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Abstract The aim of the present paper is to establish a stability result for the
so called Mountain Pass type solutions of the following class of semilinear elliptic
variational inequalities

un € HY(Q), up <y, in Q
(Aptin, v — up) — /\/ tn(x)(v — up) (z)dx
Q

> / P (T, un (2)) (v — up) (z)dz
Q
Vo € HY(Q), v <1, in Q,

(Pn)

where Q is an open bounded subset of RY (N > 1) with a sufficiently smooth
boundary and ) is a real parameter. Moreover, for any n € N, A, is a uniformly
elliptic operator, ¢, belongs to H'(£2), (¢n)js0 > 0 and p, is a continuous real
function which satisfies some general superlinear and subcritical growth conditions
at zero and at infinity.

1 Introduction and main results

In the last years an extensive literature has been developed concerning stability
results for semilinear elliptic equations and existence results for semilinear elliptic
variational inequalities. The aim of our paper is to establish a stability result for
the following class of semilinear elliptic variational inequalities
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un € HYHQ), up, <, in Q

(Aptn, v — up) — )\/ Up () (v — uy)(x)dx
(Pn) ¢
> [ pal @) - ua)w)do

Q
Vo € HE(Q), v<1, in Q

where  is an open bounded subset of RY (N > 1) with a sufficiently smooth
boundary and A is a real parameter. Moreover, for any n € N, A, is a uniformly
elliptic operator, 1, belongs to H*(), (¥m)jp > 0 and p,, is a continuous real
function which satisfies some general superlinear and subcritical growth conditions
at zero and at infinity.

More precisely, some stability results in the framework of semilinear elliptic
equations were obtained in [6, 7] for uniformly elliptic operators (Dall’Aglio and
Tchou in [6] deal with the nonlinear case, while in [7] the linear case is considered)
and in [2] in the more general framework of Dirichlet forms.

On the other hand, some existence results for problem (P,), for any fixed
n € N, were obtained in [8] when A < A1 and in [9] when A > A1, where \; is the
first eigenvalue of —A in H}(Q).

As far as the authors know, the only previous results about stability for vari-
ational inequalities are due to Boccardo and Capuzzo Dolcetta (see [3, 4]). In
particular we extend the result obtained in [3], since Boccardo and Capuzzo Dol-
cetta consider a problem of the kind (P,,) with A = 0 and p,, (-, un(-)) = pn(-), that
is the linear case.

As for our paper, we find a nontrivial non-negative solution u,, of problem
(Pr) by using the penalization method (see [1]) and the Mountain Pass Theorem
(see [10]) as in [8].By giving suitable convergence conditions for (A,)n, (¢n)n and
(pn)n as n goes to infinity (see (H5)— (H7)) and introducing an auxiliary problem
(A,) (see section 4), we obtain a stability result for the solutions (uy, ), of problems
((Pn))n, that is we get a nontrivial non-negative solution u of the following limit

u€ HIQ), u<y in Q

(Au,v —u) — /\/ u(z)(v — u)(z)dz
(P) ¢
> [ pleule)(e - u)(e)ds

Q
Vo € HYHQ), v <1 in Q,

as weak limit in Hg () of a subsequence of (uy, ).

2 Preliminaries

Let © be an open bounded subset of RY (N > 1) with a sufficiently smooth
boundary. Let H{(£2) be the usual Sobolev space with the norm

loli= ([ 17 P dx);
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and let (-,-) be the pairing between H}(Q) and its dual space H1(Q).
Let us denote by E(c1,¢a), where ¢; and ¢ are positive constants, the class of
the operators of the kind

N

i,j=1
with b;; :  — R verifying the following conditions
(B1) b;; is measurable in Q, Vi,j=1,...,N;

(B2) bij(z) =bji(z) ae. cinQ,Vij=1,...,N,i#j;

( Cl|§‘2 Z bz] glgj < 02|£|2 V¢ € RN a.e. zin Q.
4,j=1

Let
()
”ZID( P @)

and

N
— Z D,L (GZJ(Z')D

i,j=1
in £(c1,c¢a), for any n € N.
One can easily check that
|a5;)(x)|§02 ae. zinQ, Vi, j=1,...,N,Vne N (1)

We recall the notion of G-convergence for the operators of the class £(cq, ¢c2):

Definition 1. We will say that the sequence (A,,), G-converges to A and we will
write A, G4 if, for any T € H=Y(Q), (A;'T),, weakly converges to A= T in
HL(Q).

