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Summary

• Effects on disorder on transport in quantum systems


• Localization: suppression of transport


• Nature of the delocalised phase: modes of slow transport


• Implications for the MBL-ETH phase transition?



Effect of disorder
In a perfect crystal transport is ballistic: momentum 
is a good quantum number 

A perfect crystal is an abstraction: disorder is everywhere

ballistic           diffusive



Effect of disorder
For conduction electrons disorder can be included (in a 
semiclassical approximation) in the Boltzmann equation for f(x, p)
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where a Born approximation gives

This eventually gives diffusive transport



Effect of disorder
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conductivity

Einstein’s relation � / D
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Semiclassical result: always diffusive, slower as 
disorder increases

density of scatterers, disorder



Effect of disorder
Anderson argued that for sufficiently strong disorder, diffusive 
transport must be completely suppressed

From experiments on electrons in the impurity band 
in a semiconductor

P.W. Anderson, 1958
Changing the ratio t/W we get to a phase 
transition

t
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Due to quantum effects the diffusion constant must disappear 
altogether

LocalizedConductive



Localization
Direct observation in 
optical latticesObservation in doped 

semiconductors 

Huge body of theoretical/mathematical work



Localization
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What happens when we introduce interactions?

Question asked already in Anderson 1958 but recently finally we 
think we have the answer:

In 2006 Basko, Aleiner and Altshuler presented a perturbation 
theory calculation supporting the idea that, for sufficiently small        
(and short-range interactions), localization survives



Many-body Localization 

where the critical temperature is determined by Eq. (18)
Z T c

0

dT 1 CV ðT 1Þ ¼ Ec. ð22bÞ

The schematic temperature dependence of the conductivity is summarized on Fig. 1.
Therefore, the temperature dependence of the dissipative coefficient in the system shows
the singularity typical for a phase transition.

To prove Eqs. (22) we use the Gibbs distribution and find

rðT Þ ¼
X

k

P krðEkÞ ¼
R1

0 dEeSðEÞ$ E=T rðEÞR1
0 dEeSðEÞ$ E=T

;

where the entropy S (E) is proportional to volume, and E is counted from the ground state.
The integral is calculated in the saddle point or in the steepest decent approximations, ex-
act for V !1. The saddle point E (T) is given by

dS
dE

!!!!
E¼ EðT Þ

¼ 1

T
.

Taking into account r (E) = 0 for E < Ec we find:

rðT Þ ¼ r EðT Þ½ &; EðT Þ > Ec;

rðT Þ / exp $ Ec $ EðT Þ
T

" #
; EðT Þ < Ec.

As both energies entering the exponential are extensive, EðT Þ; Ec / V, we obtain Eqs. (22).
As we already mentioned, vanishing of the dissipative conductivity at T < Tc means

freezing of all relaxation processes. In particular the microcanonical distribution could
never be established for the closed system. In this respect, the dynamics of the system
resembles the glassy state [19].

To establish the thermal equilibrium in such insulating state requires finite coupling of
the system with the external reservoir (i.e., phonons). The presence of the finite electron–
phonon interaction (as phonons are usually delocalized), smears out the transition, and

Fig. 1. Schematic temperature dependence of the dc conductivity r (T). Below the point of the many-body metal–
insulator transition, T < Tc, r (T) = 0, as shown in Section 6. Temperature interval T > T(in) > Tc corresponds to
the developed metallic phase, where Eq. (17d) is valid. In this regime for the model described in Section 3 r (T) is
given analytically by Eqs. (93)–(99) and plotted on Fig. 10. At T > T(el) the high-temperature metallic
perturbation theory of [15]is valid.

