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INTRODUCTION

@ Several condensed matter systems admit an emerging QFT description: this
offers in principle the possibility of explaining properties of interacting
non-relativistic fermions in terms of the analogue of high energy phenomena
(anomalies, bosonization etc).
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@ Several condensed matter systems admit an emerging QFT description: this
offers in principle the possibility of explaining properties of interacting
non-relativistic fermions in terms of the analogue of high energy phenomena
(anomalies, bosonization etc).

@ The symmetries of the QFT description are however broken by lattice or
non-linear bands effects; such terms are usually irrelevant in the RG sense
but their role is often crucial in particular in transport. The final behavior
depends on a delicate interplay between emerging QFT and irrelevant terms.
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INTRODUCTION

@ Several condensed matter systems admit an emerging QFT description: this
offers in principle the possibility of explaining properties of interacting
non-relativistic fermions in terms of the analogue of high energy phenomena
(anomalies, bosonization etc).

@ The symmetries of the QFT description are however broken by lattice or
non-linear bands effects; such terms are usually irrelevant in the RG sense
but their role is often crucial in particular in transport. The final behavior
depends on a delicate interplay between emerging QFT and irrelevant terms.

@ | will focus mainly on the analogue of the chiral anomaly in interacting
lattice Weyl semimetals ; later | will briefly mention related results on 1d
interacting fermions close to the quantum critical point or with
quasi-periodic disorder.
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WEYL SEMIMETALS

@ Weyl semimetals are materials with an emerging desciption in terms of
massless 3 + 1 Dirac fermions. Nielsen and Ninomiya (1983) proposed that
the analogue of the Adler-Bell-Jackiw anomaly can be observed in solids (no
many body interaction was considered).
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@ Weyl semimetals are materials with an emerging desciption in terms of
massless 3 + 1 Dirac fermions. Nielsen and Ninomiya (1983) proposed that
the analogue of the Adler-Bell-Jackiw anomaly can be observed in solids (no
many body interaction was considered).

@ The goal seemed attainable in Weyl semimetals (e.g. Burkov et al (2011))
and indeed observation have been reported (see e.g. Ong et al (2015))
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WEYL SEMIMETALS

@ Weyl semimetals are materials with an emerging desciption in terms of
massless 3 + 1 Dirac fermions. Nielsen and Ninomiya (1983) proposed that
the analogue of the Adler-Bell-Jackiw anomaly can be observed in solids (no
many body interaction was considered).

@ The goal seemed attainable in Weyl semimetals (e.g. Burkov et al (2011))
and indeed observation have been reported (see e.g. Ong et al (2015))

@ The anomaly is expressed by the celebrated triangle graph and in principle
by a series of radiative corrections
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ One of the main properties of the anomaly in QFT is the
non-renormalization (Adler-Bardeen 1969): all the radiative interaction
corrections cancel out and the anomaly is exactly determined by its lowest
order contribution in perturbation theory (triangle graph).
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ One of the main properties of the anomaly in QFT is the
non-renormalization (Adler-Bardeen 1969): all the radiative interaction
corrections cancel out and the anomaly is exactly determined by its lowest
order contribution in perturbation theory (triangle graph).

@ The AB result is based on a delicate cancellation between Feynman graphs,
plagued by ultraviolet divergences. Cancellations order by order rely heavily
on Lorentz invariance and chiral classical symmetry. Simplified derivations
(Fujkawa, Atiah-Singer) works in semicalssical case.
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ One of the main properties of the anomaly in QFT is the
non-renormalization (Adler-Bardeen 1969): all the radiative interaction
corrections cancel out and the anomaly is exactly determined by its lowest
order contribution in perturbation theory (triangle graph).

@ The AB result is based on a delicate cancellation between Feynman graphs,
plagued by ultraviolet divergences. Cancellations order by order rely heavily
on Lorentz invariance and chiral classical symmetry. Simplified derivations
(Fujkawa, Atiah-Singer) works in semicalssical case.

@ |s the anomaly non.renormalization valid with a finite lattice and without
Lorentz invariance, that is in Weyl semimetals? In other words, the lattice
corrections do exactly cancel, or produce a small but finite contribution?
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ In the positive case maybe one could get an example of universality like
QHE or the optical conductivity on graphene.
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ In the positive case maybe one could get an example of universality like
QHE or the optical conductivity on graphene.

@ The non-linear corrections to the dispersion relation are RG irrelevant but
can produce finite contributions. Also the AB argument is purely
perturbative; one cannot exclude non-perturative corrections.
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ In the positive case maybe one could get an example of universality like
QHE or the optical conductivity on graphene.

@ The non-linear corrections to the dispersion relation are RG irrelevant but
can produce finite contributions. Also the AB argument is purely
perturbative; one cannot exclude non-perturative corrections.

@ Also interesting from a QFT perspective; violation of Lorentz invariance have
implications or not on the anomaly cancellation (Coleman Glashow 1999)
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ANOMALY AND ADLER-BARDEEN

NON-RENORMALZIATION

@ In the positive case maybe one could get an example of universality like
QHE or the optical conductivity on graphene.

@ The non-linear corrections to the dispersion relation are RG irrelevant but
can produce finite contributions. Also the AB argument is purely
perturbative; one cannot exclude non-perturative corrections.

@ Also interesting from a QFT perspective; violation of Lorentz invariance have
implications or not on the anomaly cancellation (Coleman Glashow 1999)

@ In the case of weak short range interactions non-renormalization can be
established non-perturbatively (series uniformlly convergent summing up to
zero). The proof do not uses cancellations but a completely different and
more robust mechanism.
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INTERACTING LATTICE WEYL SEMIMETAL

@ We focus on the simple situation of a minimal number of Weyl nodes, i.e.
two with opposite chirality, assuming broken time reversal symmetry. It is
not restrictive to consider a simple model (Delplace Carpentier EPL 2010)

-,

ho(K) = ticosks —p+t' +a(k) t(sinky +isink_)
O t(sinky —isink_)  —t, cosks +pu—t' — (k)

with a(k) = —t'(cos ky cosk_ — 1), where t, ¢’ are planar hoppings, t, is
the perpendicular hopping and p describes the difference of densities. If
| —¢'| <ty there are 2 Fermi points (0,0, £pp) with ¢, cospr = p — ¢.

