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An Existence Result for a Problem with
Critical Growth and Lack of Strict Convexity
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Abstract. We prove the existence of a nontrivial solution for a quasilinear
elliptic equation involving a nonlinearity having critical growth and a convex
principal part, which is not required to be strictly convex.
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1. Introduction and main results

Let us consider the problem
{ —div(¥'(Vu)) = A+ [u]> ~2u in Q,

(P)
u=20 on 0f),

where ) is a real parameter,  is a bounded open subset of RY, N > 4, and
2* = 28 is the critical Sobolev exponent for the embedding of H{ () in LP(£2).

Moreover, assume that ¥ : RN — R is a convex function of class C! satisfying the
following conditions:

w1
gli% ‘€|2 _57 (\Ijl)
. W(6)-€
s I(E)2 - b (v2)
W(E) < Sl for every €€ RY. (W5)

Let us also denote by (Ag) the eigenvalues of —A with homogeneous Dirichlet
boundary condition. It is easily seen that (V) implies ¥'(0) = 0. Therefore prob-
lem (P) possesses the trivial solution u = 0.
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Problem (P) can be treated by variational techniques. Indeed, weak solu-
tions u of (P) can be found as critical points of the C* functional J : H}(Q) — R

defined as
J(u):/\Il(Vu)dx—i/uzdm—i*/ > d . (1.1)
Q 2 Ja 2" Ja

In the typical case (&) = 3|¢|?, there is now a wide literature on problem (P),

starting from [3]. The key point here is that, although ¥ shares some properties

with this typical case, there is no assumption of strict convexity with respect to &.
For instance, one could consider (see Figure 1)

1 N
W(E) =v(&) +5 )&, (1.2)
j=2
where
12 if [t <1,
() =1 I -4 if 1<t <2,

P =t + 3 if [t > 2.

If we look at the principal part of J as the energy stored in the deformation w,
this means that the material has a plastic behavior when 1 < |Dju| < 2. We refer
the reader to [10, Chapter 6] for a discussion of several models of plasticity.

From a variational point of view, the effect is a lack of compactess even
stronger than in the usual case. For instance, in the case of (1.2), suppose that u
is a critical point of J with 5/4 < Diu < 7/4 on some open subset w of Q. There
exists a sequence (v,,) in Hg(Q) such that suptv,, C w, |Dyv,| <1/4, Djv, — 0in
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L3(Q) for j > 2, v, — 0in L*°(Q), but (v,) is not strongly precompact in H}(£2).
Then (u + v,) is a Palais-Smale sequence just at the critical level J(u) which is
not strongly precompact in H}(€2). On the other hand, there is no way to prevent
an interaction between the area where W fails to be strictly convex and the values
of Vu.

Let us mention that, in the subcritical case, (nonsmooth) variational methods
for functionals with lack of strict convexity have been successfully applied in [6].

Our first purpose is to extend the main result of [3] to the setting of prob-
lem (P).

Theorem 1.1. Let N > 4 and let U : RN — R be a convex function of class C!
satisfying (W1)—(¥3). Then, for every A €]0, A1[, problem (P) admits a nontrivial
and nonnegative weak solution u € H}(Q).

Then we will also extend the result of [4].

Theorem 1.2. Let ¥ : RN — R be a convex function of class C' satisfying (V1)
(U3) and let A > 0. Moreover, suppose that either:

(a) N >5;

or

(b) N >4 and A # A for every k > 1.

Then problem (P) admits a nontrivial weak solution u € HE ().

For proving both results, we will construct in a standard way a Palais—Smale
sequence (u,) for J. Then we will show that, up to a subsequence, (u,) is weakly
convergent in H}(2) to a nontrivial solution u of (P), even if there is no hope to
ensure the strong convergence in HE (). In order to prove that the weak limit is
a solution of (P), we will show in Lemma 2.2 a variant of the main result of [2, 5]
which can be of independent interest.

From now on, |- ||, will denote the usual norm in L? and | - || the H}-norm
defined as ||ul| = ||Vul|2.

