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corresponding tdl does not depend on the actual or-
Abstract der of that pair of rules.
A proof structure is a hypergraph built in accord

We reformulate Danos contractibility criterion into the syntax of proof nets, but without following any
terms of a sort of unification. As for term unificasequentialization order. Borrectness criterions a
tion, a direct implementation of the unification critetest that, given a proof structuks answeryeswhen
rion leads to a quasi-linear algorithm. Linearity isN is a proof netnowhen there is no sequentialization
obtained after observing that the disjoint-set unio®f N. The Danos-Regnier switching conditias the
find at the core of the unification criterion is a specidlnost known correctness criterionswaitchof N is the
case of union-find with a real linear time solution. graph obtained by disconnecting one of the premises
of eachre-link; N is a proof net iff every switch oR
is a tree [3].

If nis the number ofg-links in N, the Danos-
Regnier criterion checks'gyraphs. Moreover, there
is good evidence that correctness cannot be inferred

A multiplicative proof net is a graph representabsy the inspection of a fixed subset of the switches of
tion of a multiplicative linear logic derivation [5]. N. For instance, for ang, we can construct a proof
The proof nelN corresponding to the derivatidhis structure s.t. only one (or two, or three, etc.) of its
a (directed) hypergraph with a linké., a hyperedge) switches is not a tree.
for each rule and a vertex for each formula occur- The situation is different for the multiplicative
rence s.t. every link oN connects the active formu-proof nets of non-commutative (and cyclic) linear
las of the corresponding rule B. For instance, lefll  |ogic. In that case, the Danos-Regnier criterion does
be a cut-free derivation using atomic axioms only anbt suffice for correctness; a proof net of commuta-
ending with the sequehtA, the corresponding prooftive linear logic with only one conclusion is a non-
netN is the syntax tree of the formul, plus a set commutative proof net iff it is a planar graph. Be-
of connections between pairs of occurrences of dugluse of this additional requisite, verifying the cor-
atoms—each node of the syntax tree @ ar ®-link; rectness of a non-commutative proof structure re-
each pairing connection between a pair of leaves @fiires the inspection of two switches only [9]. Un-
the syntax tree is an axiom link. fortunately, planarity does not play any role in the

The derivatiorf1 establishes an ordering, sagex commutative case; therefore, in order to obtain a lin-
quentializationamong the links oN. In general, the ear algorithm, we must resort to something else.
sequentialization of a proof net is not unique. For in- panoscontractibility is the first step towards an
stance, let us assume tHatend with- AgB,C®D efficient correctness criterion. In his thesis [2], Danos
and that the last two rules &f introduce the princi- gave a set of shrinking rules for proof structures,
pal connectives ofvgB andCeD; the proof netN  characterizing proof nets as the only proof structures

“Partially supported by the italian MURST projec{ha.t cointract to a.pomt.. As fmdmg the next link to
“Tecniche Formali per la Specifica, I'Analisi, la Verifica STk is at most linear in the size of the graph, and
la Sintesi e la Trasformazione di Sistemi Software’. Thigs each shrinking rule removes a link, Danos con-
work has been started while at IML, Marseille supportegtactibility is quadratic. The idea of Danos has been

by a EU Marie Curie fellowship and completed while afmproved and extended by showing that it can be pre-
the Department of Computer Science of Queen Mary al

Westfield College, London supported by an EPSRC grar%gfnteg as aarsmgalg.orlthrr]n [7’he]'. Helre, we make f
Iwe shall consider multiplicative linear logic without? urther step, showing that the implementation o

constants only. In the case with constants, proof net c8arsing as a sort afnificationleads to a linear time
rectness idNP-hard [7]. correctness criterion.

1 Introduction
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Like term unification, the unification criterioncarf axiom | dummy| unary | binary |

be formulated as a disjpint—;et uniop—find problem. 2 Up, Uy ue Up, Uy s W | ui,us 2 o
Thus, the use of any union-firdalgorithm leads to Uy b | Uy W
a quasi-linear criterion (that is, linear up to a faator u

that is a sort of inverse of the Ackermann function). r— - \Y/ \?/
Although that kind of algorithms are morally linear Uy Uo Uo
(there is no feasible experiment showing their non-

linearity) and behave very well in practice (their con- Figure 1. Links.

stants are very small), a more detailed analysis of the
union-find required by the unification criterion shows
that this is a special case with a real linear time solRefinition 1 (proof structure). A proof structure
tion. Therefore, getting rid of the factor, we con- (of links) G over the vertice¥ (G) is a set of links
clude that checking the correctness of a multiplic& = o} > a7; a5 >a3; ...; o > ay S.t.:

tive proof net is linear.

