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1.

Φ(u, v) = (coshu cos v, coshu sin v, u) (u, v) ∈ [0, log 2]× [−π, π]

Φu∧Φv =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

sinhu cos v sinhu sin v 1
− coshu sin v coshu cos v 0

∣∣∣∣∣∣ = (− coshu cos v,− coshu sin v, coshu sinhu)⇒

⇒ ‖Φu∧Φv‖ = coshu2 ⇒ Area(Σ) =

∫ log 2

0

∫ π

−π
cosh2 ududv = 2π

∫ log 2

0

e2u + e−2u + 2

4
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2π

[
e2u − e−2u

8
+
u

2

]log 2

0

= π

(
15

16
+ log 2

)
2.

Φ(u, v) = (u, v, eu) (u, v) ∈ [0, 1]× [0, 3]

Φu ∧ Φv =

∣∣∣∣∣∣
−→
i
−→
j
−→
k

1 0 eu

0 1 0

∣∣∣∣∣∣ = (−eu, 0, 1)⇒ ‖Φu ∧ Φv‖ =
√
e2u + 1⇒

⇒
∫

Σ

z2dσ =

∫ 1

0

∫ 3

0

e2u
√
e2u + 1dudv

(t=e2u)
= 3

∫ e2

1

√
t+ 1

2
=
[
(t+ 1)

3
2

]e2
1

=
(
e2 + 1

) 3
2−2
√

2

3.
Φ(u, v) = (u cos v, u sin v, v) (u, v) ∈ [0, π]× [−π, π]

Φu∧Φv =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

cos v sin v 0
−u sin v −u cos v 1

∣∣∣∣∣∣ = (sin v,− cos v, u)⇒ ‖Φu∧Φv‖ =
√
u2 + 1⇒

⇒
∫

Σ

yz√
x2 + y2 + 1

dσ =

∫ π

0

∫ π

−π
uv sin vdudv =

[
u2

2

]π
0

(
[−v cos v]π−π +

∫ π

−π
cos v

)
=

=
π2

2

(
2π + [cos v]

π
−π
)

= π3



4. Σ è parametrizzata da

Φ(u, v) = ((cosu+2) cos v, (cosu+2) sin v, sinu) (u, v) ∈ [−π, π]×[−π, π]

Φu ∧ Φv =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

− sinu sin v − sinu sin v cosu
−(cosu+ 2) sin v (cosu+ 2) cos v 0

∣∣∣∣∣∣ =

= (− cosu(cosu+2) cos v,− cosu(cosu+2) sin v,− sinu(cosu+2))⇒ ‖Φu∧Φv‖ = cosu+2⇒

⇒ Area(Σ) =

∫ π

−π

∫ π

−π
cosu+ 2dudv = 2π[sinu+ 2]π−π = 8π2

∫
Σ

x2+y2+z2dσ =

∫ π

−π

∫ π

−π
(4 cosu+5)(cosu+2)dudv = 2π

∫ π

−π
2 cos(2u)+13 cosu+12du =

= 2π[sin(2u) + 13 sinu+ 12u]π−π = 48π2

5.

Σ =

{
(x, y, z) ∈ R3 : x2 + y2 +

z2

4
= 1

}
è parametrizzata da

Φ(u, v) = (cosu sin v, sinu sin v, 2 cos v) (u, v) ∈ [−π, π]× [0, π]

Φu∧Φv =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

− sinu cos v cosu sin v 0
cosu cos v sinu cos v −2 sin v

∣∣∣∣∣∣ =
(
−2 cosu sin2 v,−2 sinu sin2 v,− cos v sin v

)
⇒

⇒ ‖Φu∧Φv‖ = sin v
√

3 sin2 v + 1⇒ Area(Σ) =

∫ π

−π

∫ π

0

sin v
√

4− 3 cos2 vdudv
(t=cos v)

=

= 2π

∫ 1

−1

√
4− 3t2dt

(
s=arccos

(√
3

2 t
))

=
8

3

√
3π

∫ 5
6π

π
6

sin2 sds =
8

3

√
3π

∫ 5
6π

π
6

1− cos(2s)

2
=

=
8

3

√
3π

[
s

2
− sin(2s)

