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Abstract

We study a spin-flip model with Kac type interaction, in the presence of a random field given by i.i.d.
bounded random variables. The system, spatially inhomogeneous, evolves according to a non conservative
(Glauber) dynamics. We show an almost sure (with respect to the random field) large deviations principle
for the empirical magnetizations of this process. The rate functional depends on the statistical properties of

the external random field, it is lower semicontinuous with compact level sets.

1 Introduction
We consider interacting spin-flip systems, in dimension d, with Kac type interaction in the presence of a
random field given by i.i.d. bounded random variables. Kac potentials J, are two-body interactions with

I and strength 7%, where v is a dimensionless scaling parameter. When v — 0, i.e. very long

range vy
range compared with the inter particle distance, the strength of the interaction becomes very weak, but in
such a way that the total interaction between one particle and all the others is finite. Kac potentials were
introduced in [KUH], and then generalized in [LP], to present a rigorous derivation of the van der Waals
theory of a gas-liquid phase transition. There has been in the last decades an increasing interest in them.
Indeed they induce the intermediate scale of interaction 7! (called mesoscopic) between the microscopic
(lattice) one and a macroscopic one much bigger than the latter. They are suitable to interpolate not only
between short and long range interactions, but, scaling space and time as functions of v, one can hope to
obtain more insights into the physics of the model. Recently they have been considered as models to describe
social interactions and more general complex social systems, see for example [CDS] and references therein.
There has been several results on Kac Ising spin systems (without random field) in equilibrium and in non
equilibrium Statistical Mechanics. We refer for a survey to the book [P]. Among the first papers dealing with
dynamics issues were the papers [C], [CE]. They dealt with spin systems in a torus evolving according to

a reversible and non conservative (Glauber) dynamics, with Kac interactions. In [C] the long time analysis

* work supported by ANR-07-BLAN-0230, ANR-2010-BLAN-0108, GDRE GREFI-MEFI, INDAM-CNRS, Prin07: 20078XY-

HYS, PHC Galilée 19762TG, Universita di Roma TRE, Université de Rouen, Université Paris Descartes.

1 Université de Rouen, LMRS, UMR 6085, Avenue de 'université, BP. 12, 76801, Saint Etienne du Rouvray, France.
Olivier.Benois@Quniv-rouen.fr

Université de Rouen, LMRS, UMR 6085, Avenue de I'université, BP. 12, 76801, Saint Etienne du Rouvray, France.
Mustapha.Mourragui@Quniv-rouen.fr

3 Dipartimento di Matematica, Universitd di Roma Tre, L.go S.Murialdo 1, 00146 Roma, Italy. orlandi@mat.uniromad.it
4 CNRS, MAP5, UMR 8145, Université Paris Descartes, 45 rue des Saints-Péres, 75270 Paris cedex 06, France.
ellen.saada@mi.parisdescartes.fr

Dipartimento di Matematica, Universitd di Roma “Tor Vergata”, Via della Ricerca Scientifica, 00133 Roma, Italy.
triolo@mat.uniroma2.it

Key Words : Interacting particle systems; random environment; Kac Interaction; large deviations.

2000 Mathematics Subject Classification : 60K35, 82C22, 60F10.

31/may/2011; 7:17 ].



of the spin system is studied, using large deviations techniques. In [CE] the main results are the infinite
particle limits of the non-critical and critical fluctuation processes. In [DOPT] and [KS] (see also references
therein), a complete description of the development and motion of interfaces (long time behaviour) has been

derived: it is governed by the law of motion by mean curvature.

A natural extension of this analysis is its application to disordered systems. One of the simplest prototype
models is obtained by adding random magnetic fields to an interacting spin system. Equilibrium statistical
properties of these systems have been widely studied in the last decades, see [Bo] for a survey of results in

this direction. The case of Kac type interaction has been investigated in d = 1 by [COP], [COPV] and [OP].

In this paper we study a reversible, nonconservative (Glauber) dynamics of +1 valued spins, interacting
via a Kac potential and under the influence of an external random field. We assume the latter given by i.i.d.
random variables taking values a; € IR with probability p;, for i = 1,..., N, with N a fixed integer. We do

not require the Kac potential to be positive (that is we do not restrict the model to the ferromagnetic case).