VIERT MASTROPIETRO (UNIVERSITA DI MIL/ANOMALY NON-RENORMALIZATION IN WEYL SEPTEMBER 23, 2019 6 /33



INTERACTING LATTICE WEYL SEMIMETAL

@ We focus on the simple situation of a minimal number of Weyl nodes, i.e.
two with opposite chirality, assuming broken time reversal symmetry. It is
not restrictive to consider a simple model (Delplace Carpentier EPL 2010)

> tycosks — p+t + a(k) t(sinky +isink_)
ho(k) =

-,

t(sinky —isink_) —ty cosks +p—t —a(k)

with a(k) = —t'(cos ky cosk_ — 1), where t, ¢’ are planar hoppings, t, is
the perpendicular hopping and p describes the difference of densities. If
| —¢'| <ty there are 2 Fermi points (0,0, £pp) with ¢, cospr = p — ¢.

@ We add an interaction so that the interating model is
H= / dktho(R)yz +U / dpo(P) ppp—y + VN3

where py = [ %zﬁaﬁzﬁg is the local density, 9(p) is a short range

potential, and = = (a*,b%); N3 = N4 — Np is the staggered fermion
number. v is a counterterm to fix the Weyl points.

VIERT MASTROPIETRO (UNIVERSITA DI MIL/ANOMALY NON-RENORMALIZATION IN WEYL SEPTEMBER 23, 2019 6 /33



EMERGING DESCRIPTION

@ In absence of interaction the 2-point function g(x) close to the Weyl point
have the form, if k = k' + pp

X(K) (ko £udky vy (ky —iko)\
Zy 1}3_(]454,_ +ik_) —ikoTF 'ng;é (1+ R(k))

with Zg =1, vg =1, sinpp, vi =t.

VIERI MASTROPIETRO (UNIVERSITA DI MIL/ANOMALY NON-RENORMALIZATION IN WEYL SEPTEMBER 23, 2019



EMERGING DESCRIPTION

@ In absence of interaction the 2-point function g(x) close to the Weyl point
have the form, if k = k' + pp

X(K) (ko £udky vy (ky —iko)\
Zy 1}3_(]454,_ +ik_) —ikoTF ngé (1+ R(k))

with Zg =1, vg =1t sinpp, vi =t.

@ The model admits an effective description in term of massless Dirac particles
with a local interaction. This QFT model is invariant under a global
pE — eFE and chiral YpE — eF5%)E; the second symmetry is not true
in the lattice model.
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EMERGING DESCRIPTION

@ In absence of interaction the 2-point function g(x) close to the Weyl point
have the form, if k = k' + pp

X(K) (ko £udky vy (ky —iko)\
Zy 1}3_(]454,_ +ik_) —ikoTF ngé (1+ R(k))

with Zg =1, vg =1t sinpp, vi =t.

@ The model admits an effective description in term of massless Dirac particles
with a local interaction. This QFT model is invariant under a global
pE — eFE and chiral YpE — eF5%)E; the second symmetry is not true
in the lattice model.

@ In contrast to graphene, the velocity can be small and the Weyl points
arbitrarily close. They are in general renormalized (their location is obtaining
from v by inversion).
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BACKGROUND E.M. FIELD

@ Let us now couple the system to an external e.m. field 4, 4 =0,1,2,3.
We denote by (-) , the interacting Gibbs state of the system in the presence
of the external field and () = (-),. The coupling is defined via the Peierls
substitution.

@ The axial density is chosen, following NN, as the flow between Weyl points.

dk sink -
o= | Tt 4
Pp = / @r? Z APl

and ps ~ py — p—.
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BACKGROUND E.M. FIELD

@ Let us now couple the system to an external e.m. field 4, 4 =0,1,2,3.
We denote by (-) , the interacting Gibbs state of the system in the presence
of the external field and () = (-),. The coupling is defined via the Peierls
substitution.

@ The axial density is chosen, following NN, as the flow between Weyl points.
dk sinks - -
A5 3 T4+ —
and ps ~ py — p—.

@ Z has to be chosen so that ,6% is proportional to +(total density)

5.0— Lt B P
(033 Uyt V) = i U U, ) (1 Ol )
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BACKGROUND E.M. FIELD

@ Let us now couple the system to an external e.m. field 4, 4 =0,1,2,3.
We denote by (-) , the interacting Gibbs state of the system in the presence
of the external field and () = (-),. The coupling is defined via the Peierls
substitution.

@ The axial density is chosen, following NN, as the flow between Weyl points.
dik sink -
~5 3 T4+ —
o f s
and ps ~ py — p—.
@ Z has to be chosen so that ,6% is proportional to +(total density)

<ﬁi’,;¢k+piw £) = +ppi U, w pi) (1+0(k p))

@ The lattice chiral density is not exactly local: therefore, one has to couple it
to the A field via the Peierls substitution, in order to ensure full lattice
gauge invariance, and denote by p3(A) the gauge-invariant chiral density.

VIERI MASTROPIETRO (UNIVERSITA DI MIL/ANOMALY NON-RENORMALIZATION IN WEYL SEPTEMBER 23, 2019 8/ 33



BACKGROUND E.M. FIELD

@ The generating function of correlations can be written as a Grassmann
integral as

W (AA9) :/p(dz/}) oV )+ BIAD) (AL G (A)+(4.6)

. . - 5
V' contains the interaction and v term. We call I', . ~and I';, ,, ., the

derivatives with respect to A%, A,,,.. and A4, A, ,..at A=0.
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BACKGROUND E.M. FIELD

@ The generating function of correlations can be written as a Grassmann
integral as

W (AA9) :/p(dz/}) oV )+ BIAD) (AL G (A)+(4.6)

V contains the interaction and v term. We call I' and I the

. . . 22725 PRy 2 M1 5 o
derivatives with respect to A%, A,,,.. and A4, A, ,..at A=0.

o By Gauge invariance
0 W (A, —I—auoz,flg7 (beio‘) =0

so that p,I'y ;... = 0 implying the conservation of the current
< Puju >a=0in presence of an e.m. field. Of course no conservation
holds for the " chiral current”; there is no associated symmetry.
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BACKGROUND E.M. FIELD

@ Response in A

~ . - ) N
<Pi>A = ng,u(p)Al«p + by / dp1dp2 F(s),u,o'(pla P2)6Au,p1Ao’p2 + .