4

] 5
6π

π
6

= π

(
8

9

√
3π + 2

)
∫

Σ

√
16− 3z2dσ =

∫ π

−π

∫ π

0

sin v
√

16− 12 cos2 v
√

4− 3 cos2 vdudv = 4π

∫ π

0

sin v
(
4− 3 cos2 v

)
dv =

= 4π
[
−4 cos v + cos3 v

]π
0

= 24π

6.
A =

{
(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 1, x2 + y2 ≤ 3z2, z ≥ 0

}
∂A = Σ1 ∪ Σ2

ove

Σ1 =
{

(x, y, z) ∈ R : x2 + y2 + z2 ≤ 1, x2 + y2 = 3z2, z ≥ 0
}



è parametrizzata da

Φ1(u, v) =

(
u cos v, u sin v,

√
3

3
u

)
(u, v) ∈

[
0,

√
3

2

]
× [−π, π]

con

Φ1,u∧Φ1,v =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

cos v sin v
√

3
3

−u sin v u cos v 0

∣∣∣∣∣∣∣ =

(
−
√

3

3
u cos v,−

√
3

3
u sin v, u

)
⇒ ‖Φ1,u∧Φ1,v‖ =

2
√

3

3
u⇒

⇒ Area(Σ1) =

∫ √
3

2

0

∫ π

−π

2
√

3

3
ududv = 2π

[√
3

3
u2

]√
3

2

0

=

√
3

2
π

e
Σ2 =

{
(x, y, z) ∈ R : x2 + y2 + z2 = 1, x2 + y2 ≤ 3z2, z ≥ 0

}
è parametrizzata da

Φ2(u, v) = (cosu sin v, sinu sin v, cos v) (u, v) ∈ [−π, π]×
[
0,
π

3

]
con

Φ2,u∧Φ2,v =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

− sinu sin v cosu sin v 0
cosu cos v sinu cos v − sin v

∣∣∣∣∣∣ =
(
− cosu sin2 v,− sinu sin2 v,− cos v sin v

)
⇒

⇒ ‖Φ2,u∧Φ2,v‖ = sin v ⇒ Area(Σ2) =

∫ π

−π

∫ π
3

0

sin vdudv = 2π[− cos v]
π
3
0 = π

Dunque,

Area(∂A) = Area(Σ1) +Area(Σ2) =

(√
3

2
+ 1

)
π

7.
Σ =

{
(x, y, z) ∈ R3 : x2 + y2 ≤ 1, 0 ≤ x, 0 ≤ y, z = x2 − y2

}
è parametrizzata da

Φ(u, v) =
(
u cos v, u sin v, u2

(
cos2 v − sin2 v

))
(u, v) ∈ [0, 1]×

[
0,
π

2

]

Φu∧Φv =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

cos v sin v 2u
(
cos2 v − sin2 v

)
−u sin v u cos v −4u2 sin v cos v

∣∣∣∣∣∣ =
(
−2u2 cos v,−2u2 sin v, u

)
⇒

⇒ ‖Φu∧Φv‖ = u
√

4u2 + 1⇒ Area(Σ) =

∫ 1

0

∫ π
2

0

u
√

4u2 + 1dudv
(t=4u2)

=

=
π

16

∫ 4

0

√
t+ 1dt =

π

16

[
2

3
(t+ 1)

3
2

]4

0

=
5
√

5− 1

24
π



8.
A =

{
(x, y, z) ∈ R3 : 2x2 + z2 = 1, |y| ≤ z

}
è parametrizzata da

Φ(u, v) =

(√
2

2
cosu, v, sinu

)
(u, v) tali che −sinu ≤ v ≤ sinu, 0 ≤ u ≤ π

Φu∧Φv =

∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

−
√

2
2 sinu 0 cosu

0 1 0

∣∣∣∣∣∣∣ =

(
− cosu, 0,−

√
2

2
sinu

)
⇒ ‖Φu∧Φv‖ =

√
2 (cos2 +1)

2
⇒

⇒
∫

Σ

|x|dσ =

∫ π

0

∫ sinu

− sinu

| cosu|
√

(cos2 +1)

2
dudv =

∫ π
2

0

du = 2

∫ π
2

0

sinu cosu
√

cos2 u+ 1du
(t=cos2 u)

=

=

∫ 1

0

√
t+ 1dt =

[
2

3
(t+ 1)

3
2

]1

0

=
2

3

(
2
√

2− 1
)



Figure 1: Σ = Im(Φ) con Φ(u, v) = (coshu cos v, coshu sin v, u)



Figure 2: Σ = Im(Φ) con Φ(u, v) = (u, v, eu)



Figure 3: Σ = Im(Φ) con Φ(u, v) = (u cos v, u sin v, v)



Figure 4: Σ ottenuta ruotando γ(t) = (cos t+ 2, sin t)



Figure 5: Σ =

{
(x, y, z) ∈ R3 : x2 + y2 +

z2

4
= 1

}



Figure 6: Σ = ∂A conA =
{

(x, y, z) ∈ R3 : x2 + y2 + z2 ≤ 1, x2 + y2 ≤ 3z2, z ≥ 0
}



Figure 7: Σ =
{

(x, y, z) ∈ R3 : x2 + y2 ≤ 1, 0 ≤ x, 0 ≤ y, z = x2 − y2
}



Figure 8: Σ =
{

(x, y, z) ∈ R3 : 2x2 + z2 = 1, |y| ≤ z
}