2. Some convergence properties for convex functions

This section deals with some results of convergence for convex functions.
We point out that, by a simple extension of Hépital’s theorem, (¥5) implies
that
29(8)
lgl—oo [&]?

In turn, (¥3) and (2.1) yield that

lmlévﬁfﬁ—wﬁ)
€] —o0 1€

=1. (2.1)

~0. (2.2)
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On the other hand, (¥y), (2.1) and the convexity of ¥ imply that ¥(0) = 0,
U’(0) = 0 and that there exists p > 0 such that
U(E) > ul¢? vEEeRY. (2.3)
Since
0=W(0) = W(E) - ¥'(§)-E,
it easily follows that
V()€ > ple]* vEeRY, (2.4)
[W'(€)] > ulg] Ve RY. (2.5)
We also have
V(E+[Elv) = V() + €NV (€) v VEveRY with [v]=1.

Combining this fact with (2.3), (¥1) and (2.1), we deduce that there exists M > 0
such that
W) < MI¢| VEeRY. (2.6)

Lemma 2.1. Let ¥ : RY — R be a convex function of class C', let (&) be a
sequence in RN and let € € RN be such that

Jim (W(€) — ¥(€)) - (€ — €) = 0.
Then (V'(&x)) is convergent to W'(€).

Proof. By substituting ¥ with \T/((j) = U(¢) — ¥'(§) - ¢, we may suppose, without
loss of generality, that ¢ is a minimum of W. By contradiction, assume that, up
to a subsequence, there exists § > 0 such that |¥/(&;)| > J for every k € N. Let
tr €]0, 1] be such that |V ((1—tr)€ +tx&k)| = § and let i = (1 — )€+ €k Up to
a subsequence, (¥’((y)) is convergent to some o € RY with || =§. As U/(£) =0,
we have

0 < W(Ch)- (G — &) =t ' (Ck) - (& — €)

=1 t_ktk U (Cr) - (& — ) < 1 iktk U (&) - (&r — Cr)

=tr U'(&k) - (& =€)

whence
Jim (G- (G- ) =0. (2.7)
On the other hand, the convexity of ¥ also implies that

(&) > W(Ck) + W' (C) - (€ = Cr) -
Combining this fact with (2.7) and the minimality of &, we infer that

Jim W(G) = V().
For every € RV, we also have

W(n) > W(Cr) + W' () - (1= Ck) = U (k) + W' (Ck) - (1 — &) + ' (C) - (€ — Cr) -
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Passing to the limit as k — oo, we get
V() > V(E) +a-(n—& VneRY.

Since o # 0, this contradicts the fact that £ is a minimum of ¥ and ¥ is of
class C1. O

In the next result we adapt to our setting the main theorem of [2,5].

Lemma 2.2. Let ¥ : RN — R be a convex function of class C' satisfying (2.6). Let
(uk) be a sequence weakly convergent to u in Hg () such that

—div(V'(Vur)) = e +wp in H™H(9Q),

where (wy) is a sequence strongly convergent in H=1(Q) and (uy) is a sequence in
H=YQ) such that

sup {[{ue, v)| : k€N, v e CP(Q), vl <1, suptv C K} < 400 VK CC Q.
(2.8)
Then there exists a subsequence (uy,) such that

lim U (Vuy, (z)) = ¥ (Vu(z)) aein Q.

n—oo

Proof. Following the proof of [5, Theorem 5] with f, = wy, and bi(z, &) = b(z,§) =
P/ (€), it turns out that there exists a subsequence (ug, ) such that

lim (\I/'(Vukn (z)) — W'(Vu(x))) (Vug, (z) = Vu(z)) =0 ae. in Q.
Actually, for this conclusion the assumption that b(z, -) is strictly monotone is
not used in [5].

By Lemma 2.1 the assertion follows. (]

Lemma 2.3. Let ¥ : RY — R be a convex function of class C* and let (uy) be a
sequence weakly convergent to u in Hg ().