Our main result is a quenched large deviations principle, almost sure with respect to the random field,
for the empirical random magnetizations of this spin-flip process. The large deviations functional, which
depends on the distribution of the random field, is lower semicontinuous, positive, with compact level sets.
It is obtained via a contraction principle from the large deviations functional of the empirical colored mag-
netizations m; (i.e. the magnetization over the sites where the random field takes value a;), i = 1,..., N.
As usual, the rate functional is determined by two distinct types of large deviations of the same order.
The first one corresponds to large deviations from the initial state, the second one to the stochasticity of
the evolution. Suppose A = {#7(-,dr) ~ v(-,r)dr,t € [0,T]} where ©7(:,dr) is the local magnetization
density, ~ denotes closeness in some norm and v is a profile different from the solution of the nonlinear
macroscopic equation giving the law of large numbers. We need to modify the measure of the process over
the magnetization profiles so that event A becomes typical. One possible choice is to drive the spin system
by weak, slowly varying, space-time dependent external forces. This is the standard choice for spin systems
evolving according to non conservative (Glauber) evolutions without randomness involved, or to conserved
(Kawasaki) evolutions with gradient type interactions. For conserved non gradient systems, the force must
be configuration dependent (see [Sp|, p. 248), to take into account that for these systems the response in
the current to an external force field is partially delayed. Namely, when an external random field is added
to the Hamiltonian, in the conservative, non gradient case (see [MO]), one needs to take the external force
weakly dependent on the field randomness. In the non conservative case, it turns out that the external force
strongly depends on the field randomness. In other words, in dynamics with a conserved quantity, there is
less freedom in choosing the class of perturbations than in non conservative dynamics.

We distinguish between sites where the random field takes different values; on each of them we take a
deterministic space-time dependent external force. This allows to write the large deviations functional in a
closed form with respect to the local colored magnetization. We carried out explicitly the computations for
N = 2; the general case follows. The simplest case to have in mind is a1 = 1, ag = =1, p; = p2 = 1/2 and
J > 0; then, when 3 (which is proportional to the inverse temperature) is such that 3 > 8. = ([ J(r)dr)~!,
interesting phenomena appear when studying the long time behaviour of the spin system. This is related to
the fact the underlying spins systems at equilibrium undergo to phase transition, even in one dimension in

the limit « | 0. In this paper we will study the dynamics of the spin system for finite time: in this regime,
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the evolution does not depend crucially on the value of 8. We will then set 8 = 1.

Technical difficulties arise from the lack of regularity of certain functionals (related to the definition of
large deviations functional) at the boundary of the local magnetization: they become infinite for the colored
particle system when p; < |m;| < 1, which indicates that these boundaries are not rare enough in the large
deviations regime.

The random Curie-Weiss model (RCW), which describes a mean field interaction, has given rise to many
results on short and long time dynamics. In [DD], short time dynamics has been studied. More precisely the
large deviations for the empirical measures in the product space of magnetization trajectories and realizations
of the random field are given. From this result one could derive annealed large deviations for the RCW but
not quenched ones. In [MP] and [FMP], long time dynamics, convergence to equilibrium when the random
field takes only the two values +e are considered. In [BEGK], the RCW model is analyzed when the random
field takes finitely many values, as an example of the use of the potential theoretical approach to metastability.
Furthermore, in [BBI], the previous results are extended to continuous distributions of the field, and precise
asymptotics of metastable characteristics are derived.

There are no available results for short and long time dynamics of the random field Kac model. We make
here a first step in addressing this problem.

In Section 2 we present the model, main definitions and results. In Section 3 we define the large deviations
functional and state its main properties. In this section we use some results already established by [C] in
the model without randomness. In Section 4 we prove the hydrodynamic behavior for the colored particle
process. The class of time dependent, random perturbations, needed to derive the lower bound of the large
deviations principle, is introduced in Section 5, where the perturbed process is studied. In Section 6 we
derive the upper bound and in Section 7 the lower bound of the large deviations principle. The lower bound
is obtained first for smooth paths and then it is extended to a large class of trajectories by techniques
introduced in [QRV]. For the upper bound we need, then, to show that the process concentrates on this
class of trajectories. This is obtained by introducing an energy functional via an exponential martingale
which excludes the trajectories that are not in the considered class. In the appendix (Section 8), we present

technical results needed along the paper.