Let A1, > 0 and A\; > 0 be respectively the first eigenvalue of the operator
A, and A in HZ(Q2) with Dirichlet boundary conditions, for any n € N. Finally
let A; > 0 be the first eigenvalue of the operator —A in H} () with Dirichlet
boundary conditions. By the uniform ellipticity of A,, and A and by the variational
characterization of the eigenvalues, i.e.

A
)\1)71: inf 7< n’U,’U>
veHL(Q)\{0} / 2(2)da

Q

and A
A= inf (Av,v)

veHY(2)\{0} / V2 (2)dz
Q

)
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one has

TN <A< 2h, VneN (2)
C2 C1

For any operator B € £(c1,c¢2) and for any A < C—l)q the following inequalities
C2
hold:

éllul® < (Bu,u) — /\/ u?()dz < & |ull?, (3)
Q

~ . A - )\CQ
where ¢ :=min<ecy, ¢ — —co p and Gy :=max<co, co | 1 — .
)\1 )\101

Furthermore it is well-known that the sequence (A1), converges to A1 as n goes
to infinity, if the operators A, G-converge to A in £(cq,c2) (see [6]).

Let us denote by F(ay,az,as,r), where ay,az,az and r are positive constants,
the class of the functions f :  x R — R which verify the following conditions

(F1) f(-,-) 1is continuousin Q x R ;
(F2) | f(z,8) [Sar+az €)% V(x,§) € AxR,

with 1<s< {22 if N>3, 1<s if N=1,2;
(F3) f(z,§)=o(]&])as £ =0, YaeQ.

Moreover, putting

¢ 7
Pla,€) = /0 Flo t)dt, V(z,€) € Ax R,

we assume that
(F4) 0<(s+1)F(2,§) <&f(2,6), V(2,6 €QxR, =1
(F5) F(z,€) >2a3| &, ¥V (2,§) €QxR, €2
Choosing a4 = ayr + 2°ar®, by (F'1), (F2) and (F'5) one has
(F6) F(x,8) >as|& "t —ay, V (2,6) € Q xR,

Finally, for any function g : Q x R — R we define

_ _J0 ifE<0
g(x’f)_{g(z@ if€ >0,

for any € Q. It is easy to check that, if g is a function belonging to the class
F(ay,a2,as,7), then g is in F(aq, as,as,r) too.
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3 The existence result of a nontrivial non-negative
solution for problem (P,)

Let us consider the following family of semilinear variational inequalities
up € HE(Q), u, <y, in Q

. (Apttn, v —ug) — A /Q Un () (v — uy)(x)dx
> pn($>un(x))(v - un)(m)dx

Q
Vo € HY(Q), v <1, in Q,
where Q is an open bounded subset of RN (N > 3) with a sufficiently smooth
boundary and A is a real parameter. Moreover, for any n € N, A,, is an operator

of the class £(cy, ¢2), ¥y belongs to H'(€2), with (¢,)j90 > 0 and p, : @ xR — R
belongs to the class F(aq, a9, as,r).

In case that v, (x) > 0 on €, it is obvious that uy = 0 is a trivial solution of
problem (P,,), for any n € N.

One can state the following

Theorem 1. Let A < gx\y Let A, € E(c1,¢2) and p, € F(ay,as,as,r), for any
C2
n € N. Moreover, let the following hypotheses hold

(H1) tpn € HY(Q), ¢ >0 in Q, VneN;

(H2) 3ve€ HYQ), 0<T<, in Q, VneN such that

& 17 2< 2 <a3/ |v(x)|s+1dx—a4|Q>;
Q
(H3) s<2 in (F2) and (F4);

(H4) Fwg € HY(Q) such that ¢, <wvg in Q, Vn €N
Then, for any n € N, there exists a nontrivial non-negative solution u, of problem
(Pn).
Remark 1. We need A < Ay ,, for any n € N, in order to obtain estimates

¢
independent of n. By (2), A < —1/\1 is a sufficient condition for our request. If the
c

sequence of operators (A4,), G-converges to an operator A in £(c1,c2) and Ay is

the first eigenvalue of A, then (A ,,), converges to A1 as n goes to co. So we could
c

substitute the condition \ < —1)\1 with A < A1, which implies A < Ay ;, for n large
c

2
enough. In this case we obtain a result of existence of a nontrivial non-negative
solution for problem (P,) for n large enough.

