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Abstract

We prove the existence of three distinct nontrivial solutions for a class of semilinear elliptic vari-
ational inequalities involving a superlinear nonlinearity. The approach is variational and is based on
linking and V-theorems. Some nonstandard adaptations are required to overcome the lack of the
Palais—Smale condition.
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1. Introduction

In this paper we will give a multiplicity result for solutions of the following class of
semilinear elliptic variational inequalities:
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ueHy(2), Yi<u<yy ing,
(Au,v —u) —)\fgu(v—u)dxéfg px,u)(v —u)dx, VveHol(.Q) (P)
with 1 <v <Yy in £2,

where A is a uniformly elliptic operator, A is a real parameter, £2 is a bounded open subset
of RV N> 1, Y1 and ¥, are the “obstacles” and p: £2 x R — R is superlinear at zero and
infinity in the second variable (see Section 2 for the precise assumptions on 1, ¥ and p).

In the case of equations, namely for ¥; = —oo and y» = 400, the existence of multiple
solutions for (P) has been extensively treated in the literature, starting from the pioneer-
ing paper of Ambrosetti and Rabinowitz [1] (see, e.g., [23] and references therein). More
recently, new multiplicity results for semilinear elliptic equations have been obtained by
means of the so-called “theorems of mixed type” or “V-theorems” introduced by Marino
and Saccon in [16] (see also [15,19,20]).

On the other hand, multiple solutions for the obstacle problem (P) have been obtained
by several authors (see [15,20-22,25-27]). In [9] the existence of two solution for a fully
nonlinear variational inequality is achieved by means of the nonsmooth critical point theory
introduced in [6,7]. Mainly this problem was studied in the case in which the nonlinearity p
has linear growth at infinity in the second variable. Here we are interested in the case of
superlinear nonlinearities, already considered in [8,14,18]. In particular, our results should
be compared with those of [8,18], where the existence of a nontrivial solution to (P) is
proved by a mountain pass and a linking argument, respectively. Let us stress that, in order
to prove the boundedness of Palais—Smale sequences, in [8,18] the obstacles 11 and v
are assumed to belong to Hé (£2).

The purpose of our paper is that of proving the existence of three solutions to (P) (see
Theorem 2.1) by combining the linking technique with that of V-theorems. An important
feature is that, in our setting, it is not clear whether Palais—Smale sequences are bounded or
not. For the application of the linking theorem, this is related to the fact that the obstacles
Y1 and 1y are here just Borel functions, while for the application of the V-theorems the
problem would arise also for smooth obstacles. To overcome this difficulty, we adapt both
the linking and the V-theorem to a situation in which the global Palais—Smale condition
is substituted by a local Palais—Smale condition combined with a quantitative gradient
estimate on a suitable bounded set. In Section 3 (see Theorems 3.10 and 3.11) we will
prove such adaptations in the setting of the metric critical point theory developed in [6,7,
11,13].

The variational approach we use to treat problem (P) is described in Section 4. In
Section 5 we will get the existence of at least two solutions for problem (P) by a suitable
V-theorem (see Theorem 5.1), while in Section 6 we will find a third solution of higher
energy, by a linking argument (see Theorem 6.2).

2. The main result

Let £2 be a bounded open subset of RN, N >1, and let H(} (£2) be the usual Sobolev
space, i.e. the closure of Cgo(.Q) in H1(£2). We denote by (-,-) the pairing between
Hg (£2) and its dual space H™'(£2).
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We are interested in the existence and multiplicity of solutions u# of semilinear elliptic
variational inequalities of the form

e Ky,
{“ v P)

(Au,v—u) — A fqu—u)ydx > [o p(x,u)(v—u)dx, YveKy.

Here A denotes a uniformly elliptic operator of the form

N
Z a,] (x)D

witha;;: 2 — R, i, j=1,..., N, satisfying the following conditions:

(A1) a;j € L™(R2);
(A2) aijj(x)=aji(x)ae. xin2,Vi,j=1,...,N;
(A3) dcq, ¢ > 0 such that

N
cléP < Y ai(0EE <calel?, VEERY, ae xin L.

i,j=1

Moreover, A is a real parameter, ¥ : £2 — [—00,0] and v, : 2 — [0, +00] are Borel
functions, Ky, = {v € HOl (£2): Y1 < v < Y cap. g.e. in §2}, where v is a quasicontinuous
representative of v, and p: 2 x R — R is a function such that:

(P1) p(x,&) is measurable in x for every £ € R and continuous in & for a.e. x € £2;
P2) |px,&)| <arlé] + az|&|® for some aj,a; > 0, VE e R, a.e. x in §2, with

2
s>1, ifN=1,2, and 1<s<x+2, if N > 3;

(P3) fora.e. x € 2, we have p(x,&) =0(|§|) as &£ — 0;
(P4) there exists 4 > 2 such that

O<uP(x,&)<&ép(x,&), VEeR\{0}, ae.xin £2,
£
where P(x, &) ::/p(x,t)dt, V& eR, ae. x in £2.
0

Given a positive real number R and a compact subset C of £2, we will also consider the
condition:

(Wr,c) ¥1(x) <—R < R < yn(x) cap. qe.in C.
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Let A1 < Az < --- be the sequence of the eigenvalues of the problem

Au=2Au in §2,
u=>0 on 052,

repeated according to their multiplicity, and let us set Ag = —o0.
Let Jy : HO1 (£2) — R be the functional defined as

Jo(u) = % (Au,u) — % /u2dx—/P(x,u)dx.

2 2

From the assumptions on p, Y| and y; it follows that # = 0 is a solution of (P).
Our main result is the following:

Theorem 2.1. Let 1 < k < j be such that A1 < Ay =---=Aj < Aji1. Then, there exist
n >0, R > 0 and a compact set C C §2 such that, if A\ — n < A < Ay and Y1, Vo satisfy
(Yr.c), problem (P) admits at least three nontrivial solutions.

The proof will be given in Section 6.

Remark 2.2. In general, the solutions of problem (P) given by Theorem 2.1 do not solve
the corresponding equation. Indeed, suppose that £2 has smooth boundary, that A = — A
and that p(x, &) = |E[*"'&. Let ¢ :RY — R be a function of class C*® with ¢ = 0 in
RV \ £ and ¢ > 0 in 2.

From Theorem 2.1 it follows that, if Ay — n < A < A with n small enough and ¥ =
— Ry, Y» = Ry with R large enough, then problem (P) has at least three solutions.

On the other hand, if u is a solution of () which also solves —Au — Au = |u|* " u, then
we have that  is identically zero. To see it, observe that u € C!(£2) by regularity theory.
Since —R¢ < u < Ry, it follows that also the normal derivative of u vanishes on 952.
Therefore we have

/Vu~Vvdx—A/uvdx=/|u|sfluvdx, vve H(Q).
22 2 2

Let B be an open ball such that £2 C B. If we extend u to B with value 0 outside £2, then u
is a solution in B of the equation —Au = Vu, where V = A+ [u |*=1. Since u is identically
zero on the open set B \ §2, from [12, Theorem 6.3] it follows that u is identically zero
on B.

Remark 2.3. Let us observe that, since we can allow ¥; = —oo and ¥, = 400, Theo-
rem 2.1 gives a multiplicity result for the associated equation too, as proved in [19].
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3. Critical point theorems

Let X be a metric space endowed with the metric d and let J: X — R U {400} be a
function. We set

]":{ueX: J(u)éc}, ceR,
epi(J) = {(u,5) € X x R: J(u) < s},

and denote by B, (1) the open ball of center u and radius r.
The next definition is taken from [2, Definition 2.1]. For an equivalent approach, see
[6,7] and, when J is continuous, [13].

Definition 3.1. For every u € X with J (1) < 400, we denote by |dJ|(«) the supremum of
the ¢’s in [0, 4o00[ such that there exist a neighborhood W of (u, J(u)) in epi(J), 6 > 0
and a continuous map H: W x [0, §] — X satisfying

d(H((z,5),1),2) <t, J(H((z,5),1)) <s —ot,

whenever (z,s5) € W and ¢ € [0, §].

The extended real number |dJ|(u) is called the weak slope of J at u. If u € X,
J(u) < 400 and |dJ|(u) = 0, we say that u is a (lower) critical point of J. If c e R
and there exists a critical point u of J with J(u) = ¢, we say that c is a critical value of J.

Remark 3.2. Let (u#,), be a sequence in X. If u,, — u with J(u) < +oo and J(u,) —
J (1) as n — oo, then liminf,_ o |dJ| (1) = |dJ|(u).

