
FM430 - Esercizi proposti (4-6-2021)

1. Consider the 2D ferromagnetic nearest neighbor Ising model in a square
box Λ = B(L) ⊂ Z2 of side L centered at 0 (i.e., we take Λ = {[−L/2]+
1, . . . , [L/2]}2) with h = 0 and + boundary conditions. Recall that the
low temperature expansion for the log of its partition function is:

logZ+
β,0,Λ = 2βJL(L+ 1) +

∑
n≥1

1

n!

∑
γ∈CnΛ

ζ(γ)ϕc(γ),

where CΛ is the set of allowed Peierls contours in Λ, CnΛ is the set of
n-ples (γ1, . . . , γn) with elements γi in CΛ. Moreover, for any γ =
(γ1, . . . , γn) ∈ CnΛ, ζ(γ) :=

∏n
i=1 ζ(γi), with ζ(γi) = e−2βJ |γi|, and

ϕc(γ) = ϕc(γ1, . . . , γn) is the Ursell’s (or Mayer’s) function.

(a) Prove that, for β large enough, letting I(γ) be the interior of γ
(i.e., the set of points of Z2 enclosed by the Peierls contour γ), the
pressure ψ(β, 0) is analytic in β and can be written as

ψ(β, 0) = 2βJ +
∑
n≥1

1

n!

∑
γ=(γ1,...,γn)∈Cn

Z2 :

I(γ1)30

ζ(γ)ϕc(γ)

|I(γ1)|
. (1)

(b) Use (1) to prove that, for β large enough,

ψ(β, 0) = 2βJ + e−4βJ + 2e−6βJ +O(e−8βJ).

2. In the context of the previous problem, show that

〈σ0〉+β,0,Λ =

∑
n≥0(1/n!)

∑
γ∈CnΛ

ζ0(γ)ϕ(γ)∑
n≥0(1/n!)

∑
γ∈CnΛ

ζ(γ)ϕ(γ)
, (2)

where ζ0(γ1, . . . , γn) =
∏n

i=1 ζ0(γi), with ζ0(γ) = (−1)1(I(γ)30)e−2βJ |γ|,
and ϕ(γ1, . . . , γn) =

∏
1≤i<j≤n 1(γi ∼ γj). Writing the right side of (2)

as the exp of its log, and rewriting both the log of the numerator and
that of the denominator as the sums of their cluster expansions, prove
that, for β large enough,

〈σ0〉+β,0,Λ = exp
{∑
n≥1

1

n!

∑
γ∈CnΛ

(ζ0(γ)− ζ(γ))ϕc(γ)
}
, (3)

from which it follows that

m∗(β) := lim
L→∞
〈σ0〉+β,0,Λ = exp

{
− 2

∑
n≥1

1

n!

∑
γ∈Cn

Z2 :

Nγ(0) is odd

ζ(γ)ϕc(γ)
}

= 1− 2e−4βJ − 8e−6βJ +O(e−8βJ).

(4)
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where, if γ = (γ1, . . . , γn), we let Nγ(x) :=
∑n

i=1 1(I(γi) 3 x).

3. In the context of the previous two problems, show that, ∀x1, x2 ∈ Λ,

〈σx1σx2〉+β,0,Λ =

∑
n≥0(1/n!)

∑
γ∈CnΛ

ζx1x2(γ)ϕ(γ)∑
n≥0(1/n!)

∑
γ∈CnΛ

ζ(γ)ϕ(γ)
, (5)

where ζx1x2(γ1, . . . , γn) =
∏n

i=1 ζx1x2(γi), with

ζx1x2(γ) = (−1)
∑2

i=1 1(I(γ)3xi)e−2βJ |γ|.

Proceeding as in the proof of (3)-(4), prove that, for β large enough,
the thermodynamic limit of the truncated two-point function,

〈σx1 ;σx2〉
+,T
β,0 := 〈σx1σx2〉+β,0 − (m∗(β))2,

with 〈σx1σx2〉+β,0 = limL→∞〈σx1σx2〉+β,0,Λ, can be written as:

〈σx1 ;σx2〉
+,T
β,0 = e−2

∑
n≥1

1
n!

∑(1∨2)
γ ζ(γ)ϕc(γ) − e−2

∑
n≥1

1
n!

∑2
i=1

∑(i)
γ ζ(γ)ϕc(γ),

(6)

where
∑(1∨2)

γ (resp.
∑(i)

γ ) indicates the sum over γ ∈ CnZ2 with the

constraint that
∑2

i=1 Nγ(xi) is odd (resp. that Nγ(xi) is odd). Note
that (6) can be equivalently rewritten as

〈σx1 ;σx2〉
+,T
β,0 = 〈σx1σx2〉+β,0

(
1− e−4

∑
n≥1

1
n!

∑(1∧2)
γ ζ(γ)ϕc(γ)

)
, (7)

where
∑(1∧2)

γ indicates the sum over γ ∈ CnZ2 with the constraint that
both Nγ(x1) and Nγ(x2) are odd. From this, conclude that, for β large
enough,

0 ≤ 〈σx1 ;σx2〉
+,T
β,0 ≤ 4

∑
n≥1

1

n!