We have decided to consider only the case N > 3 as, for N = 1,2, the results are the same,
even using easier arguments.
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Remark 2. We need that the constant a3 in (F'5) is independent of n. So we
cannot deduce (F'5) from (F4) as usual, but we have to assume it.

Remark 3. Hypotheses (H2) and (H4) are not empty. Indeed, taking a non-

zero non-negative function ¥ in Hg (2) and a bounded sequence (uy,), in RT such

that ian tn > 1, one can choose v, = p,0, for any n € N. Then, putting
ne

vo = sup p,0 and T = ian un¥, (H2) and (H4) hold, since s > 1.
ne N ne

The method of finding the solution u,, for problem (P,,) relies on the consider-
ation of a family of ‘penalized’ equations associated, in a standard way, with (P,,)
(see [1]). Indeed, one can prove that any penalized equation possesses a solution of
‘Mountain Pass type’ and that a sequence chosen in this family actually converges
to a nontrivial non-negative solution w, of (P,), suitably using some estimates
from below and from above for the Hg(2)-norm of the solutions of the penalized
equations. As mentioned before, we apply the following Mountain Pass Theorem
(see [10]):

Mountain Pass Theorem: Let E be a real Banach space and J € C1(E,R).
Suppose J satisfies (PS) condition, i.e.

YV (tm)m € HY(Q) such that (J(um)),, is bounded and J'(um) — 0
in H-1(Q) as m — oo, there exists a subsequence of (Up)m strongly

converging in  Hg ().
Furthermore let J satisfy J(0) = 0 and the following assumptions
(J1) there exist constants p,a > 0 such that J|sp, > a;
(J2) there exists an e € E'\ B, such that J(e) < 0.

Then J possesses a critical value ¢ > o which can be characterized as

= inf J(y(t
¢ = Inf max (v(1)),

where
I'={yeC(0,1],E): v(0) =0, v(1) = e}.

First of all, for any n € N, let us introduce the ‘penalized’ problem associated
with (P,), that is, for any € > 0, the weak equation

ut, € HE(Q) such that

1 € _ €
+ 2 /an—%)wm)v(x)dm - / P (2, 05 ()0 da




A stability result for Mountain Pass type 393

where f* denotes the positive part of the function f. Let us note that the last
integral is well defined for all v € Hi(Q) as a consequence of (F2) and of the
continuous embedding of H} () into L™ ().

In order to look for non-negative solutions of problem (P,,). it is convenient to
modify it with the following one:

ué, € H(Q) such that

(Apus,,v) — )\/Qu;(x)v(x)dx

T /Q (S, — ) (@)o(a)de = /Q B (2,4 (2))o(x)de

Vo € HYH(Q).

Actually in order to look for solutions of (P,,)., we study the critical points of the
real functional IS defined on H}((2) in this way

v() _
If(v) = ;(Anv,v>—;/gv2(a:)dx+1/ﬂ/o (t—’(/Jn(m))-i_dtdSC—/Q P, (z,v(x))dz,

where

B ¢ B
P, €) i /0 B, (2, 0)dt, W(z,6) € O x R,

One can easily check that I belongs to C*(H3 (), R) and that the pairing ((I5)(us,), v)
coincides with the difference between the first and the second member in (P,,)..

At this point, to prove Theorem 1, let us verify that the functional I, satisfies all

the hypotheses of the Mountain Pass Theorem.

Proof. (of Theorem 1) Let us proceed by steps.
Step 1. The functional I}, verifies, for anyn € N and for any € > 0, the conditions

I5(0) = 0, (4)

IS(v) > a for some p,a >0, Yo € Hy(Q), || v = p. (5)

Proof. Let us fix n € N and € > 0.Property (4) is trivial. As for (5), let us note
that the positivity of ¢, on Q yields
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v(x) v(x)
/ / (t — P (x)) T dtdr = / / (t — p(x))dtde >0, (6)
QJo {zeQ:v(w)an(w)} wn(w)

for all v € H} ().