According to [2, Proposition 2.2], the above definition can be simplified when J is
real-valued and continuous. Indeed we have the following

Proposition 3.3. Let J : X — R be a continuous function. Then |dJ|(u) is the supremum
of the o’s in [0, +00[ such that there exist a neighborhood U of u in X, § > 0 and a
continuous map 'H :U x [0, 8] = X satisfying

d(H(z.1),z) <t, J(Hz, 1)) < J (@) —ot,
whenever z € U and t € [0, 8].

Coming back to the general setting, now consider the continuous function Gj:
epi(J) — R defined as G, (u, s) = 5. The main feature of G, is that it allows to reduce, at
a certain extent, the study of general functions to that of continuous functions. According
to [2, Proposition 2.3], the key connection is given by the next

Proposition 3.4. Consider in epi(J) the metric

d((u, ), (v,0) =vdu,v)2+ (s —1)2, (3.1)

so that the function G is Lipschitz continuous of constant 1.
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Then, for every u € X with J(u) < 400, we have

dGyl(u, J )
dJ|w) = /1 —1dGsl(u. J())?
+oo if1dGylQu, J ) =1.

if1dGyl(u, J(w) <1,

Definition 3.5. Let ¢ € R. A sequence (1), in X is said to be a Palais—Smale sequence at
level ¢ ((PS).-sequence, for short) for J, if J(u,) — c and |dJ|(u,) — 0.

Given a closed subset A of X, we say that J satisfies the Palais—Smale condition on A
at level ¢ ((PS). on A, for short), if every (PS).-sequence (u,), for J, with u,, € A for any
n € N, admits a convergent subsequence. In the case A = X, we omit the indication of A.

For the next critical point theorem we need the notion of relative category, which was
introduced in [24] and then reconsidered, with minor variants, by several authors. Here we
follow the approach of [3].

Definition 3.6. Let X be a metric space and Y a closed subset of X. For every closed
subset A of X, we define the relative category of A in (X, Y), denoted by caty y A, as the
least integer n > 0 such that A can be covered by n + 1 open subsets Uy, ..., U, of X with
the following properties:

(a) there exists a deformation : X x [0, 1] — X with IC(Y x [0, 1]) C Y and K(Uy x {1})
C Y (if Y = ¢, we mean that Uy must be empty);
(b) for 1 < k < n, each Uy is contractible in X.

If no such integer n exists, we set caty y A = 0o.
Finally, the category of A in X, denoted by caty A, is defined as the category of A
in (X, ?).

The next result is an adaptation to our setting of one of the “V-theorems” proved in [17].

Theorem 3.7. Let E be a Banach space such that E = E1 @ E» @ E3, with dim(E) < o0,
1 < dim(Ey) < oo and E3 closed in E, let X be a closed subset of E and let J: X — R be
a continuous function satisfying the following assumptions:

(a) there exist a, B € R, 0 <r; <rp <r3 and a bounded, convex, open neighborhood B
of 0 in E» such that

A:={ueE\® Ey: |Pul| <r3, r <[Pl <r3} CX,

sup{J(u): ue 3E1®E2A} <o <inf{](u): ue XN(Ey® E3), ||lull =r2},
sup{J(u): ueA}<ﬂ,

ACM::{ueE: P2u¢B};
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(b) J satisfies (PS). for every c € [a, B] and we have
inf{|d(Jxam)|(): u € X, PuecdB, a <Ju)<B}>0.
Then, either
(i) there exist two distinct critical values c1, c2 € [a, B] of J
or
(i) there exists a critical value c € [a, B] of J and a compact subset of

{ueX: [dJ|(u) =0, J(u)=c, qugéﬁ}

having at least category 2 in {u € X: Pu ¢ B).

Proof. Let us consider the restricted function J := J |xnum defined on the closed subset
X N'M of E. Moreover, let ', 8’ be such that

a <o <inf{JW): ue XN (E®E3), lull =r),
sup{J(u): u e A} < B <B.
First of all, let us prove that

cat TP >0 (3.2)

XNM,J«
Indeed, by assumption (a) we can consider the inclusion map

i (A, 0p,0mA) = (XNOM, TY).
If we define w1 : M — A by

Pyu
| Pouf|’

71 (1) =min{ﬁ, 1}P1u + min{max{|| Pou + Psull,ri }.r3}
1u

we have that 7 is a retraction satisfying
i (M\{u € Ey® Es: |lull =r2}) C A\ {u € Ex: |lull =r2}.
On the other hand, it is easy to find a retraction 2 : A\ {u € E: |lul| =r2} = 9g,08, 4

such that (1 — t)u + o (u) € A for every ¢ € [0, 1]. By the choice of @', we have that J
is disjoint from {u € E, @ E3: |lu|| =r2}. Let 9 : E — [0, 1] be a continuous function with
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®=1onJ* and ® =01ina neighborhood of {u € E» @ E3: |lu|| = r2}. Then the map
g: XN M — A defined as

@ w1 (u) ifue Ey® Ezand |u|| =1,
u)—
& (1 = 9 @) () + 0 w)ma (1 () otherwise,
is continuous and satisfies g(f“/) C 0, @E,A. Moreover, H: A x [0, 1] — A defined as
H(u,t) = (1 —t)u +tg(u) is a homotopy between the identity map of (A, dg, ¢k, A) and
goi.

Since A C J#', we have A =i~1(J#), hence by [3, Theorem 1.4.5]

CatAog, op, 4 A < Calyy Ful 78"
On the other hand, it is well known (see, e.g., [17, Lemma 2.3]) that

cata,op gp, 0 A =2.

Then (3.2) follows.

Now let us observe that, thanks to (b), the function 7 satisfies (PS), for every c €
[o/, B']. Indeed, if (u,), is a (PS).-sequence for 7, then J(uy,) € [, B] and Pou, ¢ B
eventually as n — oo. It follows that |df|(un) = |dJ|(u,), whence the fact that (u,),
admits a convergent subsequence by assumption (b).

By [3, Theorem 1.4.11] we can define o’ < ¢ < ¢ < B’ such that each ¢;, i = 1,2,
is a critical value of J. Moreover, as in the proof of the Palais—Smale condition, we
have that each critical point u of 7 at level c; satisfies Pou ¢ B and is critical also
for J.

If ¢1 < ¢, then assertion (i) immediately follows. Otherwise, set ¢ := c¢; = ¢, and con-
siderC={ueXNM: |df|(u) =0, f(u) = c}. Since 7 satisfies (PS),, it is clear that C
is compact. Moreover, according to [3, Theorem 1.4.11], we have catyny C > 2. On the
other hand, we have that C C {u € X: P>u ¢ B} and each u € C is a critical point of J.
Since {u € X: Pu ¢ B} is open in X N M, it is easy to see that C has at least category 2
alsoin {u € X: Pou ¢ B} and assertion (ii) follows. O

Definition 3.8. A metric space X is said to be locally contractible if, for every u € X and
every neighborhood U of u, there exists a neighborhood V of u with V. C U and V is

contractible in U.

Lemma 3.9. Let X be a metric space, J : X — R a continuous function, § € R, 0,0 >0
and U an open subset of X. Assume that

YueB,(U)\U, B—-oo<Ju)<p = |dJ|(u)>o. 3.3)
Then, if we set

Y={ueX: Jw)<B—od(u,JfFNU)},
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we have

[d(JI)|@) > 1dJ @), YueYNU, (34
YueY\U Jw)>p—00 = |dUJIy)|m) >o. (3.5)
Proof. To prove (3.4), consideru € Y N U. If |dJ|(u) = 0, then the assertion is trivial. So

let us suppose |dJ|(u) > 0 and take any o’ > 0 with o’ < |dJ|(u). By Proposition 3.3,
there exist § and a continuous map H : Bs(«) x [0, §] — X such that

YveBs(u), Vi €[0,8], d(H(v,1),v)<t,  J(H@w,n))<J(w) —o't. (3.6)

The first inequality easily yields H(u, 0) = u, so, by the continuity of H and by the fact that
U is open, by possibly reducing §, we may assume that H(B;s(u#) x [0, §]) C U. Now, let
us consider v € Bs(u) N'Y. One has J(H(v, 1)) < J(v) < B. So H(v,t) € JP N U, which
yields d(H (v, 1), JE N U) = 0. It follows

