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Abstract

We reformulate Danos contractibility criterion in
terms of a sort of unification. As for term unifica-
tion, a direct implementation of the unification crite-
rion leads to a quasi-linear algorithm. Linearity is
obtained after observing that the disjoint-set union-
find at the core of the unification criterion is a special
case of union-find with a real linear time solution.

1 Introduction

A multiplicative proof net is a graph representa-
tion of a multiplicative linear logic derivation [5].1

The proof netN corresponding to the derivationΠ is
a (directed) hypergraph with a link (i.e., a hyperedge)
for each rule and a vertex for each formula occur-
rence s.t. every link ofN connects the active formu-
las of the corresponding rule ofΠ. For instance, letΠ
be a cut-free derivation using atomic axioms only and
ending with the sequent̀A; the corresponding proof
net N is the syntax tree of the formulaA, plus a set
of connections between pairs of occurrences of dual
atoms—each node of the syntax tree is aO or�-link;
each pairing connection between a pair of leaves of
the syntax tree is an axiom link.

The derivationΠ establishes an ordering, say ase-
quentialization, among the links ofN. In general, the
sequentialization of a proof net is not unique. For in-
stance, let us assume thatΠ end with` AOB;COD
and that the last two rules ofΠ introduce the princi-
pal connectives ofAOB andCOD; the proof netN
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1We shall consider multiplicative linear logic without
constants only. In the case with constants, proof net cor-
rectness isNP-hard [7].

corresponding toΠ does not depend on the actual or-
der of that pair of rules.

A proof structure is a hypergraph built in accord
to the syntax of proof nets, but without following any
sequentialization order. Acorrectness criterionis a
test that, given a proof structureN, answersyeswhen
N is a proof net,nowhen there is no sequentialization
of N. TheDanos-Regnier switching conditionis the
most known correctness criterion: aswitchof N is the
graph obtained by disconnecting one of the premises
of eachO-link; N is a proof net iff every switch ofN
is a tree [3].

If n is the number ofO-links in N, the Danos-
Regnier criterion checks 2n graphs. Moreover, there
is good evidence that correctness cannot be inferred
by the inspection of a fixed subset of the switches of
N. For instance, for anyn, we can construct a proof
structure s.t. only one (or two, or three, etc.) of its
switches is not a tree.

The situation is different for the multiplicative
proof nets of non-commutative (and cyclic) linear
logic. In that case, the Danos-Regnier criterion does
not suffice for correctness; a proof net of commuta-
tive linear logic with only one conclusion is a non-
commutative proof net iff it is a planar graph. Be-
cause of this additional requisite, verifying the cor-
rectness of a non-commutative proof structure re-
quires the inspection of two switches only [9]. Un-
fortunately, planarity does not play any role in the
commutative case; therefore, in order to obtain a lin-
ear algorithm, we must resort to something else.

Danoscontractibility is the first step towards an
efficient correctness criterion. In his thesis [2], Danos
gave a set of shrinking rules for proof structures,
characterizing proof nets as the only proof structures
that contract to a point. As finding the next link to
shrink is at most linear in the size of the graph, and
as each shrinking rule removes a link, Danos con-
tractibility is quadratic. The idea of Danos has been
improved and extended by showing that it can be pre-
sented as aparsingalgorithm [7, 6]. Here, we make
a further step, showing that the implementation of
parsing as a sort ofunificationleads to a linear time
correctness criterion.
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Like term unification, the unification criterion can
be formulated as a disjoint-set union-find problem.
Thus, the use of any union-findα-algorithm leads to
a quasi-linear criterion (that is, linear up to a factorα
that is a sort of inverse of the Ackermann function).
Although that kind of algorithms are morally linear
(there is no feasible experiment showing their non-
linearity) and behave very well in practice (their con-
stants are very small), a more detailed analysis of the
union-find required by the unification criterion shows
that this is a special case with a real linear time solu-
tion. Therefore, getting rid of theα factor, we con-
clude that checking the correctness of a multiplica-
tive proof net is linear.

We stress that all the efficient algorithms derived
from contractibility and parsing verify correctness by
constructing a sequentialization. Therefore, we have
the particularly surprising result that forgetting the
sequentialization of a proof net does not implies the
loss of any information, neither in terms of the com-
putational resources required to recover a sequential-
ization. The reconstruction of a sequentialization can
be done in linear time, that is, in the minimal time
required for reading the whole proof net.

2 Proof nets

A link is a pair

u1;u2; : : : ;uhB v1;v2; : : : ;vk

in which thepremisesα = u1;u2; : : : ;uh and thecon-
clusionsβ = v1;v2; : : : ;vk are two disjoint sets of ver-
tices s.t.α[β 6= /0.

Each premise or conclusion of a link has a distinct
name (e.g., in a link with two premises, the names
might be left and right; in a link withn conclusions,
we might distinguish the 1st, the 2nd,: : : , the nth
premise). However, since we shall not consider cut-
elimination, names will not play any role.

A link without premises (source link) or without
conclusions (target link) is a root link and is denoted

by
0
B. In a proof structure there are two types of root

links: theaxiom links, which are source links with
two conclusions; thedummylinks, which are target
links with one premise only (see Figure 1). All the
internal links (i.e., the links that are not a root of the
proof structure) have two premises and one conclu-
sion; nevertheless, they split in two types: theunary

links, denoted by
1
B, and thebinary links, denoted by

2
B (see Figure 1).

axiom dummy unary binary
0
B u1;u2 u

0
B u1;u2

1
B u0 u1;u2

2
B u0

u1 u2

u

u0

u1 u2

u0

u1 u2

Figure 1. Links.