As a consequence of (F'2) and (F'3), one gets that
V6 >0 J¢(8) >0 such that P,(z,8) < g | €12+ c(8) | € °T, (7)

V(2,6) eQ xR, VneN.

0
Then, by using (6),(7), (3) and by choosing p > 0 such that ¢; — . > 2¢(8)csp®!
1
(cs denoting the embedding Sobolev constant of H{(Q2) into L5+1(Q)), for all
v € HE(Q) such that || v ||= p, one has

It (v) > %(Anv,w—%/QUQ(x)da:—/Qﬁn(xw(x))dx

1 2 Y 2 s+1
— v = —=||v]|* = cld)ecs || v

- (é ( - ;6) - c(6>csp5—1) P2

So Step 1 is proved.

v

Remark 4. Note that the positive constant « is independent of € and of n and
this fact will be used in the proof of Theorem 1.

Step 2. There exists an element e € Hg(2) \ {0} such that IS(e) < 0, for any
n € N and for any € > 0.

Proof. Let us fix n € N and € > 0. Let e =7 as in (H2). Observe that e # 0.
Moreover, 0 < e < 1, in Q implies

e(x) e(x)
/ / (t — (@) Fdtde = / / (t — o () dtdz = 0.
QJo {zeQe(x)>Yn(z)} Jipn(x)
So, by (3) and (F'6), one has

c ,
50 < 2 el -ay [ Je(e)l**do+ algl,
Q

Then Step 2 follows from (H?2).

Step 3. For anyn € N and for any e > 0, I, satisfies the Palais-Smale condition,
i.e€.
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for any  (Um)m € H(Y) such that (I (up)),, is bounded and
(PS) (I&) (um) — 0 in H71(Q2) as m — oo, there exists a subsequence

of (m)m strongly converging in HE ().

Proof. Let us fixn € N, e >0 and 3 € (
one deduces

silu %) By the properties of (um),,

I3 (um) = B (), ) < K + BMpe || um |, (8)

where K, ., M, . are positive constants independent of m.
By definition of I¢, (I5)" and by (3), (F'1), (F4) one gets

I tm) = B (), )
(L 2 1 .
N R Ly NN B T

1 B 9
+(s+1) (5 - ) / Pz, um (x))de — K Y
s+1/) Jizeuum(z)>r)

/1 1-8
20 (5-6) lun 12 = 222 160 Izl e | =,

€ )\1

for any m € N, where K, , is a positive constant independent of m.
Finally, combining (8) and (9), one gets

| wm [I°< Cre || i || +Die

for any m € N, for suitable positive constants (), . and D,, . independent of m.
Thus (U, )m is bounded in H{(£2). At this point, Step 3 easily follows from a
standard argument based on the compact embedding of H{(f) into LP(Q) for
p € [2, 2%).

Step 4. For any n € N and for any € > 0, there exists a solution u;, of problem
(Pn)e such that

I5(ug) = inf max IS (y(t
n(un) = inf max I,(v(t),

X};ere T = {y e C([0,1], H:(Q)) : v(0) = 0, v(1) = €}.

It (us) > a.
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Proof. 1t is a consequence of Steps 1,2, 3 and of the Mountain Pass Theorem.
Step 5. For any n € N and for any ¢ > 0, uf is a nontrivial non-negative
solution of problem (P)e.

Proof. Let us fix n € N and € > 0. uf, # 0 as it is a Mountain Pass type critical
point. -
In order to prove that uf, > 0, let us take v = (uf,)”~ in (Pp).. It follows that

(A, (u)7) — A [Zu;<x><u;>*<x>dx

1 us, — (@) (ue) " (z)dz = [ B, (z,us (x))(us) (x)dz
1 (=) @) @de = [ B (@) ) (@)

Q

By the definition of (uf)~ and of p,,(-, ) and using (3), (10) yields

0= <AnUZ,(UZ)’>*/\/QUZ(SU)(UZ)’(x)dDUZ éll(un) "I,

from which we obtain u{, > 0. The non-negativity of u;, and the definition of
D,,(+, ) yield Step 5.

