index

N* = signed number of eigenvalue crossings

Bulk: ch(E;) is the Chern number of the Bloch bundle E; of the j-th
band. Bulk index is sum over filled bands.

Bulk-edge correspondence:

N =3 ch(E)
i

(cf. Hatsugai)
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A result to be recalled: Levinson’s theorem
Two-body Hamiltonian
H=p*>+V
with
» V/(x) spherically symmetric, s-wave channel
» ak.a. x €[0,00)
Spectrum of H (energies E of bound and scattering states)

[ ] o 00 —=

E

Levinson’s theorem. The scattering phase S(E) = ¢%(F) at threshold
E = 0 equals the number N of bound states,

arg S}E:OJF =27N

(normalization: §(E) — 0, (E — +0))

ldea: Scattering states and bound states are related by analytic
continuation ... just as bulk and edge states are (Hatsugai, 1993).



Levinson’s theorem (relative version)
Suppose H(k) depends on some parameter k € R




Levinson’s theorem (relative version)
Suppose H(k) depends on some parameter k € R

ﬂ\ FE
N
Kk ks k

The scattering phase jumps when a bound state reaches threshold

I k. E
Elgoargs( ,E)

e,
i



Levinson’s theorem (relative version)
Suppose H(k) depends on some parameter k € R

ﬂ\ FE
N
Kk ks k

The scattering phase jumps when a bound state reaches threshold

I k. E
Elgoargs( ,E)

e,
i

» Incipient bound state (at k.) = semi-bound state



Levinson’s theorem (relative version)
Suppose H(k) depends on some parameter k € R

ﬂ\ FE
N
Kk ks k

The scattering phase jumps when a bound state reaches threshold

l k,E
Jim arg S(k, E)

e,
i

» Incipient bound state (at k.) = semi-bound state
» Normalization of phase forgone



Proof of Levinson’s theorem (sketch)

=

ki k ko K

(k) = &(r+ (k). k)
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ki k. ko k
S(x) = S(e(x)) bound state .
in'xplane
e pole - —o—= —t =
e zero + + o '
anti-bound state

S(k4 +0)

in' S plane k.

as a function of k 2

(5 > 0 small) K K.

1
lout) = Slin)

Bound state: |out) in absence of |in) = |x) with Imx <0
Thus: Pole of S(k).
K — Ko

SR~ =0 (k> k)




Proof of Levinson’s theorem (sketch)
K K ke Kk
bound state
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in x'plane
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[ ]
anti-bound state
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as a function of k 2
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Proof of Levinson’s theorem (sketch)

3 K. ko k
bound state

S(r) = S(e(x))

in x’'plane L
—Oo——=

. ggri §'€+ et ot

[ )
anti-bound state

S(k4 +6)

in' S plane k

as a function of k 2

(6 > 0 small) P K.
1

k.
lim arg S (k4 (K) +0)| = 2n
0—0 ~——— k4
~ e(k)—¢’
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The Great Wall of China and its Towers

bulk (top view) edge (side view)



The Bloch landscape

Brillouin zone > (., k)
Energy band ¢(x, k)
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The Bloch landscape

i

Minima x_(k) and maxima x4 (k) of
energy band ¢;(x, k) in  at fixed k




The Bloch landscape

&

Maxima x4 (k)

K+ K



The Bloch landscape

Maxima r. (k) with semi-bound states
(to be explained)

R+ K



The Bloch landscape

[ K



Duality via scattering

\/\ At fixed k: Energy band ¢;(x, k) and the
line bundle P; of Bloch states



Duality via scattering

Line indicates choice of a section |x) of
\/\ Bloch states (from the given band). No
global section in k € R/27Z is possible,

as a rule.




Duality via scattering

/\ States |x) above the solid line are left
1 movers (¢j(x) < 0)



Duality via scattering

They are incoming asymptotic (bulk)
states for scattering at edge (from

\ﬂ inside)

-7 K Ky T \@ = |in)



Duality via scattering

Scattering determines section |out) of
right movers above line

—T K— nirm \l<”> = ’11’1)
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Duality via scattering

%0
\l{> = |in)

\//\\ Scattering matrix

T T lout) = S |k)

as relative phase between two sections
of the same fiber (near )

Likewise S_ near ~_.