Definition 1 (proof structure). A proof structure
(of links) G over the verticesV(G) is a set of links
G= α0

1B α00

1 ; α0

2B α00

2 ; : : : ; α0

k B α00

k s.t.:

1. Every vertex inV(G) is a conclusion of one
link (only one).

2. Every vertex inV(G) either is aconclusionof
G (i.e., it is not a premise of any link ofG) or
is a premise of one link (only one).

3. The premise of every dummy link is the con-
clusion of a binary link.

4. The setα of the conclusions ofG (writtenG�
α) is not empty.

A set of linksG0 is astructure of linkswhenG0 �
G, for some proof structureG (note thatG0 might not
be a proof structure). Apremiseof G0 is a vertex that
is not the conclusion of any link inG0. Let α1 be
the set of the premises ofG0 andα0 be the set of its
conclusions; we shall writeG0 : α1 � α0. WhenG0

is a proof structure, we shall say thatG0 is a proof
substructureof G.

Definition 1 does not postulate anything about the
intended meaning ofG. The concrete examples cor-
responding to that abstraction are the proof structures
of the multiplicative fragment without constants of
linear logic. Therefore,G is a concrete proof struc-
ture whenV(G) = F [C is formed of a setF of oc-
currences of multiplicative linear logic formulas and
a setC of occurrences of the reserved symbolcut s.t.
every link ofGmatches one of the following patterns:

0
B A;A? A;B

1
B AOB cut

0
B

A;A?
2
B cut A;B

2
B A�B

with A;B2 F.

Remark 2.Concrete proof structures differ from the
usual proof structures because of the representation
of cuts. In our structures, tensors and cuts collapse
into the same type of link (with the minor technicality
of a dummy below every cut). Indeed, for checking
correctness, there is no difference between a tensor
and a cut (compare thetensor andcut rules in Fig-
ure 2).
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2.1 Danos-Regnier correctness criterion

We shall represent graphs by means of their in-
cidence relation. Namely, an (undirected) graph is
a pair (V;_), where_ is a symmetric and anti-
reflexive binary relation over the set of verticesV and
u_ v reads ‘there is an edge betweenu andv’. More-
over, we shall writeu^ v, when there is no edge
betweenu andv.

Definition 3 (switch). A switch Sof the structure of
links G, sayS2 Sw(G), is a graph(V(G);_) s.t.:

0
B u1;u2 2 G impliesu1 _ u2, i.e., each axiom link

is replaced by an edge between its conclusions;

u1;u2
1
B u0 implies(u1_ u0)^ (u2^ u0) or (u2_

u0) ^ (u1 ^ u0), i.e., each unary link is re-
placed by an edge (only one) between the con-
clusion and one of the premises of the link;

u1;u2
2
B u0 implies(u1_ u0)^(u2_ u0), i.e., each

binary link is replaced by a pair of edges be-
tween its conclusion and its premises.

In a switch, a dummy link does not correspond to
any edge.

Definition 4 (proof net). A structure of linksG is
DR-correct when, for everyS2 Sw(G), S is con-
nected and acyclic (i.e., S is a tree). The proof struc-
tures that areDR-correct are namedproof nets.

The vertices of a proof net can be ordered accord-
ing to the vertical layout in Figure 1. Given a proof
structureG, let us say thatu1 is immediately below
u0 when there is a link s.t.α0;u0 B α1;u1; the least
preorder4 induced by ‘u14 u0 if u1 is immediately
belowu0’ is a partial order (by the way,u1 4 u0 can
be equivalently redu1 belowu0 or u0 aboveu1).

2.2 Sequentialization

The class of the sequentializable proof structures
Seq is the smallest set of proof structures inductively
defined by the rules in Figure 2. In each of that rules,
u0 is a fresh vertex; moreover, the rulestensor and
cut have the provisoV(G1)\V(G2) = /0. Indeed,
these side conditions are implicit in the fact thatSeq

contains well-formed proof structures only.
The rules in Figure 2 are the graph theoretic ab-

straction of the derivation rules of multiplicative lin-
ear logic. In particular, any sequentialization of a
concrete proof structureG (i.e., any derivation of
G2 Seq) corresponds to a linear logic derivation.

Theorem 5 (sequentialization).A proof structure
G is a proof net iff G2 Seq.

u1 u2

axiom
0
B u1;u2 2 Seq

u0

u1 u2

G

G2 Seq G� α;u1;u2
par

G; u1;u2
1
B u0 2 Seq

u0

u1 u2

G1

α1

G2

α2

G1;G2 2 Seq G1� α1;u1 G2� α2;u2
tensor

G1 ; G2 ; u1;u2
2
B u0 2 Seq

G1;G2 2 Seq G1� α1;u1 G2� α2;u2
cut

G1 ; G2 ; u1;u2
2
B u0 ; u0

0
B2 Seq

Figure 2. Sequentialization.