Step 6. There exists a constant K1 > 0 such that ||ug|| > K1, for anyn € N and
for any € > 0.

Proof. Let us fix n € N and € > 0. Let us take v = v, in (Py).. It follows that

(Aot us) — A /Q (w2 ()
(1)
1 us — T(2)u (2)dx = z,us (x))us (z)dx
+ ¢ = v @ @de = [ poes @)@

Arguing as in Step 1 we obtain
V6 >0 F¢(6) >0 such that p,(z,&) <[]+ c(d)|E)° (12)

for any (z,&) € Q x R.
By using the non-negativity of s, (3), the variational characterization of A\; and

(12), one has

&S |2 < / P (@, 05, (2) i ()
Q

s+1

< 6”“%HQL2(Q) + c(0)]ug,| Ls+1(Q)

4
< sl P + el@)es s -
1
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By choosing & such that § < & A;, we can conclude that [lug || is bounded from
below as s +1 > 2.

Step 7. There exists a constant Ko > 0 such that IS (uf) < Ka, for any n € N
and for any € > 0.

Proof. Let us fix n € N and € > 0.By Step 4 with ~(¢) = v, where 7 is as in
(H2), we obtain

From the fact that 0 < t7 < 1, in , from the definition of P,, and by (3) one has
€(, € 1 g A —\2 €2, 2 ~ (1512
It (ug) < max < —(A,t0,t0) — = | (t0)“(z)dz ; < max —||tT]|* < él[v]|°.
tefo,1] | 2 2 Jo tef0,1] 2

So Step 7 is proved as the right member of the previous relation is independent of
n and e.

Step 8. There exists a constant K3 > 0 such that ||u
for any € > 0.

| < K3, for any n € N and

nl

Proof. Let us fix n € N and € > 0. By Step 7 one has

1 A 9 1 uy, (z)
R R O L I AR ) N

< Ko —&-/ﬁn(x,u;(ac))daz.
Q

By the non-negativity of uS, by (13), (F2), (F4), using the fact that uf, is a
solution of (P,). in particular with v = uf, and that s + 1 > 2, we obtain

1 A 1 .
g ey — 2 / (uS)? (2)dz + — / (S, — )2 (@)da
2 2 Jo 2e {z€Q:us, (x) >y (x)}

< Ko+ ColQ + —— pn(fv,UZ(x))UZ(x)dx

s+1

= Ky + G| +L [(A e ul) — )\/Q(ufl)Q(ac)dx}

(14)
1 1
S e @i e
SK2+C’7"|Q|+Sj_1{< S, ) A/ }

g [ = 0 @t ),
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where C. is a positive constant independent of n and e.
By (14), (H4), the fact that uf, is a solution of (P,). with v = vy, (F2) and (1),
we obtain

(é s —1k 1> {<Anuz’u;> - )‘/Q(UZ)Q(I)dx}

1
§K2+CT|Q|+7/
2e {xeQug, (x)>n ()}

1
SK2+O7"|Q|+*

2e / (uy, — ¥n)()vo(x)dz
{weQiug, (2) > ()}

us, (x)vo(z)dx + %/pn(z,u;(:c))vo(x)dz

1 A
= K2 + OT|Q| — §<Anu;,vo> + 5/
Q

Q
(15)

c A a
< Ko Gl + Zlooll a1+ 5 [ wi@o(o)de + Gl
a2 €\S
2 lwoll 00

Q) LS (@)

Therefore, by (15), (3), the variational characterization of A; and the continuous
embedding of HJ(Q) into L2 (), one has

~ 1 1 €112
a5 o) Il

c A a
< Ko+ o0+ Zluoll [lug| + 3 [ wi(e)uolaldo + Ll
Q

az , eS| L.

s (CCUNES (Q)H(Un) 12 g (16)
a
> |

Co A 1
<K C.1Q+ = ¢ — N
< Kz + Cr|Qf + S llvol | [ug ] + 2/\1||v0|\ [luzl + = [lvol s

ag €|ls
+ 2 ||U0‘|L(%)'(Q)||un” ’

where as is a positive constant independent of n and e.
Finally, Step 8 follows from (H3).