D.M. Basko et al. / Annals of Physics 321 (2006) 1126–1205 1135

For sufficiently small interactions

�⇣ ⇠ (~/⇣)2/m
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Perturbation theory
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Look at the absence of resonant processes
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more precisely one can show (in perturbation theory):

In this way transport is inhibited 

Basko, Aleiner, Altshuler (2006), Ros, Mueller, AS (2015), J.Imbrie proved this for a different model (2015)



Many-body Localization 
• Absence of transport


• Emergence of local integrals of motion


• Violation of ETH


• Area law entanglement at high T


• Memory of initial state in local observables


• Poisson distribution of gaps in the spectrum


• Slow growth of entanglement



Many-body Localization 
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<latexit sha1_base64="CO/bZDnt2Ge8sLoqBwpC3kSpmVY="></latexit>

H = �
X

i

~si · ~si+1 +
X

i

his
z
i

<latexit sha1_base64="VNXDip3Mj5FWmN8BBsLs8miywts="></latexit>

spin representation

Interacting spinless fermions

r =
min(�Ea,�Ea+1)

max(�Ea,�Ea+1)
<latexit sha1_base64="KN+zMIDJDCIa7BYrBZ2GT1gHlSQ="></latexit>

F.Alet et al. (2015)

Jordan-Wigner

h

hi 2 (�h, h)



Many-body Localization 
ETH

✏(x, t) = h (t)|Hx| (t)i

@✏

@t
= D

@2✏

@x2



Many-body Localization 
Localized

✏(x, t) = h (t)|Hx| (t)i



Many-body Localization 
Problems with the phase transition: 

Critical exponents are too small

r(W,L) = f(L/Lc(W ))
<latexit sha1_base64="aZ7ozaE3JEtuFRAMqnG47GyicIA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFSlJrUhW6EohsXXVSwD2hDmEwn7dDJJMxMxBD6F67duFDErT/irn/j9LHQ1gMXDufcy733+DGjUtn22FhZXVvf2Mxt5bd3dvf2zYNCU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Hbitx6JkDTiDyqNiRuiPqcBxUhpyTMLwmqd1UrXgVU7r3nYapVKnlm0y/YUcJk4c1KsWt3T53E1rXvmd7cX4SQkXGGGpOw4dqzcDAlFMSOjfDeRJEZ4iPqkoylHIZFuNr19BE+00oNBJHRxBafq74kMhVKmoa87Q6QGctGbiP95nUQFV25GeZwowvFsUZAwqCI4CQL2qCBYsVQThAXVt0I8QAJhpePK6xCcxZeXSbNSdi7KlXudxg2YIQeOwDGwgAMuQRXcgTpoAAyewAt4A+/GyHg1PozPWeuKMZ85BH9gfP0AkC+VKw==</latexit>

Lc(W ) ⇠ |Wc �W |�⌫
<latexit sha1_base64="91g1gaCPIsD9qSozWNGJW8XxomI=">AAACAnicbVDLSsNAFJ3UV62vqitxM1iEirQkdaHLohsXLirYptDUMJlO2qGTSZiZCCEtbvwEf8GNC0Xc+hXu+jdOHwttPXDhcM693HuPFzEqlWmOjMzS8srqWnY9t7G5tb2T391ryDAWmNRxyELR9JAkjHJSV1Qx0owEQYHHiO31r8a+/UCEpCG/U0lE2gHqcupTjJSW3PzBjYuL9okjaQAHtotL9uA+LTk8Hrr5glk2J4CLxJqRQrXonD6PqknNzX87nRDHAeEKMyRlyzIj1U6RUBQzMsw5sSQRwn3UJS1NOQqIbKeTF4bwWCsd6IdCF1dwov6eSFEgZRJ4ujNAqifnvbH4n9eKlX/RTimPYkU4ni7yYwZVCMd5wA4VBCuWaIKwoPpWiHtIIKx0ajkdgjX/8iJpVMrWWblyq9O4BFNkwSE4AkVggXNQBdegBuoAg0fwAt7Au/FkvBofxue0NWPMZvbBHxhfPwgLmYw=</latexit>