We stress that all the efficient algorithms derived
from contractibility and parsing verify correctness by o
constructing a sequentialization. Therefore, we have
the particularly surprising result that forgetting the
sequentialization of a proof net does not implies the 5
loss of any information, neither in terms of the com-
putational resources required to recover a sequential-y_
ization. The reconstruction of a sequentialization can

be done in linear time, that is, in the minimal time . . .

G, for some proof structur& (note thatG' might not

be a proof structure). Airemiseof G’ is a vertex that
2 Proof nets is not the conclusion of any link i®’. Let a; be
the set of the premises & andag be the set of its
conclusions; we shall writ&' : a; + ag. WhenG'
is a proof structure, we shall say th@t is a proof
substructureof G.

Definition 1 does not postulate anything about the
in which thepremisest = ug, Uy, ..., up and thecon- intendeo! meaning dB. The' concrete examples cor-
clusionsB = V1, Va, ...,V are two disjoint sets of ver- respondlng.to_tha_t abstraction are the proof structures
tices s.taU £ 0. of the multiplicative fragment without constants of

Each premise or conclusion of a link has a distinlif€@r logic. ThereforeG is aconcrete proof struc-

name €.g, in a link with two premises, the namedureé whenV(G) = F UC is formed of a seF of oc-
might be left and right; in a link witm conclusions, CUrrences of multiplicative linear logic formulas and
we might distinguish the 1st, the 2nd, , thenth & setC of occurrences of the reserved symbal s.t.

(fvery link ofG matches one of the following patterns:

1. Every vertex inV(G) is a conclusion of one
link (only one).

Every vertex irV (G) either is aconclusionof

G (i.e, itis not a premise of any link o&) or

is a premise of one link (only one).

The premise of every dummy link is the con-
clusion of a binary link.

The setr of the conclusions o (written G+

a) is not empty.

A link is a pair

Up,Up,...,Un > V1,Vo,... , Wk

premise). However, since we shall not consider ¢

elimination, names will not play any role. 0 1 1 0
A link without premises (source link) or without = AA AB> AsB cut>

conclusions (target link) is a root link and is denoted A AL 2 cut AB 2 A®B

by 5. Ina proof structure there are two types of root

links: the axiomlinks, which are source links with With A,B € F.

two conclusions; thelummylinks, which are target Remark 2.Concrete proof structures differ from the
links with one premise only (see Figure 1). All theisual proof structures because of the representation
internal links {.e., the links that are not a root of theof cuts. In our structures, tensors and cuts collapse
proof structure) have two premises and one concigito the same type of link (with the minor technicality
sion; nevertheless, they split in two types: theary of a dummy below every cut). Indeed, for checking
links, denoted by, and thebinary links denoted by COrTectness, there is no difference between a tensor
2 . and a cut (compare thensor andcut rules in Fig-

> (see Figure 1). ure 2).
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2.1 Danos-Regnier correctness criterion _
j_r ~ axiom
We shall represent graphs by means of their in- uz w2 > Ug,Uz € Seq
cidence relation. Namely, an (undirected) graph is
a pair (V,~), where ~ is a symmetric and anti-
reflexive binary relation over the set of vertidégand .

u2

u~ Vvreads ‘there is an edge betwaeandv'. More- G € Seq G+ a,up, Uy
over, we shall writeu — v, when there is no edge \V/ 1 par
betweeru andv. Uo G; U1, U2 B> Up € Seq
Definition 3 (switch). A switch Sof the structure of
links G, saySe Sw(G), is a graphV(G), ~) s.t. { Gy ] [ G, J
B ug,Up € G impliesu; —~ Uy, i.e., each axiom link ar U W a2
is replaced by an edge between its conclusions; \@/
ug, Uz > Up implies (ug — up) A (uz ~— Up) or (up ~ Up
Uo) A (U1 — Up), i.e, each unary link is re- —
placed by an edge (only one) between the conG, G, € Seq Gi+ az,ur Gp+ a2, Up
clusion and one of the premises of the link; . tensor
Uz, Up &> Ug implies (uy — ug) A (Uz ~ Up), i.e., each G1; Gz; U, Uz > Uo € Seq

binary link is replaced by a pair of edges be-

tween its conclusion and its premises. G,G2€5eq Giray,up Gor 0, U

cut
In a switch, a dummy link does not correspond to G1; G2; ug, Uz 3 Up; U >e Seq
any edge.
Definition 4 (proof net). A structure of linksG is Figure 2. Sequentialization.

