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Quantum Recurrence Theorem

P. BoccHIERI AND A. LOINGER
Istituto di Fisica dell’ Universitd, Pavia, Italy, and Istituto Nagzionale di Fisica Nucleare, Ses. di Milano, Italy

 (Received October 9, 1956)

A recurrence theorem is proved, which is the quantum analog of the recurrence theorem of Poincaré.
Some statistical consequences of the theorem are stressed.

In this paper we shall show that a similar recurrence
theorem holds in quantum theory; it can be formulated
as follows: “Let us consider a system with discrefe
energy eigenvalues E,; if ¥(4) is its state vector in the
Schrodinger picture at the time £, and e is any positive
number, at least one time T will exist such that the
norm |[[W(T)—¥(4)| of the vector W (T)—W¥(4) is
smaller than e.”’?




theorem holds in quantum theory ; it can be formulated
as follows: “Let us consider a system with discrefe
energy eigenvalues E,; if W (4) is its state vector in the

Schrodinger picture at the time £, and e is any positive
number, at least one time 7" will exist such that the
norm ||[W(T)—¥(4)| of the wvector W(T)—¥(f) is
smaller than e.’”2

Finally we would like to emphasize that (contrary to
a wide-spread belief) the expectation values of the
macroscopic observables will #of maintain indefinitely
their equilibrium values, once they have attained them.

2 Besides this recurrence theorem, a quasi-ergodic t
V() exists [J. von Neumann, Z. Physik 57, 30 (1929), Sec. 4,
p. 35]. However, it holds under very restrictive hypotheses,
which most probably cannot be satisfied by any system having
physical interest.
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% O at a random time t, expectation values
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§‘ § ¢ thermalization in generic systems

> thermodynamic limit * e relaxation to GGEs in integrable
systems
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1. ... of the state |5y = — tr[p(?)log p(¥)] = 0
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3. thermodynamic entropy |[S \ = Sup(—tr[pMS log p
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Time averaged state
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Time averaged state
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Renyi entropies: S, =

complete characterisation of the eigenvalue distribution (Hausdorff moment problem)

. — e (t, — )"
e = < ¥ |, > = < W |eHOD P > ~ exp(LdZ (—i)' >
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Loschmidt echo

Useful properties of f(7) in the thermodynamic limit:

« existence of the limit of infinite time

« f(t) = 0 has only the solution 7 = O
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exponentially small in the system’s
size for any nonzero 7, — 7,
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* into a region where log <YW |V >

can be series expanded about 7, X~ 7,
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Integrable systems

_—— = _

with a TBA description

Thermodynamic limit density of rapidities/particles excitations
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the rapidities are organised in strings bare charge
(groups of equidistant rapidities with the same real part)

e
TBA equations for an excited state represented by 0] ~ XXZ spin-1/2 chain
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Uy(4) = bare charge associated with the state
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fixed by the Hamiltonian
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9,(h) = —"——=
T p(4) + pi(4)
density of hole excitations

filling function
(interacting generalisation of the occupation number)
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Thermodynamics of a One-Dimensional System of Bosons with
Repulsive Delta-Function Interaction

C. N. YANG
Institute for Theoretical Physics, State University of New York, Stony Brook, New York

AND
C. P. YANG*
Ohio State University, Columbus, Ohio

(Received 10 October 1968)

The equilibrium thermodynamics of a one-dimensional system of bosons with repulsive delta-function
interaction is shown to be derivable from the solution of a simple integral equation. The excitation
spectrum at any temperature 7 is also found.
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The entropy of the *“state’ is not zero since the
existence of the omitted quantum numbers J; allows
many wavefunctions of approximately the same
energy to be described by the same p and p, . In fact,
for given p and p,, the total number of k’s and holes
in dk is L(p + p,) dk, of which Lp dk are k’s and
Lp, dk are holes. Thus the number of possible choices
of states in dk consistent with given p and p,, is

[L(p + p;) dk]!
[Lp dk]! [Lp, dk]!