2 The model and the main results

The space of configurations: Let A be the d-dimensional torus of diameter 1. For 0 < v < 1 such
that y~! € IN, Ay, = Zd/’y*IZd is the d-dimensional discrete torus of diameter y~!. We denote by
S, = {-1,+1}" the configuration space and by ¢ = (0(z))sca, a spin configuration, where for each
z e, ox)e{-1,1}.

The disorder: It is described by a collection of i.i.d. random variables a = {«a(z),z € Zd}7 taking two
values, i.e. a(x) € {a1,a2}. The corresponding product measure on Q = {ay, ag}zd is denoted by IP (and

IE is the expectation with respect to IP),

P{a(z)=a;} =p;, i=1,2. (2.2)

1

For v~* an odd integer, a induces in a natural way a random field on A, also denoted by «.
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The Kac potential: We consider a pair interaction among particles given by a Kac potential of the form

Jy(@,y) =7y T (v(z —y), (z,y) € Ay x Ay, (2.3)

where J : A — IR is a symmetric function, that is J(r) = J(—r), such that [ J(r)dr = 1 (normalization).
The interaction J might have any sign. Denote by C(A) (resp. C1(A), C?(A)) the space of continuous (resp.

continuously differentiable, twice continuously differentiable) real functions on A. We assume J € C*(A).
The Energy: Given a realization « of the magnetic fields, define for all v, # > 0, o € S, the Hamiltonian

H"(0) = —% Y. S@yolaoly) -0 Y al@)o(x), (2.4)

(z,y) €AY XA, TEA,

and the Gibbs measure p?®? associated to HY'® at inverse temperature 3, with normalization constant
7708,

uP (o)

= B P [—BHY(0)] .

The Glauber dynamics: Denote by ¢% the configuration obtained from o by flipping the spin at site x:

—o(x) if z=x
0% (2) = {

o(z) otherwise,
so that the energy difference resulting from a spin flip at = is
H (0") = H7(0) = 20(2) [(J, + 0)(2) + 6a ()], (2.5)

where without loss of generality we have assumed J(0) = 0, and we define the discrete convolution x between

function J, and a configuration o by

(Jyxo) (@) =" > J(y(x = y)o(y). (2.6)

YEA,

We consider a Markovian evolution on S, whose generator £ acts on cylinder functions f as

L flo) =Y @ (o)f(e”) = flo), (2.7)

€A,

where, for x € A,

gy — EP(B/2( (%) — (o)
: 2cosh[(B/2) (H(a%) — H(a))]

(2.8)

Then L£7* viewed as an operator on L2(u"*#) is self-adjoint. Since temperature is kept fixed in all the
paper and does not play any role we set for simplicity 5 = 1. We fix a time T" > 0, and we will study the

process (0¢)¢efo,r] With infinitesimal generator given in (2.7).

The measures spaces: Let M; be the set of signed Borel measures p on the Borel o-field of A with total

variation norm bounded by 1. We equip M; with the weak 7* topology induced by C(A) via < p, G >= [ Gdp
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(for G € C(A)). We denote by p(-,-) the distance which makes (M;j,7*) a metrizable compact space, see
[Bill]: that is, given (Hg)gemw a dense subset in the unit ball of C(A) for u; € My, i=1,2,

(i, i) = 275 <y — po, Hy > |- (2.9)
k>0
Let 0 < ¢ <1, and
d
Mgcz{ue./\/ll:u<<)\ and ‘dilgq /\—a.s.}, (2.10)

d
where A is the Lebesgue measure on A. We identify p € Mg© with its Radon-Nikodym derivative ﬁ, and,

d
by an abuse of notation, we write < u, G >=< ﬁ, G >. Since M is a closed ball of My, it is 7* compact.
If 0 € S, we define the empirical measure n7(c) € My by

7( > o(2)d(dr), (2.11)

TEA,

where ¢, is the Dirac measure concentrated on point yx. Remark that if we denote by 1 * G the convolution

of a measure p and a function G over A, namely (u * G)( fA r’ —r) p(dr), then we can rewrite

(I, % 0)(2) = (7(0) * J)(ya). (2.12)

We denote by D([0,T], M) the space of functions from [0,7] to M; that are right continuous with left
limits, endowed with the Skorohod topology, see [Bill].