Duality via scattering

Chern number computed by sewing

al ch(B) = N(S,) - N(S)

T with A/(S.) the winding of Si. = S. (k)
-7 K— Ky T ask=-m...m.



Duality via scattering

R PR B —
. e o
As k — k4, whence
lin) = |k) = |k4)  Jout) = Sy|k) — |k) (up to phase)
their limiting span is that of
o, 29

(bounded, resp. unbounded in space). The span contains the limiting
scattering state |¢) x |in) + |out).

If (exceptionally) |¢) o |k4) then [¢) is a semi-bound state.



Duality via scattering

i
— =K =
—T K— Ky T K4 K

As a function of k, semi-bound states occur exceptionally.
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Aside: Generalized Bloch solutions

d|r)
dk K4
is an eigensolution unbounded in space Z > n. In fact, let
¥(k, n) = (n|k) be a Bloch solution (p period):
(H—e(k))¥(r,n) =0, (r,n+mp) = e"M(x, )

Then

(H—c(e) 3 =0, (T o)

d _ inmi . ikm
azp(n, n+mp)=e dKI"L/}(K,, n) + ime""Mp(k, n)

(unbounded in m)
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Levinson’s theorem (relative version)
Spectrum of edge Hamiltonian

e(k) = (r+ (), k) F

k:
lim arg S;(e(k) — 9) S = tor
6—0



Proof of duality

Jo+ 1& S
\; - ’
Jo ks !
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An application: Quantum Hall in graphene




An application: Quantum Hall in graphene

Hamiltonian: Nearest neighbor hopping with flux ¢ per
plaquette.
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An application: Quantum Hall in graphene

What is the Hall conductance (Chern number) s in any white point?

Bulk approach (Thouless/Avron et al.): If ® = p/q, (p, g coprime)
then

r=sp+1q
where:
» r number of bands below Fermi energy
> s, tintegers
s is so determined only modulo g.
For square lattice, s € (—q/2,q/2). Not for other lattices.

— Edge approach, method by Schulz-Baldes et al.
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The colors of graphene

What is the Hall conductance

(Chern number) in any white point?



Naive Bulk vs. Edge computation

Left: “Natural” window condition s € (—qg/2, q/2)
Right: Conductance s as determined by the edge.



Naive Bulk vs. Edge computation

Left: “Natural” window condition s € (—qg/2, q/2)
Right: Conductance s as determined by the edge.

cf. Avron et al.
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Topological insulators: time-reversal invariant case

» Insulator in the Bulk: Excitation gap
For independent electrons: spectral gap at Fermi energy

» Time-reversal invariant fermionic system

» Topology: In the space of Hamiltonians, a topological insulator
can not be deformed in an ordinary one, while keeping the gap
open and time-reversal invariance.
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Time-reversal invariance explained

There is a map © on H (time-reversal) such that
> O is anti-unitary and ©2 = —1;
> [©,H] =0

In the periodic case, with © commuting with lattice translations,
H(-k) =©H(k)o~ ', (keT)

Map © : Ex — E_x determines a time-reversal invariant bundle
(E,T,O).

Remark: By ©E = E and ch(©E) = —ch(E):
ch(E) =0

Such insulators are trivial from the Quantum Hall point of view. Yet
interesting in their own class.
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Classification of time-reversal invariant bundles

The bundle (E, T) is equipped with anti-linear map
O : Ek — E,k
with ©2 = —1.