The logarithm of this gives the contribution to the
entropy from dk. Thus, the total entropy is, putting
the Boltzman constant equal to 1,

S =3 {(Lpdk 4 Lp, dk) In (p + p;)

— Lpdkinp — Lp, dkIn p,}
or

S/N = D f o+ p)In (o + po)
—plnp — p,InpJdk. (14)

Thermodynamic entropy 3/5



Yargang entropy
SYY
lim — = - )’ Jdﬂ[pa(ﬂ) + pa(d)] [pa(i)log p() + pl(Dlog p"(2)

L— o0

a

‘ o0 v maximises the entropy at

entropy of the state

tr[e—2] fixed expectation value of Q
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fang-ang entropy
SYY
lim — = — Jdi[pa(/l) + ()] [pa(/l)log p(D) + pl(Dlog ph(ﬂ)]

L—00

a

* 0 -~ maximises the entropy at

entropy of the state

tr[e—2] fixed expectation value of Q

this comes to hand for determining the "thermodynamic entropy"
after a quantum quench from a homogeneous state

SvN = Slﬂl}s(—tl‘[pMS logp . - generic H
p

s integrable H

t—oo |B|—> conserved (quasi)local charges

() Iim Lim p,(7) = Trglp

lime
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Integrable systems

with a TBA description

e
TBA equations for an excited state represented by 0] "
rie-
u,(4) = 1 bare charge associated with the state

log @' = Duw =- 7{T8log(i -

fixed by the Hamiltonian

P(A)
d.(A) =
{( )= + ph(A)

filling function density of hole excitations

(interacting generalisation of the occupation number)
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Bertlnl CoIIura De Nardls MF, Phys Rev Lett 117 207201 (2016) |

with a TBA description [estilciiadhet Sl s

TBA equations for an excited state represented by 71 exp( — Z q(”/ ‘5)>
in the limit & — oo, when [H, Z g1 =0 \ "

X "e!
atpoc'x (1) + axva-x t(/l)Pa-x (4) = O(S&O) pa,g( )>

el(A) = 270, [paxtu>+pax,m>]+2n2jdu A= W)V )P (B
p

dressed velocity

AE
(def/ned as E after the addition of a rapidity)

Thermodynamic entropy 5/5



— e ——

Integrable SyStemS rCastro Alvaredo Doyon Yoshlmura Phys Rev X 041065 (20
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Bertlnl CoIIura De Nardls MF, Phys Rev Lett 117 207201 (2016)

LT

with a TBA description

s

TBA equations for an excited state represented by 71 exp( — Z q,fl”/ ‘9>
in the limit & — oo, when [H, Z g1 =0 \ "

n
0 P “;?(/D>
atpoc;x,t(’l) + axva;x,t(’l)lo a;x,t(ﬂ) = 0(5 )

el(A) = 270, [paxtu>+paxtu>]+2n2jdu A= W)V )P (B
p

dressed velocity

AE
(def/neo’ as E after the addition of a rapidity)

this comes to hand for determining the "thermodynamic entropy"
after a quantum quench from an inhomogeneous state

¥0) = [¥1) ® [¥) 53 |

Jt=¢

IocaIIy quaS|stat|onary state (LQSS) 7
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1. ... of the state |5,y = — tr[p(H)log p(®)] = 0

_ B _ _ 1 ee
2. ... of the time averaged state SvN = — tl‘[p(),t log Po,;] ~ 5<10g L? +log S )

3. thermodynamic entropy |[S,y = sup(—tr[pMS log pMS])