The initial condition: Let (¢7), be a sequence of configurations such that 77(c”) converges in the weak

topology to the measure mgA, for a continuous function mg : A — [—1,1]. This means that
lim p(77(0™), moA) = 0. (2.13)
y—0

We denote by P);" the law (and by E)3* the expectation) of the process (o )scjo,) on the Skorohod space
D([0,T],S,) starting at time ¢ = 0 from the deterministic initial configuration o7, and by Q5" the law on

D([0,T], My) of the corresponding empirical measure process (m);e[o,r], Where 7/ stands for w”(at).
We first obtain the “law of large numbers”.

Theorem 2.2 Assume (67), mq satisfy (2.13). For allt > 0,

lim p(7rt ,m(t, )A) =0, IP-a.s., (2.14)

~y—0

where m(-,-) is the unique weak solution of

Orm(t,r) = —m(t,r) + > pitanh [(J xm(t,))(r) + a;f]
i=1,2 (2.15)

m(0,-) = mo(:).

31/may/2011; 7:17 5



Furthermore, for all G € C%1([0,T] x A), § > 0,

lim PL% | sup |<@),G(t,-) >—<mf(t-),G(t,-) > >d| =0. (2.16)
7—0 te[0,T]

By an abuse of notation we write from now on (J * m)(¢,r) instead of (J * m(t,-))(r).
Remark 2.3 . The Cauchy problem (2.15) in this setup is well posed with a unique global solution, because
the right hand side of (2.15) is uniformly Lipschitz, and because the set {m € L>®(A) : [|m| o < 1} is left

invariant, since | tanh z| <1 for all z. Furthermore the solution is differentiable in time.

Next we state the quenched large deviations principle for Q7. Different choices of initial conditions could be
treated as well. The only difference would be an extra term to add to the large deviation functional fmo (),
taking into account the deviation from the initial profile at time ¢ = 0. The functional fmo () depends on the
distribution of the random field but not on its realization; it is obtained through a contraction principle, as
explained in the introduction. Its explicit formulation, given in (2.29), relies on several intermediate steps.
Let

D(In,) = {7 € D([0,T], M) : I, () < o0} (2.17)

Theorem 2.4 Assume (07)~, mg satisfy (2.18). For all closed subsets F C D([0,T], M1) and open subsets
A C D([0,T), My), we have

lim sup 7% log Q2 (F) < — inf I, (), IP —a.s., (2.18)
y—0 TeF

lim inf 7%log Q1 (A) > — inf I, (%), IP —a.s. (2.19)
¥—0 TEA

The functional I, (-), defined in (2.29) below, is positive for = € D([0,T], My), lower semicontinuous with

compact level sets and, see Definition 3.1,

D(I,,) C {m € C([0,T], M%) : m(t) absolutely continuous for t € [0,T]}.

Subsection 2.1: The colored particle systems.
To derive the large deviations functional we introduce random empirical measures 7' = (ﬂ?,wg). For

acQrel,i=1,2 set

o;(2) = Lo (o)=a:}» (2.20)
7 (o) (dr) = 7% Z a;(z)o ()0, (dr). (2.21)
TEA,

Though we do not write it explicitly, 7 (o) € M; depends on the randomness. Moreover the knowledge of

77 (o) for i = 1,2 determines 77 () = 7] (¢)+75 (o). We denote by @ the law on D([0, T], M; x M) of the

empirical measure process (77 )ejo,7] = (77 4, 79 4 )cfo,r) under P);*. We denote, for G = (G1,G2) € (C(A))?,

<7, G>= Y ") Gi(yr)ei(x)o(x) (2.22)

i=1,2  z€A,
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and, for m = (mq,mz) € (L>(A))?, by an abuse of notation,

2
<m, G >=< (m1A,m2),G >= Z/ Gi(r)ym;(r) dr. (2.23)
=140

Theorem 2.5 Assume (7)., mg satisfy (2.13). For allt € [0,T], § >0 and G € (Cl(A))2,

lim P* [|<®,G > — <m(t,"),G>| >8] =0 IP-as.,
~—0

where m = (m1,m2) is the unique weak solution of

{ Oym;(t,r) = —my(t, r) + p; tanh [B((J * m) (¢, 1) + a;0)] ,
(2.24)

m=my +mz; m(0,-) =pimo(), i=1,2.