2.3 The size of a proof structure

Let us define thesize of a proof structureG
as the number of registerssize(G) required for the
memorization ofG on some random access machine
(RAM). Although the definition ofsize(G) depend on
the representation ofG, in any non-redundant cod-
ing, size(G) is linear in the number of vertices ofG.
Therefore, we shall postulatesize(G) = Θ(jV(G)j).
Moreover, since the number of links inG is linear in
the number of vertices ofG (i.e., jGj = Θ(jV(G)j)),
size(G) = Θ(jGj) also. In the following, we shall an-
alyze the worst case asymptotic complexity ofDR-
correctness in terms ofsize(G).

Remark 6 (asymptotic notation).We recall the defi-
nition of the following classes of functions (where
g(n) and f (n) are positive functions):O( f (n)) =
fg(n) j 9c;k> 0 : n> k =) c f(n)� g(n)g (asymp-
totic upper-bound);Ω( f (n)) = fg(n) j 9c;k � 0 :
n> k =) c f(n)� g(n)g (asymptotic lower-bound);
Θ( f (n)) = O( f (n))\Ω( f (n)). In the following, we
shall also useO( f (n)), Θ( f (n)) andΩ( f (n)) to de-
note a generic element of the corresponding classes;
because of this, for instance,g(n) = O( f (n)) will be
an abuse of notation forg(n) 2 O( f (n)).
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3 Quadratic time criteria

D(anos)R(egnier)-correctness is the simplest and
most appealing characterization of the proof struc-
tures that can be inductively constructed according to
the rules of multiplicative linear logic. However, a di-
rect application of Danos-Regnier criterion requires
Θ(size(G)2size(G)) time: a proof structureG with
n= Θ(jGj) unary links has 2n switches and checking
that a switch is a tree isΘ(jGj). Instead, the criteria
that we present in this section are quadratic. More-
over, we could easily give a parsing strategy checking
correctness inO(nlogn) time but, in the next section,
we shall do much better.

3.1 Contractibility

Checking the correctness of the proof structure
G1 can be reduced to checking the correctness of
some substructure ofG1. Namely, letG0 : α1 � α0

be aDR-correct substructure ofG1. In any switch
of G1 there is a path between every pair of vertices
u;v2 α1[α0. Therefore, letG2 be the structure ob-
tained fromG1 by replacing the linkα1B α0 for G0;
any switch ofG1 is topologically equivalent to a cor-
responding switch ofG2, provided that the new link
α1 B α0 be interpreted as an acyclic graph connect-
ing each pairu;v2 α1[α0.

More formally. Astar link is a link α1
�

B α0 with
any number of premises and conclusions. Acontract-
ing structure of links(proof structure) is a structure
of links (proof structure) that may contain star links
also.

A switchS= (jGj;_) of the contracting structure
of links G is a graph verifying the constraints in Def-
inition 3 plus:

α1
�

B α0 2 G implies that there is a permutation
u0;u1; : : :uk of α1;α0 s.t. ui _ ui+1, for i =
0;1; : : : ;k�1.

The definition ofDR-correctness is the one already
given: every switch of the contracting structure of
links G is connected and acyclic.

Lemma 7. Let G : α1 � α0 be a DR-correct con-
tracting structure of links. A contracting proof struc-
ture G1 = G0 ; G is DR-correct iff the contracting
proof structure G2 = G0 ; α1

�

B α0 isDR-correct.

The previous lemma suggests the rewriting rules
in Figure 3 and the followingcontractibility crite-
rion: a structure of linksG : α1� α0 is correct when
!c reducesG to a structureN formed of a star link
only, i.e., N = α1

�

B α0 is a normal form (indeed, the

(
0
B) G; α

0
B β !c G; α

�

B β

(
1
B) G; α

�

B β;u1;u2 ; u1;u2
1
B u0

!c G; α
�

B u0;β whenu0 62 α

(
2
B) G; u1;u2

2
B u0 !c G; u1;u2

�

B u0

(
�

B) G; α1
�

B β1;u; u;α2
�

B β2

!c G; α1;α2
�

B β1;β2
whenα1\β2 = α2\β1 = /0

Figure 3. Contraction rules.

only one) ofG w.r.t.!c (note that the rules in Fig-
ure 3 preserve the conclusions and the premises of
the initial structure). By the way, this criterion yields
to another characterization of proof nets [2].

Proposition 8. Let us say that the proof structure
G� α is c-correct when G!�

c
�

B α. Then, G isc-
correct iff G isDR-correct.

3.2 Parsing

The proof of Proposition 8 (see [2, 7, 6]) suggests
a particular strategy for the application of the con-
tractibility criterion. In fact, in anyc-correct con-
tracting structure of linksG, there is at least a con-
tractionG!c G0 such thatG0 is obtained by applying
one of the rules in Figure 3 at a source link. In other
words, the contraction rules can be applied follow-
ing an uppermost strategy, see Figure 4. The relevant
issue is that the rules in Figure 4 define aparsing
algorithm, as any reductionG!�

c
�

B α yields a se-
quentialization ofG� α.

(
0
B) G;

0
B u1;u2 !p G;

�

B u1;u2

(
0
B) G;

�

B α;u; u
0
B!p G;

�

B α

(
1
B) G;

�

B α;u1;u2 ; u1;u2
1
B u0

!p G;
�

B α;u0 (if u0 62 α)

(
2
B) G;

�

B α1;u1 ;
�

B α2;u2 ; u1;u2
2
B u0

!p G;
�

B α1;α2;u0 (if α1\α2 = /0)

Figure 4. Parsing rules.