⌫ . 1
<latexit sha1_base64="V9nw0wfgdsXiav1dhXjLecATjyo=">AAAB9HicbVDLSgNBEJz1mayvqEcvg0HwFHbjQS9C0IvHCOYByRJmJ73JkJnZzcxsICz5Di8elODVj/Ei/o2Tx0ETCxqKqm66u8KEM20879vZ2Nza3tnN5d29/YPDo8LxSV3HqaJQozGPVTMkGjiTUDPMcGgmCogIOTTCwf3Mb4xAaRbLJzNOIBCkJ1nEKDFWCtoybXPQWjOB/U6h6JW8OfA68ZekWMkn0y/3dljtFD7b3ZimAqShnGjd8r3EBBlRhlEOE7edakgIHZAetCyVRIAOsvnRE3xhlS6OYmVLGjxXf09kRGg9FqHtFMT09ao3E//zWqmJboKMySQ1IOliUZRybGI8SwB3mQJq+NgSQhWzt2LaJ4pQY3NybQj+6svrpF4u+Vel8qNN4w4tkENn6BxdIh9dowp6QFVUQxQN0TN6RW/OyHlxps77onXDWc6coj9wPn4AboqU0w==</latexit>

⌫ � 2/d = 2
<latexit sha1_base64="IWZZD2c3bfIlXb88BDIznS51pJg=">AAAB9HicbVDLSsNAFL3xWeur6tLNYBEKQk3iQjdC0Y3LCvYBTSiT6bQdOpmkM5NCCP0LwY0LRdz6Me76N04fC209cOFwzr3ce08Qc6a0bU+stfWNza3t3E5+d2//4LBwdFxXUSIJrZGIR7IZYEU5E7Smmea0GUuKw4DTRjC4n/qNEZWKReJJpzH1Q9wTrMsI1kbyPZF4PTpE7mXn1m0XinbZngGtEmdBipWSd/E8qaTVduHb60QkCanQhGOlWo4daz/DUjPC6TjvJYrGmAxwj7YMFTikys9mR4/RuVE6qBtJU0Kjmfp7IsOhUmkYmM4Q675a9qbif14r0d0bP2MiTjQVZL6om3CkIzRNAHWYpETz1BBMJDO3ItLHEhNtcsqbEJzll1dJ3S07V2X30aRxB3Pk4BTOoAQOXEMFHqAKNSAwhBd4g3drZL1aH9bnvHXNWsycwB9YXz9/QZQ9</latexit>

Chandran, Laumann, 
Oganesyan (2016) 
based on Chayes, 
Chayes, Fisher, 
Spencer (1989)
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<latexit sha1_base64="VNXDip3Mj5FWmN8BBsLs8miywts="></latexit>

Many-body Localization 

|Ei =
X

a

p
�a| 1

ai| 2
ai

Extract a length scale 

� =
@ lnP

@ ln�F.Pietracaprina, et al. 2017



Many-body Localization 

For any disorder saddle point 
appears at some L

Ls ! 1, h ! hMBL

⌫ = 0.9± 0.1

Large finite size effects?

Analogy with Anderson model on 
RRG/Bethe lattice



Delocalized region

� = J/E
<latexit sha1_base64="7k1nCQBp1v56wwbnKTOZP7wt1zU=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBEKQk3qQjdCUQRxVcE+sAllMp20QyeTMDMRQuhfdONCEbf+jbv+jdPHQlsPXDiccy/33uPHnClt22NrZXVtfWMzt5Xf3tnd2y8cHDZUlEhC6yTikWz5WFHOBK1rpjltxZLi0Oe06Q9uJ37zhUrFIvGk05h6Ie4JFjCCtZGeXcV6Ib5+OL/rFIp22Z4CLRNnTorVkns2GlfTWqfw7XYjkoRUaMKxUm3HjrWXYakZ4XSYdxNFY0wGuEfbhgocUuVl04uH6NQoXRRE0pTQaKr+nshwqFQa+qYzxLqvFr2J+J/XTnRw5WVMxImmgswWBQlHOkKT91GXSUo0Tw3BRDJzKyJ9LDHRJqS8CcFZfHmZNCpl56JceTRp3MAMOTiGEyiBA5dQhXuoQR0ICBjBG7xbynq1PqzPWeuKNZ85gj+wvn4A2/STWw==</latexit>