Remark 2.6 . Similarly to Remark 2.3, the Cauchy problem (2.24) in this setup is well posed with a
unique global solution; here, the set {m € (L>°(A))? : ||[milloo < piyi = 1,2} is left invariant. The solution is

differentiable in time. The case J > 0, a1 = 1, ag = —1, p; = po = 1/2 is analyzed in [COP4].
To derive Theorem 2.9 below, we need a stronger type of convergence:

Corollary 2.7 For all G € (C*'([0,T] x A))z, §>0,

lim P% | sup |<77,G(t,-) > — <ml(t,),G(t,-) >| > 6| =0. (2.25)
~y—0 te[0,T7]

Remark 2.8 . Theorem 2.5 and Corollary 2.7 imply Theorem 2.2 since if G = (G, G),

<7 ,G>=<m];,G>+<7my,,G>=<7,G>.
Next theorem states the large deviation principle for the colored system. Theorem 2.4 is based on this
important intermediate result, interesting for itself.

Theorem 2.9 Assume (07).,mq satisfy (2.13). We have, for all open subset A and closed subset F in
D([OaT]aMl X M1)7

lim inf 4%1log Q) (A) > — inf I,,,,(7), IP —a.s. (2.26)
7—0 TEA

lim sup 7% log Q) (F) < — inf I,,,(7), IP —a.s. (2.27)
v—0 TEF

where
I () = {Io(ﬂ') if m(0,) =pimo(-)A, i=1,2, (228)

4+ 0o otherwise,
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and Iy(-), defined in (3.6) below, is lower semicontinuous with compact level sets.

Define, for a path = € D([0,T], M1),
Ty () = inf(]mo(ﬁ), 7 = (m1,ms),m: € D([0,T), My),i = 1,2, m1 + 73 = 7r). (2.29)

Since the map (w1, m2) — 71 + 72 is continuous in D([0,T], M; x My), by the contraction principle, see
[V], [DZ], Theorem 2.9 proves Theorem 2.4. Therefore in the following sections we will focus on the colored

particle system.

3 Rate functional
In this section we define the rate functional Ip(-) of the colored particle systems and state its main
properties. Proofs of the latter, quite technical, are carried out in Section 8. Heuristics to define Iy(-)
consists in finding for any path ¢ on [0, 7] smooth enough an exponential change of probability under which
the process (o¢)e(o,7) is uniformly close to ¢ on [0,7]. When there exists some potential V (t,-), ¢ € [0, 7]
smooth enough for ¢ to be the solution of a perturbed equation (obtained by the law of large numbers from
the process (0¢)e(0,77, see (5.5)), then Io(-) is related to the Radon-Nikodym derivative of the distribution of
(0t)tefo,r] With respect to the distribution of the original process, see Theorem 5.4. In the general case, i.e.
when there is no such V (¢, -), we are still able to provide an explicit representation of Iy(-) (this is similar to
the results of [C]). We will then show that this representation of Iy(-) is equivalent to the usual definition of
the rate functional, given through the macroscopic functional associated to the Radon-Nikodym derivative,
see (3.8). We start by specifying the functional spaces on which we will define Iy(-). For (p1,p2) € [0,1]?,
we identify the set
By, p, = {0 = (u1,u2) : u; € L(A), |uilloo < piy i = 1,2} (3.1)

with MJ¢ x M5¢, see (2.10), and extend the distance p (see (2.9)) to elements of M5¢ x M2 by

p(m7) = Y plpivi). (32)

i=1,2

Definition 3.1 Let AC([0,T], B1.1) C C([0,T], B1.1) be the subset of absolutely continuous functions ¢ =
(¢1,02), that is, for j =1,2: for allt' € [0,T], t € [t',T), there exists éj € LY([0,T) x A) such that

5,00 =)0 = [ dylsrds. A-as

By an abuse of notation, from now on we write ¢,(¢,r) instead of ¢;(¢)(r).
We will use the following characterization of absolutely continuous functions, see [DS].