J(H@.n) < B—0o'd(H(v,1),JP NU),

which yields H((Bs(u) N'Y) x [0,8]) C Y. By Proposition 3.3 we get |d(J|y)|(u) > o’
and the assertion follows by the arbitrariness of o’ < |dJ|(u).
In order to prove (3.5), consider u € Y \ U with J(u) > B — 0. First of all, we have

B—oo<Jw) <B—od(u,JPNU),

whence ¢ > d(u, JP N U) > d(u,U). It follows that u € B,(U) \ U which yields
|dJ|(u) > o by (3.3). Let o <o’ < |dJ(u)|, 8 >0 and H:Bs(u) x [0,8] — X be a con-
tinuous map satisfying (3.6). If we consider v € Bs(u) NY, we have
J(Hw,0) <J@) —o't <B—0adv,JPNU)—d't
<B—0dw, 7P NU)—ot <p—0d(, JPF NU) —od(H((v,1),v))
=B —o[d(H,1),v) +d, JP NU)]
<B-ol[d(Hw,0,Jf nU)],

whence H (v, t) € Y. It follows that H((Bs(u)NY) x [0, 8]) C Y. Again, by Proposition 3.3
we get |[d(J|y)|(u) > o’ > o and the assertion follows. O

In the next result we prove the “V-theorem” we will actually use. With respect to Theo-
rem 3.7, the main difference is that the Palais—Smale condition is required to hold only on
the closure of a suitable open subset.

Theorem 3.10. Let E be a Banach space such that E = E1 & E> @ E3, with dim(E1) < 0o,
1 <dim(E2) < oo and E3 closed in E, let X be a closed subset of E and let J : X — R be
a continuous function satisfying the following assumptions:
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(a) there exist a, f € R, 0 <r| <ry <r3 and a bounded, convex, open neighborhood B
of 0 in E> such that

A:={ucE\® Ey: |Pul| <r3, r <[Pl <r3} CX,

sup{J(u): u € 0g, @, A} <a <inf{J(u): u € X N (E2 @ E3), |lul =r2},
sup{.l(u): ue A} < B,

ACM:={ueckE: Pu¢ B},

(b’) there exist an open subset U of X and ¢ > 0 such that A C U and

J satisfies (PS). on U for every ¢ € [a, ],
inf{|d(J1xnam)|): u €U, PuedB, a <J(u)<B}>0,
B

VueBy(U)\U a<JW<p = |dJ|w) > ;“,

YueBo(U)\U a<Ju)<p, PucdB = ]d(J|XmM)\(u)>ﬁ;“;

(¢) X is locally contractible.
Then J admits at least two distinct critical points uy,uy € U with J(u;) € [o, B], i =1, 2.

Proof. Leto = ﬂe%“ and let Y be as in Lemma 3.9. Moreover, let o', 8’ be such that

a <o <inf{J(): ue XN (E2® E3), |lul =ra},
sup{J(u): u e A} <B <B.

We will show that the function J|y satisfies the assumptions of Theorem 3.7 with «, 8
replaced by o', B’. First of all, thanks to the continuity of J, we have that Y is closed in X,
hence in E. Moreover, we have A C J8 N U, whence d(u, J# N U) =0 for any u € A.
This implies that A C Y. Then it is easy to see that J|y satisfies (a) of Theorem 3.7 with
a, B replaced by o', 8.

Now let us look at condition (b). Let ¢ € [&/, 8/] and let (u,), be a (PS).-sequence
for J|y. Knowing that J(u,) > o« = B — oo for n sufficiently large, we deduce by
(3.5) that u, € U eventually as n — oo, and by (3.4) that |dJ|(u,) — 0. Therefore
(un), admits a converging subsequence, and this implies that J|y satisfies (PS). for
every c € [/, B'].

As for the second condition of (b) in Theorem 3.7, let us apply again Lemma 3.9 with
X N'M in place of X and J|xnp in place of J. Let u € Bo(U) \ U with o < J(u) < B.
If P,u € 9B, from the last condition in (b’) we directly see that |d(J|xnm)| (@) > o. If
Pu ¢ B, we have |d(J | xnm)| () = |dJ|(u), hence again |d(J|xnm)|(u) > o by the third
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condition in (b"). From Lemma 3.9 we deduce that

VueYNMNOU, [d(Jlyoan)|@) = |d(J]xnm) | @), G.7)
Vue YNM\U, Jw>a = |dJlyam)|w) > o. (3.8)

Now, arguing by contradiction, assume that

inf{|d(Jlynm)|@): u €Y, PouedB, o' <J(u)<p'}=0

and consider a sequence (u,), in Y such that Pu, € 9B, o < J(u,) < B and
ld(J|ynm)| (1) — 0. From (3.8) we see that u, € U eventually as n — oo, and from
(3.7) that |d(J|xnm)|(u,) — 0. This fact contradicts the second condition in (b"). There-
fore J|y satisfies also (b) of Theorem 3.7.

If ¢y, cp are distinct critical values of J|y in [&’, 8] and uy,up € Y are correspond-
ing critical points, from (3.5) we see that uj,uy € U and from (3.4) we conclude that
[dJ|(u;)=0,i=1,2.

Otherwise, there exists ¢ € [, 8'] and a compact subset C of

{uey: |d(J|y)|()=0, J(u)=c, Pu¢ B}

having at least category 2 in {u € Y: Pou ¢ B}. Again by (3.5), we have C C U. Therefore
C is actually contained in the set

V.= {ueX: Pou ¢ B, J(u)<,3—0d(u,]ﬁﬂU)},

which is clearly open in X. A fortiori we have that C has at least category 2 in V. On
the other hand, being an open subset of a locally contractible space, V itself is locally
contractible (see, e.g., [10]). From [3, Theorem 1.4.11] it follows that C contains at least
two elements, which are free critical points of J by (3.4). O

Finally, for our purposes we need a variant of the linking theorem (see [23]) adapted to
a nonsmooth setting as in [6,7]. As in Theorem 3.10, the main feature is that the Palais—
Smale condition is required only on the closure of a suitable open set.

Theorem 3.11. Let E be a Banach space such that E = E_ @ E, with dim(E_) < oo and
E. closedin E, and let J : E — RU {400} be a lower semi-continuous function satisfying
the following assumptions:

(a) thereexista, B €R, 0<r < R and e € E; \ {0} such that

sup{J (u): u € 0p_greQ} <a,
inf{J(u): uekEy, |lull =”} >,

sup{J(u): ue Q} < B,

where Q ={v+te:ve E_, t >0, ||lv+te|| <R}
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(b) there exist an open subset U of E and ¢ > 0 such that Q C U and

J satisfies (PS). on I7f0r every c € [a, B, (3.9
|dGy|(u, s) = 1 with respect to the metric (3.1), whenever J(u) <s < B, (3.10)
YueB,(U)\U, a<Jw)<p = |dJ|(u)>ﬂ_a 3.11)
Then J admits a critical point u € U with J (u) € [«, B].
Proof. It is easily seen that « < 8. Let 0 = ﬁ%“ and let
o =inf{J(w): ueEy, |ull=r}.
Let us first treat the particular case in which
B __o<e (3.12)
- o .
V1402

Let us consider the set epi(J) endowed with the metric (3.1) and put
U :={(u,s5) eepi(J): ueU},

Y::{(u,s)eepi(]):sgﬂ— (u,s),gfﬂfj)}.

o
—d
V14 o2 (
We are going to apply [7, Theorem 3.12] to the continuous function G|y : Y — R. Then
we will prove that J possesses a critical point too.

Since J is lower semi-continuous, epi(J) is closed in E x R, hence complete. In turn,

also Y is complete.
Let us consider the compact pair (D, S) given by

D= (3r_oreQ X o, B1) U (Q x {B}), S=0r_aoreQ x {a}.