NOMALY NON-RENORMALIZATION IN WEYL



BACKGROUND E.M. FIELD

@ Response in A

N . A 7 R
<Pi>A = ng,u(p)Al«p + ) / dp1dps F(s),u,a(pla P2)0Aup, Aoy + -
° Fi,m,---,un are derivatives of W, that is <jfb7p;ju7+p1;jg7p2>+

<ji,p; AVyprl,P2> + <Az,u7p,p1;j0,p2> + <A;51,,a,p,p2;jl/,p1> + <A;51,,u,a,p1,p2>

where A, A5 .are derivative of B or j° (Schwinger terms).
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BACKGROUND E.M. FIELD

@ Response in A

A . A ) N
<Pi>A = ng,u(p)Au’p + by / dp1dp2 F(s),u,o'(pla P2)6Au,p1Ao’p2 + .

5 Nt < (B .5 .
o I') .. ... arederivatives of W, that is (), ,; Ju,+p1;Jo,p) +

<ji p; AVyprl,P2> + <AZ,IJ7P p17¢70>p2> < H,o,P, pzvjV p1> + <A;51,,u,a,p1,p2>
where A, A5 .are derivative of B or j° (Schwinger terms).

@ In the non interacting case p; + p2 = (po,0), one has (Nielsen and
Ninomiya (1983 ):

e 1
pOFO v, o(pla p2) FLQ o 2101 aP2,8€aBrve

This is same expression of the anomaly for ’l/)’}/u"}%?/} for massless QED (but
for Weyl semimetal strictly speaking is not an anomaly but a simulation).
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MAIN RESULT

@ What happens in presence of interaction U # 07 The interaction produce
non-universal modiifcation in the physical quantities; the Fermi points are
shifted and are given by +pp + b U + ..., with b1 # 0, and the interacting
Fermi velocities are given by v; = v? + a;U... Such quantities are expressed
by series in U with non trivial coefficients.
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shifted and are given by +pp + b U + ..., with b1 # 0, and the interacting
Fermi velocities are given by v; = v? + a;U... Such quantities are expressed
by series in U with non trivial coefficients.

@ The anomaly is expressed by the celebrated triangle graph and in principle
by a series of radiative corrections

o

RO (UNIVERSITA DI MIL:ANOMALY NON-RENORMALIZATION IN WEYL SEPTEMBER 23, 2019



MAIN RESULT

@ What happens in presence of interaction U # 07 The interaction produce
non-universal modiifcation in the physical quantities; the Fermi points are
shifted and are given by +pp + b U + ..., with b1 # 0, and the interacting
Fermi velocities are given by v; = v? + a;U... Such quantities are expressed
by series in U with non trivial coefficients.

@ The anomaly is expressed by the celebrated triangle graph and in principle
by a series of radiative corrections

o

. . . 2
@ The contributions of such terms is & 525 p1,ap2,8 + AU + CU? + .... Do
such corrections cancel or not?
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MAIN RESULT

@ Theorem(Giuliani Mastropietro Porta arXiv:1907.00682 ) There exists
Uy > 0, independent of the distance between the Fermi points, such that, if
|U| < Uy, fixing v =wv()\) and Z° = Z5()\) we have
Pl (0, 0)) = O(pilog |po|) and, if p1 + P2 = (po,0),

ez 1
pOFO v, g(plv p?) h2 o 2]91 aP2, Bsaﬂua';

up to an error O(P3log P), with P = max{|p1], |p2|}.
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MAIN RESULT

@ Theorem(Giuliani Mastropietro Porta arXiv:1907.00682 ) There exists
Uy > 0, independent of the distance between the Fermi points, such that, if
|U| < Uy, fixing v =wv()\) and Z° = Z5()\) we have
Pl (0, 0)) = O(pilog |po|) and, if p1 + P2 = (po,0),

ez 1
pOFO v, g(plv p?) h2 o 2]91 aP2, Bsaﬂua';

up to an error O(P3log P), with P = max{|p1], |p2|}.

o Ay =A; =0, As(t,x) = Bxy, As(t,x) = —FEt we get, at quadratic order,
Op(NP(A)) o = o 55 EB where N°> =32 pb
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REMARKS

@ The anomaly non-renormalization holds exactly with finite lattice and short
range interaction: all correction cancel out exactly.
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REMARKS

@ The anomaly non-renormalization holds exactly with finite lattice and short
range interaction: all correction cancel out exactly.

@ The mechanism is different from the AB one and non-perturbative.
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REMARKS

@ The anomaly non-renormalization holds exactly with finite lattice and short
range interaction: all correction cancel out exactly.

@ The mechanism is different from the AB one and non-perturbative.

@ Related to universality of optical conductivity in graphene; all interaction
corrections cancel out in the Hubbard model on the honeycomb lattice
(Giuliani Mastropietro Porta CMP 2012; PRB 2012)
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REMARKS

@ The anomaly non-renormalization holds exactly with finite lattice and short
range interaction: all correction cancel out exactly.

@ The mechanism is different from the AB one and non-perturbative.

@ Related to universality of optical conductivity in graphene; all interaction
corrections cancel out in the Hubbard model on the honeycomb lattice
(Giuliani Mastropietro Porta CMP 2012; PRB 2012)

@ Important to understand if is true with Coulomb interactions or strong
coupling.
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REMARKS

@ The anomaly non-renormalization holds exactly with finite lattice and short
range interaction: all correction cancel out exactly.

@ The mechanism is different from the AB one and non-perturbative.

@ Related to universality of optical conductivity in graphene; all interaction
corrections cancel out in the Hubbard model on the honeycomb lattice
(Giuliani Mastropietro Porta CMP 2012; PRB 2012)

@ Important to understand if is true with Coulomb interactions or strong
coupling.

@ One can see QFT as an effective theory emerging from some deeper
unknown description free of uv divergences and with less symmetries. Weyl
semimetals provide an example of emerging QED from a non Lorentz
invariant background. The correlations have small corrections (proportional
to the ratio between the momentum scale and the lattice ) but the anomaly
non-renormalization is a robust property: no corrections are present.
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RG AN EFFECTIVE POTENTIAL

@ The proof of universality combines two main ingredients: (a) invariance
under local gauge transformation and Ward Identities; (b) regularity

. . 5
properties of the correlations I', , .