Proposition 9. Let us say that the proof structure
G� α is p-correct when G!�

p
�

B α. Then, G isp-
correct iff G isDR-correct.

The parsing rules simulate the inference rules in
Figure 2. In fact, it is readily seen thatG 2 Seq iff
G is p-correct. Therefore, any proof of Proposition 9
(see [7, 6]) proves the sequentialization theorem also.
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(start) µ :: π G
�!u µ[u1;u2 7! next(µ)] :: (π ; next(µ))

when
0
B u1;u2 2G andµ(u1) = µ(u2) =?

(forward) µ :: π G
�!u µ[u0 7! i] :: π

whenu1;u2
1
B u0 2G andπ(µ(u1)) = π(µ(u2)) = i

(unify) µ :: π G
�!u µ[u0 7! j] :: π[i = j]

whenu1;u2
2
B u0 2G and j = π(µ(u1))< π(µ(u2)) = i

Figure 5. Unification.

4 Uni�cation

It is a trivial programming exercise to give an al-
gorithm equivalent to parsing that, instead of remov-
ing the vertices contracted along the reduction, marks
them with a token. The rules of the algorithm are:

(start) Assign afreshtoken to the conclusions of an

unmarked axiom (axiom
0
B rule).

(forward) Assign the tokent to the conclusion of a

unary link whose premises yieldt (
1
B rule).

(unify) When the premises of a binary link yield two
distinct tokenss andt, equate sandt and as-

signsor t to the conclusion of the link (
2
B rule).

Each of the previous rules corresponds to a vir-
tual application of a parsing rule (the one written in
parentheses). In fact, let us assume that a token be
a set of integer indexes; that a vertex yield the token
t when it is marked by one of the indexes int; that,
in the start rule, ‘fresh’ mean ‘the least index in the
interval2 [0;k] that has not been used yet’; that, in the
unify rule, ‘equate’ mean ‘unite the sets of’. If the
proof structureG hask+ 1 axioms, the application
of a sequence of marking rules leads to the construc-
tion of a pairµ :: π, whereµ : V(G)* [0;k] is a (par-
tial) marking functionandπ is a partition of the range
of µ, s.t.: (i) every structure of linksG[t] formed of
the set of links whose premises and conclusions yield
the tokent is a correct proof substructure ofG; (ii )
if G[t] � α[t], then there exists a parsing reduction
G[t]!�

p
�

B α[t]; (iii ) there isG!�
p G0, s.t.G0 is ob-

tained fromG by replacing each proof substructure
G[t]� α[t] with

�

B α[t].
Moreover, any parsing reduction induces a corre-

sponding unification reduction. Namely, givenG!�
p

G0, there is some marking ofG s.t. each star link in
G0 is the representation of someG[t].

2For h� 0, [0;h] denotes the closed interval ofN from
0 to h; [0;h[ denotes instead the corresponding right open
interval,i.e., [0;h[= [0;h]nfhg.

Figure 5 defines the rewriting system (parametric
in G) that, when the reduction starts with the empty
marking () :: (), derives the valid markings ofG.

Thus, let us write#G (µ :: π), when() :: ()
G
�!�

u µ :: π.
In the rules of Figure 5, a marking function is

represented by means of a list of pairsµ[i] 7! i,
whereµ[i] = fu2V(G) j µ(u) = ig, i.e., µ= (µ[0] 7!
0; : : : ; µ[h� 1] 7! h�1); while a partition is rep-
resented by means of a list of disjoint setsπi , i.e.,
π = (π1 ; : : : ;πl ). Moreover, we use the following
notations: (i) if µ has range[0;h[, thennext(µ) = h;
(ii ) µ(u) = ?, if µ(u) is undefined; (iii ) µ[α 7! i]
is the markingµ0 s.t. µ0(u) = i, when u 2 α, and
µ0(u) = µ(u), otherwise; (iii ) π(i) is the canonical
representative of the set containingi, say its least ele-
ment; (iv) if π(i) 6= π( j), thenπ[i = j] is the partition
obtained fromπ by merging the set containingi and
the set containingj.

Figure 6 gives a pictorial account of the unifica-
tion rules. In that picture,π andπ0 are the partitions
before and after the rewriting; the relevant values of
the marking functions are drawn in the place of the
corresponding vertices.

? ? i i

?

i j

π0(i)

i j

?

i j

π0(i)

i j

u

i = next(µ)

π0 = (π; i)

u

π(i) = π( j)

π0 = π

u

π(i) 6= π( j)

π0 = π[i = j]

Figure 6. Unification: a pictorial account.

Remark 10.Let ρ be a unification reduction s.t.#G

(µ :: π), andt be some token inπ. Thethreadcorre-
sponding tot is the subset of the rewriting rules inρ
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that assign an indexi 2 t to some vertex ofG. Each
thread ofρ spans the proof substructureG[t]. Then,
interpreting each thread as an independent unification
process running in parallel with the other threads, we
see that eachstart rule creates a new thread, and that
the unify and forward rules are thread synchroniza-
tion directives:forward asks for the synchronization
of the threads of its premises;unify signals that the
threads of its premises have synchronized and unites
them into a unique thread.