DR-correct when, for everyS € Sw(G), Sis con-
nected and acyclid.e., Sis a tree). The proof struc-
tures that ar®R-correct are nameproof nets 2.3 The size of a proof structure

The vertices of a proof net can be ordered accord-
ing to the vertical layout in Figure 1. Given a proof Let us define thesize of a proof structureG
structureG, let us say that; is immediately below as the number of registesizeG) required for the
ug when there is a link s.tip,up > 01, us; the least memorization ofG on some random access machine
preorders induced by Uy < up if Uy is immediately (RAM). Although the definition oizgG) depend on
belowug’ is a partial order (by the way; < Up can the representation dg, in any non-redundant cod-

be equivalently red; belowup or up aboveu). ing, sizeG) is linear in the number of vertices &.
Therefore, we shall postulagzdG) = O(|V(G)|).
2.2 Sequentialization Moreover, since the number of links @is linear in

the number of vertices d& (i.e., |G| = O(|V(G)])),
The class of the sequentializable proof structurgizeG) = ©(|G|) also. In the following, we shall an-
Seq is the smallest set of proof structures inductivelylyze the worst case asymptotic complexityDiR-
defined by the rules in Figure 2. In each of that rulesorrectness in terms sfz€G).

to isha freih vertex; moreover, the LUIgB‘SO'r and pemark 6 (asymptotic notationyve recall the defi-
Cr':t ave the provisd/(Gy) ﬂ\f.(.Gz') et Indeed, iion of the following classes of functions (where
these side conditions are implicit in the fact tBat g(n) and f(n) are positive functions):0(f(n)) =

contains well-formed proof structures only. M 1Jek>0:n>k —> cf(n) >aln)! (asymp-
The rules in Figure 2 are the graph theoretic a %Ec)thpp;er—iou-ndifz(f(n)) :( {)g(_n?(| %](;(k >yop

straction of the derivation rules of multiplicative lin f(n) < g(n)} (asymptotic lower-bound);
ear logic. In particular, any sequentialization of @)(f(n)) _ O(f(n)_) AQ(f(n)). In the following, we
concrete proof structur& (i.e., any.deriv.atiqn of ghall also us® (f(n)), ©(f(n)) andQ(f(n)) to de-

G € Seq) corresponds to a linear logic derivation. e 5 generic element of the corresponding classes;
Theorem 5 (sequentialization).A proof structure because of this, for instancg(n) = O(f(n)) will be

G is a proof net iff Ge Seq. an abuse of notation fa(n) € O(f(n)).
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Ve

3 Quadratic time criteria (5) G;aBPB —¢ G, atp

i

* 1
>) G; oD B,ug,Uz; Ug,Uz > Ug

D(anosR(egnier)-correctness is the simplest and( e G oD Up,B whenuo & a

most appealing characterization of the proof struc- s , )
tures that can be inductively constructed according té>) G; ui,up > Ugp —¢ G; U1,Up [> Up
the rules of multiplicative linear logic. However, a di- ()
rect application of Danos-Regnier criterion requires
O(sizgG) 252€9)) time: a proof structures with

n = ©(|G|) unary links has 2switches and checking

that a switch is a tree I9(|G|). Instead, the criteria Figure 3. Contraction rules.
that we present in this section are quadratic. More-

over, we could easily give a parsing strategy checki
correctness if (nlogn) time but, in the next section
we shall do much better.

G; o1 B> By, U; u,a2 > B2
—¢ G; 01,02 > B1,B2
whena;NBa=02NPB1=0

rES%Iy one) ofG w.r.t. —¢ (note that the rules in Fig-
'ure 3 preserve the conclusions and the premises of
the initial structure). By the way, this criterion yields
. to another characterization of proof nets [2].
3.1 Contractibility
Proposition 8. Let us say that the proof structure
Checking the correctness of the proof structuf@+ o is c-correct when G—:t> a. Then, G isc-
G: can be reduced to checking the correctness asrrect iff G isDR-correct.
some substructure @;. Namely, letGp : a1+ ag
be aDR-correct substructure db;. In any switch 3.2 Parsing
of G; there is a path between every pair of vertices
u,v € a1 Udo. Therefore, les; be the structure ob-  The proof of Proposition 8 (see [2, 7, 6]) suggests
tained fromG; by replacing the linkoy > 0o for Go;  a particular strategy for the application of the con-
any switch ofG; is topologically equivalent to a cor-tractibility criterion. In fact, in anyc-correct con-
responding switch oB;, provided that the new link tracting structure of linkss, there is at least a con-
a1 > 0o be interpreted as an acyclic graph connegtactionG — G’ such thaG' is obtained by applying
ing each paiu,v € o1 U do. one of the rules in Figure 3 at a source link. In other
More formally. Astar linkis a linkas > 0 with words, the contraction rules can be applied follow-
any number of premises and conclusionsofitract- ing an uppermost strategy, see Figure 4. The relevant
ing structure of linkgproof structure) is a structureissue is that the rules in Figure 4 defingarsing
of links (proof structure) that may contain star linkalgorithm, as any reductio® -t 5 a yields a se-
also. quentialization oG+ a.
A switch S= (|G|, ~) of the contracting structure
.ofil?nksG is a graph verifying the constraints in Def- (g) G: 2 U, Uz —p G; 5 U, Up
inition 3 plus: . o .
G, >a,u;u> —p G;>a