J = �E = � �V/L
<latexit sha1_base64="9xr/Oxrd4ft+r4l6VzbR+gbiBu8=">AAACBnicbZDLSgMxFIYzXmu9jboUIViEglBn6kI3QvECIi4q2At0hpJJ0zY0yQxJRhiGrtz4AL6EGxeKuPUZ3PVtTC8Lbf0h8PGfczg5fxAxqrTjDKy5+YXFpeXMSnZ1bX1j097arqowlphUcMhCWQ+QIowKUtFUM1KPJEE8YKQW9C6G9doDkYqG4l4nEfE56gjaphhpYzXtvZszT9EOR/BqAh70LgnTCFaPbpt2zik4I8FZcCeQK+W9w+dBKSk37W+vFeKYE6ExQ0o1XCfSfoqkppiRftaLFYkQ7qEOaRgUiBPlp6Mz+vDAOC3YDqV5QsOR+3siRVyphAemkyPdVdO1oflfrRHr9qmfUhHFmgg8XtSOGdQhHGYCW1QSrFliAGFJzV8h7iKJsDbJZU0I7vTJs1AtFtzjQvHOpHEOxsqAXbAP8sAFJ6AErkEZVAAGj+AFvIF368l6tT6sz3HrnDWZ2QF/ZH39AB44mpg=</latexit>
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When conductivity is zero, is 
it localized?

Not necessarily!

J ⇠ L��
<latexit sha1_base64="ydGKfcB7NnM7cdfqM5J/3KA9lA0=">AAAB+nicbVDLSgMxFM3UVzu+prp0EyyCG8tMXehGKLoRcVHBPqAdSybNtKFJZkwyShn7KW4UFHHrl7gR/8b0sdDWAxcO59zLvfcEMaNKu+63lVlYXFpeyebs1bX1jU0nv1VTUSIxqeKIRbIRIEUYFaSqqWakEUuCeMBIPeifjfz6HZGKRuJaD2Lic9QVNKQYaSO1nfxFS1EOL2/Sg1YXcY6GbafgFt0x4DzxpqRQzsXPX/bJbaXtfLY6EU44ERozpFTTc2Ptp0hqihkZ2q1EkRjhPuqSpqECcaL8dHz6EO4ZpQPDSJoSGo7V3xMp4koNeGA6OdI9NeuNxP+8ZqLDYz+lIk40EXiyKEwY1BEc5QA7VBKs2cAQhCU1t0LcQxJhbdKyTQje7MvzpFYqeofF0pVJ4xRMkAU7YBfsAw8cgTI4BxVQBRjcg0fwAl6tB+vJerPeJ60ZazqzDf7A+vgBiSaWfQ==</latexit>

� > 1
<latexit sha1_base64="4lfciKwMzvhJdPwWK32J4b89orU=">AAAB73icbVC7SgNBFJ31GeMramkzGIVUYTcWWknQxjKCeUB2CXcns8mQmdl1ZlYIS75BsLFQxNbf8BPs/BB7J49CEw9cOJxzL/feEyacaeO6X87S8srq2npuI7+5tb2zW9jbb+g4VYTWScxj1QpBU84krRtmOG0lioIIOW2Gg6ux37ynSrNY3pphQgMBPckiRsBYqeX3QAi48DqFolt2J8CLxJuRYvXYL31/PPi1TuHT78YkFVQawkHrtucmJshAGUY4HeX9VNMEyAB6tG2pBEF1kE3uHeETq3RxFCtb0uCJ+nsiA6H1UIS2U4Dp63lvLP7ntVMTnQcZk0lqqCTTRVHKsYnx+HncZYoSw4eWAFHM3opJHxQQYyPK2xC8+ZcXSaNS9k7LlRubxiWaIocO0REqIQ+doSq6RjVURwRx9Iie0Ytz5zw5r87btHXJmc0coD9w3n8APzGTIg==</latexit>