WhenGhask+1 axioms and#G (µ :: π), the range
of µ is an interval[0;h[ with h� k+1, andπ is a par-
tition of [0;h[ with a class for each thread of the re-
duction. Then,G is a proof net iff there is a marking
pairµ :: π of G s.t.µ marks all the vertices ofG andπ
equates all the tokens in the range ofµ; that is,G is a
proof net iff unification ends up with a unique thread
that spans allG.

Definition 11 (u-correctness).Let G be a proof
structure withk+ 1 axiom links. A marking func-
tion µ is aunifierof G whenµ is a total function onto
[0;k] and#G (µ :: 0; : : : ;k). The proof structureG is
u-correctwhen it has a unifier.

Proposition 12. A proof structure isu-correct iff it is
DR-correct.

5 Linear time uni�cation

The worst case for the unification algorithm is
when the proof structureG is correct—in that case,
every unification reduction ofG requiresjGj steps.
Nevertheless, this does not yet implies linearity. In
fact, for a correct evaluation of the computational
cost of unification, we must take into account the cost
of choosing the rule that applies and the cost of the
operations on the partitionπ—the marking function
µ is not a problem, it is an index field in the records
used to represent links.

5.1 Disjoint-set union-find

The data structure implementing the partition
π must be optimized for the so-calleddisjoint-set
union-findoperations [1, Chapter 22]:

FINDSET(i): It computes the least element in the to-
ken of i (i.e., it computesπ(i)).

UNION(i; j): It merges the tokens ofi and j and
leaves the other tokens unchanged (i.e., it com-
putesπ[i = j], provided thatπ(i) 6= π( j)).

MAKESET(i): It adds the tokenfig to π (i.e., it com-
putes(π; i), provided thatπ(i) =?).

Efficient data structures for (disjoint-set) union-find
have been widely studied and used (e.g., in term uni-
fication [8]). The main property of the correspond-
ing algorithms, also know asα-algorithms, is that the
overall cost ofm FINDSET, UNION and MAKESET

operations isUF(m;n) = O(m α(m;n)), wheren is
the number of MAKESET andα is a very slowly in-
creasing function—in terms of growth slope,α is the
inverse of the Ackermann function.

Remark 13.From a theoretical point of view, anα-
algorithm is not linear, forα(h;k) is not a con-
stant. Nevertheless, in any conceivable applica-
tion, α(h;k) < 4. In fact, α(h;k) = minfi � 1 :
Ack(i;bh=kc) > lgkg, whereAck (the Ackermann
function) is defined by:Ack(1; j) = 2 j ; Ack(i;1) =
Ack(i � 1;2); Ack(i; j) = Ack(i � 1;Ack(i; j � 1));
in particular,Ack(2;n) is a tower of exponential of
length n. Then, for everyh � k, Ack(4;bh=kc) �
Ack(4;1) =Ack(2;16), that is far greater than the es-
timated number of atoms in the observable universe
(roughly 1080).

5.2 Ready and waiting links

During unification, a link isarmedwhen both its
premises yield a token, and isidle otherwise. Each
forward or unify rule fires an armed link and, be-
cause no rule can erase or change the token assigned
to a vertex, a link cannot be fired twice. Not every
armed link can be fired. For instance, an armed bi-
nary link whose premises yield the same token is a
deadlock, for in no case unification will be able to
fire it. At the same time, neither an armed unary link
whose premises yield distinct tokens can be fired,
but, since a followingunify might unite the tokens
of its premise, that unary link is in awaiting state.
An armed link that is not waiting nor is a deadlock
is readyto be fired. A vertex is in the same state of
the link above it,e.g., a vertex is ready when it is the
conclusion of a ready link.

The unification algorithm consists of a main loop
that picks a ready vertex (link) and fires one of the
rules in Figure 5. During this process, unification
enquires and updates the set of the vertices that are
ready and the set of the vertices that are waiting, say
R andW respectively. In particular, after removing
and marking a ready vertexv from R, one of the fol-
lowing two cases applies: (i) if the marking ofv ac-
tivates a unary link with conclusionw, then insertw
in RorW, according to its state; (ii ) if the marking of
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v activates a binary link with conclusionw andw is
not a deadlock, then apply aunify rule, putw in Rand
move the waiting vertices become ready fromW to R.
The latter is the critical operation: ifW has no struc-
ture, finding the waiting vertices that have become
ready requires scanning allW. As a consequence, a
flat implementation ofW causes a linear cost ofunify,
and an overall quadratic cost.

5.3 Sequential unification

The rules in Figure 5 defines a parallel unifica-
tion algorithm: there is a thread for each token and
the threads run in parallel. Unfortunately, this paral-
lel point of view does not give any help implement-
ing the data structuresR andW, as vertices are in-
serted and moved fromR andW in no particular or-
der. Instead, an efficient implementation ofR andW
requires finding a good unification strategy; in partic-
ular, it requires controlling thread creation.

During unification, thestart rules number axioms
(the index of an axiom is that of its conclusion) ac-
cording to the order in which they are visited. There-
fore, the token ofi is older than the token ofj
whenπ(i) < π( j), and similarly for the correspond-
ing threads. Now, let us say that a ready link belongs
to a thread if the corresponding rule belongs to that
thread (e.g., a ready unary link belongs to the thread
of its premises token). We want to control the or-
der in which the links are fired by giving priority to
the youngest thread of the reduction—the youngest
thread (token) of the reduction is itsactive thread(to-
ken) and a ready link is active when it belongs to the
active thread.