—~~
Ve
N

a; > g € G implies that there is a permutation

1 * 1
Up,Us,...Ux of 1,0 S.t. uj — Uiyq, fori= >) G 0‘7U1,92; Uz, U2 > Uo
0,1,... ,k—1. —p G; >a,Ug (if up € a)
.. . 2 * * 2
The definition ofDR-correctness is the one already(>>) G; > aj,Us; > O2,U2; Ug,U2 > Ug
given: every switch of the contracting structure of —p G; > ag,02,Uup  (if agNag = 0)

links G is connected and acyclic.

Lemma?7. Let G: a; — ag be a DR-correct con- Figure 4. Parsing rules.

tracting structure of links. A contracting proof struc-
ture G = Gp; G is DR-correct iff the contracting Proposition 9. Let us say that the proof structure
proof structure G = Gg; a1 &> Og is DR-correct. G+ a is p-correct when G—)E& a. Then, G isp-

The previous lemma suggests the rewriting rulggrrect iff G isDR-correct.

in Figure 3 and the followingontractibility crite- The parsing rules simulate the inference rules in
rion: a structure of link$G : a1 + 0Og is correct when Figure 2. In fact, it is readily seen th& € Seq iff

—¢ reducess to a structureN formed of a star link G is p-correct. Therefore, any proof of Proposition 9
only,i.e, N = a1 > ag is a normal form (indeed, the(see [7, 6]) proves the sequentialization theorem also.
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(start) HuT0 —y MU, Uz — nex(p)] (75 nextp))
0
whenp> ug,up € Gandp(uy) = wup) = L

(forward) puTt 5y Mug—i] T
1 .
whenug,uz > ug € G andti(p(uy)) = Ti(p(u2)) =i

(unify)  puTt 5 Mug = j] i Tdi :Zj]
whenug,uz > ug € Gandj = 1(p(ug)) < T(U(Up)) =i

Figure 5. Unification.

4 Unification Figure 5 defines the rewriting system (parametric
in G) that, when the reduction starts with the empty

. . . . . marking () :: (), derives the valid markings oB.
It is a trivial programming exercise to give an al-

it G i . SR
gorithm equivalent to parsing that, instead of remoy1US: letus write,® (u:: 1), when() :: () = pem
ing the vertices contracted along the reduction, marks!n the rules of Figure 5, a marking function is

them with a token. The rules of the algorithm are: represented by means of a list of paj§] — i,
wherep[i] = {ue V(G) | p(u) =i}, i.e, p= (H0] —

(start) Assign afreshtoken to (’)[he conclusions ofaryy. . ulh— 1] — h—1); while a partition is rep-
unmarked axiom (axion» rule). resented by means of a list of disjoint sets i.e.,
(forward) Assign the token to the conclusion of a Tt= (Tu; ... ;Tj). Moreover, we use the following

; ; gyt notations: i) if y has rangd0, h[, thennex{) = h;
unary link whose premises yietd> rule). (i) () — L, if p(u) is undefined: if) pla o i

(unify) .V\./hen the premises of a binary link yield twqg "the markingy! s.t. /(u) = i, whenu € a, and
d.lstmct tokenss andt, eguate sanfjt gnd as~ |/(u) = p(u), otherwise; ii) Ti(i) is the canonical
signsort to the conclusion of the linkX rule). representative of the set containingay its least ele-

Each of the previous rules corresponds to a vient &) if (i) # 1(j), thenrdi = j] is the partition
tual application of a parsing rule (the one written jfPt@ined fronTtby merging the set containirigand

parentheses). In fact, let us assume that a token'8g S€t containing. 3

a set of integer indexes; that a vertex yield the token Figure 6 gives a pictorial account of the unifica-
t when it is marked by one of the indexestirthat, tion rules. In that picturertandTt are the partitions

in the start rule, ‘fresh’ mean ‘the least index in thBefore and after the rewriting; the relevant values of
intervaP [0, k] that has not been used yet’; that, in th1® marking functions are drawn in the place of the
unify rule, ‘equate’ mean ‘unite the sets of’. If theforresponding vertices.

proof structureG hask + 1 axioms, the application

of a sequence of marking rules leads to the construc- T i=nex(y) Tm——T
tion of a pairp:: 1, wherep: V(G) — [0,K] is a (par- 1 1 = (i) i i
tial) marking functiorandrtis a partition of the range , . . .
of , s.t.: ) every structure of link$3[t] formed of : J i) = 11(j) ! :
the set of links whose premises and conclusions yield \Y/ > V
the tokent is a correct proof substructure & (i) 1 m=mn (i)

if G[t] + alt], then there exists a parsing reduction
G[t] —p > a[t]; (iii) there isG —p G, s.t.G is ob- i J . . i J
tained fromG by replacing each proof substructure \? n(i) # m(j) W/
G[t] + alt] with & alt]. w=mi=j " i

Moreover, any parsing reduction induces a corre- L M)
sponding unification reduction. Namely, giveén-,
G/, there is some marking @ s.t. each star link in
G' is the representation of sonit].