R ⇠ L�
<latexit sha1_base64="YoJ6nYPWcAyDBxie2XvxKhk0wBM=">AAAB9XicbVC5TsNAEF2HKzFXgJJmRYREFdmhgAYpgoaCIiBySLETjTfrZJVd2+yuQVGU/6Ch4BAt/0KD+Bs2RwEJTxrp6b0ZzcwLEs6UdpxvK7O0vLK6ls3Z6xubW9v5nd2ailNJaJXEPJaNABTlLKJVzTSnjURSEAGn9aB/Mfbr91QqFke3epBQX0A3YiEjoI3UuvEUE/iq5XVBCGjnC07RmQAvEndGCuVc8vpln91V2vlPrxOTVNBIEw5KNV0n0f4QpGaE05HtpYomQPrQpU1DIxBU+cPJ1SN8aJQODmNpKtJ4ov6eGIJQaiAC0ylA99S8Nxb/85qpDk/9IYuSVNOITBeFKcc6xuMIcIdJSjQfGAJEMnMrJj2QQLQJyjYhuPMvL5JaqegeF0vXJo1zNEUW7aMDdIRcdILK6BJVUBURJNEjekYv1oP1ZL1Z79PWjDWb2UN/YH38AOLdlRE=</latexit>

non-ohmic or subdiffusive dynamics 

This is not observed in Anderson model



Delocalized region
The delocalized region of the interacting model
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<latexit sha1_base64="CO/bZDnt2Ge8sLoqBwpC3kSpmVY="></latexit>

R ⇠ L�
<latexit sha1_base64="YoJ6nYPWcAyDBxie2XvxKhk0wBM=">AAAB9XicbVC5TsNAEF2HKzFXgJJmRYREFdmhgAYpgoaCIiBySLETjTfrZJVd2+yuQVGU/6Ch4BAt/0KD+Bs2RwEJTxrp6b0ZzcwLEs6UdpxvK7O0vLK6ls3Z6xubW9v5nd2ailNJaJXEPJaNABTlLKJVzTSnjURSEAGn9aB/Mfbr91QqFke3epBQX0A3YiEjoI3UuvEUE/iq5XVBCGjnC07RmQAvEndGCuVc8vpln91V2vlPrxOTVNBIEw5KNV0n0f4QpGaE05HtpYomQPrQpU1DIxBU+cPJ1SN8aJQODmNpKtJ4ov6eGIJQaiAC0ylA99S8Nxb/85qpDk/9IYuSVNOITBeFKcc6xuMIcIdJSjQfGAJEMnMrJj2QQLQJyjYhuPMvL5JaqegeF0vXJo1zNEUW7aMDdIRcdILK6BJVUBURJNEjekYv1oP1ZL1Z79PWjDWb2UN/YH38AOLdlRE=</latexit>

W
<latexit sha1_base64="lzVA3vdVmSlELCWdEtm/iAFSUxM=">AAAB6HicbVBNS8NAEJ3UrzZ+VT16CRbBU0nqQS9C0YvHFuwHtKFstpN27WYTdzdCCf0FXjwo4lX/kRfx37j9OGj1wcDjvRlm5gUJZ0q77peVW1ldW9/IF+zNre2d3eLeflPFqaTYoDGPZTsgCjkT2NBMc2wnEkkUcGwFo6up37pHqVgsbvQ4QT8iA8FCRok2Ur3VK5bcsjuD85d4C1KqFpL3T/virtYrfnT7MU0jFJpyolTHcxPtZ0RqRjlO7G6qMCF0RAbYMVSQCJWfzQ6dOMdG6TthLE0J7czUnxMZiZQaR4HpjIgeqmVvKv7ndVIdnvsZE0mqUdD5ojDljo6d6ddOn0mkmo8NIVQyc6tDh0QSqk02tgnBW375L2lWyt5puVI3aVzCHHk4hCM4AQ/OoArXUIMGUEB4gCd4tm6tR+vFep235qzFzAH8gvX2DaEOj8Y=</latexit>