Theorem (Atiyah; Kane, Mele) In general, vector bundles (E, T, ©)
can be classified by an index Z(E) = +1 (besides of N = rk E)
For E the Bloch bundle

» 7 = +1: ordinary insulator; Z = —1: topological insulator

» Kane, Mele; Fu, Kane: Index realized as Pfaffian
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» Time-reversal invariant points, ¢ = — at
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> ©:E, — E_,, © antilinear with ©2 = —1
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Time reversal invariant bundles (E, T, ©)

%2

0, 7)(m, —m)

0,0) (m0)]

> T3> ¢=(p1,02)

» Time-reversal invariant points, ¢ = —¢ at
¥ = (07 0)7 (Trv 0)7 (07 ’/T), (7[', 7T)

> ©:E, — E_,, © antilinear with ©2 = —1

» Frame bundle F(E) has fibers F(E), > v = (v4,...Vn)
consisting of bases v of E,.
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The Fu-Kane index

» (-,-) inner product on E,

» By ch(E) = 0: There is a global section u(¢) = (u1(¢), . . . un(¥))
(orthonormal) of the frame bundle

Wi() = (ui(¢), Oui(—¢))

> Note W(p)*W(p) =1and W(e)" = —W(—¢). In particular
W(p) antisymmetric at TRIPs.

> Set W
H p <Pa — 41

actrp V det W(pa)

(Pfaffian defined for antisymmetric matrices, det W = (pf W)>?)
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The Fu-Kane index restated

» Family of matrices W(y2) with single parameter 0 < o < ,
det W(y2) # 0, antisymmetric at endpoints ¢ = 0, 7

» Branch of \/det W(p2) connects pf(W(0)) to + pf(W(r))
> Set Z(W) = +. #2)
(0’ )(777_71')

L]

%)
(0,0) (=,0) #1

.

> Set
Wo(p2) = W(O, ¢2), Wr(p2) = W(r, ¢2)

Then R ~ ~
I(E) = Z(Wo)Z(Wr)



Physics background and overview

Turning to mathematics: General setting

The periodic setting

Time-reversal invariant topological insulators

Rueda de casino
Chiral systems

Time periodic systems
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The index of a rueda

Consider a fixed even number of lines moving forward along a (finite)
cylinder.

Condition: Lines pair up at the ends

D = (D(t))a<t<p With D(t) a collection of points on the circle.

Fact: There are line configurations that can not be deformed into one
another.

What is the index that tells the difference?

Z(D) = parity of number of crossings of fiducial line



Time reversal invariant bundles (E, T, ©)

%2

0, 7)(m, —m)

0,0) (m0)]

> T3> ¢=(p1,02)

» Time-reversal invariant points, ¢ = —¢ at
¥ = (07 0)7 (Trv 0)7 (07 ’/T), (7[', 7T)

> ©:E, — E_,, © antilinear with ©2 = —1

» Frame bundle F(E) has fibers F(E), > v = (v1,...Vn)
consisting of bases v of E,.



Towards another index
Consider the cut torus:

v2)

©1

cut




Towards another index

Consider the cut torus: Lemma On the cut torus the frame
bundle admits a section

¢ — V(p) € F(E), which is
time-reversal invariant:

¢ V(=) = (OV(9)):

¥2)

1
with ¢ the block diagonal matrix with

blocks (9 *01 )

Idea: At a time reversal invariant point, that means (N = 2)

—p

cut

r
|
\
|
‘¥ .
\
|
\
h

Vo = Ovy Vi = —0Ow



Towards another index (cont.)

Consider the cut torus: Lemma On the cut torus the frame
bundle admits a section

o — V(p) € F(E), which is
time-reversal invariant:

v(=¢) = (Ov(p))e

with e the block diagonal matrix with
blocks (9 ")
Transition matrix T(y2) € GL(N)

#2)

o e'e

4 #1

f 1
| |
\ \
| |
“ L] J‘ e
\ \
| |
\ \
A 4

Vi(pz) = vo(p2)T(p2),  (p2€8")



Towards another index (cont.)
Consider the cut torus: Lemma On the cut torus the frame
bundle admits a section

®
! ¢ v(p) € F(E), which is
f o time-reversal invariant:
! I
S V(—p) = (OV(¢))e
: + : o Lp1 H H . .
3o e with ¢ the block diagonal matrix with
! I

blocks (9 ")
Transition matrix T(p2) € GL(N)
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Towards another index (cont.)
Consider the cut torus: Lemma On the cut torus the frame
bundle admits a section

®
! ¢ v(p) € F(E), which is
f o time-reversal invariant:
! I
S V(—p) = (OV(¢))e
: + : o Lp1 H H . .
3o e with ¢ the block diagonal matrix with
! I

blocks (9 ")
Transition matrix T(p2) € GL(N)

Vi(p2) = v (p2)T(p2), (p2€S")
There exists a relation between T(p2) and T(—p2)
©0T(p2) = T '(—¥2)@0

with ©¢ = C, (C complex conjugation on CN)



Towards another index (cont.)