Figure 6. Unification: a pictorial account.

2Forh > 0, [0, h] denotes the closed interval Bffrom Remark 10.Let p be a unification reduction s.{&

0 to h; [0, h[ denotes instead the corresponding right opdit :: T), andt be some token imt. Thethreadcorre-
interval,i.e., [0,h[= [0,h]\ {h}. sponding ta is the subset of the rewriting rules in
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that assign an indeixe t to some vertex 06. Each MAKESET(i): It adds the tokeqi} to1t(i.e., it com-
thread ofp spans the proof substructuit]. Then, putes(tt i), provided thatt(i) = ).

Interpreting egch'thread asan independent umﬁcatgqiciem data structures for (disjoint-set) union-find
process running in parallel with the other threads, €ve been widely studied and usecty, in term uni-
see th_at eacttart rule creates a new thread, and.th%cation [8]). The main property of the correspond-
the unify andforward rules are thread synchronlzai-ng algorithms, also know as-algorithms, is that the
tion directives:forward asks for the synchronizationoverall cost of;n EINDSET UNION and l\,/IAKESET

of the threads of its premisesnify signals that the erations iSUF(m,n) = d(ma(m n)), wheren is
threads of its premises have synchronized and uni é)g number of MK’ESE_T anda is éve’ry slowly in-
them into a unique thr.ead. creasing function—in terms of growth slopejs the
WhenG hask+1 axioms andg (L:: 1), the range jnverse of the Ackermann function.

T e oo vend MK 13 F70m a eoretcal bt ofview,
duction [T7h(£nGisaproofnet iff there isamarkingalgorithm is not linear, fora(h,k) is not a con-
pairL:: TTof G 5.ty marks all the vertices d andt stant. Nevertheless, in any conceivable applica-

equates all the tokens in the rangaupthat is,G is a tion, afh.k) < 4. In fact, a(h,k) = min{i > 1

. g . : ck(i, [h/K]) > Igk}, where Ack (the Ackermann
Ff:gfé;:;;ﬁatgﬁcatlon ends up with a unique threaaunction) is defined byAck(1, j) = 2); Ack(i,1) =

Ack(i — 1,2); Ack(i,j) = Ack(i — 1,Ack(i,j — 1));
Definition 11 (u-correctness).Let G be a proof in particular,Ack(2,n) is a tower of exponential of
structure withk + 1 axiom links. A marking func- lengthn. Then, for everyh > k, Ack(4,h/k]) >

tion pis aunifier of G whenp is a total function onto Ack(4,1) = Ack(2,16), that is far greater than the es-
[0,Kl and|® (u:: 0,...,k). The proof structur& is timated number of atoms in the observable universe
u-correctwhen it has a unifier. (roughly 169).

Proposition 12. A proof structure isi-correct iff it is o
DR-correct. 5.2 Ready and waiting links

During unification, a link isarmedwhen both its
5 Linear time unification premises yield a token, and idle otherwise. Each
forward or unify rule fires an armed link and, be-
L i _cause no rule can erase or change the token assigned
The worst case for the unification algorithm ig, 5 yertex, a link cannot be fired twice. Not every
when the proof structur€ is correct—in that €ase, gimeq Jink can be fired. For instance, an armed bi-
every unification reduction oB requires|G| steps. 5 jink whose premises yield the same token is a
Nevertheless, this does not yet implies linearity. Id]eadlock for in no case unification will be able to
fact, for a correct evaluation of the computationgle it At the same time, neither an armed unary link
cost of unification, we must take into account the cogh, (s premises yield distinct tokens can be fired,
of choosing the rule that applies and the cost of the *gince a followinginify might unite the tokens
operations on the partitiorr—the marking function ¢ 15 hremise, that unary link is in waiting state.