@ We perform an exact RG analysis integrating momentum scales of
decreasing size ~ y", v > 1. We get a sequence of effective potentials V"
at scale h =0, —1,—2,... V" is given by a local part and an irrelevant part,
expressed by by sum of non-local monomials | d;dXW,’;m@[}"Am
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RG AN EFFECTIVE POTENTIAL

@ The proof of universality combines two main ingredients: (a) invariance
under local gauge transformation and Ward Identities; (b) regularity

. . 5
properties of the correlations I', , .

@ We perform an exact RG analysis integrating momentum scales of
decreasing size ~ y", v > 1. We get a sequence of effective potentials V"
at scale h =0, —1,—2,... V" is given by a local part and an irrelevant part,
expressed by by sum of non-local monomials | d;dXW,’;mw”Am

@ Tke kernels Wr’}’m are expressed in terms of a convergent power series in U
and rcc vy, ZZ,ZE’h. Technical part; cluster expansion and Gram bound for
fermionic determinants (M, 8 = (fa,9s), | det M| < [T, || fallllgall)- In
order to achieve convergence Feynman graphs cannot be used; one needs
cancellations by anticommutativity (classical trick in constructive QFT:
Caianello 1956, Gawedski-Kupianenen 1985)
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RG AN EFFECTIVE POTENTIAL

@ The proof of universality combines two main ingredients: (a) invariance
under local gauge transformation and Ward Identities; (b) regularity

. . 5
properties of the correlations I', , .

@ We perform an exact RG analysis integrating momentum scales of
decreasing size ~ y", v > 1. We get a sequence of effective potentials V"
at scale h =0, —1,—2,... V" is given by a local part and an irrelevant part,
expressed by by sum of non-local monomials | d;dXW,’;mw”Am

@ Tke kernels Wr’}’m are expressed in terms of a convergent power series in U
and rcc vy, ZZ,ZE’h. Technical part; cluster expansion and Gram bound for
fermionic determinants (M, 8 = (fa,9s), | det M| < [T, || fallllgall)- In
order to achieve convergence Feynman graphs cannot be used; one needs
cancellations by anticommutativity (classical trick in constructive QFT:
Caianello 1956, Gawedski-Kupianenen 1985)

@ Finiteness of radius of convergence (uniformly in sinpg) is in (Mastropietro
JSP 2015; JPA 2015). The RG has two regimes, the first with dimension
7/2 — 5/4n the second with dimension 4 — 2n
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BoIlunNDs

It is convenient to separate
wih =wih s+ w
(h)

where ,,

terms.

depends only on the rcc, while W,(I 1 depends on the irrelevant
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BoIlunNDs

@ It is convenient to separate

W, = W+ W

n,m;l

where (" n, m o depends only on the rcc, while W( .1 depends on the irrelevant
terms.

@ Convergence allows the following non-perturbative bound holds:
Jixay W) . 3)| VTTED < 2 Er g,

with =0ifi=a, 0 =1ifi=2.

@ Note the improvement when some irrelevant quartic term contribute. This
improvement plays a key role in the proof.
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BoIlunNDs

@ It is convenient to separate

W, = W+ W

n,m;l

where .o depends only on the rcc, while W( .1 depends on the irrelevant
terms.

@ Convergence allows the following non-perturbative bound holds:
Jixay W) . 3)| VTTED < 2 Er g,

with =0ifi=a, 0 =1ifi=2.

@ Note the improvement when some irrelevant quartic term contribute. This
improvement plays a key role in the proof.

@ The above bound has immediate implications on the regularity propertiies of
the I'y, 1.
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REGULARITY PROPERTIES AND RG

@ The anomaly is expressed by the derivative of fi,u,a’ which is bounded by

Zhgo 2—h2h \which is infinite; fz%o_ is continuous but not differentiable.
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REGULARITY PROPERTIES AND RG

@ The anomaly is expressed by the derivative of f‘iywj which is bounded by

Zhgo 2—h2h \which is infinite; fz%a is continuous but not differentiable.

@ However one can decompose as f?,uﬂ,)g + fgu%o; the second term has at
least a U vertex so by the previous bound is differentiable. The same is true
for the Schwinger terms which are differentiable.
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REGULARITY PROPERTIES AND RG

@ The anomaly is expressed by the derivative of e which is bounded by

v,o
Zhgo 2=h2h \which is infinite; I'®

W.v,0 1S continuous but not differentiable.

@ However one can decompose as F?,W,)g + Fgu%o; the second term has at

least a U vertex so by the previous bound is differentiable. The same is true
for the Schwinger terms which are differentiable.

@ The only non differentiable term is a renormalized triangle graph with
vertices and velocities at scale h; again we can write the propagators as the
relativistic part and a rest, and the vertices and velocities as their value at
h = —oo plus a rest. In conclusion the renormalized triangle is a relativistc
triangle (non differentiable) and a rest which is differentiable
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REGULARITY PROPERTIES AND RG

@ In conclusion the following decomposition is found

Fi,u,a (pl? p2) = Fz:?tﬂfla (p17 p2) + Hz,u,o'(ph p2)a

2,2, Z, o .
where FZ:”;?L(pl,pQ) = I,..6(P1,P2) where I, , - (p1,p2) is the

undressed relativistic chiral triangle graph with momentum cutoff and
P = (Po, V11, V2p2, V3P3)-
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REGULARITY PROPERTIES AND RG

@ In conclusion the following decomposition is found

Fi,u,a(pl? p2) = F%,Z?ﬁr(pl? p2) + Hﬁ,u,o‘(ph p2)a

2,2, Z, o .
where FZ*fo(lT(pl,pg) = I,..6(P1,P2) where I, , - (p1,p2) is the

undressed relativistic chiral triangle graph with momentum cutoff and
P = (Po, V11, V2p2, V3P3)-

The fact that Hﬁ,u,a’ depend on the irrelevant term implies that is more

regular, that is differentiable.
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RENORMALIZATION (GROUP ANALYSIS

@ We now combine the use of Ward ldentities (WI) with the regularity
properties of I'>7¢! and H?

I8N W0

@ The WI implies that the vertex renormalizations are proportional to the
velocities:
ZO = Z, Zl = ZQ = le, Zg = UgZ,
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RENORMALIZATION (GROUP ANALYSIS

@ We now combine the use of Ward ldentities (WI) with the regularity
properties of I'>7¢! and H?