From assumption (a) it follows that D C epi(J). Then it is easy to see that D C gf NnU,
whence D C Y. Let ¢ : S — Y be the inclusion map and

@={peC(D,Y) pls=v}
If p: D — Y is the inclusion map, we have ¢ € @, whence @ # (. Let

¢ = inf sup(Gy o ).
(p€d> D
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Since ¢ € @, we immediately find that ¢ < . On the other hand, it is easily seen that the
pair (D, §) is homeomorphic to the pair (Q, dg_gr. Q). Then, standard considerations on
the linking theorem show that

o1(D)N {u e Ei: |ull =r} # forevery ¢ = (¢1,¢) € D.
It follows

sup(Gy o) =supgr = sup(J o ¢1) = inf{](u): ueEL, ||lul =r}
D D D

=o' > sup(Gy o)
s

for every ¢ = (@1, ¢2) € @. In particular, we have ¢ > o'.
Consider now the (PS). condition for G;|y. If

(Mvs)GBg(ﬁ)\ﬁ and ,3—\/%@<S<,3,
we have u € B,(U) \ U, hence
G| ) > ==
g, 8) > ———
V1+o?

by assumption (3.11) and Proposition 3.4. From Lemma 3.9 we deduce that
Y, )€Y NU, |d@Gsly)|(u,s) >1dG, |, ), (3.13)

Vi, s) eY\U, s>p— o = 4Gy 1), 5) > ———. (3.14)

o
J+o V1402
If (up, sp) is a (PS).-sequence for G|y, by (3.12) we have

o
sn=Gyun,sn) > p m@

eventually as & — oo, hence (uj, sp) € U by (3.14). From (3.13) it follows that (uy,, sp)
is a (PS).-sequence also for G;. Again by assumption (3.10) and Proposition 3.4 we have
that J (uj) = sy, eventually as h — oo and that (up) is a (PS).-sequence for J with uj, € U.
By assumption (3.9), up to a subsequence (u,) is convergent to some u in U. Then (uy, sp)
is convergent to (u, ¢) in Y. Therefore G|y satisfies condition (PS)..

By [7, Theorem 3.12] there exists a critical point (u#,s) € Y of Gs|y with s =
Gy(u,s) = c. By (3.14) we have (u,c) € ﬁ, hence u € U. From (3.13) it follows that
(u, c) is a critical point also for G;. By assumption (3.10) and Proposition 3.4 we conclude
that J(#) = c and that u is a critical point of J.

In order to remove the extra assumption (3.12), take A > 0 and consider on E the norm

llaells. == Aflu]]. (3.15)

Of course, the norm (3.15) is equivalent to the original one of E.
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It is easy to see that assumption (a) is still valid after the change of norm with the same
o,Bandry :=Ar, Ry :=AR and e) :=¢/A.

From Definition 3.1 it is also easy to see that |d) J|(u) = %|dJ|(u), where d; denotes
the weak slope induced by the norm (3.15). If we set 0, := Lo and keep the same U, we
have that (3.9) and (3.11) still hold.

Concerning (3.10), let (u,s) € epi(J) with J(u) < s < B and let ¢ € J0, 1[ be such
that A2(2e — &%) < 1. Since |dGy|(u, s) = 1, by Proposition 3.3 there exist § > 0 and a
continuous map H = (Hj, Hz) : Bs(u, s) x [0, §] — epi(J) such that

1M1 (@, ), 1) = o|* + (Ha((w, 7). 1) — 7)< 12, (3.16)
Ha((,7),8) =G (H((v,7),1)) < Gyw, 1) — (I —e)t =1 — (1 —e)t,  (3.17)

whence

11 (. 0), 1) = u||2 < (1= —e)?)* = e — &P, (3.18)
If we set Ha((v, 1), 1) i= 7 — t/1 — A2(2e — £2), from (3.16)—(3.18) it follows that

IH1 (v, 7). 1) — v||i + (ﬁz((v, T),1) — r)2 <12,
Ho((, ), 1) =7 —1/1 = 22Qe —e2) >t — (1 — &)1 > Ha((v, 1), 1)

> J(Hi((v, 1), 1)).

In particular, (Hj,ﬁg) also takes its values in epi(J). This yields that |d,Gy|(u,s) >
V1 —212(2¢ — €2), hence |dGy|(u, s) = 1 by the arbitrariness of .

Therefore, all the assumptions of the theorem are satisfied, also after the change of
norm. On the other hand, if we set o) := (8 — «)/o) = o /A, the extra assumption (3.12)
reads

o) o ’
——0 =8 —F———0<a
\/1+Gf V14 (o/0)?

Since o < o/, if A is large enough also (3.19) is satisfied and the assertion follows. O

B — (3.19)

4. Some preliminary lemmas
Now we come back to the setting of Theorem 2.1. We observe that (A-, -)% is a norm

in HO1 (£2) equivalent to that induced by H'(£2). From now on, we will consider the space
HO1 (£2) endowed with the norm associated with the operator A, i.e. we will put

lull = (Au,u)?,  Vu e H}(£2).

We will also denote by | - ||; the usual norm of L9(£2), g > 1.
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In what follows, let 1 < k < j be such that Ay <Ay =---=Ai; <Az and let
el,...,ejy1 be eigenfunctions related to Ay, ...,Aj41 such that {ej,...,ej41} is an
LZ(Q)—orthonormal system of functions. For any 1 <i < j 4+ 1, we also denote by V;
the i-dimensional space generated by {ey, ..., ¢;} and we set

1

v.i:{veH(}(sz): /vehdxzo, Vh:l,...,i}.
2

For i =0 we set Vo = {0}. Finally, for h = 1,...,k — 1 we choose ¢, € C;°(£2) close
enough to ey, in order to have that

Hy (2) = Vi1 @ spanex. ... ¢;} @ Vi, @.1)
A—1+ A ~
(Av,v) S Tl Yo e Vi, 4.2)
where \7k_1 is tlle (k — 1)-dimensional space generated by {ey, ..., ex—1}. We denote by

Py :Hg (£2) > Vi1, Py HO1 (£2) — span{eg,...,e;} and P;: H(; (£2) —> le the projec-
tions associated with the (nonorthogonal) direct sum (4.1) and we observe that

(Av, v) < kk||v||%, Yv e Vk_l @ span{e, ..., ej}. 4.3)
About the nonlinearity p, we observe that condition (P4) easily yields

P(x,
lim (x2 5) =400, fora.e.x € 2. “4.4)
l§l>o00 &

Finally, we denote by Ik, the indicator function of the closed convex set Ky, namely

0 iquKv,,

I =
Ky () {+oo ifue HI(2)\ Ky,

and by Jj y : Ky — R the restriction of J; to Ky .
For any o > 0 we also set

M, = {u € Hy(2): /|P2u|2dx >Q2}
22

and for any u € M,

{ve H} (2): [o(Pau)(Pov)dx >0} if [, |Poul*dx =0,

Hp, (u) =
Mo { H(2) if [, |Poul?dx > g2,

The set Huy, (u) is called the hypertangent cone to M, at u (see [4]).
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Now, we are able to prove some preliminary lemmas we will need in order to get the
existence of two solutions for the variational inequality (P).

Lemma 4.1. The following statements hold true:

(1) for every u € Ky, there exists ¢ € H~1(2) with ||¢| < |d Jy,y|(u) such that

(Au,v—u)—A/u(v—u)dx—/p(x,u)(v—u)dx2((p,v—u), YveKy;
2 2

(2) for every u € Ky N M,, there exists ¢ € H1 () with |¢|| < |d (I, y || () such
that

(Au,v—u)—A/u(v—u)dx—/p(x,u)(v—u)dx2(fﬂ,v—u),
19 2

Vv e Ky N (u+ Hpy, ().

Proof. (1) Since the functional J; y : Ky — R is locally Lipschitz continuous, it is easily
seen that |d Jy y |(u) < +o0. If we consider the functional J, + Ik, HOl (£2) > RU{+400},
by Definition 3.1 we have that

A+ T )| ) = [d (T + Ty )k )| @) = 1d g 1),

On the other hand, the function I Ky is convex and lower semi-continuous, while J, is

of class C'. From [7, Proposition 2.10 and Theorem 2.11] we deduce that there exists
¢ € H () with |l¢|l < |dJy,y|(u) and ¢ — J) (u) € dlk, (u), where 9 stands for the
usual subdifferential of convex analysis. Then assertion (1) easily follows.

(2) Consider first the case in which f o | Pau |2 dx > Qz. Since the notion of weak slope
is local, we have |d(Jy y|m,)|(u) = |d ;. y|(u) and the assertion follows from (1).

Then, let [, | Pou|* dx = ¢*. We claim that
(), v—u)=—|d(rylu)|@llv—ull, YveKyN(u+Hy,w). 45
By contradiction, let v € Ky, N (u + Hpy, (1)) and let o > |d(J;,y |m,)|(u) be such that
(FLw),v—u)<—ov—ull. (4.6)
Let § > 0 and let 7 : (Ky N M, NBs(u)) x [0, 8] = Ky N M, be defined by

t

H(z,t) =z +
lv—zll

(v—2).