We have
> torus ¢ = (p1,¢2) € T = (R/2rZ)? with cut (figure)
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cut




Towards another index (cont.)

We have
> torus ¢ = (p1,2) € T = (R/277Z)? with cut (figure)
<P2T
r ) -~
| | // \\
: e : J/ N
‘L (‘.» J‘ 71 ‘\(pz:ﬂ' /?(pzio
I P I \ ,
g: —p : \\\ //

> a (compatible) section of the frame bundle of E



Towards another index (cont.)

We have
> torus ¢ = (p1,¢2) € T = (R/2rZ)? with cut (figure)
<P2T

r 1 -~
I I // \\902
ﬁ" + // \\
3 (=, bees=m oL 40

= ° \ s

3! I \ /;/
| | N
L J S~ -7 —¥2

> a (compatible) section of the frame bundle of E
» the transition matrices T(yp2) € GL(N) across the cut

©0T(p2) = T '(—2)00 , (p2€ 8"

with @g : CV — CN antilinear, ©2 = —1



Time-reversal invariant bundles on the torus

T 2
N

N \
S pp=m o te2=0
!

> O T(p2) = T (—2)00
» Only half the cut (0 < ¢ < 7) matters for T(y2)
» At time-reversal invariant points, ¢» = 0, ,

O T=T"10,
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Time-reversal invariant bundles on the torus

T 2
N

N \
S pp=m o te2=0
!

> O T(p2) = T (—2)00
» Only half the cut (0 < ¢ < 7) matters for T(y2)
» At time-reversal invariant points, ¢» = 0, ,

0T =T 10
Eigenvalues of T come in pairs A\, A~ ':
O(T-XN)=T11-2T)6

Phases \/|\| pair up (degeneracy)
» For 0 < pp < 7, phases \/|\| form a rueda, D



Time-reversal invariant bundles on the torus

> Q9T (p2) = T (—¢2)O0
» For 0 < po <, phases A\/|\| form a rueda, D




Time-reversal invariant bundles on the torus

> 9T (p2) = T (—¢2)O0
» For 0 < po <, phases A\/|\| form a rueda, D

Definition (Index): Z(E) :=Z(T) := Z(D)
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Why are the Z, indices equal?
> Let u(y) be global frame as in the Fu-Kane index:
Wi(p) = (ui(v), Ouj(—))
I(E) = T(Wo)Z(W;)

» Define frame v(¢) ﬁji_w
u), (el T
v(p) = b LR { -,
) {GU(—w)E, (v € R) s o
| | |

» Frame is compatible, but not global: Jumps at ¢1 = 0, 7 with
transition matrices To(2), Tx(v2),

I(E) =Z(To)Z(T;) (ruedas)

> W(p2) = T(p2)e. (crucial)



Why are the Z, indices equal?
> Let u(y) be global frame as in the Fu-Kane index:
Wi(p) = (ui(v), Ouj(—))
I(E) = T(Wo)Z(W;)

» Define frame v(¢) e
W)= U eED) TR
Ou(—pl)e, (p€R) 5 |

» Frame is compatible, but not global: Jumps at ¢1 = 0, 7 with
transition matrices To(2), Tx(v2),

I(E) =I(To)Z(Tx) (ruedas)

> W(pz) = T(p2)e. Then Z(W) = Z(T) and hence
Z(E) = Z(E)
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Rueda de casino. Time 3'23"
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Dancers
> start in pairs, anywhere
» end in pairs, anywhere (possibly elseways & elsewhere)
> are free in between
» must never step on center of the floor
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Rules of the dance

Dancers

>
>
>
>
>

start in pairs, anywhere

end in pairs, anywhere (possibly elseways & elsewhere)
are free in between

must never step on center of the floor

are unlabeled points

There are dances which can not be deformed into one another.