After an initialization step that fires an axiom (any
one), we may apply the followingsequential strat-
egy: (i) repeat firing an active link, if any, as long as
you do not find a vertexv that is the premise of a bi-
nary link whose other premisew is not marked; (ii ) if
step (i) ends finding the vertexv, fire an axiom above
w (i.e., start a new thread) and return to step (i).

The sequential strategy ensures that threads are
united according to their age. In fact, let the thread
of i create a new thread assigning the indexj to some
axiom. By construction,j > x for everyx in the token
of i. Moreover, there is a binary link whose commit-
ment is to unite the thread ofi and the thread ofj.
Then, let us assume thatj create a new thread assign-
ing the indexj +1 to some axiom; there is a binary
link whose commitment is to unite the threads ofj
and j + 1. After some steps, let the thread ofj + 1
unite with the thread ofi. If j and j +1 are not in the
same thread, there are two binary links committed to

unite the same pair of threads—the thread ofj and
the thread ofi and j +1. Therefore, unification will
eventually find a deadlock.

Let #G (µ :: π) be obtained according to the se-
quential strategy. If[0;h[ is the range ofµ, there is a
sequencei0 < � � � < in < � � � < il+1, with i0 = 0 and
il+1 = h, s.t.π splits [0;h[ in the subintervals[i0; i1[,
[i1; i2[, : : : [il ; il+1[. Now, let us representπ by means
of the stackσ = i0 : � � � : in : � � � : il and writeσ(i) = in
when in � i < in+1. The ready vertices can be ar-
ranged into a stack of setsR= ρ0 : � � � : ρn : � � � : ρl

s.t.v2 ρn iff v is the conclusion of a unary link be-
longing to the thread ofin. Eachunify merges the
intervals[il�1; il [ and[il ;h[, and activates the vertices
in ρl�1, i.e., it popsil from σ and merges the two sets
on the top ofR.

Using the sequential strategy has a consequence
on the structure of the waiting vertices too. Let us
say thatv0 is waiting for i when it is the conclusion of

a unary linkv1;v2
1
B v0 s.t. i = π(µ(v1)) andµ(v1) <

µ(v2) (note that this meansπ(µ(v1))<π(µ(v2)) also);
we can assume thatW is a function (or an array) s.t.:
for j = i0; : : : ; il�1 (we recall thatσ= i0 : � � � : il ), then
W( j) is the set of vertices that are waiting forj; oth-
erwise,W( j) =?. Sinceunify unites the tokens ofil
and il�1, after aunify, we have that: (i) the vertices
in W(il�1) become ready and active,i.e., they must
be added to the set on the top ofR; (ii ) for n< l �1,
the vertices inW(in) keep waiting forin.

The latter considerations lead to thesequential
unificationalgorithm in Figure 7. The following no-
tations are new: (i) W0 = W[i  [ u], with the pro-
viso W(i) 6= ?, means thatW0(i) = W(i);u, while
W0( j) = W( j), if j 6= i; (ii ) W0 = W[i 7! ?] and
W0 = W[i 7! /0] set the value ofW0(i) to ? and to
/0, respectively, leavingW0( j) = W( j), for j 6= i (we
stress thatW( j) = /0 means that thejth stack has been
initialized and is empty, whileW( j) =? means that
the jth stack is undefined, therefore no operation can
be done on it).

Figure 8 gives a pictorial account of sequential
unification. We have add the case in which the vertex
v popped fromR is the premise of a deadlock; by the
way, that corresponds to an incorrect proof structure.

Sequential unification rewrites four-tuples with
the shapeµ :: σ :: W :: R. Again,+G (µ :: σ :: W :: R)

iff (() :: () :: () :: ())
G
�!�

s (µ :: σ :: W :: R), where
G
�!�

s is the transitive and reflexive closure ofG�!s.
For technical reasons, in the rules of sequential

unification, we do not mark a vertex immediately af-
ter firing the link above it; instead, we put it into
R. That simplifies the specification of the algorithm,
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(init) () :: () :: () :: ()
G
�!s () :: (0) :: () :: (u1;u2)

when
0
B u1;u2 2G

(concl) µ :: (σ : i) :: W :: (R : ρ;u) G
�!s µ[u 7! i] :: (σ : i) :: W :: (R : ρ)

whenG� α;u_u
0
B2G

(nop) µ :: (σ : i) :: W :: (R : ρ;u1)
G
�!s µ[u1 7! i] :: (σ : i) :: W :: (S: ρ)

whenu1;u2
1
B u0 2G andµ(u2) =?

(wait) µ :: (σ : i) :: W :: (R : ρ;u1)
G
�!s µ[u1 7! i] :: (σ : i) :: W[σ(µ(u2)) [ u0] :: (R : ρ)

whenu1;u2
1
B u0 2G andµ(u2)< i

(forward) µ :: (σ : i) :: W :: (R : ρ;u1)
G
�!s µ[u1 7! i] :: (σ : i) :: W :: (R : ρ;u0)

whenu1;u2
1
B u0 2G andµ(u0) =? andµ(u2)� i

(new) µ :: (σ : i) :: W :: (R : ρ;u1)
G
�!s µ[u1 7! i] :: (σ : i : j) :: W[ j 7! /0] :: (R : ρ : v1;v2)

whenu1;u2
2
B u0 2G andµ(u2) =? andu24 v1

and
0
B v1;v2 2G and j = next(µ) andµ(v1) = µ(v2) =?