(a) If (V' (Vug(z))) is convergent to W' (Vu(z)) a.e in Q and we have
sP()-€-()

lim sup 2 <0,

(2.9)

then
lim sup/ [; U (Vug) - Vug — \Il(Vuk)} dzx < / [; V' (Vu) - Vu — ¥ (Vu)| dz.
k—oo Q Q
(b) If (Vug(x)) is convergent to Vu(x) a.e in Q and we have
L U(E)-€
lim inf
gl—oo [€]7

> 1, (2.10)
then
liminf [ [¥/(Vuyg)- Vug — [Vug|?] do 2/ [V (Vu) - Vu — |Vul?] dz.

Q

k—oo Jq
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Proof. Let us prove assertion (a). By (2.9) there exists C' > 0 such that

1
S V(&€= = €[> +C veeRN. (2.11)
Moreover, given € > 0, there exists K. > 0 such that

1
5\11/(5) £ () <elé]? whenever |¥(€)] > K. . (2.12)
Consider K > K, such that

the set {33 €Q: |¥(Vu(z))| = K} is negligible . (2.13)

Apart from a countable set, each K > K, satisfies (2.13). If we denote
by xa the characteristic function of the set A, it follows that the sequence
(X{1w (Vur) <k} V' (Vug)) is convergent to X{jw/(vu)<x} ¥ (Vu) a.e. in Q, hence
strongly in L2(Q; RY). Therefore we have

i /Q X{1w (Vur) <k} Y (Vug) - Vuy do
!/
= /QX{|\pf(vu)|<K}\If (Vu)-Vudx. (2.14)
Since also the sequence (x{jw’(vu,)|<K}) is convergent to x{jv’(vu)|<k} strongly in

L?(Q), we can apply the result of [8] to the integrand f(z, s, &) = min{|s|, 1} ¥(¢),
obtaining

likrgiogf/gX{\\Iﬂ(vw)KK}‘I’(VU/{)dx:likfgi(gf/ﬂf(x,X{|\1ﬂ(Vuk)|<K},Vuk)df
2/Qf(va{l‘I/’(Vu)KK}avu)dx
:/QXW(W)|<K}@(vu)dx. (2.15)

Combining (2.14) and (2.15), we infer that

1
lim sup/ [ U (Vuy) - Vuy — \D(Vuk)] dx
1w(Vunl<k} 12

k—oo
1
< / [ V' (Vu)-Vu —¥(Vu)| dz.
(1w (vu)|<k} L2
On the other hand, by (2.12) we have

1
/ [ ¥ (Vug) - Vg — wwk)} dz < e[ Vg2,
{|¥"(Vug)|>K}
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hence

1
lim sup/ [2 U (Vug) - Vg — ‘I’(Vu;g)} dx
Q

k—oo

1
< esup | Vug3 + / [2 V' (Vu) - Vu — \I/(Vu)} dx (2.16)
keN {

¥/ (Vu)| <K}

for every K > K. satisfying (2.13). By (2.11) and the monotone convergence
theorem, we have

1
lim { V' (Vu)-Vu — \I/(Vu)] dx
K—+o0 J{jw(vu)|<K} L2

:/Q B W (V) - Vi — \I/(Vu)] dz |

Combining this fact with (2.16), we get

1
lim sup/ [2 U (Vug) - Vug — \II(VU;C)} dx
Q

k—oo

1
< esup || Vug|3 + / {2 V' (Vu)-Vu — \I/(Vu)} dx
keN Q

and assertion (a) follows by the arbitrariness of e.
The proof of assertion (b) is similar and even simpler, as

lim [V (Vug) - Vu—|Vug ] do :/ [V (Vu) - Vu—|Vul?] do
k=00 J{|Vur| <K} {IVul<K}
whenever the set {z € Q: |[Vu(z)| = K} is negligible. O

3. Existence of a nonnegantive, nontrivial solution

In this section we prove Theorems 1.1 and 1.2.