�
<latexit sha1_base64="yiG28Fo0y8wUjoaHorE4Ez8BYG4=">AAAB7XicbVC7TgMxENwLrxBeAUoai4CUKroLBZQRNJRBIg8pd4p8ji8xsX0n24cUnfIN0FCAEC3/wSfQ8SH0OI8CEkZaaTSzq92dMOFMG9f9cnIrq2vrG/nNwtb2zu5ecf+gqeNUEdogMY9VO8SaciZpwzDDaTtRFIuQ01Y4vJr4rXuqNIvlrRklNBC4L1nECDZWavp9LATuFktuxZ0CLRNvTkq1E7/8/fHg17vFT78Xk1RQaQjHWnc8NzFBhpVhhNNxwU81TTAZ4j7tWCqxoDrIpteO0alVeiiKlS1p0FT9PZFhofVIhLZTYDPQi95E/M/rpCa6CDImk9RQSWaLopQjE6PJ66jHFCWGjyzBRDF7KyIDrDAxNqCCDcFbfHmZNKsV76xSvbFpXMIMeTiCYyiDB+dQg2uoQwMI3MEjPMOLEztPzqvzNmvNOfOZQ/gD5/0HSAySnw==</latexit>

1
<latexit sha1_base64="TMOi+Fj3ni3Qlo71Is6I+2FZl5Q=">AAAB6HicbVDJSgNBEK2JWzJuUY9eGoPgKczEg16EoBePCZgFkiH0dGqSNj2L3T1CGPIFXjwo4lX/yIv4N3aWg0YfFDzeq6Kqnp8IrrTjfFm5ldW19Y18wd7c2t7ZLe7tN1WcSoYNFotYtn2qUPAIG5prge1EIg19gS1/dDX1W/coFY+jGz1O0AvpIOIBZ1Qbqe72iiWn7MxA/hJ3QUrVQvL+aV/c1XrFj24/ZmmIkWaCKtVxnUR7GZWaM4ETu5sqTCgb0QF2DI1oiMrLZodOyLFR+iSIpalIk5n6cyKjoVLj0DedIdVDtexNxf+8TqqDcy/jUZJqjNh8UZAKomMy/Zr0uUSmxdgQyiQ3txI2pJIybbKxTQju8st/SbNSdk/LlbpJ4xLmyMMhHMEJuHAGVbiGGjSAAcIDPMGzdWs9Wi/W67w1Zy1mDuAXrLdvZ3aPoA==</latexit>

1
<latexit sha1_base64="SOI1nzXJeF6dsZTpJ6yKraCDKhA=">AAAB7XicbVC7SgNBFJ2Nr2R9RS1tBoNgFXZjoY0QtLGMYB6QLGF2MpuMmZ1ZZ+4KS8g/2FgoYmPh/9iIf+PkUWjigQuHc+7l3nvCRHADnvft5FZW19Y38gV3c2t7Z7e4t98wKtWU1akSSrdCYpjgktWBg2CtRDMSh4I1w+HVxG8+MG24kreQJSyISV/yiFMCVmp0uIwg6xZLXtmbAi8Tf05K1ULy/uVe3Ne6xc9OT9E0ZhKoIMa0fS+BYEQ0cCrY2O2khiWEDkmftS2VJGYmGE2vHeNjq/RwpLQtCXiq/p4YkdiYLA5tZ0xgYBa9ifif104hOg9GXCYpMElni6JUYFB48jrucc0oiMwSQjW3t2I6IJpQsAG5NgR/8eVl0qiU/dNy5camcYlmyKNDdIROkI/OUBVdoxqqI4ru0CN6Ri+Ocp6cV+dt1ppz5jMH6A+cjx+vCJIn</latexit>

MBL



Delocalized region
the dynamical phase diagram is

W/J & 4

W/J

Sub diffusion

0 0.50± 0.05

Diffusion

4÷ 8

Localization

localized at infinite temperature

open system transport: Znidaric, Varma, AS (2016), 


eigenstates: Luitz, Bar Lev (2015) 

eigenstates: Alet, Luitz, and others (2014)
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<latexit sha1_base64="VNXDip3Mj5FWmN8BBsLs8miywts="></latexit>