(unify) µ :: (σ : j : i) :: W :: (R : ρ0 : ρ;u1)
G
�!s µ[u1 7! i] :: (σ : j) :: W[ j 7! ?] :: (R : u0;W( j);ρ0;ρ)

whenu1;u2
2
B u0 2G and j � µ(u2)< i

Figure 7. Sequential unification.

preserving the property that each set inR contains
the vertices that are ready to be marked with the cor-
responding index inσ. Indeed, apart forinit, each
rule in Figure 7 pops a vertexu from R, marks it with
the top index ofσ, verifies the state of the link below
u and, according to that state, performs some opera-
tions onµ :: σ :: W :: R. Namely, letu be the premise
of a unary link with conclusionv; wait insertsv in
the proper set ofW, for the link belowu is waiting;
forward insertsv in the top set ofR, for the link below
u is ready; and so on. We remarknew: it implements
step (ii ) of the sequential strategy.

Remark 14.We recall thatR is a stack of sets,i.e.,
R= α0 : α1 : : : : : αk. Therefore, the vertexu popped
fromR is any vertex inαk. We also remark that, when
the top set ofR is empty, no rule of sequential unifica-
tion applies. In particular, the case in whichk> 0 and
αk = /0 corresponds to a deadlock and cannot arise in
a correct proof structure.

Neglecting the cost of the union-find operations,
all the sequential unification rules butnew can be ex-
ecuted inO(1) time. That is not true fornew, as it re-
quires to go up along the net until we find an axiom.
The following procedure implements that search.

NEXTAXIOM(v)

1: if tag(v) = true or µ(v) 6=? then
2: return error

3: else if
0
B v0;v2G then

4: tag(v0) true; tag(v) true;
5: return v;v0;

6: else ifv0;v00
1;2
B v2G then

7: tag(v) true;
8: return NEXTAXIOM(v0);

During the search, NEXTAXIOM sets a tag associ-
ated to each vertex. That tag, initially equal tofalse,
is true when the vertexv has been already visited by
some NEXTAXIOM or whenv is the conclusion of the
axiom fired byinit—in practice, after initializing all
the tags tofalse, we can assume that the starting ax-
iom is found calling NEXTAXIOM (v), wherev is any
vertex. According to this, NEXTAXIOM(v) returns
an error wheneverv has been already visited,i.e.,
µ(v) 6= ? or tag(v) = true (if N EXTAXIOM is prop-
erly called byinit and bynew only, both that cases are
not possible in a proof net). We stress that the use of
tags ensures that NEXTAXIOM cannot loop (by the
way, this might happen in an incorrect proof struc-
ture only) and that, during sequential unification, ei-
ther NEXTAXIOM does not visit twice any vertex or
it stops after finding an already marked vertex.

If +G (µ :: 0 : i1 � � � : il :: W :: R) andnext(µ) = h,
then#G (µ :: [0; i1[; [i1; i2[; : : : ; [il ;h[). Moreover, ifG
is a proof net andµ is not a unifier, the top set ofR
is not empty. Hence, sequential unification of a proof
net cannot stop before finding a unifier.

Proposition 15. The proof structure G isDR-correct
iff +G (µ :: 0 :: () :: ()) and µ marks every vertex of G
(moreover, µ is a unifier of G).
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µ0 = ()
σ0 = 0

W0 = ()
R0 = u1;u2

µ0 = : : : ;µ[il ];u 7! il ; : : :
R0 = : : : : ρ

µ0 = : : : ;µ[il ];u1 7! il ; : : :
R0 = : : : : ρ

µ0 = : : : ;µ[il ];u1 7! il ; : : :
W0 = : : : ; in 7!W(in);u0; : : :
R0 = : : : : ρ

µ0 = : : : ;µ[il ];u1 7! il ; : : :
R0 = : : : : ρ;u0

µ0 = : : : ;µ[il ];u1 7! il ; : : :
σ0 = : : : : il : il+1

W0 = : : : ; il+1 7! /0
R0 = : : : : ρ : v1;v2

µ0 = : : : ;µ[il ];u1 7! il ; : : :
σ0 = : : : : il�1

W0 = : : : ; il�1 7! ?
R0 = : : : : W(il�1);ρ0;ρ;u0

incorrect

u1 u2
µ = ()

u
R = : : : : ρ;u

u0

u1 u2

σ = i0 : � � � : il
R = : : : : ρ;u1

u0

u2 u1

v2 v1

σ = i0 : � � � : il�1 : il
R = : : : : ρ0 : ρ;u1

s

s

s

µ(u2) =?

s
µ(u2)< il

in = π(µ(u2))

s

µ(u2)� il

s

µ(u2) =?

sµ(u2) 2 [il�1; il [

s

µ(u2)< il�1
µ(u2)� il

il+1 = next(µ)
µ(v1) = µ(v2) =?

(init)

(concl)

(nop)

(forward)

(wait)

(new)

(unify)

Figure 8. Sequential unification: a pictorial account.