(1∧2)∑
γ

ζ(γ)ϕc(γ) ≤ Ce−κ|x1−x2|,

for suitable C, κ > 0. Find a lower bound on κ as a function of β.

4. Consider the 2D ferromagnetic nearest neighbor Ising model in a squa-
re box Λ = B(L) ⊂ Z2 of side L centered at 0, with h = 0 and periodic
boundary conditions. Let EperΛ be the set of its nearest neighbor edges,
and, for any b ≡ {x, y} ∈ EperΛ , let σ̃b = σxσy be the ‘bond spin’ or ‘ener-
gy observable’. Derive a Grassmann representation for its multipoint
‘energy correlations’

〈σ̃b1 · · · σ̃bn〉
per
β,0,Λ,

where b1, . . . , bn are n distinct elements of EperΛ , via the following steps:
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(a) Note that the partition function of the model with bond-dependent
couplings,

Zper
β,0,Λ(ε) :=

∑
σ∈ΩΛ

exp
{ ∑
b∈EperΛ

(βJ + εb)σ̃b

}
,

with ΩΛ = {±1}Λ, admits a Grassmann representation analogous
to the one for ε = 0, namely:

Zper
β,0,Λ(ε) = (−2)L

2
( ∏
b∈EperΛ

cosh(βJ + εb)
) ∑

θ∈{±}2
cθZ

θ(ε), (8)

with c+,− = c−,+ = c−,− = −c+,+ = 1/2 and, letting Φ =
{H̄x, Hx, V̄x, Vx}x∈Λ be a collection of 4L2 Grassmann variables,

Zθ(ε) =

∫
DΦ eS

θ
ε (Φ),

where, letting t(εb) ≡ tanh(βJ + εb), H(L+1,x2) ≡ θ1H(1,x2), and
V(x1,L+1) ≡ θ2V(x1,1),

Sθ
ε (Φ) =

∑
x∈Λ

[
t(ε{x,x+ê1})H̄xHx+ê1 + t(ε{x,x+ê2})V̄xVx+ê2

+ H̄xHx + V̄xVx + iV̄xH̄x + iHxVx +HxV̄x + VxH̄x

]
.

(9)

(b) Use the fact that

〈σ̃b1 · · · σ̃bn〉
per
β,0,Λ =

1

Zper
β,0,Λ

∂n

∂εb1 · · · ∂εbn
Zper
β,0,Λ(ε)

∣∣∣
ε=0

to conclude, via (8), that, for any collection of distinct bonds
b1, . . . , bn,

〈
n∏
i=1

σ̃bi〉
per
β,0,Λ =

∑
θ∈{±}2 cθ

∫
DΦ eS

θ(Φ)
0 (Φ)

∏n
i=1(t+ (1− t2)Ebi)∑

θ∈{±}2 cθZ
θ
β,0,Λ(0)

,

where t = tanh βJ and, for b = {x, x+ ê1}, Eb = H̄xHx+ê1 , while,
for b = {x, x+ ê2}, Eb = V̄xVx+ê2 .

5. In the context of the previous problem, use the Grassmann represen-
tation of the energy correlations to compute the asymptotics of the
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truncated energy-energy correlation at the critical point. Namely, con-
sider, e.g., two horizontal bonds, b1 = {x, x+ ê1} and b2 = {y, y + ê1},
with x 6= y, let

〈σ̃b1 ; σ̃b2〉
per,T
β,0,Λ := 〈σ̃b1σ̃b2〉

per
β,0,Λ − 〈σ̃b1〉

per
β,0,Λ〈σ̃b2〉

per
β,0,Λ

be the truncated energy-energy correlation, and let

〈σ̃b1 ; σ̃b2〉
per,T
β,0 = lim

L→∞
〈σ̃b1 ; σ̃b2〉

per,T
β,0,Λ

be its thermodynamic limit.

(a) Starting from the Grassmann representation derived in item (b)
of the previous problem, prove that, for all β > 0, the thermo-
dynamic limit of the truncated energy-energy correlation can be
written as

〈σ̃b1 ; σ̃b2〉
per,T
β,0 = (1− t2)

[
〈H̄xHy+ê1〉 〈Hx+ê1H̄y〉−〈H̄xH̄y〉 〈HxHy〉

]
,

where, denoting Φ1,x ≡ H̄x and Φ2,x ≡ Hx,

〈Φa,xΦb,y〉 := −
∫∫

[0,2π)2

d2k

(2π)2
(M−1

k )a,be
−ik(x−y),

for any a, b ∈ {1, 2}, where

Mk =


0 1 + te−ik1 −i −1

−(1 + teik1) 0 1 i
i −1 0 1 + te−ik2

1 −i −(1 + teik2) 0


(b) Using the explicit formula derived in the previous item, prove that,

at β = βc ⇔ t =
√

2− 1,

〈σ̃b1 ; σ̃b2〉
per,T
βc,0

∼ 1

π2

1

|x− y|2
,

asymptotically as |x− y| → ∞.
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