I8N W0

@ The WI implies that the vertex renormalizations are proportional to the

velocities:
ZO = Z, Zl = ZQ = le, Zg = UgZ,

® I,,-(P1,P2) can be computed explicitly, leading to
Pulpw.o(P1,P2) = gr2D1,aP2,8Eapro, Where p = Py + pa, and
Prodpve(P1,P2) = &2 P1,0D2, 6800 (non conservation of current in QED
with momentum cut-off).
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RENORMALIZATION (GROUP ANALYSIS

@ We now combine the use of Ward ldentities (WI) with the regularity
properties of I'>7¢! and H?

I8N W0

@ The WI implies that the vertex renormalizations are proportional to the

velocities:
ZO = Z, Zl = ZQ = le, Zg = UgZ,

® I,,-(P1,P2) can be computed explicitly, leading to
Pulpw.o(P1,P2) = gr2D1,aP2,8Eapro, Where p = Py + pa, and
Prodpve(P1,P2) = &2 P1,0D2, 6800 (non conservation of current in QED
with momentum cut-off).

@ Do = UaPo and note that v,V8V,VsE0Bre = V1V2U3EQBV0-
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RENORMALIZATION (GROUP ANALYSIS

@ The second term H27V70(p1,p2) is essentially impossible to evaluate directly,

being an infinite series. However, we know by the WI that pl’yfi’y’g =0
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RENORMALIZATION (GROUP ANALYSIS

@ The second term H?  _(p1,P2) is essentially impossible to evaluate directly,

v,
being an infinite series. However, we know by the WI that pl’yfi’y)g =0
o In contrast with T%¢L, HY , (p1,p2) has continuous derivatives hence we
can write in Taylor up to order 1. By the WI we get the condition
oH?
5 _ o _ 1
HM,V7(T(0’ 0) =0, 6;2,13 (Oa 0) - _ng/ﬂua-
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RENORMALIZATION (GROUP ANALYSIS

@ The second term H27V70(p1,p2) is essentially impossible to evaluate directly,

being an infinite series. However, we know by the WI that plv,,I‘Z’y)U =0
o In contrast with T%¢L, HY , (p1,p2) has continuous derivatives hence we
can write in Taylor up to order 1. By the WI we get the condition
oH?
H} , ,(0,0) =0, —£2(0,0) = —zize, g0

v, D2, 8

@ The contribution of H depend only on the derivatives fixed above so that

oH ,
Pul w0 (P1,P2) = D6 (P1,P2) + P 3051 5 Piia 527 (0,0) =

723 D1,aP2,3Eapve- This ends the proof.
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RENORMALIZATION (GROUP ANALYSIS

@ The second term H27V70(p1,p2) is essentially impossible to evaluate directly,

being an infinite series. However, we know by the WI that plv,,I‘i’,,)U =0
o In contrast with T%¢L, HY , (p1,p2) has continuous derivatives hence we
can write in Taylor up to order 1. By the WI we get the condition
oH?
H} , ,(0,0) =0, —£2(0,0) = —zize, g0

HV,0 D2,

@ The contribution of H depend only on the derivatives fixed above so that

5
T5.rel 82;/2,’1;,0 (07 0) —

p.U«Fz,V,U(ph p2) = pM u,u,a(ph p2) + pM Zj:1,2 pj,a
723 D1,aP2,3Eapve- This ends the proof.

@ Perfect universality even without Lorentz invariance. Convergence is
independent from the distance between Fermi points (anomaly does not
depend on the size of infrared regime). Essentially impossible to see by
direct graph cancellation (in contrast to QFT).
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RENORMALIZATION GROUP ANALYSIS

@ The second term H27V70(p1,p2) is essentially impossible to evaluate directly,

being an infinite series. However, we know by the WI that plvyfi’yyg =0
o In contrast with T%¢L, HY , (p1,p2) has continuous derivatives hence we
can write in Taylor up to order 1. By the WI we get the condition
aHs V,o
H} ,,(0,0) =0, —tx

HV,0 D2,

(0,0) = _#Evl@uo-

@ The contribution of H depend only on the derivatives fixed above so that

5
T5.rel 8222:(1 (07 0) —

p.U«Fz,V,U(ph p2) = pM u,u,a(ph p2) + pM Zj:1,2 pj,a
723 D1,aP2,3Eapve- This ends the proof.

@ Perfect universality even without Lorentz invariance. Convergence is
independent from the distance between Fermi points (anomaly does not
depend on the size of infrared regime). Essentially impossible to see by
direct graph cancellation (in contrast to QFT).

@ Open problem (at least on a rigorous side); long range interaction or
disorder. The decomposition used above cannot be used.
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1D NON INTEGRABLE CHAINS

@ Natural question: for which properties is the behavior found in Bethe ansatz
solvable models 1d generic even when the Luttinger description breaks down
and the physics is dominated by irrelevant terms?
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1D NON INTEGRABLE CHAINS

@ Natural question: for which properties is the behavior found in Bethe ansatz
solvable models 1d generic even when the Luttinger description breaks down
and the physics is dominated by irrelevant terms?

@ We consider static T' = 0 properties close to critical point, where the
quadratic corrections to the dispersion relation tend to dominate.
cos(k’' = pp) — cospp = tsinppsink’ + (cosk’ — 1)
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1D NON INTEGRABLE CHAINS

@ Natural question: for which properties is the behavior found in Bethe ansatz
solvable models 1d generic even when the Luttinger description breaks down
and the physics is dominated by irrelevant terms?

@ We consider static T' = 0 properties close to critical point, where the
quadratic corrections to the dispersion relation tend to dominate.
cos(k’' = pp) — cospp = tsinppsink’ + (cosk’ — 1)

@ We perform a two-regime RG analysis (Bonetto Mastropietro AHP 2018,
EPL 2018); in the infrared linear regime the scaling dimension is 2 — n/2
(quartic terms marginal), in the ultraviolet quadratic one is 3/2 — n/4
(quartic terms relevant)

VIERT MASTROPIETRO (UNIVERSITA DI MIL/ANOMALY NON-RENORMALIZATION IN WEYL SEPTEMBER 23, 2019 20 / 33



ONE DIMENSIONAL CASE

@ In the first quadratic regime the interaction is relevant; however there is only
one singularity so in the spiness case there is no local quartic term, and
terms with derivatives are irrelevant.