5.4 A special case of union-find

The α-algorithms for union-find are practically
linear (see Remark 13). Therefore, since the con-
stants in the upper-bound are small, a pseudo-linear
implementation using anα-algorithm is frequently
preferred to a linear solution whose upper-bound re-
quires bigger constants (e.g., this is the case of term
unification). However, there is a special case—and
the disjoint-set union-find used by sequential unifica-
tion is an instance of it—where the amortized cost of
union-find becomes linear without any particular in-
creasing of the upper bound constants [4]. The linear
algorithm for that special case uses anα-algorithm,
but, exploiting the order in which sets are united, op-
timizes the size of the problem on which to apply the
α-algorithm. Let us see how that technique applies
in the case of sequential unification.

The natural data structure for the implementation

of σ = i0 : � � � : in : � � � : il is an array of bitsb s.t.
b[i] = 0, for i = i0; : : : ; il , andb[i] = 1, otherwise. In
this way, settingb[in] to 1 unites the intervals[in�1; in[
and [in; in+1[, while σ(i) is the greatestj � i s.t.
b[ j] = 0. In order to optimize the use of memory reg-
isters, we representb by means of an arrayBof words
of lengthw and defineb[i] = bit(i modw;B[i�w]),
wherebit(n;x) is thenth bit of x (start counting bits
from 0). Computingσ(i) decomposes in the follow-
ing steps: (i) check if the bit ofσ(i) is in the word
i�w, e.g., by means of the functionfirstz(n;x) that
returns the greatestm� n s.t. bit(m;x) = 0, if any,
and�1 otherwise; (ii ) if firstz(i modw; i�w) =�1,
find the greatestn< i�w s.t.B[n] contains a bit equal
to 0; (iii ) returnfirstz(i modw;B[i�w]), if this is not
equal to�1, orfirstz(w�1;B[n]), otherwise.

Step(ii) is the critical operation. Before to an-
alyze it, let us remark thatfirstz(n;x) is O(1). For
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instance, let us assume that the processor compute
bor(x;y) (the bitwise-or of the wordsx andy) in O(1)
time3; let x = mask(i) be the word s.t.bit( j;x) = 0,
for j � i, and bit( j;x) = 1, for j > i; let lastz(x)
be equal to the greatestj s.t. bit( j;x) = 0, if any,
and equal to�1, otherwise. Then,firstz(i;x) =
lastz(bor(mask(i);x)). Now, maskand lastzcan be
implemented by means of two tables of lengthO(w)
and O(2w), respectively. That is, at the cost of a
O(2w) initialization,firstz(n;x) is O(1).

The efficient algorithm forσ(i) uses a disjoint-set
data structure for the implementation of step(ii ). In
fact, let j0 < � � � < jn < � � � < jk be the sequence of
indexes s.t.: ifj = jn, thenB[ j] contains at least a 0;
otherwise,B[ j] does not contain any 0 (by hypoth-
esis, j0 = 0, for in any caseb[0] = 0). If jk+1 = L
is the length ofB, thenB splits into the family of
disjoint intervals[ j0; j1[, [ j1; j2[, : : : , [ jk; jk+1[, and
step(ii) is a FINDSET of the corresponding disjoint-
set problem. Hence, using anα-algorithm, the cost
of n find/set-bit operations onb is O(n α(n+L;L)),
plusO(2w) for the initialization offirstz(n;x). Then,
if N is the length ofb and w = Ω(log logN) (but
even smaller values ofw suffice [10]),α(n+L;L) =
α(n+O(N= loglogN);O(N= log logN)) =O(1); that
is, n union-find operations onb cost UF(n;N) =
O(n)+O(2w).

5.5 Sequential unification is linear

Any sequential unification ofG requires at most
jV(G)j steps—no vertex can be inserted twice intoR
and, whenG is a proof net, every vertex transits into
R; moreover, as NEXTAXIOM does not visit twice
the same vertex, the amortized cost of its calls is
O(size(G)). The arrayb has a bit for each axiom,
i.e., N = O(size(G)). The number of find-bit oper-
ations is bound by the number of unary links (wait

is the only rule that requires a find-bit); the num-
ber of set-bit operations is bound by the number of
binary links. Therefore, sequential unification costs
O(size(G)) + UF(2 size(G);size(G)). Moreover,
whenw� logsize(G) andw = Ω(loglogsize(G)),4

the cost simplifies toO(size(G)) + O(size(G)) +
O(size(G)).

Theorem 16. The cost of any sequential unification
of a proof structure G isO(size(G)).

3If n is the size of the problem, one of the basic hypothe-
ses of theRAM model is that its word length isO(logn).
Under that hypothesis, the arithmetic and bitwise opera-
tions on words have costO(1).

4That assumptions onw are compatible with the basic
hypothesisw= O(size(G)), see footnote 3.

6 Conclusions

The relevant point of sequential unification is that
it is not a theoretical trick. All the steps leading to its
linear algorithm correspond to natural optimizations
that do not increase the constants in the upper-bound.

Apart for the result on the complexity of correct-
ness, the unification criterion is interesting from a se-
mantical point of view. The operations that unifica-
tion performs at eachO/�-link correspond to syn-
chronization directives: aO-link asks for the syn-
chronization of its premise; a�-link (or cut) notifies
that its premises have synchronized. One of the point
under investigation is if the interpretation of that di-
rectives in some kind of process algebra may lead to
an interesting semantics of proof nets in terms of con-
current processes.
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