What is the index that tells the difference?



The index of a Rueda

A snapshot of the dance
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The index of a Rueda

A snapshot of the dance

Dance D as a whole

Z(D) = parity of number of crossings of fiducial line



The Z, index in the non-periodic case

Recall: Index without time-reversal symmetry based on index of pair
of projections

Ind(P, Q) =
dm{y e H | Py =9, QY =0} —dim{p e H | QY = ¢, Py = 0}
= dimker(A—1) —dimker(A+ 1), A=P-Q
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(cf. Atiyah; Schulz-Baldes; Katsura, Koma)



The Z, index in the non-periodic case

Recall: Index without time-reversal symmetry based on index of pair
of projections

Ind(P, Q) =
dm{y e H | Py =9, QY =0} —dim{p e H | QY = ¢, Py = 0}
= dimker(A—1) —dimker(A+ 1), A=P-Q

With time-reversal symmetry:

T — (_1 )dim ker(A—1)

(cf. Atiyah; Schulz-Baldes; Katsura, Koma)
In both cases, apply to P = P,, Q = UP,U".
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Turning to mathematics: General setting

The periodic setting

Time-reversal invariant topological insulators

Chiral systems
An experiment

Time periodic systems



An experiment: Amo et al.

D-bands{

s

o

E o - P N ()
= Pbandsde > Ci—m
g0 P-band -
w

- ()
2 N |sband[ Nt
= 1 0 1

Momentum k (1r/a)

S-band

Figure: Zigzag chain of coupled micropillars and lasing modes

N



An experiment: Amo et al.

(a) Bulk (b) Edge
BRI Y
=4 D-bands|
£ 2| e g
8 0 e . |P-band
‘le ________________ o
W2 S |swand
T 0 1 ERCEE
Momentum k (Tr/a
! (@)
(c)
Upper
P-band
=
(d) D
Edge E
1 state 5
@ &
Lower
P-band
()
Q , . 02 04 06 08 1.0 1.2 14
2um Fluctuations amplitude («)

Figure: Lasing modes: bulk and edge
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Physics background and overview

Turning to mathematics: General setting

The periodic setting

Time-reversal invariant topological insulators

Chiral systems

A chiral Hamiltonian and its indices
Time periodic systems



The Su-Schrieffer-Heeger model (1 dimensional)
Alternating chain with nearest neighbor hopping

¢n1

/\/\/\



The Su-Schrieffer-Heeger model (1 dimensional)
Alternating chain with nearest neighbor hopping

wn 1
n+1
Hilbert space: sites arranged in dimers

H=—P2,CN) 225 — ( Un )
nez

Un
0o S
(s %)
with S, S* acting on ¢?(Z,CN) as
(Sy™)n = AnT/’,J»,rq + By, (SY7)n = An1¥pg + Boton
(An, By € GL(N) almost surely)

Hamiltonian



Chiral symmetry

1.0
(o %)
(H,M = HN+NH=0

hence
Hy =Xy = H(y)=—\()
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Chiral symmetry

1 0
=(o &)
{H,M} =HN+MNH=0
hence

Hp =Xy = H(p) = =A(MNy)

Energy A = 0 is special:
» Eigenspace of A = 0 invariant under I1
P vy P
\/%ﬁ \w‘/\/

» Eigenvalue equation Hy = Ay is Syt = \yp—, S*~ = ™, i.e.

Al 4+ Bt =Xy, Ayt + By = Mo

is one 2nd order difference equation, but two 1st order for A =0



Bulk index

Let
Y =sgnH

Definition. The Bulk index is
N = %tr(l‘IZ[A, X))

with A = A(n) a switch function (cf. Prodan et al.)

A) E 1



Edge Hamiltonian and index

JF
a—1 1/};_

wa_ /(/7;+1 =0

Edge Hamiltonian H; defined by restriction to n < a (Dirichlet
boundary condition v, ; = 0). Chiral symmetry preserved.
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Edge Hamiltonian H; defined by restriction to n < a (Dirichlet
boundary condition v, ; = 0). Chiral symmetry preserved.

Eigenspace of A = 0 still invariant under .