HMS
(S5, generic H, homogeneous | ¥, >

~ {2 Sqcg integrable H, homogeneous |¥, >
LSLQSS integrable H, inhomogeneous |Y, >

entropy "per unit rapidity" = Yang- Yang entropy
0,8 (M) + 0,[v, (DS} (D] ~

4. entanglement entropy (half chain/subsystem) |S \[A] = — tr[p,(H)log p,(?)]
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Bipartite

entanglement

Schmidt decomposition

no classical (thermal)
correlations

B A B
bl el
complete orthogonal bases
of the corresponding spaces
/ ~

v) e |¥)

v)=3 7

R

quantum correlations between A and B

entanglement entropy S y = — Z p,logp,
n
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Bipartite

B A B
entanglement 2 /

complete orthogonal bases
of the corresponding spaces
/ ~

M
Schmidt decomposition “I’> = ). \/P ‘P‘;}> ® “P5>

n=1
l
quantum correlations between A and B

no classical (thermal)
correlations

entanglement entropy S y = — Z p,logp,
n

critical E non-critical

]
B — volume law S,y(A) ~ A
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Bipartite

2, A B B
entanglement 2 /

complete orthogonal bases
of the corresponding spaces
/ ~

M
Schmidt decomposition “P> = ). \/P ‘P‘;}> ® “P5>

n=1
l
quantum correlations between A and B

no classical (thermal)
correlations

entanglement entropy S y = — Z p,logp,
n

critical E non-critical

]
B — volume law S,y(A) ~ A

(integrable systems)

» arealaw S \(A) ~ | 0A |

2010)}

I
!

(

\ . Eisert, Cramer, Plenio, Rev. Mod. Phys. 82, 277
<« v | . . V. s T v - -y

log-breaking of area law S ,(A) ~ log|A |
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Low-entangled initial state
Strong correlations only between quasiparticle excitations with opposite velocities

Low entanglement (entangled semiclassical excitations are close to one another)

Entanglement not transferred when excitations scatter

moowx»

Translational invariance (semiclassical excitations originated everywhere)
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OO0 w >

Low-entangled initial state

Strong correlations only between quasiparticle excitations with opposite velocities
Low entanglement (entangled semiclassical excitations are close to one another)

Entanglement not transferred when excitations scatter

T

Bipartite entanglement equivalent to
"particle entanglement” of the set of semiclassical excitations in A

/

very effective in noninteracting spin chains

‘e
.
~
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
‘e
.

still not exploited in the presence of interactions
(several issues to be understood and solved)
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yge/m— W 1o interaction

initial state » tensor product of pairs (or groups) of semiclassical quasiparticles

Il o X3 XA X5

time

VN VS VI VIS VI VS Vs VR
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initial state » tensor product of pairs (or groups) of semiclassical quasiparticles

L1 L2 I3 L4 €5

P VA VI VU VO s VA W

the spatial bipartite entanglement is equivalent to the particle bipartite entanglement

PA(L) ~ B (zy A0} {21, M0} {@s, s} {z2.— A2} {5, s 1o {zs, = As ). | P0) (Pol]

}

@ [UE) (TE™ @ [T ) (86 @ -

S ——————
I I

| 2018)|
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Initial state » tensor product of pairs (or groups) of semiclassical quasiparticles

€5

VN VS VI VIS VI VS Vs VR

v

the spatial bipartite entanglement is equivalent to the particle bipartite entanglement

PA) ~ 0wy na} fon, A b As b ez =Dz b s As} {os,—As o [ P0) (ol

}

@ [UE) (TE™ @ [T ) (86 @ -




5 VS VS P VU W Y
H

1. Time evolution encoded in the population of particles in the subsystem

2. The entanglement is computed at the initial time

)

min(r+2v,)t,r,
| dxf,_, )

St (D) = J‘d/wH(—vl)[ dxf,_, (4) + [dﬂé’H(vA)

max(r,+2v))t,r

FD) = 6,(0s[97] + Oy(—x)s[ 9]

"
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Half-chain entropy
NO INteraction

U VISV VS VS VS VS VS

d d %
ES[O,OO](Z-) = [d/I |v,(0)| S} 7(0) = [dxl ‘ EJ dxS; " (x)