Delocalized region
Transport using KGS/Lindblad
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<latexit sha1_base64="xH5HDgU0xFPhD/3gIeg5ipVYaws="></latexit>

L1,2 =
p
1± µ�±

1 , L3,4 =
p
1± µ�⌥

L
<latexit sha1_base64="jSxm9L+S59+sQh4+wL8ISGv8wxs="></latexit>
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<latexit sha1_base64="VNXDip3Mj5FWmN8BBsLs8miywts="></latexit>

Non-equilibrium steady state

ji = sxi s
y
i+1 � syi s

x
i+1

<latexit sha1_base64="rlugaSvRFEdJfMr+p/RDC5nkc/s=">AAACDHicbVDLSgMxFM3UV62vqktdBKsgiGWmgroRi7pwWcE+oJ0OmTTTxmYeJBnpMPQD3Pgrblwo4tYPcOenuDPT6UJbDwTOPedebu6xA0aF1PUvLTMzOze/kF3MLS2vrK7l1zdqwg85JlXsM583bCQIox6pSioZaQScINdmpG73LxO/fk+4oL53K6OAmC7qetShGEklWfnCnUXPRHtgUSjakRXTA2N4mLCkHqS16tKL+ghwmhhjUijrx99Xu9vnFSv/2er4OHSJJzFDQjQNPZBmjLikmJFhrhUKEiDcR13SVNRDLhFmPDpmCPeU0oGOz9XzJBypvydi5AoRubbqdJHsiUkvEf/zmqF0Ts2YekEoiYfTRU7IoPRhkgzsUE6wZJEiCHOq/gpxD3GEpcovp0IwJk+eJrVS0Tgqlm5UGhcgRRZsgR2wDwxwAsrgGlRAFWDwAJ7AC3jVHrVn7U17T1sz2nhmE/yB9vEDCpidNQ==</latexit>

ji = jj = J
<latexit sha1_base64="HAnAwZYUwqMTmhUD/qk7h0JeMMY=">AAAB8HicbVC7SgNBFL0bXzHxEbW0GQyCWITdWGgTCNqIVQTzkLgss5NJMsnM7jIzGwhLvsLGQhFbP8Af8A/s/BCtnTwKTTxw4XDOvdx7jx9xprRtf1qppeWV1bX0eia7sbm1ndvZrakwloRWSchD2fCxopwFtKqZ5rQRSYqFz2nd71+M/fqASsXC4EYPI+oK3AlYmxGsjXTb81ip5/VKV14ubxfsCdAicWYkXz7+ensfZL8rXu7jrhWSWNBAE46Vajp2pN0ES80Ip6PMXaxohEkfd2jT0AALqtxkcvAIHRqlhdqhNBVoNFF/TyRYKDUUvukUWHfVvDcW//OasW6fuQkLoljTgEwXtWOOdIjG36MWk5RoPjQEE8nMrYh0scREm4wyJgRn/uVFUisWnJNC8dqkcQ5TpGEfDuAIHDiFMlxCBapAQMA9PMKTJa0H69l6mbamrNnMHvyB9foD+saUTA==</latexit>

 = 1, µ = 10�3
<latexit sha1_base64="45ceIF71WOrfH93uT2wxwDjTpz8=">AAACA3icbVC7SgNBFJ2NrxhfUTttBqOQQsNuUmgTCNpYRjAPyMZwd3Y2GTL7cGZWCEvAxtq/sLFQxNbGT7DzQ+ydPAqNHrhwOOde7r3HiTiTyjQ/jdTc/MLiUno5s7K6tr6R3dyqyzAWhNZIyEPRdEBSzgJaU0xx2owEBd/htOH0z0Z+44YKycLgUg0i2vahGzCPEVBa6mR37D5EEZStQ/s6Bhfbfly2zKvkqDTsZHNmwRwD/yXWlOQq+3b+6/3ernayH7YbktingSIcpGxZZqTaCQjFCKfDjB1LGgHpQ5e2NA3Ap7KdjH8Y4gOtuNgLha5A4bH6cyIBX8qB7+hOH1RPznoj8T+vFSvvpJ2wIIoVDchkkRdzrEI8CgS7TFCi+EATIILpWzHpgQCidGwZHYI1+/JfUi8WrFKheKHTOEUTpNEu2kN5ZKFjVEHnqIpqiKBb9ICe0LNxZzwaL8brpDVlTGe20S8Yb9+2IZn1</latexit>
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Delocalized region