Since v # u, it is readily seen that 7 is well defined with values in K, provided that §
is small enough. Moreover, we have:
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2t

llv—

/|P2H(z,t)|2dx=f|Pzz|2dx+ P szng(v—z)dx
2 2 2

2

! /‘Pz(v—z)2|dx

+7
v -z
2

2t
>0+

/Pzsz(v —2)dx > 0%,
o=zl )

provided, again, that § is small enough, as v —u € HMQ (u). Therefore ‘H takes its values
in Ky N M,.

It is clear that ||H(z,1) — z|| = ¢. Since Jy, is of class C!, from (4.6) we deduce that
Ji(H(z, 1)) < Jp(z) — ot, provided again that § is small enough.

It follows that |d (/3 y | Mg)l(u) > o, whence a contradiction. Therefore (4.5) is proved.

If we define g: HO1 (£2) > R U {400} by

(J{(u),v—u) ifveKyNu+({0}U Hpy, ())),

+00 otherwise,

g) ={

we have that g is a convex function with g(u#) =0 and
8() = —|d .y lm)|@llv —ul

for every v € HOl (£2). From [5, Lemma] we deduce that there exists ¢ € H —1(£2) with

lell < 1d(Jx,yIm,)(u) and g(v) = (@, v — u) for every v € HOI(Q). Then assertion (2)
easily follows. O

Lemma 4.2. The following statements hold true:

(1) we have

lpCx, Wl (s+1)/s
llulls41—0 et lls+1

PG 0l _ “s)

s+1

=0, 4.7)

lulls+1—0  Jlu]|
(2) for every finite-dimensional subspace V of HO1 (£2), we have

fg P(x,u)dx

loll—o0, veV e |?
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Proof. (1) If we set
p(x.8) .
— if 0,
n(x,§) = § o7
0 if £ =0,
from (P2) and (P3) it follows that 7 : £2 x R — R is a Carathéodory function satisfying
|7(x,&)| <ar +a@lEl*7!, VEeR, ae.x €. (4.9)

It follows that

lim 7(eu)=0 inL5T(Q).

lulls+1—0

On the other hand, Holder inequality implies that

[P e = o] e < [, )| s s
Then (4.7) follows.

The proof of (4.8) is similar.

(2) Let (v,), be a sequence in V with ||v, || — oo. If we set 1, = ||v, || and w, = v, /1y,
we may assume, since V is finite-dimensional, that (w,,), is convergent a.e. to some w €

V \ {0}. From (4.4) it follows that

. P, taw, (1))
Iim ———

5 =-+o00 on a set of positive measure.
n—oo tn

Therefore, from (P4) and Fatou’s lemma we deduce that

. Jo P(x,tywy)dx
lim ==+
n—00 tn

and the assertion follows. Lemma 4.2 is thus completely proved. O

Lemma 4.3. There exist R*, R** > 0 and n*, ¢* > 0 such that, for every A € [Ax — 0%,
Ak + 0¥, the following statements hold true:

(1) for any u € Vk_1 ® span{eg, ..., e;} with max{||Pull, || Pull} = R*, we have
lull < R** and J, (u) < 0;

(2) if u is a critical point of the functional J, with |u] < R** + 1 and critical value
Jy(u) < €, then |lu|| < R*,

3) ifuce Vie1 @ VjJ‘ is a constrained critical point of the functional JA|‘7k—16BVf with

llu|l < R** 4+ 1 and critical value Jy (1) < £*, then u is identically zero.
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Proof. (1) By (4.3) for any A € [Ax — 1, Ax + 1] we have that

1 ~
Jk(u)gifuzdx—/P(x,u)dx, Vu € Viy_1 ®spanfe, ..., ej}.  (4.10)
2 Q

Combining (4.10) with (2) of Lemma 4.2, we deduce that there exists R* > 0 such that, for
any A € [Ay —1,Ax + 1] and any u € Vy_ @ span{eg, ..., e;} with max{|| Piu], || Pou|l}
= R*, we have J, (1) < 0. Since max{|| Piul|, || Pou||} is a norm equivalent to the original
one, we also find R** with the required property.

(2) Let R** be as in assertion (1). By contradiction, let us suppose that there exist a
sequence (A, such that AV — A, and (tn)n such that u, is a critical point for J; ) with
R* < lupll < R* + 1, for any n € N and limsup,,_, o, J; (1,) < 0. Up to a subsequence,
we may also assume that (u,), is convergent to some u € HO1 (£2) weakly in H(} (£2) and
a.e.in £2.

We have that

(Aun,v>—M")/unvdx—/p(x,un)vdxzo, (4.11)
2 2

for any v € HO1 (£2) and for any n € N. Taking v = u,, as a test function in (4.11) and using
(P4) we get

0< w—2>fP(x,un>dx <200 1), @.12)
2

for any n € N. Passing to the limit in (4.12) as n goes to infinity, we deduce that
P(x,u) =0, hence that u =0 a.e. in £2. So,

Uy, =0 in Hi(£2) (4.13)

as n goes to infinity.
Coming back to (4.11) with u,, as a test function and using (4.13), we obtain

lup]l = O (4.14)

as n goes to infinity. This is in contradiction with ||u, || > R* for any n € N.

(3) Let R** be as in assertion (2). Let us suppose by contradiction that there exist (A(),,
such that A — X and (u,), in (\7k_1 ® VJ.L) \ {0} such that u,, is a constrained critical
point for J; ) |‘7k—1@VjL with |lu, || < R*™ + 1 and limsup,,_, oo J, o (#,) < 0. We have that

(Aun,v)—A(")/unvdx—/p(x,un)vdx=0, (4.15)
2 2
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forany v € Vo1 ® VJ.L and for any n € N. Choosing v = u,, as a test function and arguing
as in part (2) of this lemma, we get that

up, — 0 in Hy(2) (4.16)

as n goes to infinity. We can split u, as u, = v, + z, with v, € Vk_l and z,, € V].J-. Taking
v = —v, + Z, as a test function in (4.15) we obtain

(Avy, vy) — 2™ / v2dx — (Azy, 7o) + 2 / Zpdx = / PO, ) (Vg — 24) dx

2 2 2
4.17)

for any n € N. Taking into account (4.2), we have that

2,0

Avy, —M")/ 2dx < - ——
(Avy, vy) v, dx Mol + A
2

- 1><Avn’ vp) < — K (Avg, vp) (4.18)

and

A

—<Azn,zn>+k‘”>/z,%dx < —(1 — ><Azn,zn> <—K2(Azy,2),  (4.19)

Jj+1

for any n € N, where K| and K> are positive constants independent of n. Then, combining
(4.17)—(4.19), it easily follows that there exist positive constants K, K”, independent of n,
such that

fp(x, ) (Vn — z0) dx < —K'([lvall* + llza1?) < =K llun|I?, (4.20)
22

for n sufficiently large. On the other hand, by Holder inequality and the continuous em-
bedding of Hjj (£2) into L*+!(£2), we have that

< ||P(X, )| s=1llvn — zalls+1 < KW”P(X, un) || s+t [lun l,
s s

‘ /p(xa un)(Vp — 2p) dx
2

421

where K" is a positive constant independent of 7.
Taking into account (4.20), (4.21) and the fact that #,, — 0 in HO1 (£2), we obtain that

1/ ||p(-x9 un)||(s+l)/s

K' <K
el

)

for n sufficiently large. This fact contradicts (4.7). Lemma 4.3 is now proved. O
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Lemma 4.4. Let R** > 0 and n*, €* > 0 be as in Lemma 4.3. Then the following statements
hold true:

(1) there exist o’,0 > 0, R’ > 0 and a compact set C' C 2 such that, if A € [Ax — n*,
M+ n*1, if Y1 and o satisfy (Yre ') and if ¢ €10, 0’1, we have
L Sy <e® = |dJylw) >o,

VueKy, R™<|u] <R™+
<lull <SR +1,

Vue Ky NoM,, R*

Loy <e® = |d(ylk,nm,)|@) > o;

(2) for every a > 0, there exist 0q,04 > 0, Ry > 0 and a compact set C,, C §2 such
that, if % € D — 1% ha + 1), if Y1 and ¥ satisfy (Ur,.c,) and if 0 €10, 04],
then |d(J;\,1/,|KV,mMg)|(u) > 0y, whenever u € Ky NaM,, |lul| < R*™* + 1 and a <
Iy (u) < g™

Proof. (1) We proceed by contradiction and we suppose that there exist a sequence (1),
in R with

AW e v — 1", M+t (4.22)

two sequences of Borel functions v , : §2 — [—00, 0] and ¥ , : 2 — [0, +00] such that