Step 9. There exists a constant Kq > 0 such that || (uf, — n)" || 2(0)< Kav/e,
for any n € N and for any € > 0.
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Proof. Let us fix n € N and € > 0. Taking v = uf, in (Py,)., we obtain

1 ul — T(2)ué (z)dz
/Qu )t (@), (2)d

‘ an

= —<Anu;,u;>—|—/\/Q(u;)2(x)dx—|—/Qpn(x,u;(x))ufl(x)dx.

Using the non-negativity of vy, (17), (3), (F2) and the compact embedding of
H}(2) into LP(Q2) for p € [1,2*), we deduce

1 € _ 2 z)dzx
! /Q (= $0) Y2 (2)d

€

E us — T(x)us (z)dz
< [ =) @)

€

= (A, uS) + A /Q (uS)? () + /Q P45 () ()

= [ g 17 Hanlug | ) + azllug |75 g

IN

< anfug || + @ fug, |,

where @, and ao are positive constants independent of n and e.
So Step 9 follows from Step 8.

Step 10. There exists a sequence (ex)r converging to 0 as k goes to co such
that (uS*)y weakly converges in H(Y) to some u, # 0 and u,, > 0, for any
n € N.

Proof. Let us fix n € N. First of all, by Step 8, there exists a sequence (u* )y
weakly converging in Hg(£2) to some u, as €x goes to 0. Therefore, as € goes to
0,

us — u, in L*()

and uff — u, a.e. in .

Moreover, by Step 5, u$k > 0 for any €, > 0 and therefore u,, > 0.
We claim that wu,, is not identically zero. Indeed, from the fact that u$* is a non-
negative solution of problem (P, ). with € = €, using (3) and Step 6, we obtain

aki <éllug |

(18)

< (Anult,u) — A / (ush)2(2)dz < / P, St () )ust () de
Q Q

By (F'1), (F2) and the weak convergence in H}(Q) of (uf*)x to u,, one has
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/Qpn(x,uff(x))u;’“(m)dma/Qpn(x,un(x))un(x)dx

as e — 0. If u, was identically zero, then, going to the limit as ¢, — 0 in (18),
we get a contradiction. So u, # 0.

Step 11. The element wu, given by Step 10 is a nontrivial non-negative
solution of problem(Py), for any n € N.

Proof. Let us fix n € N. As u$ is a solution of (P,).,, taking v — u* as test
function, one gets

(A0 — ) — A / uh (2) (v — ulk) () de
Q

1 €r ) (v — utk)(x)dx

- / P, u (1)) (v — k) () dz.
Q

Arguing as in Step 10, we have

/ P2, u (1)) (0 — ult ) (2)dz — / D@ un(@) (0 — un) @)z (20)
Q Q

and

)\/Quff () (v — ugk)(z)dx — )\/ un(x) (v — up) (z)dx (21)

Q

as € goes to 0.
The weak lower semicontinuity of (A, u,u) yields

liminf(A,uf, v —usk) < (Aptn, v — Up). (22)

er—0
Finally taking v < ,, in , we have
1
— [ (urf =) (@) (v — ugf) (x)dz < 0. (23)
€k O

Taking the liminf in (19) as € goes to 0, by (20), (21), (22) and (23) we get

(Aptin, v — Uup) — A /Q Un () (v — uy)(x)dx

> / P (@ () (0 — wn) (&),

for any v € HE(Q), v < 1, in Q. Now let us prove that u, < 1), in Q: this fact
follows by Step 9 and by the strong convergence in L?(€2) of (u$*)x to u,. So uy,
is a solution of the variational inequality (P,). O
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4 The stability result

In this section we will prove the main result of this paper, i.e. the stability result
for the Mountain Pass type solutions (uy), of the problems ((P,)),. In other
words, we consider the following problem
u€ HIQ), u<y in Q
(Au,v —u) — )\/ u(z)(v — u)(z)dz

Q

Z/p(m,u(x))(v—u)(x)dx
Q
Vo € HHQ), v <1 in Q,

(P)

where A € E(c1,¢2), p € Fl(a1,a2,a3,7) and ¢ € H'(Q) with 1j9q > 0, and we
prove the following