Proposition 3.2 A function ¢ belongs to AC([0,T], B1.1) if and only if: for all € > 0, there exists A > 0
such that for all integer k > 0, rectangles Ay,...,Ar of A and {(s;,t;), 1 < i < k} nonempty disjoint
intervals of [0,T],

k k
S — s A (A < A = Z|/A (65(tis 1) — by (s0,7)) dr| < e, j=1,2.
i=1 i=1 i
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To write Iy(-), we start by defining, for each t € [0, T, the following functionals, in which time is kept fixed,
therefore we omit to write it. For T = (71, m2) € My x My (we write m = w1 +m2), 7 = (1, i2) € My X My
and V = (1, V2) € (L*°(A))? denote

Fy(, ) = Z < i, tanh(m * J + a;0) sinh(2V;) + cosh(2V;) — 1 >

i=1,2

(3.3)
- Z < 7y, tanh(m * J + a;0)[cosh(2V;) — 1] + sinh(2V;) > .
i=1,2
For uw = (u1,u2) € B11, g € (LI(A))2 denote
K (— — I = 1 —
Hi(wg)=_ sw [<V,g>- T3], (3.4)
Ve(L=>=(A))?
where

Iy () = Fr((pih, p2), (uih, ug)). (3.5)

The function § — H*(w,g) is convex. Next lemma ensures that H*(w,-) is the Fenchel-Legendre transform

of I'¢y(w) when u € By, ,,, and we will derive in that case an explicit formula for H*(u,g).
Lemma 3.3 As a function of V € (L*=(A))?, T'5+(u) is convex differentiable for u € By, ;,.

Definition 3.4The dynamical rate functional Iy : D([0,T], M1 x M1) — IR U {oo} is given by

T .
) = Io(¢) = /o H*(0(s,-), @(s,-))ds, for T = (¢1X, ¢2X), ¢ = (1, ¢2) € AC([0,T], B1,1),

In(7 (3.6)

o0 otherwise.

To derive properties of the large deviations functional it is convenient to have different representations of Ij.
To this aim let V = (V4, Va) € (L>([0,T] x A))>. We define, for 7 € D([0,T], My x M1) (cf. (3.5)),

Ky (), for ™= (1), ¢2)), ¢ = (b1, ¢2) € AC((0,T], B1,1),
fvlm = { oov other:vise (37)
where ) - . o )
K@) = [ < V(a0 > ds 5 [ Ty @ls. s
Jo(T) = sup K+ (7). (3.8)

Ve(L>([0,T]xA))?

i 2 2@ = [ [ HEED T it for = (610,60, 5= (91,60 € AC(O.T] Bu),

oo otherwise,
(3.9)
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Where fOY u= (u17u2) S Bl,17 g: (91792) € (Ll([()?T} X A))27 (t,’l“) € [O7T] X A>

/H(ﬂ7 g)(tﬂ') = H(ﬂ(t,?"),g(t, T‘)) = ZHi(ﬂv gi)(tvr)’ (310)
H;(u,g;)(t,r) = vsg;};% {gi(t,r)vi - ;Bi(u(t,r),vi)} , 1=1,2 (3.11)

o (Trw)(t,r)+a;0

2 cosh[(J * u)(t,7) + a;0]
e—[(J*u)(t,r)—&-aiG]

2 cosh[(J xu)(t,r) + a;0]

Bi(u(t,r),v;) =(p; — u;(t,r)) [ — 1]

(3.12)

+ (pi + uilt, 7)) 72 —1].

When w(t,r) € [—p1,p1] X [~D2, p2], Z?:l B;(u(t,r),-) is convex so that H(u(t,r),-) is its Fenchel-Legendre
transform. We now give an explicit representation of H(-,-). To simplify notations denote

A; = Ai(u,0)(t,r) = (J xu)(t,r) + a0,
D; = Dl(ﬂa Gi, 9) (ta T) =i (ta 7”) COSh[Ai (ua 0) (t, T)] + R; (ﬂ7 9i, 9) (tv T)a (313)

R; = R;(u,g:,0)(t,r) = \/(gi(tﬂ") cosh[A; (u, 0)(t,7)])* + p2 — u2(t, 7).
Note that D; (@, g;,0)(t,r) > 0 regardless of the sign of g;(¢,7). When (¢, r) is kept fixed we omit to write it.