Edge Hamiltonian and index

+ +
R a—1 a
\\\\ /\w_/ /O\/
a Yar1 =

Edge Hamiltonian H; defined by restriction to n < a (Dirichlet
boundary condition v, ; = 0). Chiral symmetry preserved.

Eigenspace of A = 0 still invariant under .

N =dim{y | Hyp = 0,Myp = 4}



Edge Hamiltonian and index

+ +
R a—1 a
\\\\ /\17D_/ /O\//,
a Var1 =

Edge Hamiltonian H; defined by restriction to n < a (Dirichlet
boundary condition v, ; = 0). Chiral symmetry preserved.

Eigenspace of A = 0 still invariant under .
N =dim{y | Hyp = 0,Myp = 4}
Definition. The Edge index is the spectral asymmetry
Ny =N{ - N7

and can be shown to be independent of a. Call it V%,



Bulk-edge duality

Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then
N = N*
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NE = dimker S; — dimker S =indS;  (Fredholm index)

Bulk-edge duality by Schulz-Baldes. In mobility gap case, S, is
not Fredholm.
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Bulk-edge duality: Remarks
Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then

N =N

Remarks.
» Spectral gap case (0 ¢ cess(H) D 0ess(Ha))

0 s; _
Ha=(2%)  n=(32%)
NE = dimker S; — dimker S =indS;  (Fredholm index)

Bulk-edge duality by Schulz-Baldes. In mobility gap case, S, is
not Fredholm.
» Supersymmetry: Is realized as (Ha, [1) = (supercharge, grading).
Then A is Witten index.
» Periodic case o
S= S(k)
St
Toeplitz index theorem:

N* = —Wind(k — det S(k))
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Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then
N =Nt
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Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then
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Remark. Consider the dynamical system Apy}  + Bt = 0 with
Lyaponov exponents
M2 ZIN
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Bulk-edge duality: Lyaponov exponents
Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then

N =N

Remark. Consider the dynamical system Apy}  + Bt = 0 with
Lyaponov exponents

M= 2N
The assumption is satisfied if 7; # 0; then N* = #{i | 7; > 0}. Phase
boundaries correspond to v; = 0 (cf. Prodan et al.)

Lyapunov spectrum of the full chain has 2N exponents, spectrum is
even (Example: N = 4)
> at energy A # 0 (simple spectrum)
— 00— 000 —0 0=
0

» Spectrum is simple because measure on transfer matrices is
irreducible
» so v = 0is not in the spectrum; localization follows



Bulk-edge duality: Lyaponov exponents
Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then

N =N

Remark. Consider the dynamical system Apy}  + Bt = 0 with
Lyaponov exponents
M= 2N

The assumption is satisfied if 7; # 0; then N* = #{i | 7; > 0}. Phase
boundaries correspond to v; = 0 (cf. Prodan et al.)
Lyapunov spectrum of the full chain has 2N exponents, spectrum is
even (Example: N = 4)

> at energy A # 0 (simple spectrum)

——0—0 00— —0 00—
0
» At \ = 0 chains decouple: CVN @ 0 and 0 @ CN are invariant
subspaces



Bulk-edge duality: Lyaponov exponents
Theorem (G., Shapiro). Assume X\ = 0 lies in a mobility gap. Then
N =N*

Remark. Consider the dynamical system Apy}  + Bt = 0 with
Lyaponov exponents
M= 2N
The assumption is satisfied if 7; # 0; then N* = #{i | 7; > 0}. Phase
boundaries correspond to v; = 0 (cf. Prodan et al.)
Lyapunov spectrum of the full chain has 2N exponents, spectrum is
even (Example: N = 4)
> at energy A # 0 (simple spectrum)
——0—0 00— —0 00—
0
» of the upper (+) and lower (—) chains, at energy A =0
——0—0—0 10— —0 00—

» at energy A = 0 (phase boundary)
— oo o * *—— o o=




Some numerics

Left/right column: two parameterized chiral models (N = 1)
upper/lower row: index and Lyapunov exponent (from Prodan et al.)
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N = lim tr(NMAP,)
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Proof