The functional J defined in (1.1) is of class C' on H{(2) by (2.6).

Since ¥'(0) = 0, of course 0 is a solution of (P). Therefore we are interested
in nontrivial solutions. In order to find nonnegative solutions of (P), we consider
the modified functional J : H(£2) — R defined as

T(u) :/Qq/(vu)dx—%/Q(u+)2dx—2i*/ﬂ(u+)2* dz |

Of course, J also is of class C*.

Proposition 3.1. Let ¥ : RY — R be a convex function of class gl satisfying (2.4),
with u > 0, and (2.6). Then each critical point u € HE(Y) of J is a nonnegative
solution of (P).
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Proof. We have

M/Q|Vu_\2da:§/\I"(Vu)~(—Vu_)dx

—)\/ dm—f—/ﬂ( 2N —u)de =0,

whence the assertion. O

Proof of Theorem 1.1. We aim to apply to J the mountain pass theorem [1,9].
First of all, let us observe that, by (¥;), we have

fQ (Vu) dzx

—

1
= in Hj(Q).
fQ|Vu|2dx 5 9 u—0 in Hy(Q)

Then, as in the case ¥(§) = 1]¢|? treated in [3], we deduce that there exist o > 0
and « > 0 such that J(u) > « whenever ||u|| = g. On the other hand, there exists
e € H}(Q) with e > 0 a.e. in 2 such that

lim J(te) = —o0,

t—-+o00
— 1 w~
sup{J(te) : t >0} < NS? ,

where

S:inf{/ \Vul?dr : v e HLH ), |u 2*:1}.
Q

Again, this is proved in [3] in the case ¥(£) = $|¢|?, but by (¥3) the assertion is
true also in our case.

By the mountain pass theorrem, there exist a sequence (uy) in H}(Q) and a
sequence (wy,) in H~1(2) strongly convergent to 0 such that

/\Il/(Vuk)ond:c—/\/ u:vdx—/(u;)rflvdx: (wy,v) YveHy(Q),
Q Q Q

- A [ w2de — L [ wh? de) = 1oy
kh_)rrolo(/Q\Il(Vuk)d:E 2/9(1&,6) dx o /Q(uk) dr| =ce a,NS . (3.2)
From (3.1), we get
/ V' (Vuy) - Vug do — )\/ (uf)? do — / (u)? de = (wy,uy) . (3.3)
Q Q Q

We claim that (uy) is bounded in H}(Q). By contradiction, up to a subsequence
we may assume that |Jug|| — oco. From (3.2) it follows that

.
Jo ¥(Vup)de X [o(uy) dx_1/<|u;r> dx]:O
Q

(K2 2w ]|** 2* ||

lim

k—oo
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By (¥3) we deduce that (uj /||ugl|) is convergent to 0 strongly in L* (Q) and
weakly in H}(€). On the other hand, by (3.2) and (3.3) we have

2*
/ [(2* —2) U(Vug)+ (29 (Vug) - ¥ (Vug) - Vuk)} dx—X\ (2 - 1) /(uz)2 dx
Q Q
= 2%c — (wg,uk) +o(1).
By (2.2) and (2.3) it follows that there exist i > 0 and C' € R such that

ﬂ/|Vuk|2dx§)\ 2——1 /(1L;r)2d:v—l—07
Q 2 Q

2

per (Z0) [ (Y ot

Since (u; /|luk|)) is strongly convergent to 0 in L?(f), a contradiction follows.
Therefore (uy) is bounded in Hg (), hence convergent, up to a subsequence, to
some u weakly in H} () and strongly in L?(€2).

If we set

whence

e = Mt + (u)*

we have that (ug) is bounded in Lf\ré;iﬁ‘z(Q)7 in particular (2.8) is satisfied. By
Lemma 2.2 we have that, up to a further subsequence,

kllngo V' (Vug(z)) = V' (Vu(z)) aein Q.