Proposition 3.5
(a) If lus| > p1 or |uz| > p2, then H(u,g) = +oc.
(b) When |u;| < p;, then

s D; i i R;
H;(u,g;) = g <log - Ai) T UftanhAi -

_ 3.14
2 pi — U4 2 2 2cosh A; ( )

(¢) When either (u; =p; and g; <0) or (u; = —p; and g; > 0), then

o |94 |gi| cosh A; e—sen(ui)A;

(d) When either (u; = p; and g; > 0) or (u; = —p; and g; < 0), then H;(4,g;) = +00.

Proposition 3.6 For T = ($1A, p2A), ¢ = (é1,¢2) € AC([0,T], B1,1), we have Iy(T) = Jo(T) = J1(T).
Furthermore if ¢ € AC([0,T], B1.1) \ AC([0,T], Bp, p,), then Io(¢) = +oc.

Proposition 3.6 shows that the order of supremum and the integrals can be reversed. In particular we can

compute the supremum for each point (¢,7) € [0, 7] x A. Next we characterize the finite energy trajectories.

Proposition 3.7 Tuake (t,r) € [0,T] X A.
(a) Let w be such that fori = 1,2, |u;| < p;. There exist positive constants K1,Ky and C such that

H(u,g)(t,r)

>

i=1,2

i (3.16)

i
2

+
) + Ly, <0y <log
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Z

Kil(t,r) = C. (3.17)

(b) Io(¢) < oo if and only if for i = 1,2, Q'Silog|q'5,-|, é; log ﬁﬂ{d}po}? é; log ﬁﬂ{a'sm} belong to
LY([0,T] % A).

Proposition 3.8 (1) The functional Iy(+) is lower semicontinuous on C([0,T], By 1).
(2) The set Dy, = {7; Io(7) < Lo} is compact in C([0,T], B1,1) for all Ly > 0.
(3) Io(¢) >0, and Iy(¢) = 0 if and only if ¢ is the solution to equation (2.24).

4. Hydrodynamic behavior for the colored system
Throughout the paper, one of the key ingredients to deal with the randomness of the interaction will be
the following applications of the ergodic theorem and strong law of large numbers. For all function h on A,

integer I, we denote by h(Y) the averaged function

1
h(l)(x):m > hly), zeA,. (4.1)
yeA’Yalyfm‘Sl

Lemma 4.1 (ergodic theorem for local functions) Let ©(«) be a bounded measurable cylinder function on

Q and G € C(A). Then, for almost any disorder configuration «,

%13%)7 ZG'yxTw = /G

TzEA,

Proof: Write

4 Z (y2) 7,0 () = 74 Z G(yz) [775@(04) — ]E[@H + IE[O]y¢ Z G(yz)

TEA TEA €A,

For any [ € IN, by the regularity of G,

/S Ga) [6(a) — EO]]| < IGllxr? D | () (x) — IB[6]] + e(y),

TEA, TEA,

where lims_,o €(s) = 0. Keeping [ fixed, by the ergodic theorem,

d — @
lim 5" > | (rO(@) 0] = &[] (r.0)" (2) — E[O)]]].
zEA,
The law of large numbers (letting I — 0o0) gives the result. O

We introduce (cf. [K]), for ¢ = 1,2, § > 0,

Ars(z,i) = {a e |a®(@) - lE(a,-(a:))‘ < 5} . weA, (4.2)
52(5’ l? s a) = ’}/d Z ]IA,”(s(r,W) (a) (43)
TEA,
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Lemma 4.2 For any 6 >0, fori=1,2, lim;_, lim,0&(d,1,7,a) =0, IP —a.s.

Proof: Applying Lemma 4.1 to the function ©® = I[Afé(o,i) gives limy 0 &(9,1,7,a) = ZP(Af,é(O7 1)), IP—
a.s. Then by the strong law of large numbers lim;, o IP(Aj 5(0,4)) = 0. O

In the following it is convenient to define the random discrete measures X' (@) = (A (@), AJ (), where

MN(@) =91 ai(2)dye, i=1,2, N =X(a)+ (@) =7" D 5y (4.4)

TEA, TzEN,

Proof of Theorem 2.5 We follow the general scheme introduced in [KL] chap. 4. We have to show:
(i) For any «, the sequence (@), is tight.
(ii) Any limit point Q” of (Q_)"), is IP-a.s. concentrated on measures (Tt)eejo,r) € C([0,T], Mge x MS).
(iii) For IP-a.s. a, any limit point Q" of (Q_}"), is concentrated on trajectories (Tt)tefo, ) such that 7 (dr) =
m(t,r)dr, where the density 7 is a weak solution of (2.24).