Lemma. The common value of NV is

N¥ = lim tr(NAPy )

a—-+oo

Proof of Theorem. On the Hilbert space #, correspondingto n < a

tr(MA) = N(D_A(n)) tre =0

n<a
0 a

though ||NA||1 = ||A]j1 — oo, (@ = +0)



Proof

Lemma. The common value of NV is

N = lim tr(NAPy )

a——+o0o

Proof of Theorem. On the Hilbert space #, correspondingto n < a
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Proof
Lemma. The common value of NV is

N = lim tr(NAP )

a—-+oo

Proof of Theorem. On the Hilbert space #, correspondingto n < a

tr(MA) =0
e
0 a

tr(MA) = tr(MAPg ) + tr(MAPL 5) + tr(NMAP_ 5)

tr(rl/\P_ha) = tr(P_ADaI_I/\P_ha) = tr(I_IP_7a/\P+7a)
= ‘tl’(l_lp_’a[/\7 P_i_,a])



Proof
Lemma. The common value of NV is

N = lim tr(NAP )

a—-+oo

Proof of Theorem. On the Hilbert space #, correspondingto n < a

tr(MA) =0
e
0 a

tr(MA) = tr(MAPg ) + tr(MAPL 5) + tr(NMAP_ 5)

tr(nAP+7a) = tr(P_han/\P_ha) = tr(rIP_7a/\P+7a)
= tr(MP_ 4[A, P4 a]) — tr(NP_[A, P4]) (a— +00)



Proof

Lemma. The common value of NV is

N = lim tr(NAP )

a—-+oo
Proof of Theorem. On the Hilbert space #, correspondingto n < a
tr(MA) =0

So,
tr(MA) = tr(MAPy 2) +  tr(MAPL a) + tr(MAP_ )

N —tr(NMP_[A,Py])+tr(MPL[AP_])=—N

g.e.d.
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Floquet topological insulators

H = H(t) (bulk) Hamiltonian in the plane with period T
H(t+T)=H()

(disorder allowed, no adiabatic setting)

U(t) propagator for the interval (0, t)
U = U(T) fundamental propagator

Assumption: Spectrum of U has gaps:

spec Uc S
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Bulk index
Special case first: U(t) periodic, i.e.

~

U=1
Bulk index
1 T
N = 2/ dt tr(UF U U Ay, UL, UF[Az, U]))
0
with U = U(t) and switches A; = A(X;), (I = 1,2)
Remark. Extends the formula for the periodic case (Rudner et al.)

_ 1
- 8rx2

T
N / dt / Rk te(U*9,U[U" 0 U, U3, U))
0 T

with U = U(t, k) acting on the space of states of quasi-momentum
k = (kq, k2). Map U: 3-torus — unitary group U; m3(U) = Z.



Bulk index
Special case first: U(t) periodic, i.e.

~

U=1
Bulk index
1 T
Ny = 2/ dt tr(U*a:U[U" [Ag, U], U*[A, U]])
0

with U = U(t) and switches A; = A(X;), (I = 1,2)

Remark. Extends the formula for the periodic case (Rudner et al.)

_ 1
- 8rx2

.
N / dt / Rk te(U*9,U[U" 0 U, U3, U))

0 T
with U = U(t, k) acting on the space of states of quasi-momentum
k = (kq, k2). Map U: 3-torus — unitary group U; m3(U) = Z.
Bulk index A is degree of map.
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» The trace is well-defined
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Edge index
Hg(t) restriction of H(t) to right half-space x; > 0

Us corresponding fundamental propagator
In general: UE #1
Edge index
Ng = tI’(UE[/\Z UE]) = tr(UE/\z Us — A2)

Remarks.
» The trace is well-defined

X2

X1

edge

» Mg is charge that crossed the line x, = 0 during a period.
» A is independent of A, and an integer.
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General case: Pair of Hamiltonians
U#1
Pair of periodic Hamiltonians H;(t), (i = 1,2) with
Ur = O

Define Hamiltonian H(t) with period 2T by

Ht) = Hi(t) O0<t<T)
| —H(2T — 1) (T <t<2T)

Th
o u(t) = Ui (1) (0<t<T)
| Ws(2T - 1) (T <t<2T)

has U = 1. Define N, N& (for the pair) as before.
Theorem (G., Tauber) V' = Ng
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Duality in time and space
Let the interface Hamiltonian Hi(t) be a bulk Hamiltonian with

Ha(t)

(still assuming Uy = Up = U.)