Wis not a problem, it is an index field in the recordg, 4rmed link that is not waiting nor is a deadlock
used to represent links. is readyto be fired. A vertex is in the same state of
the link above ite.g, a vertex is ready when it is the
5.1 Disjoint-set union-find conclusion of a ready link.
The unification algorithm consists of a main loop

The data structure implementing the partitioWat picks a ready vertex (link) and fires one of the

union-findoperations [1, Chapter 22]: enquires and updates the set of the vertices that are

ready and the set of the vertices that are waiting, say
FINDSET(i): It computes the least elementin the toR andw respectively. In particular, after removing
ken ofi (i.e., it computest(i)). and marking a ready vertaxfrom R, one of the fol-
UNION(i, j): It merges the tokens df and j and lowing two cases appliesi)(if the marking ofv ac-
leaves the other tokens unchangeel,(it com- tivates a unary link with conclusion, then insertv
putesrti = j], provided thatt(i) # 11(j)). in RorW, according to its stateii if the marking of
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v activates a binary link with conclusiom andw is unite the same pair of threads—the thread aind
not a deadlock, then applyuaify rule, putwin Rand the thread of and j + 1. Therefore, unification will
move the waiting vertices become ready frdhto R.  eventually find a deadlock.

The latter is the critical operation: W has no struc-  Let |© (u:: ™) be obtained according to the se-
ture, finding the waiting vertices that have becomgyential strategy. If0, h[ is the range ofy, there is a
ready requires scanning all. As a consequence, asequenceéy < --- < in < --- < ij4+1, With ip = 0 and
flatimplementation o#V causes a linear cost ofify, i, = h, s.t.7tsplits [0,h[ in the subinterval§io, 1],

and an overall quadratic cost. li1,i2], ... [i1,ii+1]. Now, let us representby means
ofthe staclo=ig:---:ip:---:ij and writeo(i) =iy,

5.3 Sequential unification wheni, <i <ipp1. The ready vertices can be ar-
ranged into a stack of seB=po:---:pPn:- - : P

The rules in Figure 5 defines a parallel unifics-t-V € pn iff v is the conclusion of a unary link be-
tion algorithm: there is a thread for each token ad@nging to the thread of,. Eachunify merges the
the threads run in parallel. Unfortunately, this paralPtervalsfii_1,ii[ and(ii, h[, and activates the vertices
lel point of view does not give any help implementln Pi—1, i.e., it popsi| from o and merges the two sets
ing the data structure® andW, as vertices are in-on the top oR
serted and moved froR andW in no particular or-  Using the sequential strategy has a consequence
der. Instead, an efficient implementationRandW on the structure of the waiting vertices too. Let us
requires finding a good unification strategy; in partisay thatyg is waiting for iwhen it is the conclusion of
ular, it requires controlling thread creation. a unary linkvy, vo >V S.ti= T(u(v1)) andp(vi) <

During unification, thestart rules number axioms i(v,) (note that this meangu(vy)) < T(p(v2)) also);
(the index of an axiom is that of its conclusion) aaye can assume thé is a function (or an array) s.t.:
cording to the order in which they are visited. Thergor j =i, ... ,ij_q (werecallthab =ig:---:i), then
fore, the token ofi is older than the token of Wy(j) is the set of vertices that are waiting fgroth-
whenTi(i) < 7(j), and similarly for the correspond-erwise\W(j) = L. Sinceunify unites the tokens df
ing threads. Now, let us say that a ready link belongfdi,_,, after aunify, we have that: if the vertices
to a thread if the corresponding rule belongs to thiat W(i,_;) become ready and activiee., they must
thread €.g, a ready unary link belongs to the threagle added to the set on the topRif(ii) forn <1 —1,
of its premises token). We want to control the otthe vertices iW(i,) keep waiting fotiy,.
der in which the links are fired by giving priority to The |atter considerations lead to tsequential

the youngest thread of the reduction—the youngggiificationalgorithm in Figure 7. The following no-
thread (token) of the reduction is @stive threadto- (ations are new: iY W = WI[i <= u], with the pro-

ken) and a ready link is active when it belongs to thgg W(i) # L, means thaW'(i) = W(i),u, while
activethread. . , W'(j) = W(j), if j #i; (i) W =W][i — 1] and

After an initialization step that fires an axiom (anyy’ — WIi — 0] set the value ofV(i) to L and to
one),.we may g_pply the fgllovyinggquential strat- ¢, respectively, leavingV'(j) = W(j), for j #i (we
egy. (i) repeat firing an active link, if any, as long agtress thatv(j) = ® means that théth stack has been
you do not find a vertex that is the premise of a bi-jnjtialized and is empty, whilgV(j) = L means that
nary link whose other premiseis not marked;i() if ~ the jth stack is undefined, therefore no operation can
step () ends finding the vertex fire an axiom above pe done on it).

w (i.e, start a new thread) and return to stgp ( Figure 8 gives a pictorial account of sequential

The sequential strategy ensures that threads gfgxication. We have add the case in which the vertex
un_|ted according to their age. .In fact,_ Igt the thre%opped fronRis the premise of a deadlock: by the
ofi create a new thread assigning the ingléasome .. “that corresponds to an incorrect proof structure.
axiom. By constructionj, > x for everyxin the token . e . .