1
Yin(x)<—n<n<yp, cap.q.e. 0nC,,::{xeRN: d(x,RN\.Q)>—},
n

(4.23)

and a sequence (u,), in Ky, such that
R™ < lup|| < R* 41, (4.24)
Jao oy, (Un) < %, (4.25)

and |d(JA<n),%)|(un) — 0. By (2) of Lemma 4.1, we deduce that there exists ¢, € H1(2)
such that

l@nll g-1(2) = O, (4.26)

<Aun»v_un>_)\(n)/un(v_un)dx_/p(xv up)(v —uy)dx
2 2
2 (pn, v —uy), YveEKy,. (4.27)

Since (u5), is bounded, up to a subsequence there exists u € HO1 (£2) such that

Uy~ u in H} (£2) (4.28)
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as n goes to infinity. Let v € C(‘)X’(.Q). By (4.23) we have that ¥y , < v < ¥, cap. g.e. in
§2 for n sufficiently large. So, v can be taken as a test function in (4.27) for n sufficiently
large, whence

<A”n ) un)

< (Atty, B) — A f (5 — ) dx — / P ) (B — ttn) X — (s D — thn).
2 2
(4.29)

By (4.22), (4.26) and (4.28), passing to the upper limit, we get

lim sup(Au,, uy)
n—od

< (Au,f))—A/u(ﬁ—u)dx—/p(x,u)(f)—u)dx, Vv e Cpo(2). (4.30)
2 2

By density we get that (4.30) holds for any v € H& (£2). In particular, we can take v = u
in (4.30). So, by the weak lower semi-continuity of the norm, we obtain that u, — u in
HOl (£2) as n goes to infinity. Moreover, by (4.24), (4.25) and (4.29), we get

R < Jlull < R*™* + 1, (4.31)
T (u) < &* (4.32)

and

(Au,v—u)—)_\fu(v—u)dx—/p(x,u)(v—u)dx20, VveHol(Q). (4.33)
2 2

Then, it is easy to see that
(Au,v)—X/uvdx—/p(x,u)vdx:O, VveH(}(.Q), (4.34)
Q Q
i.e. u is a critical point for the functional J3. By (2) of Lemma 4.3 we have that |lu| < R**,
which is in contradiction with (4.31). Then, the first assertion in (1) is proved.

Now, we consider the second statement of (1). We proceed again by contradiction and
we suppose that there exist a sequence (0, ), in ]0, +o00o[ such that

on — 0, (4.35)
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a sequence (™), in R satisfying (4.22), two sequences of Borel functions v ,:$2 —
[—00,0] and ¥, : 2 — [0, +00] satisfying (4.23) and a sequence (1), in Ky, N dM,,
satisfying (4.24), (4.25) and

|d (T30, | Ky, | () = O. (4.36)
By (2) of Lemma 4.1, we deduce that there exists ¢, € H ~1(£2) such that

lonll =12y = O, (4.37)

<Aun,v—un>—,\<">/un(v—u,,)dx—/p(x,un)(u—un)dx
2 2
> (@, v —Up), Vv € Ky, N (un +Huy,, (un)). (4.38)

on
Since (uy,), is bounded, there exists u € H(} (£2) such that, up to a subsequence,
w . 1
up, — u in Hy(£2). (4.39)

Moreover, u, € 9M,, and (4.35) yield

/ |Poul?dx =0, (4.40)
2

ie.ueVi_ @ V/.L. Let z, = PZ)"”. It easily follows that | lzu|?dx =1 and z, €

n

span{e, ..., e;}. Then, up to a subsequence,
Zn —> z € spanfeg, ..., e} 4.41)

with [, |z|*dx = 1.

Letv e Cgo (£2) be such that f_Q zPyvdx > 0. By (4.40) we have that fg zP(v—u)dx
> 0. It follows fg ZnPy(v —uy)dx >0 for n sufficiently large, namely, v — u, €
Hpy,, (un). On the other hand, (4.23) yields ¥r1, < v < ¥2,, cap. q.e. in §2 for n suffi-
ciently large. So, v can be taken as a test function in (4.38), and passing to the upper limit
we get

limsup(Au,, u,) < (Au, v) — )_L/u(ﬂ —u)dx —/p(x, u)(v—u)dx,

n—-+00
2 2

forany v € C;°(£2) with /szf) dx > 0. (4.42)
2

By density (4.42) holds for any v € HO1 (£2) such that fQ zPyvdx > 0. So, we can take
v =u as a test function in (4.42). By the weak lower semi-continuity of the norm we
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obtain that u,, — u in H(} (£2) as n goes to infinity. Then, by (4.24), (4.25) and (4.38), we
get

R*™ < Jlull < R*™ +1, (4.43)
J5(u) <¢&* (4.44)

and

(Au,v—u)—)_»/u(v—u)dx—/p(x,u)(v—u)dx20

2 2

for any v € H} (£2) with / zPvdx > 0. (4.45)
2

In particular, (4.45) holds for any v € kal @ VJ-J‘, whence

(Au, v) —)_»/uvdx —/p(x, Wudx =0, Yve Vi1 ® VJ»L. (4.46)
Q Q

It follows that u is a constrained critical point for the functional J3 |y 1@V By (3)
of Lemma 4.3 we have that u = 0, which contradicts (4.43).

Assertion (1) is therefore proved.

(2) We proceed by contradiction and we suppose that there exist @ > 0, a sequence (05),
in ]0, 4+-o0[ satisfying (4.35), a sequence ™), in R satisfying (4.22), two sequences of
Borel functions ¥y, : £2 — [—00, 0] and vz ,, : §2 — [0, 4-00] satisfying (4.23) and a se-
quence (i), in Ky, N IM,, satisfying

llunll < R™ + 1,

(4.25) and (4.36).

Arguing as in the second part of (1), we can prove that u,, — u in HO1 (£2), where u
is a constrained critical point for the functional JX|‘7k71®VjL with |Jul| < R* + 1 and & <
J;(u) < &*. By (3) of Lemma 4.3 it follows that ¥ = 0, which is in contradiction with
J;(w) =z a>0.

Assertion (2) follows. Lemma 4.4 is completely proved. O

5. Existence of two solutions for (P) with low energy
In this section we will prove the existence of two distinct solutions # and u, for the

variational inequality (P) characterized by the fact that the energy J (#;) is small for
i =1, 2. For this purpose, we will apply Theorem 3.10 to the continuous functional Jj, y .
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Theorem 5.1. Let 1 < k < j be such that Ak < g =---=Aj < Ajy1. Then, for every
e > 0, there exist n > 0, R > 0 and a compact set C C §2 such that, if A\ —n < A < A
and 1 and \ry satisfy (Yr,c), problem (P) has at least two solutions u and uy such that
O0<h(u;))<e,i=1,2.

Proof. Let e > 0. Let also R*, R**, n*, ¢* be as in Lemma 4.3 and ¢’, o, R’ and C’ be as
in Lemma 4.4.

We will proceed by steps.

Step 1. There exist 8 > 0 and n > 0 such that, for every A € [Ar — 1, A + 1], we have

B < min{e, e*, o}, (5.1
n<n, (5.2)
sup{J,\(u): ue Vk_l} <0, 5.3)

sup{Js.(u): u € Vi_1 @ spanfey, ..., e;}, max{|Piul, | Pull} = R*} <0, (5.4)
sup{J,.(u): u € Vi1 @ spaney, ..., e}, max{||Pul, | Pull} < R*} <B.  (5.5)

Proof. From (4.2) and (P4) we see that we can satisfy (5.3), while (5.4) follows from (1)
of Lemma 4.3. By (4.3) and (P4) we have that

A — A
2

2 n 2
ulls < z—Ilull

J(w) <
(1) "

for any u € ‘71(71 @ span{eg, ..., e;}. Then assertions (5.1) and (5.5) easily follow. Of
course, we can also satisfy (5.2). O

At this point, fix A € [Ax — 71, Ag[.
Step 2. There exist r,r’ > 0 and @ > 0 such that ¥’ < r < R* and

inf{J;L(u): u € spanfeg,...,e;} ® ij_’ lull = r} >, 5.6)

sup{Js.(u): u € Vi1 ®spanfey, ..., e;}, | Piull < R*, [Pul =1} <a.  (5.7)

Proof. Since

A
(Au, u) —A/uzdx > <1 — )L—)(Au,u), Vu € spanfeg,...,e;j} ® V-J‘,
k

by (4.8) there exist r € 10, R*[ and « > 0 satisfying (5.6). By (5.3) there exists r’ € ]0, r[
satisfying (5.7). By (2) of Lemma 4.4 we have that there exist gy, 04 > 0, Ry > 0
and a compact set Cy, C §2 such that, if v and v satisfy (Yg,,c,) and ¢ € 10, 0q],
we have |d(JA,¢|MQ)|(u) > o0y, for any u € Ky N oM, with Jlu|| < R*™ + 1 and o <
Jp@) < g*. O
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Now, fix ¢ € (0, min{¢’, 0o, r'}).
Step 3. There exist &, ..., €; € C5°(£2) such that

H() (2)= Vk 1 ®spanfég, ..., ¢} ® le, (5.8)
sup{Ji.(u): U € 85, gpanay....e,) A} < (5.9
sup{Jr(u): u € A} < B, (5.10)
inf{J, (u): u € spanfy, ..., &} ® Vi, llull =r} >, 5.11)
A C M, NBge(0), (5.12)

where A = {u € Vi @span{@y, ..., &;}: | Puull < R*, r’ < || Poul < R*}and Py: H) (£2) —
Vi—1, P2: HO1 (£2) — span{ég, ..., €;} and P3: HOl (£2) —> VjJ- are the projections associ-
ated with the (nonorthogonal) direct sum (5.8).