Theorem 2. Let A\ < 6—1/\1. Let Ay, p, be as in Theorem 1, u, the solution of
c

2
problem (Py,) given by Theorem 1, for any n € N, A an operator belonging to
E(c1,¢2) and p a function in the class F(ay,aq,a3,7). Moreover, let us assume
(H1), (H2), (H3), (H4) and the following hypotheses

(H5) 1, — 1 weakly in HY(), asn — oo;

(HG6) An -5 A, asn — oo

(HT) pp(z,v(x)) — p(z,v(x)) asn — oo a.e. in Q and uniformly
on bounded set of HE(Q);

(H8) 3 M >0 such that ||Antn|| 2= <M, Vn €N

‘LT(Q) -
Then there exists a subsequence of (uy,)n weakly converging in HX(Q) to a function
u which is a nontrivial non-negative solution of problem (P).

Remark 5. It is easy to check that problem (P) has a Mountain Pass type solution
in a quite analogous way as (P,,). Then, from Theorem 2, we can deduce that
either the Mountain Pass type solutions (uy, ), of problems ((P,)), converge, up to
subsequence, to a solution of (P) which still is of Mountain Pass type, or problem
(P) has at least two different solutions.

Remark 6. Hypotheses (H2) and (H5) assure that ¢ is not identically zero.
Remark 7. In (H7) we require that
there exists a set N of zero measure such that VYo € Q\ N,

V B bounded set of HL(Q)) and Vn >0 there exists n =n(n,z, B)

such that ¥m >m we have |pp(z,v(z)) —p(x,v(x))| <n, Yve B.
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This assumption holds, in particular, if

pn(z,§) — p(z,8)

as n — 00, a.e. in © and uniformly on bounded intervals of R (see [2], Remark
4.2).

Remark 8. Hypothesis (H8) is not empty. Indeed, it is enough to take ¥ in
Remark 3 sufficiently regular. In order to have (H5), we can assume that the
sequence (fi,), of Remark 3 is converging,.

First of all, we will prove that the sequence (u,), is bounded from above and
from below in H{(£2). Then, denoting by u the weak limit of a subsequence of
(un)n in HE(£2), we will introduce the following auxiliary problem

U, € HY(Q), uw, <, in Q

(AnTn, v —Tp) — A | u(z)(v —uy)(z)dx
(An) o
> / P, () (0 — Tn) ()

Q
Vo € HYHQ), v <1, in Q.

After proving that the sequence (@), of solutions of problems ((A;)), weakly
converges in H} () to a solution u of the following problem

ue HYQ), u<y in Q
(Au,v — ) — )\/ u(z)(v —u)(x)de

(A) @
z/p(x,u(x))(v—ﬂ)(x)dx
Q
Yo € HHQ), v<1 in Q,

we will conclude the proof of Theorem 2 by showing that u = u.

Proof. (of Theorem 2) Let us proceed by steps.

Step 1. There exists K5 >0 such that ||lu,|| > Ks, for any n € N.

Proof. Let us fix n € N. As u,, is a solution of (P,), taking v = 0 as test
function, one has

(Aptn, un) — )\/

u? (z)dx (T, up () u, (2)de.
Qn<>d§/p< (2))tn () (24)

Q

By (24), (3), (F2) and the compact embedding of H}(Q) into L5T1(Q) one gets

& unl? < /Q P (2 1 (1)) ()

s+1 <

LsH1(Q) = ar||un|| + aQHUnHSJrla

< a||unl|pr @) + azl|un|
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where a1, as are positive constants independent of n.
Step 1 follows from the fact that s > 1.

Step 2. There exists Kg >0 such that ||lu,|| < Kg, for any n € N.

Proof. Let us fix n € N. By Step 10 of Theorem 1, we have that there ex-
ists (ug)g such that u$s — w, weakly in Hi(Q) as ¢, — 0. The weakly lower
semicontinuity of || - || and Step 8 of Theorem 1 yield

Ky > liminf [Jug¥ || > [|un|],
er—0 :

where K3 is independent of n.

Step 3. The sequence (Ty), of solutions of the auxiliary problems ((Ay))n weakly
converges in H}(Q) to a solution u of problem (A).