. ! . : . Sequential unification rewrites four-tuples with
of i. Moreover, there is a binary link whose comm|tt-he shapei:: 0 W 2 R. Again, |/® (1 0 W R)
ment is to unite the thread ofand the thread of. . "pqu.... PR *g o H--" N
Then, let us assume thatreate a new thread assigni" (()_ 200 '-.(_)) —s (1 0= W R), where
ing the indexj + 1 to some axiom; there is a bina_ry—>§ is the transitive and reflexive C|OSUY€-9-Cf—>S.
link whose commitment is to unite the threadsjof  For technical reasons, in the rules of sequential
andj + 1. After some steps, let the thread jof 1 unification, we do not mark a vertex immediately af-
unite with the thread of If j andj+ 1 are notin the ter firing the link above it; instead, we put it into
same thread, there are two binary links committed B That simplifies the specification of the algorithm,
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(init) O=0=0= (% 5 (1 (0) () = (ug,up)
whenp ug,up € G

(concl) ne (o) s Wz (Ripu) —os Mui]:(o:i) W (R:p)
whenGn—a,uVuéeG

(nop) pi(o:i) W (R:p,up) S Mui—i] (o) W (S:p)
whenug, Uz > Ug € G andp(ug) =

(wait) ne (o) W (Ripun) —s Mui—i]: (o
whenug, Uz > Ug € G andp(uz) <

~

1
Wio(u(uz)) <= o] :: (R: p)
W

(forward) R (o) W (Ripug) —s Hup i) (o:i) 2 (R:p,uo)

[
whenuy, U, & U € G andp(uo) = L andu(up) > i
(new) pi (o) sW: (R:p,up) —G>23 Mur—i]s(oic)) s W[j—= 0] (R:p:vi,ve)
whenug,uz > ug € Gandp(up) = L andup < vp
and> vy, vz € G andj = nexty) andp(vy) = p(vz) = L

(unify) pi(o:j:i)zW:(R:p' :1p,up) —G>23 MHug—i] (o) s W[j— L] = (R:ug,W(j),p',p)
whenug, Uz > Ug € Gandj < p(up) < i

Figure 7. Sequential unification.

preserving the property that each setRrcontains g glse ifv, v/ ZveGthen

the vertices that are ready to be marked with the cofy.  tag(v) « true;

responding index iw. Indeed, apart foinit, each g.  return NExTAXIOM (V);

rule in Figure 7 pops a vertaxfrom R, marks it with

the top index ob, verifies the state of the link below  pyring the search, BixTAxIoM sets a tag associ-
uand, according to that state, performs some Opefged to each vertex. That tag, initially equaftse,
tions onp:: 0 W it R Namely, letu be the premise js ¢yue when the vertex has been already visited by
of a unary link with conclusiorw; wait insertsvin  gome NexTAxIOM or whenvis the conclusion of the
the proper set d#, for the link belowu is waiting; axiom fired byinit—in practice, after initializing all
forward insertsvin the top set oR, for the link below  the tags tdfalse, we can assume that the starting ax-
uis ready; and so on. We rematkw: itimplements jom is found calling NexTAXIOM (V), wherev is any

step (i) of the sequential strategy. vertex. According to this, KXTAXIOM (V) returns
Remark 14.We recall thatR is a stack of setd,e, an error whenevev has been already visitede.,
R=0g: 01 : ... Ok Therefore, the vertes popped M(V) # L ortag(v) = true (if NEXTAXIOM is prop-

fromRis any vertex iroy. We also remark that, when€rly called byinit and bynew only, both that cases are
the top set oRis empty, no rule of sequential unificaot possible in a proof net). We stress that the use of
tion applies. In particular, the case in whiclk 0 and t2gs ensures thatTAxiom cannot loop (by the

ax = 0 corresponds to a deadlock and cannot arise@y: this might happen in an incorrect proof struc-
a correct proof structure. ture only) and that, during sequential unification, ei-

ther NEXTAXIOM does not visit twice any vertex or

Neglecting the cost of the union-find operations; siops after finding an already marked vertex.
all the sequential unification rules butw can be ex-

ecuted inO (1) time. That is not true fonew, as it re- If $© (U 0:ig--- 1 2 W R) andnex{p) = h,
quires to go up along the net until we find an axionthen | (u:: [0,i1[;[i1,iz];... ;[ii,h[). Moreover, ifG
The following procedure implements that search. s a proof net angl is not a unifier, the top set d&&
NEXTAXIOM (V) is not empty. Hence, sequential unification of a proof

1: if tag(v) = true or p(v) # L then net cannot stop before finding a unifier.

2: returon error

3: elseifp> V,v e Gthen Proposition 15. The proof structure G iBR-correct

4:  tag(V) < true; tag(V) < true; iff Y (u::0::() :: () and p marks every vertex of G

5. return v,V (moreover, W is a unifier of G).