Proof. If we choose ¢, ..., €; close enough to ¢, ..., e;, respectively, and take into ac-
count the continuity of Jj, then assertion (5.9) follows from (5.4) and (5.7), assertion (5.10)
from (5.5), while (5.8) is clear. Since J, is Lipschitz continuous on bounded sets, asser-
tion (5.11) follows from (5.6), while assertion (5.12) follows from (1) of Lemma 4.3 and
the factthat o < /. O

At this point, let E| = Vk 1, E> = span{eg,...,¢;} and E3 = VJ- Let also B =
(H (£2)\ Myp) N E> and observe that B is a bounded, convex, open nelghborhood of 0
in E; such that

M, = {u € H}(2): Pu ¢ B}.
LetC=C'UC,U Ulj=1 supt(&;) and let R > max{R’, Ry} be such that ||u| oo < R when-

ever u € A. If ¥1:2 — [—00,0] and ¥ : 2 — [0, +oc] are Borel functions satisfying
condition (Y c), then we clearly have

ACKy. (5.13)

Now let X = Ky and consider the continuous functional J; y : Ky, — R. By step 3 and
(5.13), we have that assumption (a) of Theorem 3.10 is satisfied.
Step 4. If we set U = X N Bg++(0), we have that

Jy.,y satisfies (PS). on U for every c € R, (5.14)
inf{|d(Jy.y |k, nm)|@): ue U, P edB, a<Jyyu) < B} >0, (5.15)
YueB(U)\U, a<hyw)<p = |dhylu)>p—a, (5.16)

Yu e Bi(U)\U, o< Jyy@)<B,

PuedB = |dUpylk,om|@) > B —a. (5.17)
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Proof. Let (u,) be a (PS).-sequence for J; y with |u,| < R*. By (1) of Lemma 4.1,
there exists a sequence (¢,), in H~'(£2) such that | ¢, lg-1(2)—> 0asn— oo and

(Aunvv_un)_)&/un(v_”n)dx_/p(xyun)(v_un)dx
2 2
ZA{Qn, v —uy), YveKy. (5.18)

Since (u,), is bounded, it is weakly convergent, up to a subsequence, to some u € Ky.
Taking u as a test function in (5.18), we get by (P2)

limsup(Au,, u,) < (Au,u).

n—oo

By the weak lower semi-continuity of the norm, (5.14) follows.

Assertion (5.15) follows by (2) of Lemma 4.4. Finally, (5.1) and (1) of Lemma 4.4 easily
yield (5.16) and (5.17).

By (5.12) and step 4, we have that also assumption (b") of Theorem 3.10 is satisfied. O

Step 5. The metric space X is locally contractible.

Proof. Being a convex subset of a normed space, X is an ANR, hence locally contractible
(see,e.g.,[10]). O

Since also assumption (c) of Theorem 3.10 is satisfied, there exist two distinct critical
points u1 and us of J; y suchthat J y (u;) € [a, B],i = 1,2, hence with 0 < J y (u;) < €.
From (1) of Lemma 4.1 we conclude that | and u, are solutions of (P).

The proof of Theorem 5.1 is complete. O

6. The linking solution

In the first part of the section we will get the existence of a solution u for the prob-
lem (P) with energy J, (x) > 0 in a uniform way with respect to A. In the second part we
will prove Theorem 2.1.

Let s be given by assumption (P2) and let J;, in :L5H(2) > R U {400} be the
functionals defined as

_ Juw) ifue H)(82),

DW= w1 @)\ BL(2)
0 £

- [0 ifueky,

KW= yoo ifue L (2)\ Ky.

We also set J; .y = J; + I g, First of all, we prove the following:
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Lemma 6.1. The following facts hold:

(1) foreveryu e H(} (£2), we have |d J | (u) < 400 if and only if Au € L(S“)/(.Q) and in
this case

|d.7)h|(l/i) - ||AM —Au — p(xv u)”(v-i-l)/’
(2) for every u € Ky with |d.7,\+¢|(u) < 400, there exists ¢ € L(S“)'(Q) with

@l 541y < 1dJ syl @)

such that

(Au,v—u)—)L/u(v—u)dx—/p(x,u)(v—u)dx2/(p(v—u)dx, Yv e Ky.
Q Q Q

Proof. We only prove assertion (2). The proof of (1) is similar and simpler. First of all,
observe that the functional A: L5+1(§2) — R U {400} defined as

1 .
Aw) = E(Au, u) %fu IS K,/,,l
400 ifuelst (2)\ Ky,

is convex and lower semi-continuous, while the functional

A 2
ul—)z u“dx+ | P(x,u)dx

2 2

is of class C! on Lt1(£2). From [7, Proposition 2.10 and Theorem 2.11] we deduce that
there exists ¢ € L6+ (2) with [|@]| 511y < |dJ;. 4 |(u) and

@ +Au+ p(x,u) € 0A(u),

where 0 stands for the usual subdifferential of convex analysis. Then assertion (2) easily
follows. O

Now, we are able to prove the main result of this section.

Theorem 6.2. Let 1 < k < j be such that A1 < Ay =---=Aj < Aji1. Then, there exist
a>0,1n7>0, R>0 and a compact set C C §2 such that, if \x — n < A< A+ 1, and
Y1 and Yy satisfy (Yr,c), we have that problem (P) has at least one solution u such that
D) = a.
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Proof. We will apply Theorem 3.11. First of all, let eq, ..., e;11 be the eigenfunctions
related to Aq, ..., Aj11 and let VJ.J- be as in Section 2. Let also

W:{ueLSH(Q): /uehdxzo, Vh=l,.--,j+1},
Q2

so that
LT1(2) = spanfe, ... ., ejr1}@W.

Now we will proceed by steps.
Step 1. There exist 0 < r < R* and @ > 0 such that

inf{J;, (w): u € spanf{ej 1} ® W, |lulls+1=r} > a, 6.1)
sup{Jy, (u): u € spanfey, ..., ej41}, llulls41 =R*} <O. 6.2)

Proof. Since

A
(Au, u) —kk/uzdx >(1- 22 VAu,u), Vuevi,
Aj+1 !

by (4.8) and the continuous embedding of H_} (£2) into L*T!(£2), there exist r > 0 and
a > 0 satisfying (6.1). Then, by (2) of Lemma 4.2 there exists R* > r satisfying (6.2). O

Step 2. There exist €1,...,€;41 € CSO(Q), n > 0 and B > 0 such that, for every X €
[Ak — 1, Ak + n], we have

LN@2) =V, @ span(é; 1) @ W, 6.3)

inf{J; (u): u € span{é; 11} ® W, |lulls41 =1} >a, (6.4)

sup{T5(u): u € Vj, llulls+1 < R} <a, (6.5)

sup{Jx(u): u € V; @ span{é;1}, llulls41=R*} <0, (6.6)

sup{J5.(u): u € V; @ span(e;s1). llulls+1 < R*} < B, ©.7)
where VJ- is the j-dimensional space generated by {ey, ..., ¢;}.