VIERI ROPIET! (UNIVE { D OMALY NON-RENORMALIZATION IN W SEPTEMBER



ONE DIMENSIONAL CASE

@ In the first quadratic regime the interaction is relevant; however there is only
one singularity so in the spiness case there is no local quartic term, and
terms with derivatives are irrelevant.

@ In the second regime there are 2 fermi points: equal to Thirring model if the
bare interaction is suitably tuned up to irrelevant terms.
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@ In the first quadratic regime the interaction is relevant; however there is only
one singularity so in the spiness case there is no local quartic term, and
terms with derivatives are irrelevant.

@ In the second regime there are 2 fermi points: equal to Thirring model if the
bare interaction is suitably tuned up to irrelevant terms.

@ In order to compute the transport coefficients one separates the correlation
expression in a dominant relativistic part (which is now non continuous) and
a rest (depending on the irrelevant terms) which is continuous.
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ONE DIMENSIONAL CASE

@ In the first quadratic regime the interaction is relevant; however there is only
one singularity so in the spiness case there is no local quartic term, and
terms with derivatives are irrelevant.

@ In the second regime there are 2 fermi points: equal to Thirring model if the
bare interaction is suitably tuned up to irrelevant terms.

@ In order to compute the transport coefficients one separates the correlation
expression in a dominant relativistic part (which is now non continuous) and
a rest (depending on the irrelevant terms) which is continuous.

@ Big difference: the dominant part correspond to an interacting QFT (not to
a free one as in d = 3 + 1); a massless Thirring model with a momentum
cut-off; it verifies chiral symmetry while the lattice model not.
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ONE DIMENSIONAL CASE

@ In the first quadratic regime the interaction is relevant; however there is only
one singularity so in the spiness case there is no local quartic term, and
terms with derivatives are irrelevant.

@ In the second regime there are 2 fermi points: equal to Thirring model if the
bare interaction is suitably tuned up to irrelevant terms.

@ In order to compute the transport coefficients one separates the correlation
expression in a dominant relativistic part (which is now non continuous) and
a rest (depending on the irrelevant terms) which is continuous.

@ Big difference: the dominant part correspond to an interacting QFT (not to
a free one as in d = 3 + 1); a massless Thirring model with a momentum
cut-off; it verifies chiral symmetry while the lattice model not.

@ However the cut-off breaks the local phase symmetry and produces an extra
term in the WI for this interacting QFT theory (the relativistic anomaly).
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ONE DIMENSIONAL CASE

@ The extra term in the WI for the relativitic emerging theory can be
decomposed in a dominant part plus terms which are negligiblle
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ONE DIMENSIONAL CASE

@ The extra term in the WI for the relativitic emerging theory can be
decomposed in a dominant part plus terms which are negligiblle

w(O«wG
wOMQwO

The dot is a term depending on the cut-off and formally vanishing removing
the cut-off. The bubble is just the anomaly ind =141 and is 1/4w
(Benfatto Falco Mastropietro 2011).
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ONE DIMENSIONAL CASE

@ The extra term in the WI for the relativitic emerging theory can be
decomposed in a dominant part plus terms which are negligiblle

w(O«wG
wOMQwO

The dot is a term depending on the cut-off and formally vanishing removing
the cut-off. The bubble is just the anomaly ind =141 and is 1/4w
(Benfatto Falco Mastropietro 2011).

@ One get a closed expression for the relativistic dominant part correlations
(non differentiable).
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ONE DIMENSIONAL CASE: SPINLESS

@ The transport coefficients are expressed by the relativistic part (known )
while the contribution from the irrelevant terms are fixed by the lattice WI
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ONE DIMENSIONAL CASE: SPINLESS

@ The transport coefficients are expressed by the relativistic part (known )
while the contribution from the irrelevant terms are fixed by the lattice WI

@ One gets the remarkably simple Luttinger liquid relations unofomly up to the
quantum critical point; D is the Drude weight and & is the susecptibility
D =Kv/m k=K/mv
where (7 is the distance from criticality)

1-— 0) —v(2
K= T,T:)\M—FO(AQT) v =sinpr(1l+ O(Ar))
1+7 2mv
w=pr+v, v=)pr/m+O(\), ur = —cospr = £1 Fr. 7 is the
anomaly of the emerging theory.
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ONE DIMENSIONAL CASE: SPINLESS

@ The transport coefficients are expressed by the relativistic part (known )
while the contribution from the irrelevant terms are fixed by the lattice WI

@ One gets the remarkably simple Luttinger liquid relations unofomly up to the
quantum critical point; D is the Drude weight and & is the susecptibility
D =Kv/m k=K/mv
where (7 is the distance from criticality)

1-— 0) —v(2
K= T,T:)\M—FO(AQT) v =sinpr(1l+ O(Ar))
1+7 2mv
w=pr+v, v=)pr/m+O(\), ur = —cospr = £1 Fr. 7 is the
anomaly of the emerging theory.

@ Moreover at criticality one gets the non interacting values
K—1 D/Dy—1

as 1 — 0. pi is shiifted by the interaction (see e.g. Zotos et al (2016)).
Main point: the O(Ar) are bounds on convergent series.
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SPINLESS CASE

— X =02,0(x) = 6(x)
o(a

S-A=020 +1)+6(z - 1))/2

==X = 0.02,0(x) = (8 + 1) +6(z — 1))/2
A= 0.02.v(x) = exp(=x])/3

0.25
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/ 085
/ 0,02 04 06 08 1 12 14

/ L L L
0 0.2 04 0.6 0.8 1 12 14
E

D and K as function of density (or magnetic field), both in Heisenberg or
non solvable cases. D/Dy and K tend to 1: Features found in the
soIvabIe case per5|sts up to the criticapl point.
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases
with 7.
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases

with 7.

@ The linear dominant term is the one of the model with several interactions;
there are several anomalies in the emerging WI.
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases
with 7.

@ The linear dominant term is the one of the model with several interactions;
there are several anomalies in the emerging WI.

@ The LL relations are stil true in the convergence regime
D = Kv/m k= K/mv with

(1—2v,) v}
(14 2v,) v}

(14 w4)? — 42

v = sinpp—(l — ) — a2
P

vy = (0)/2rsinpr +.. v, = Av(0) —v(27p)/2)/2nsinpr + ..