8
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o= 0
T d =0 .
l‘l = () Ul U2 s W/ — () (Inlt)
R = u,uw
) u o= M) usip;
R=...:p,u L F R = o (concl)
o= i) u ...
pluz) =
_ U uz/ . | = ...;y[i|],u1».—>i|;...
o = ip: i H(up) < i W= . W . .
R= .. :pu anﬂ(u(uz))*? R = ...;in—=>W(in),up;... (wait)
= ...ip
u .
’ H(uz) > i , .
\g g i .. Z;;)[lﬂ(;ul ... (forward)
o= ] un =g
r R
i1+1 = nex(y) M (new)
) =g = 1 W= i 0
ﬁ H(UZ):J- = ..iPiV, V2
Vo V1 ) )
/ o= i u ...
O = g: -+ 1ij—1:0 . o = .. .
R=..:p:pu " uliu(uZ)e["fl"'[Hs W= e L (unify)
u(téz))<>l|¢1 R = ...:W(il-1),p’,p,Uo
u i
to Ht) =1 T incorrect
Figure 8. Sequential unification: a pictorial account.
5.4 A special case of union-find of 6 =ig:-:ip:--- 10 is an array of bitd s.t.
bli] =0, fori =io,...,ij, andb[i] = 1, otherwise. In

The a-algorithms for union-find are practicallythis way, settindd[in] to 1 unites the interval$,_1,in[
linear (see Remark 13). Therefore, since the camd [in,in+1[, While o(i) is the greatesf < i s.t.
stants in the upper-bound are small, a pseudo-linéj] = 0. In order to optimize the use of memory reg-
implementation using a-algorithm is frequently isters, we represebtoy means of an arrey of words
preferred to a linear solution whose upper-bound ref lengthw and defineb[i] = bit(i modw, B[i = w]),
quires bigger constants.g, this is the case of termwherebit(n,x) is thenth bit of x (start counting bits
unification). However, there is a special case—am@m 0). Computings(i) decomposes in the follow-
the disjoint-set union-find used by sequential unificing steps: i) check if the bit ofo(i) is in the word
tion is an instance of it—where the amortized cost 0f-w, e.g, by means of the functiofirstz(n,x) that
union-find becomes linear without any particular inceturns the greatesh < n s.t. bit(m,x) = 0, if any,
creasing of the upper bound constants [4]. The lineand—1 otherwise; if) if firstzi modw,i +w) = -1,
algorithm for that special case usesaalgorithm, find the greatest < i +ws.t.B[n] contains a bit equal
but, exploiting the order in which sets are united, oe O; (i) returnfirstzi modw, B[i +wj), if this is not
timizes the size of the problem on which to apply thequal to—1, orfirstzw— 1,B[n]), otherwise.

a-algorithm. Let us see how that technique applies
in the case of sequential unification.

Step (ii) is the critical operation. Before to an-
The natural data structure for the implementatiaiyze it, let us remark théftrstz(n,x) is O(1).

For
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instance, let us assume that the processor compte Conclusions
bor(x,y) (the bitwise-or of the wordsandy) in O(1)

time®; let x = masKi) be the word s.thit(j,X) =0, The relevant point of sequential unification is that
for j <i, andbit(j,x) = 1, for j > i; let lastax) it s not a theoretical trick. All the steps leading to its
be equal to the greategts.t. bit(j,x) = 0, if any, jinear algorithm correspond to natural optimizations
and equal to-1, otherwise. Thenfirstz(i,X) = that do notincrease the constants in the upper-bound.
lastzbor(maskKi),x)). Now, maskandlastzcan be  apart for the result on the complexity of correct-
implemented by means of two tables of lenGtw)  pess; the unification criterion is interesting from a se-
and O(2"), respectively. That is, at the cost of gnantical point of view. The operations that unifica-
0(2") initialization, firstz(n,x) is O(1). tion performs at eackp/®-link correspond to syn-
The efficient algorithm foo(i) uses a disjoint-set cpyronjzation directives: a-link asks for the syn-
data structure for the implementation of s&. In  chronization of its premise; @-link (or cut) notifies
fact, letjo <--- < jn <--- < ik be the sequence Ofthat its premises have synchronized. One of the point
indexes s.t.. iff = jn, thenB(j] contains at least a O;nder investigation is if the interpretation of that di-
otherwise,Bj] does not contain any 0 (by hypothteciives in some kind of process algebra may lead to

esis, jo = 0, for in any casé[0] = 0). If j;1 =L  aninteresting semantics of proof nets in terms of con-
is the length ofB, thenB splits into the family of - rent processes.

disjoint intervalsfjo, ja[, [j1, j2[, .- [ik, Jk+1[, and

step(ii) is a AND SET of the corresponding disjoint-

set problem. Hence, using analgorithm, the cost References
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