Proof. If ¢;, is close enough to e, 1 < h < j + 1, and 7 is small enough, we have that
(6.3) holds, while (6.5) follows from (P4) and (6.4), (6.6) from (6.1), (6.2), respectively.
Of course, there exists 8 > 0 satisfying (6.7). So, step 2 is proved. O

Now let us fix A € [Ar — 1, Ak +1]. B
Step 3. For every ¢ € R, the functional J satisfies (PS),.
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Proof. Let (u,), be a (PS).-sequence for J ;.. We have that (J; (), is bounded. More-
over, by Lemma 6.1 there exists (¢,), in LD (£2) such that ||, l(s+1y — 0 as n goes
to infinity and

(Aun,v)—A/unvdx—/p(x,un)vdxzfgonvdx, VveHOI(.Q). (6.8)
2 2 2

Taking v = u,, as a test function in (6.8) and using (P4), by standard arguments we obtain
that (u,), is bounded in H& (£2). Then, up to subsequences, (u,), strongly converges to
some u in LT1(2). O

Step 4. Let Q ={v+teji1: ve Vj, 20, lv+téji1lls+1 < R*}. Then there exist
R** > 0 and o > 0 such that

0 C{ue L’ (2): lully+1 < R}, (6.9)

|dT 5| (u) > Fo whenever u € H0 (2), a < J;(u) < Band |ulls41 > R*.
(6.10)

Proof. By step 3, the set {u € LSHN2): a < Thw) < B, |dT; () =0} is compact.
Since Q also is compact, there exists R** > 0 satisfying (6.9) and

{ue LH1(@): @ <Tpw) < B, 1dT3lw) =0} C {u e L(2): llulls+1 < R}
(6.11)

To find o satisfying (6.10), assume for a contradiction that there exists a sequence (i), in
H (£2) such that ||u,||s+1 = R*,

o < Ju(un) < B (6.12)
for any n € N and
|dJ5|(un) — O (6.13)

as n goes to infinity. Then, (u,), is a (PS)-sequence for J». So, up to a subsequence, we
have that

I3 (y) — c € [a, B] (6.14)
and

Un — u with lullyr1 = R (6.15)
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as n goes to infinity. By (6.13) and Proposition 3.4 we deduce that |a’GjA [, T53(1ty)) — 0
as n goes to infinity. Remark 3.2 and (6.14) easily yield that

dGy |(u,c)=0. (6.16)

On the other hand, by [7, Theorem 3.13] we have |dek |(u,t) = 1 whenever J; (u) < t.
It follows that J,(u) = c. Using again Proposition 3.4 and (6.16) we obtain that
|dJ | (u) = 0. Then, u is a critical point for J;, such that [|u||s4+; > R** and o < J;,(u) < 8.
This contradicts (6.11). Then, step 4 is proved. O

Now, let U = {u € L*t1(22): |lulls+1 < R**}. We apply Theorem 3.11 to the lower
semicontinuous functional J;, y : LS*1(£2) — R U {+o0}.

Step 5. There exist R’ > 0 and a compact set C' C §2 such that, if y; and v, satisfy
(Y g c’), we have that

VueBo(U\U, a<Tiy,w)<p = Idjx,¢|(u)>'3_

Proof. We argue by contradiction and we suppose that there exist two sequences of Borel
functions ¥y , : £2 — [—00, 0] and V2 ,, : £2 — [0, 4+-00] such that

1
Yia(x) <—n<n<yYp,(x) cap.qe. onC,:= {x eRV: d(x,RN \ 2) > —}
n

(6.17)

and a sequence (u,), in Ky, such that
R*™ < luplls+1 < R*™ +o, (6.18)
a < Jy, ) < B, (6.19)

—

and |47A,¢n|(un) < ﬁT. By (2) of Lemma 6.1, we deduce that there exists ¢, €
LD (2) such that

B—«
||§0n||L(s+1)/(Q) < T (6.20)

and

(Auy, v — uy) —A/un(v—un)dx—/p(x,un)(v—u,,)dx
2

2

>f¢n(v—un)dx, Yv e Ky,. (6.21)
2
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By (6.18) we have that (u,), is bounded in LsH(£2). By (P2) and (6.19) we deduce that
(uy)y 1s bounded in HO1 (£2). Then, up to subsequences, there exists u in HO1 (£2) such that
up — uin LY(2) and up, = u in H_} (£2) as n tends to infinity.

Letv e Cgo(.Q). By (6.17) we have that ¥ , < v < ¥, cap. q.e. in §2 for n sufficiently
large. Then we can take v as a test function in (6.21), obtaining

(Aup, up) < (Aunﬂj)_X/Mn('_)_un)dx_/p(xvun)(v_un)dx
2 2

_/Son(l_) —up)dx, (6.22)

2

for any v € Cgo (£2) and n sufficiently large. Moreover, there exists ¢ in LG +1)/(.Q) such
that ||@||s+1y < ﬂ%‘x and ¢, — @ in LSV (£2) as n goes to infinity. Passing to the upper
limit in (6.22), we get

limsup(Au,, u,) < (Au, v) —A/u(ﬁ —u)dx —/p(x,u)(ﬂ —u)dx + (¢, v —u),

n—>oo
2 2
(6.23)

for any v € C;°(£2). By density we get that (6.23) holds for any v € H(; (£2). In particular,
we can take v = u in (6.23). So, by the weak lower semi-continuity of the norm we obtain
that u,, — u in H(} (£2) as n goes to infinity. Moreover, by (6.18) and (6.19) have that

R*™ < |lul| < R* 4 ¢ and a < J; (1) < B. Finally, (6.23) yields

(Au,u) < (Au,v) — A/u(v —u)dx —/p(x, u)(v—u)dx

22 2
+(p, D —u), YveHi(2),

whence Au — Au — p(x,u) = ¢. By (1) of Lemma 6.1 it follows that |dJ ;| (1) < ﬁ%‘x and
this fact contradicts step 4. Then, step 5 is proved. O

At this point, let C = C’ U U{:ll supt(¢;) where C’ and C, are those of Lemma 4.4,
and let R > R’ be such that |lu|cc < R whenever u € Q. If v; and v satisfy condition
(¥R,c), then we clearly have Q C Ky,. So, by (6.5)—(6.7) it follows

}Q}<(x,

Sup{j)m//(u): uec avjeaspan{é

sup{Jy.y(u): ue Q} <B.

Jj+1

Taking into account also (6.4), we can infer that the functional 7)»,1// satisfies assumption
(a) of Theorem 3.11 with E_ =V; and E =span{e; 1} ® W.
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Step 6. For every ¢ € R, J;_y satisfies (PS). on U. Moreover, we have that
|dgyw [(u,t) =1 whenever J, y (u) <t. (6.24)

Proof. Let (uy), be a (PS).-sequence for J; y on U. We have that

lunlls+1 < R™ (6.25)
for any n € N, and
Ty (uy) — ¢ (6.26)
and
ldJ 5.,y (un) = 0O 6.27)

as n goes to infinity. By (6.25), (P2) and (6.26) we deduce that (1), is bounded in H(} (£2),
hence convergent, up to a subsequence, in L5*1(§2). On the other hand, property (6.24)
directly follows from [7, Theorem 3.13]. Then, step 6 is proved. O

Since also assumption (b) of Theorem 3.11 is satisfied, there exists a critical point u
of J; y such that J; y (u) € [, B]. Therefore, u € Ky and by (2) of Lemma 6.1 we con-
clude that u is a solution of problem (P). O

Let us observe that Theorem 2.1 now easily follows from Theorems 5.1 and 6.2.

Remark 6.3. While in Section 5 we have considered the continuous functional Jj y, tak-
ing as reference the HO1 (£2)-metric, here the same approach would have caused a further
compactness difficulty. More precisely, in the proof of step 5 of Theorem 6.2, it is not clear
how to manage the term (@, , u,) if one only knows that (u,), is weakly convergent to u
in HOl (£2) and (¢,), is weakly convergent to ¢ in H~'(£2). On the contrary, the use of
the LST1(£2)-metric forces to consider the lower semicontinuous functional J A, > but now
(¢n)n is weakly convergent to ¢ in L(”l),(.Q), while (u,), is still bounded in H(} (£2),
hence strongly convergent, up to a subsequence, in L**1(£2). In these conditions the term
(¢n, un) can be easily handled.

Remark 6.4. Actually, following the same proof of Theorem 6.2, one can state a more pre-
cise assertion. Namely, that, for every ¢ > 0, there exist « > 0, n > 0, R > 0 and a compact
set C C £ such that, if Ay —n <A < Aj11 — ¢ and ¥ and ¥, satisty (Yg,¢), we have that
problem (P) has at least one solution u such that J; (1) > «.

This is an improvement of a result of [18], concerning the existence of a nontrivial
solution for problem (P).
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