where the critical temperature is determined by Eq. (18)
Z T c

0

dT 1 CV ðT 1Þ ¼ Ec. ð22bÞ

The schematic temperature dependence of the conductivity is summarized on Fig. 1.
Therefore, the temperature dependence of the dissipative coefficient in the system shows
the singularity typical for a phase transition.

To prove Eqs. (22) we use the Gibbs distribution and find

rðT Þ ¼
X

k

P krðEkÞ ¼
R1

0 dEeSðEÞ$ E=T rðEÞR1
0 dEeSðEÞ$ E=T

;

where the entropy S (E) is proportional to volume, and E is counted from the ground state.
The integral is calculated in the saddle point or in the steepest decent approximations, ex-
act for V !1. The saddle point E (T) is given by

dS
dE

!!!!
E¼ EðT Þ

¼ 1

T
.

Taking into account r (E) = 0 for E < Ec we find:

rðT Þ ¼ r EðT Þ½ &; EðT Þ > Ec;

rðT Þ / exp $ Ec $ EðT Þ
T

" #
; EðT Þ < Ec.

As both energies entering the exponential are extensive, EðT Þ; Ec / V, we obtain Eqs. (22).
As we already mentioned, vanishing of the dissipative conductivity at T < Tc means

freezing of all relaxation processes. In particular the microcanonical distribution could
never be established for the closed system. In this respect, the dynamics of the system
resembles the glassy state [19].

To establish the thermal equilibrium in such insulating state requires finite coupling of
the system with the external reservoir (i.e., phonons). The presence of the finite electron–
phonon interaction (as phonons are usually delocalized), smears out the transition, and

Fig. 1. Schematic temperature dependence of the dc conductivity r (T). Below the point of the many-body metal–
insulator transition, T < Tc, r (T) = 0, as shown in Section 6. Temperature interval T > T(in) > Tc corresponds to
the developed metallic phase, where Eq. (17d) is valid. In this regime for the model described in Section 3 r (T) is
given analytically by Eqs. (93)–(99) and plotted on Fig. 10. At T > T(el) the high-temperature metallic
perturbation theory of [15]is valid.
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� Where in BAA diagram is this region?

underestimate 
or 

overestimate?

peculiarity of 
1d?



Delocalized region
Subdiffusion has been observed before 

+more recent works by 
V.Khemani et al 

The proposed explanation relais on the presence of rare regions 
of unusually large resistance  



Delocalized region

P (R) ⇠ R�↵ 1 < ↵  2

sum of iid random variables

central limit does not work

R =

L/⇠X

i=1

Ri ⇠ L� � =
1

↵� 1

So this explanation relies on long tails 

We tested this hypothesis in 1909.09507



Delocalized region
P (R/R) =

1p
2⇡�2

e�
(R/R�1)2

2�2

P (R/R) / (R/R)↵e�(1+↵)(R/R)

Exponential decay!

No long tails!



Another example of 
subdiffusion

G.De Tomasi, S. Bera, AS, I.M. Khaymovich 1908.11388

H = �
X

(i,j)

c
†
i cj + h.c. +

X

i

✏ic
†
i ci

Wavefront

Anderson model on the Bethe lattice 

Hydrodynamics 
with 

subdiffusion?



Conclusion

• Quantum dynamics generally slower than classical 
dynamics in disordered systems


• “Slow” in quantum dynamics comes in different flavors


• The “subdiffusion” flavor is mysterious


• It has important bearings on the critical point of MBL-ETH

KT scaling/SDRG motivated works