Proof. By Lions-Stampacchia Theorem (see [5]), for any fixed n € N there
exists a unique solution @, of problem (A4,). Arguing as in Theorem 1 of [3] with
gn() = du(-) + p(-,u(")), we obtain that

U, — u weakly in H} (),
as n goes to oo, where @ is a solution of problem (A).

Remark 9. Let us observe that Boccardo and Capuzzo Dolcetta in [3] require
that g, € L*(Q) and |[A,n||12(q) is bounded for any n € N, while we assume

the same kind of hypotheses in LL(Q) We remark that one can use the same
arguments of [3] in case that L?(2) is replaced by LP(Q), where p € [1,2%).

Step 4. There exists a subsequence of (uy), weakly converging in H}(Q) to a
function u which is a nontrivial non-negative solution of problem (P).

Proof. First of all, let us prove that

*

Pa(tin() = p(u()) in LF=1(Q). (25)

By Step 2, up to subsequences, u, — u in L= (), up, — w a.e. in Q as n goes
to oo and there exists h € L7 -1 (Q) such that

lun(z)] < h(x) a.e. xin Q, for any n € N. (26)
Therefore, by (F1) and (HT), one has
Po(@,un(2)) = pz, u(z)) (27)

a.e. in , as n goes to co. Hence (25) follows by (27), (26) and (F2).
Now let us prove that

[lun, —Tn|| = 0 as n goes to oo. (28)

By (B3) and using the fact that w, is solution of (P,) with v = @, and @, is
solution of (A,) with v = u,,, we obtain:
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1
||un _ﬂn||2 S Z<An(un _ﬂn)yun - un>
1

< A (un, — u) (@) (Un, — W) (z)da+ (29)

C1 Jq
b [ palor (o) = pleu(e)] (un — ) )d
1JQ

By (25), Steps 2,3 and the continuous embedding of H} () into L? (), taking
the limit in (29) as n goes to 0o, one gets (28).
On the other hand (28) and Step 3 yield

u, — U weakly in H} ().

Then u = @, so u is a solution of problem (P).
Finally, arguing as in Step 10 of Theorem 1, one can prove that v > 0 and u # 0.

O

References

1]

2]

Bensoussan A.-Lions J.L.:‘Applications des inéquations variationelles en
controle stochastique’, Dunod, Paris (1978).

Biroli M.- Mataloni S.-Matzeu M.: ‘Stability results for Mountain Pass and
Linking type solutions of semilinear problems involving Dirichlet forms’
preprint (2002).

Boccardo L.- Capuzzo Dolcetta 1.:‘G-convergenza e problema di Dirichlet
unilaterale’, Boll. UMI (4), 12 (1975), pp.115-123.

Boccardo L.- Capuzzo Dolcetta 1.:‘Stabilitd delle soluzioni di disequazioni
variazionali ellittiche e paraboliche quasilineari’, Ann. Univ. Ferrara Sez. 7,

Sc. Mat. 24 (1978), pp.99-111.

Brezis H.:‘Analyse fonctionnelle. Théorie et applications’, Masson, Paris
(1983).

Dall’Aglio A.-Tchou N.A.:‘G-convergence and semilinear elliptic equations’,
Asympt. Anal. (4) (1991), pp.367-380.

De Giorgi E.- Spagnolo S.:‘Sulla convergenza degli integrali dell’energia per
operatori ellittici del secondo ordine’, Boll. UMI (4), 8 (1973), pp.391-411.

Girardi M.-Matzeu M.-Mastroeni L.:‘Ezistence and regqularity results for
non-negative solutions of some semilinear elliptic variational inequalities via
Mountain Pass techniques’, ZAA, J. Anal. Appl. vol.20, no.4 (2001), pp.845-
857.

Matzeu M.-Servadei R.:‘A Linking type method to solve a class of semilinear
elliptic variational inequalities’;, Adv. Nonl. St. Vol.2, No.1 (2002), pp.1-17.



A stability result for Mountain Pass type 405

[10] Rabinowitz P.: ‘Minimazx methods in critical point theory with applications to
differential equations’, CBMS Regional Conf. Series Math. 65 Amer. Math.
Soc. Providence R.I. (1986).