V,, V4 are the anomalies of the emerging theory.
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ONE DIMENSIONAL CASE: SPINFUL

@ In the spinful case in the first quadratic regime the interaction is relevant
and there are no cancellations; the estimated radiu of convergence decreases
with 7.

@ The linear dominant term is the one of the model with several interactions;
there are several anomalies in the emerging WI.

@ The LL relations are stil true in the convergence regime
D = Kv/m k= K/mv with

(1—2v,) v}
(14 2v,) v}

(14 w4)? — 42

v = sinpp—(l — ) — a2
P

vy = (0)/2rsinpr +.. v, = Av(0) —v(27p)/2)/2nsinpr + ..
V,, V4 are the anomalies of the emerging theory.

@ One cannot take the » — 0 limit; however for A small one can see that K
does not tend to the non interacting value 1 but D becomes close to Dy.
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SPINFUL CASE
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Contrary to the spinless case, we cannot get pr = 0. K show the
tendency to a strongly interacting fixed point while D is close to the non
interacting value. Cfr the behavior of the Hubbard model by Bethe ansatz
e.g. Schultz 1993
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SMALL DIVISORS AND QUANTUM MANY BODY

PHavysics

@ Another case when irrelevant terms are crucial; interacting
Aubry-Andre’ model (XXZ chain with quasi random disorder)

H = _E(Z(aiﬂ% +ag_ja,) +
TzEA

Z ucos(2m(wx + 0))ata, +U Z v(z —y)afayafay
Z'GA z,y

with v(x —y) = 6y—p1 + dp—y.1-
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SMALL DIVISORS AND QUANTUM MANY BODY

PHavysics

@ Another case when irrelevant terms are crucial; interacting
Aubry-Andre’ model (XXZ chain with quasi random disorder)

H = _E(Z(aiﬂ% +ag_ja,) +
TzEA

Z ucos(2m(wx + 0))ata, +U Z v(z —y)afayafay
Z'GA z,y

with v(x —y) = 6y—p1 + dp—y.1-
@ w irrational.
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SMALL DIVISORS AND QUANTUM MANY BODY

PHavysics

@ Another case when irrelevant terms are crucial; interacting
Aubry-Andre’ model (XXZ chain with quasi random disorder)

H = _E(Z(aiﬂ% +ag_qa;) +
TEA
Zucos%r(wa:—i—@ ay —i—UZ v(z —y)afazafa
zEA
with v(x —y) = 6y—p1 + dp—y.1-

@ w irrational.

e Umklapp terms (marginal or relevant) are effectly irrelevant except at
half filling, as they do not fill momentum conservation from the Fermi
points; Due to incommensurability however momenta are almost
conserved, hence it is not clear if this improvement with respect to
scaling dimension holds.
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THE AUBRY-ANDRE’ MODEL

@ In the non interacting case U = 0 the states are obtained by the
antisymmetrization (fermions) of the eigenfunctions of almost
Mathieu equation

—ep(z+1) —ep(z — 1) + ucos(2m(wx + 6))Y(x) = Ep(x)
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THE AUBRY-ANDRE’ MODEL

@ In the non interacting case U = 0 the states are obtained by the
antisymmetrization (fermions) of the eigenfunctions of almost
Mathieu equation

—ep(z+1) —ep(z — 1) + ucos(2m(wx + 6))Y(x) = Ep(x)

o Deeply studied in mathematics (KAM methods, ten martini).
Dinaburg-Sinai (1975); Sinai (1987), Froehlich, Spencer, Wittwer
(1990); Jitomirskaya (1999); Avila, Jitomirskaya (2006)....
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THE AUBRY-ANDRE’ MODEL

@ In the non interacting case U = 0 the states are obtained by the
antisymmetrization (fermions) of the eigenfunctions of almost
Mathieu equation

—ep(z+1) —ep(z — 1) + ucos(2m(wx + 6))Y(x) = Ep(x)

o Deeply studied in mathematics (KAM methods, ten martini).
Dinaburg-Sinai (1975); Sinai (1987), Froehlich, Spencer, Wittwer
(1990); Jitomirskaya (1999); Avila, Jitomirskaya (2006)....

o For almost every w, # the almost Mathieu operator has
a)for e/u < % only pps with exponentially decaying eigenfunctions
(Anderson localization);
b)for e/u > % purely absolutely continuous spectrum (extended
quasi-Bloch waves)
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MOLECULAR LIMIT

e ¢ = U = 0 molecular limit H =) (cos2n(wz) — p)aia

< Ta;a;,' > |O = 6x,y§(ma'r0 - yO)
. e—tko(zo—yo)
g(x, o — Yo) /B Z —ikg + cos 2m(wx) — cos 27T(Wl’)

GS occupation number X(cos 27r(wx) < ).
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e ¢ = U = 0 molecular limit H =) (cos2n(wz) — p)aia

< Ta;a;,' > |O = 6x,y§(ma'r0 - yO)
. e—tko(zo—yo)
g(x, o — Yo) /B Z —ikg + cos 2m(wx) — cos 27T(Wl’)

GS occupation number X(cos 27r(wx) < ).
o Let us introduce z+ = +Z, x4+ Fermi coordinates.
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MOLECULAR LIMIT

e ¢ = U = 0 molecular limit H =) (cos2n(wz) — p)aia

< Ta;a;,' > |O = 6x,y§(ma'r0 - yO)
. e—tko(zo—yo)
g(x, o — Yo) /B Z —ikg + cos 2m(wx) — cos 27‘((&):17)

GS occupation number X(cos 27r(wx) < ).
o Let us introduce z+ = +Z, x4+ Fermi coordinates.
o If weset x =12’ + &), p ==, for small (wz')mod.1
1

—iko £ vo (W) mod.1

g(xl + T, kO) ~
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MOLECULAR LIMIT

e ¢ = U = 0 molecular limit H =) (cos2n(wz) — p)aia
< Tagay > lo = 6syg(x, T0 — Yo)
e—tko(zo—yo)

g(x, o — Yo) /B Z —ikg + cos 2m(wx) — cos 27‘((&):17)

GS occupation number X(cos 27r(wx) < ).
o Let us introduce z+ = +Z, x4+ Fermi coordinates.
o If weset x =12’ + &), p ==, for small (wz')mod.1
1

(¢ + Ly ko) ~ —
9 o ko) —iko £ vo (W) mod.1

o We assume Diophantine conditions; KAM (Kolmogorv Arnol Moser)
methods.

|lwal] = Colx[™" (%)
|lwzr £ 2wz|| > Colz|" Vo e Z/{0} ()
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LOCALIZED REGIME

Theorem 1.

