FM430 - Esercizi proposti (4-6-2021)

1. Consider the 2D ferromagnetic nearest neighbor Ising model in a square
box A = B(L) C Z? of side L centered at 0 (i.e., we take A = {[—L/2]+
1,...,[L/2]}?) with h = 0 and + boundary conditions. Recall that the
low temperature expansion for the log of its partition function is:

log Zio = 267+ 1)+ 3"~ 3™ ¢l

n>1 " yecy

where C, is the set of allowed Peierls contours in A, C} is the set of
n-ples (v1,...,7,) with elements ~; in Cy. Moreover, for any v =

(,--m) € CR, () = T C(7), with () = el and
©e(¥) = @e(71s -+ Yn) is the Ursell’s (or Mayer’s) function.

(a) Prove that, for 5 large enough, letting I(vy) be the interior of v
(i.e., the set of points of Z? enclosed by the Peierls contour ), the
pressure ¢(3,0) is analytic in $ and can be written as
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TCUREED S TD DR = L
n>1 =717 )ECT,:

I(v1)30

(b) Use (1) to prove that, for g large enough,

U(B,0) = 28J + e 4 277 L O(e857),
2. In the context of the previous problem, show that

(o) 2nzo(1/n!) za,ecg Co(V)e(v)

0o = )
oA ano(l/n!) Z»yecx C(V)e(y)
where Co(y1, .-, m) = [Ti2; (i), with (o(v) = (—1)H0)20e=287h,
and ©(y1, -+, %) = [L1<icjcn L(7i ~ ;). Writing the right side of (2)
as the exp of its log, and rewriting both the log of the numerator and

that of the denominator as the sums of their cluster expansions, prove
that, for § large enough,

EORTRETEE § D SI(c1C) BRSey) EXCO) SC)

n>1 " ~yeC}

(2)

from which it follows that

1
m*(8) = Jim (o) —exp{ =23 — S (e}
" N.,‘(YOG)CiZsQ;dd (4)

=127 — 8¢5 + O(e™¥).
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where, if v = (y1,...,7), we let Ny(x) :=>""  1(I(y;) 3 x).
. In the context of the previous two problems, show that, Vzi, x5 € A,

on oyt = 2zl Ty G () (Y)
1vx2/B3,0,A T an()(l/n') Z’VECX C(V)@(V)

where C-”EIIQ (717 s ;'Yn) = H?:l <$112 (%)7 with

Coran () = (_1)2?:1 L(I(7)32:) ,—=28J 7]

(5)

Proceeding as in the proof of (3)-(4), prove that, for § large enough,
the thermodynamic limit of the truncated two-point function,

<O-IE17 O-IE2>;J’F(? : <09610962>E,0 o (m*<ﬁ))27

With (04,02,) 50 = I 00 (04, 02,) 5.4, Can be written as:

(001 O-$2>EOT — e 2 s 28 () o2 s T 2 el
| (6)
where ZSVZ) (resp. Z,(y’)) indicates the sum over v € C, with the

constraint that Y37 N, (z;) is odd (resp. that N, (z;) is odd). Note
that (6) can be equivalently rewritten as

+,T

(021} 020) 50 = <O’x10'x2>60<1 e i m Y ey )>’ (7)

where ZSM) indicates the sum over v € Cj, with the constraint that
both N, (x1) and N,(z2) are odd. From this, conclude that, for 5 large
enough,

(1n2)

0§<0-1’1,0-];2 /370 <4Z ZC <C€ Fm'|$1 T2

n>1

for suitable C, x > 0. Find a lower bound on x as a function of (.

. Consider the 2D ferromagnetic nearest neighbor Ising model in a squa-
re box A = B(L) C Z? of side L centered at 0, with h = 0 and periodic
boundary conditions. Let EX”" be the set of its nearest neighbor edges,
and, for any b = {z,y} € &}, let 63, = 0,0, be the ‘bond spin’ or ‘ener-
gy observable’. Derive a Grassmann representation for its multipoint
‘energy correlations’

(Gby b ) o0

where by, ..., b, are n distinct elements of ", via the following steps:
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(a) Note that the partition function of the model with bond-dependent
couplings,

Zgonl€) = Z exp{ Z (BJ + eb)éb},

o€ begker

with Q4 = {£1}*, admits a Grassmann representation analogous
to the one for € = 0, namely:

nggyA(e):(—Q)”( I1 cosh(ﬂJ—i—eb)) S wZ%e),  (8)

be&R" 0c{£}?

with ¢y = = c y = c = —cyy = 1/2 and, letting & =
{H,, H;,V,,V.}zea be a collection of 4L? Grassmann variables,

7% () = / D® 5@

where, letting t(e;) = tanh(8J + &), H(p41,2.) = 61 H(1,2,), and
‘/(.'El,L+1) = 92‘/(11,1)7

Sg(@) = Z |:t(6{z,$+é1})H$Hx+é1 + t(€{$,w+é2})‘7ﬂc‘/z+é2
TEA (9)
+ H H, + V,V, + iV, +iH,V, + H,V, + VJ;HI] .

(b) Use the fact that

1 o

~ ~ per per

(Gby *** Oba ) on = Zgoale)
i = g G, 25049

to conclude, via (8), that, for any collection of distinct bonds
bi,..., by,

0(2) n
<ﬁ & >per ZOE{i}Q Co f Do e‘so @) Hi:l(t + (1 - tQ)Ebz>
bi = )
i1 poa > ez 0Z5.4(0)
where t = tanh 8J and, for b = {z,r +é,}, E, = H,H,,:,, while,
for b ={z,x+ é}, By = ViVioye,.

5. In the context of the previous problem, use the Grassmann represen-
tation of the energy correlations to compute the asymptotics of the




truncated energy-energy correlation at the critical point. Namely, con-
sider, e.g., two horizontal bonds, by = {z,x + é} and by = {y,y + é1},
with x # vy, let

~ .~ \per,T ./~ ~ \per ~ \per ~ \per
<Ub17 sz)B,O,A T <0-610-b2>ﬁ,0,A - <0-b1>ﬁ,0,A<0-b2>5,0,A
be the truncated energy-energy correlation, and let
~ .~ \per, T _ g ~ .~ \per,T
<0b17 O-b2>ﬁ,0 - nglgo<gb1’ gb2>ﬁ,0,A
be its thermodynamic limit.

(a) Starting from the Grassmann representation derived in item (b)
of the previous problem, prove that, for all 7 > 0, the thermo-
dynamic limit of the truncated energy-energy correlation can be
written as

(G103 30" = (V=) [(HaHy o)) (Hovey Hy) — (L) (L H))
where, denoting @, , = H, and oy, = H,,
d2k -1 —ik(z—y)
<(I)a,a:cbb,y> = W(Mk )a,b6 s
[0,27)2

for any a,b € {1,2}, where

0 1+ te~th " 1
| =1 tet) 0 1 i
M, = i -1 0 1 + te—ik2
1 —i —(1 + tett2) 0

(b) Using the explicit formula derived in the previous item, prove that,

at =B ot=v2—-1,
11

2|z —y[*

<&b1 ; &bz >€?(ZTE)T

asymptotically as |z — y| — oo.