N
it was interpreted as the rate at which the two

parts exchange thermodynamic entropy
(through attr/buz‘/ng a z‘hermodynam/c enz‘rOpy z‘o each particle)
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Somi-clussical theory. utaton

40 _ e o

dt + ¢ £2
d t
g lo

nontrivial trajectories: X0
t

. “W

initial states with a pair structure (/1, — /1) 1 Pir

(a) (b) (©)
¢ = r/t '

time t

i Dimer+Neel
__(a) Dimer+Neel " (b) Dimer+Neel r—=—rg77, () Neel+Ferro =77
: : AR I REESS A=0.05 S e ) : SR FPPPS 2=0.95
8t 4 8f -
6 4 6F -
()]
£ 1 I
4+ 4 4+ -
2r 4 2+ -
L | [ R | | L 0 T L
0 6 4 2 0 2 4 6 8 4 S
X
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40 _ e o

dt + ¢ £2
d t
g lo

nontrivial trajectories: X0
t

initial states with a pair structure (/1, — /1) 1 i

(a) (b) (©)
¢ = x/t '

time t

NEew processes

a) Dimer+Neel (b) Dimer+Neel c) Neel+Ferro
,,,.,(,),.,.,,,, . g — A=157|5 ,(,) 1 A=147
: : : ooy | S . - S REPR 1=0.95
8 41 8F .
6 41 6f —
(]
S 1 I
41 41 4F -
2+ 41 2F -
L | | | | | L. 0 L L
0 6 4 2 0 2 4 6 8 4 5
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what’s the entanglement between the semiclassical particles of a pair?
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Semi-cladsical theo'ry. intoraction

what’s the entanglement between the semiclassical particles of a pair?

Train of thought 1. entanglement is computed at the initial time

2. being quasi-localised, a semiclassical pair
can not be affected by the inhomogeneity

the entanglement entropy of one particle should be the
same as in the corresponding homogeneous quench

v

thermodynamic entropy per glven rapldlty
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(201

| Alba, Bertini, MF, Scipost 7, 005

Spo® =1 [dﬂ {sgn(fa,_x’”—;) = D)sen(= = Iy (=N = v (NS

—sgn(U, () = Esen(= = o (N = v (NS }

Entanglement entropy 7/9



Half-chain entropy

nteraction

S =1 2, it sen, 5= i v st

Vo, (£ 00) are differentiable, periodic functions of 4
v, ,(£00) are odd functions of 4

3. va,ﬂ(-i_- 00) have a single maximum in a period
4.8gn(v, ,(+00)) = sgn(v, ,(—o0)) = sgn(l)

\4

Se® =1 Y, | dAsgnin, )81
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.’ Alba Bertlnl MF SClpost7 005 (2019)

Half-chain entropy

nteraction

S =1 2, it sen, 5= i v st

1.v, ,(Z00) are differentiable, periodic functions of 4
2.V, ,(£00) are odd functions of 4

3.V, ;,(£00) have a single maximum in a period
4.8gn(v, ,(+00)) = sgn(v, ,(—o0)) = sgn(l)

\4

Soe® =1 sz sen(v, (0)S1(0) ;é Soei® =1 Y, [ 4215,00)17(0)

the previously conjectured equivalence to the rate at which
the two parts exchange thermodynamic entropy is WRONG!
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H =

¥.)

‘\PR> =|..r s >

5, 0=m/4
— — A=b, 6=1/6

A=10, 0=m/6
A=10, 6=m/5

A

30
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Conclusions

(Z Entrop9 of the time averaged state

(Z Tnermoclgnamic entropy

(Z Entanglement entropg of subsgstems from innomogeneous

states

% Quantum clgnamics is confined in a ting subspace of the

Hilbert space

P The relation between tnermodgnamic entropy and the

entanglement entropuy is less trivial than expected
g PY P

D Réngi entropies’?

Thank you for your attention