In the spinless interacting Aubry-Andre’ model, assuming (*) and z
verifying (**) if u =1, p = cos 2m(wx) + v for small £,U and suitable v,
forany N, L =1/T =

1
1+ (Alzo — yo) )Y

with A = (1 +min(|z[, [y]))™", £ = [log(max(|e|, [U]))]
Assuming (*) and T half integer the same holds with A replaced by
o= 0(*%)

| < Taxay >| < Ce ¥ og(1-+min(|z([y]))” (4%

Exponential decay in coordinates signala persistence of localization in
presence of interactions.

Mastropietro Phys. Rev. Lett. 115, 180401 (2015); Comm. Math. Phys.
342, 1, 217-250 (2016); Comm. Math. Phys. (2017)
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SOME IDEA OF THE PROOF

e We integrate higher scales getting a sequence of effective potentials.
According to power counting, the theory is non renormalizable ; all
effective interactions have positive dimension, D = 1.
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SOME IDEA OF THE PROOF

e We integrate higher scales getting a sequence of effective potentials.
According to power counting, the theory is non renormalizable ; all
effective interactions have positive dimension, D = 1.

@ One has to distinguish among the monomials [, 1[12’1071,7% in the
effective potential between resonant and non resonant terms.
Resonant terms; z; = 2’. Non Resonant terms x; # 2’; for some 4, j.
(In the non interacting case only two external lines are present). Non

resonant terms almost connect the Fermi cooridnates.
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SOME IDEA OF THE PROOF

We integrate higher scales getting a sequence of effective potentials.
According to power counting, the theory is non renormalizable ; all
effective interactions have positive dimension, D = 1.
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effective potential between resonant and non resonant terms.
Resonant terms; z; = 2’. Non Resonant terms x; # 2’; for some 4, j.
(In the non interacting case only two external lines are present). Non
resonant terms almost connect the Fermi cooridnates.

One has to distinguish among the monomials [,

Methods coming from direct proof of convergence of Lindstedt series
for tori of quasi integrale systems
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SOME IDEA OF THE PROOF

e We integrate higher scales getting a sequence of effective potentials.
According to power counting, the theory is non renormalizable ; all
effective interactions have positive dimension, D = 1.

@ One has to distinguish among the monomials [, 1[12’1071,7% in the
effective potential between resonant and non resonant terms.
Resonant terms; z; = 2’. Non Resonant terms x; # 2’; for some 4, j.
(In the non interacting case only two external lines are present). Non

resonant terms almost connect the Fermi cooridnates.

@ Methods coming from direct proof of convergence of Lindstedt series
for tori of quasi integrale systems

@ The relevance of all terms suggest that localization (the umpertured
case) is broken.
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SOME IDEA OF THE PROOF

@ The non resonant terms are irrelevant. The idea is that if two
propagators have similar (not equal) small size (non resonant
subgraphs) , then the difference of their coordinates is large and this
produces a "gain” as passing from z to x + n one needs n vertices.
That is if (WZ))mod1 ~ (WTh)mod1 ~ AL then by the Diophantine
condition

2071 > ||w(z] — @3)|| > Cola — 25| ™"

that is |2/ — 24| > CA™ . This implies that such subgraphs have
assocuared an high power of ¢, U which change the dimensions.
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SOME IDEA OF THE PROOF

@ The non resonant terms are irrelevant. The idea is that if two
propagators have similar (not equal) small size (non resonant
subgraphs) , then the difference of their coordinates is large and this
produces a "gain” as passing from z to x + n one needs n vertices.
That is if (WZ))mod1 ~ (WTh)mod1 ~ AL then by the Diophantine
condition

2071 > ||w(z] — @3)|| > Cola — 25| ™"
that is |2/ — 24| > CA™ . This implies that such subgraphs have
assocuared an high power of ¢, U which change the dimensions.

@ The resonant terms are vanishing by Pauli principle

o Therefore perturbation theory is convergent for small ¢. In contarst
delocalized behavior is found for large ¢.
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CONCLUSIONS

@ The predictions on transport found using emerging QFT descriptions
neglects non-linear bands and breaking of Lorentz invariance due to lattice.
Even if RG irrelevant, they could produce major effects.
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CONCLUSIONS

@ The predictions on transport found using emerging QFT descriptions
neglects non-linear bands and breaking of Lorentz invariance due to lattice.
Even if RG irrelevant, they could produce major effects.

@ Universality persists in the chiral anomaly at 7' = 0 in Weyl semimetals for
short range interactions; weak respect to hopping but not respect to the
Fermi velocity. Use of rigorous non-perturbative bounds and exact RG
methods. Surely important to extend to long or strong interaction.
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@ Universality persists in the chiral anomaly at 7' = 0 in Weyl semimetals for
short range interactions; weak respect to hopping but not respect to the
Fermi velocity. Use of rigorous non-perturbative bounds and exact RG
methods. Surely important to extend to long or strong interaction.

@ No difference between integrable and non integrable chains even in regimes
where the irrelevant terms dominate (close to criticality) for = 0. Of
course T' # 0 is a major problem.
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CONCLUSIONS

@ The predictions on transport found using emerging QFT descriptions
neglects non-linear bands and breaking of Lorentz invariance due to lattice.
Even if RG irrelevant, they could produce major effects.

@ Universality persists in the chiral anomaly at 7' = 0 in Weyl semimetals for
short range interactions; weak respect to hopping but not respect to the
Fermi velocity. Use of rigorous non-perturbative bounds and exact RG
methods. Surely important to extend to long or strong interaction.

@ No difference between integrable and non integrable chains even in regimes
where the irrelevant terms dominate (close to criticality) for = 0. Of
course T' # 0 is a major problem.

@ In presence of quasi-random disorder, again the localizationn at T'=0
persists due to irrelevance of terms almost connecting Fermi points; number
theoretical (Diophantine) properties ensure such irrelevance. Again major
problem understand the role of such irrelevant terms at 7" # 0.
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