In particular, (¥/(Vuyg)) is convergent to W/(Vu) weakly in L2(Q;RYN).
Passing to the limit as £ — oo in (3.1), we get that

/\I/’(Vu)-Vvdx—)\/uﬂ)dm—/(zﬁ)?*lvdx:o Vv € Hy(9),
Q Q Q

namely that u is a critical point of .J, hence a nonnegative weak solution of (P)
by Proposition 3.1.

It is left to prove that w is not trivial. Arguing by contradiction, let us assume
that « = 0 a.e. in . Since (2.2) implies (2.9), from Lemma 2.3 we deduce that

1
limsup/ {2\11’(Vuk.) -Vuy — \If(Vuk)] dx <0.
Q

k—o0

Then from

(; — 21*>/Q(u§)2* dx = 7(uk)—|—/Q B\If/(vwc) Vg — ‘I’(Vuk)] dm—% (W, uk)

we get
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On the other hand, by (2.5) we have that (Vug(z)) is convergent to 0 a.e. in Q.
Since (¥2) implies (2.10), from Lemma 2.3 we deduce that

liminf/ [V (Vug) - Vg, — [Vug|*] dz > 0.
Q

k—o0

Then we have

\Vuk|2dx§/\I"(Vuk)-Vukdx—i—o(l)

Q Q

_ / ()2 dz + o(1)
Q

< (/Q(u;)? dx>2;*2 (/Q g2 dm) +o(1)
g%(]\fj(uk))%/ Vug|? dz + o(1).
Q

Combining this fact with (3.2), we deduce that (u) is convergent to 0 strongly in
H}(Q). In turn, this implies that ¢ = 0, while (3.2) asserts that ¢ > 0. Therefore u
is not trivial and the proof is complete. (I

4. Existence of a nontrivial solution

In this section we are concerned with the existence of (possibly sign-changing)
nontrivial solutions u of (P). Let (\x) denote the sequence of the eigenvalues of
—A with homogeneous Dirichlet condition, repeated according to multiplicity. We
will prove the second result stated in the introduction.

Proof of Theorem 1.2. Since the case 0 < A < A is already contained in Theo-
rem 1.1, we may assume that A > A;. Let £ > 1 be such that Ay < A < Ag41
and let eq,..., e, be eigenfunctions of —A associated to Aq,..., Ag, respectively.
Finally, let E_ = span{ey, ...,e;} and B, = EL.
Consider the functional J defined in (1.1). We aim to apply the linking the-

orem [9]. Since

Jo ¥ (Vu)dz 1 ) 1

W_)§ as u—0 in HO(Q),
as in the case W(¢) = 1[¢|* treated in [4], we deduce that there exist o > 0 and
a > 0 such that J(u) > « whenever v € E; with ||u|]| = ¢. On the other hand,
there exists e € H}(Q) \ E_ such that

lim J(u) = —o0,

llu]l—o0

u€EReD FE _

1
sup{J(te+v): t>0, ve E_} < ﬁS%.
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Again, this is proved in [4] in both cases (a) and (b) (in case (a), the condition
N > 5 needs to be required, see also [7, Corollary 1]) when ¥(¢) = 1[¢]2, but by
(P3) the assertion is true also in our case. Finally, it is clear that J(u) < 0 for
every u € F_.

By the linking theorem, there exist a sequence (uy) in H}(Q) and a sequence
(wg) in H~1(Q) strongly convergent to 0 such that

/ V' (Vuy)-Vodr — X | upvdz — |uk|2*_2ukv dx = (w,v) Vv € HY(Q),
Q Q Q

. A 9 1 o* B 1 ~
khi& </Q\IJ(Vuk)d:v—2/Qukdx—2*/Q|uk| dm) =c¢€ |:Oé,NSZ [

At this point, we can continue, up to minor changes, as in the proof of Theo-
rem 1.1. In particular, (ux) is bounded in H}(Q), hence weakly convergent, up
to a subsequence, to some weak solution u of (P). Moreover u turns out to be
nontrivial. (]
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