Hi(t) = {H1 (1) on states supported on large +x;

Interface index R o
N = tr(U; Ui[A2, Ug Ur])

t t

Th o Y

® Hy g(t) Ho 5(t) « — Hy (1)

8 X1 Xq
—Ho g(—t)

Theorem (G., Tauber) The indices for the two diagrams agree:

(N =)V =M
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Back to single Hamiltonian

~

U#1

w
Let o € R and w = e'®. For z ¢ wR, (ray) define the branch

log, z = log|z| +iarg, Z
by a — 27 < arg, Z < a.

Comparison Hamiltonian H,,: For w ¢ spch set
—iH, T :=log, U
So, R
> U, =U
> Ua+27r(t) — Ua(t)ezmt/r
> NB,a+27r = NB,a = Nw



Back to single Hamiltonian

~

U+#1
w

Let o« € R and w = e'*. For z ¢ wR. (ray) define the branch

log, z = log|z| +iarg, z
by o — 271 < arg, z < a.
Comparison Hamiltonian H,,: For w ¢ spch set

—iH, T = log, U
Theorem (Rudner et al.; G., Tauber) For w,w’ in gaps
Ny = Ny = itr P[[P, M], [P, A2]]

where P = P, . is the spectral projection associated with spch
between w, w’ (counter-clockwise)
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Bulk and Edge spectrum

Bulk spectrum
)= 5.30, delta = 6.28, dr=7.85, N=M=40

057
1
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Edge spectrum
J=5.30, delta = 6.28, dr=7.85, N=M=40
1
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0
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Computing the edge index

Edge index based Mg, based on the pair (H, H,) (with o = )

A= UE/\Q UE - U;,E/\z Ua,E
The diagonal integral kernel A(x, x) as log |A(x, x)|

Boundary conditions:

» Vertical edges: Dirichlet

» Horizontal edges: Periodic



Computing the edge index

Edge index based Ng , based on the pair (H, H,) (with a = 7)

A= UiNoUs — Ut phoUs g
The diagonal integral kernel A(x, x) as log |A(x, x)|

Boundary conditions:

> Vertical edges: Dirichlet

» Horizontal edges: Periodic



The transition

Invariant wrt J for d = 3.14, dr=3.14
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The anomalous phase

The spectrum of U be fully localized (Rudner et al.): Uwz =z, (z:
eigenvalues € S)
Here: N, = N, = N # 0 (possibly)

Theorem (Rudner; Tauber, Shapiro) Let U1 = Dg = U. Then the
index A for the pair satisfies

N = M(Uy) — M(U»)

where

M(U) = /sz, Y MOU(D):)at

with magnetization M(t) = (i/2)(A1H(t)A2 — AaH(t)A1)



The anomalous phase
The spectrum of U be fully localized (Rudner et al.): Uwz =z, (z:
eigenvalues € S)

Here: N, = N, = N # 0 (possibly)

Theorem (Rudner; Tauber, Shapiro) Let U1 = Dg = U. Then the
index A for the pair satisfies

N = M(Uy) — M(Us)
where

M(U) = /sz, Y MOU(D):)at

with magnetization M(t) = (i/2)(A1H(t)A2 — AaH(t)A1)
If H is time independent, then M(U) = 0.



The anomalous phase

The spectrum of U be fully localized (Rudner et al.): Uz/zz =z, (z:
eigenvalues € S)

Here: N, = N, = N # 0 (possibly)
Theorem (Rudner; Tauber, Shapiro) Let U1 = Dz = U. Then the
index A for the pair satisfies

N = M(Uy) = M(Us)

where

M(U) = /sz, Y MOU(D):)at

with magnetization M(t) = (i/2)(A1H(t)A2 — AaH(t)A1)

If H is time independent, then M(U) = 0. So, for
(H1(t), Ho(1)) = (H(1), Ha) we have N = M(U)
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