(iv) Equation (2.24) has a unique weak solution.
For (ii) we use that the spins are finite-valued (cf. [KL]). Namely, fix G € C(A),

sup |< .G >| < A4 Z |G (ya)|ai(z), i=1,2,
0<t<T ven,
because there is at the most one spin per site and «;(x) > 0. As in the case without random field, the
application that associates to a trajectory (m;)¢cjo, 7] the value SUPseqo, 7] < it G > is continuous in the
weak topology. Thus by weak convergence and Lemma 4.1 (by the independence of the r.v. «’s) all limits

points are concentrated on (7 ¢)¢cjo,7] such that
|< i, G >[ < / |G(r)|psdr, IP —a.s.
A

Point (iv) is derived similarly to the proof of the Cauchy-Lipschitz theorem. For Points (i) and (iii), let
G = (G1,Gs) € (CH([0,T] x A))?. For 7 € D([0, T}, My x M), let

t
L7 C) =< 70, Gt ) > — < 70, G(0,) > —/ < 70, 0.G(s,) > ds. (4.5)
0

We have, for z € A,
L1 (o(2)) = —o(z) + o(z)(1 - 2¢7%(0)) (16)
4.6
= —o(z) + tanh[(J, * 0)(z) + O (x)].
The P);*-martingale Nf = (Wﬁ(t))te[O,T} with respect to the natural filtration associated to (o¢)¢ejo, 7] (cf.
(2.20)) given by

No(t) = 0, C) /ZZG (8, 72) i (2) L7 (04 () ds
i=1,2x€A,
t (4.7)
zﬂt(ﬁ7,5)+/ <7, G(s >ds*2/ <Al (a), Gi(s, ) tanh[r] + J + a,0] > ds
0

i=1,2
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has quadratic variation

< Nf, Nf > (1) = —27% Z Z ai(z)Gf(s,'ym)/O { =1+ o4(x) tanh[(J, * 05)(2) + a;b]}ds.  (4.8)
i=1,2 €A,

Hence, for any o € Q, since tanh is a smooth function and (J, * o)(x) 4+ ;0 is uniformly bounded in z, o,
by Doob’s inequality,
1 —G 1 =
e < lim B} < 4 =0. .
ti 25w (NS 0] > ) < iy 555 (NS (0)f) < iy se@ =0 (w9)
Bound (4.9) enables to conclude point (i), by Prohorov’s criterion. Point (iii) will consist in identification
of the limit. To obtain a closed form for the limiting equation, we only need to average over the disorder,

that is to replace in the limit v — 0 the random discrete measures ] () and A\J () by their expectations

p1A and po A with respect to the environment. Denote
0@, G) = / {(ﬂ Gls,)) = > (piX?,Gi(s, ) tanh(n?  J + a10)>} ds. (4.10)
0 i=1

Putting together (4.7), (4.9), and applying Lemma 4.3 (stated below) we get that for all subsequences

o~ — 5
liminf Q)4 (Sup LT Q) Jrﬁt(ﬁ”’“,G)’ > 5) =0. (4.11)
t<T

k——+o00

Denoting m = my + maq, for m = (mq,ms), see (2.24), this gives, for almost any «,

bup ‘Z/ {{G (t,r)ym;(t,r) — Gi(0,7)m;(0,7)} — /Ot 0sGi(s,m)m;(s,r) ds} dr

t<T

/ / (s,r)m;(s,7) — IE(c;(0)) tanh[(J x m)(s, r) + a;0]] des‘ > g) (4.12)

1=1,2

= @*(sup |0m.@) +Lm.0)| > 3) =0,

t<T 2

where we set by an abuse of notation

l(m,G) =< ml(t,),G(t,-) > — <m(0,-),G(0,) > — /t < m(s,-),0:G(s,-) > ds, (4.13)
0

Gm.G) = [ {((5,.G00.9) = 3 (pd.Gils ) tanha( w mls. )+ 00)) Jds. (414)

This leads to identification of the limit (iii), that is to equation (2.24). O

Lemma 4.3 Fori=1,2, G; € C1°([0,T] x A), there ezists a positive function € on IR withlims_,o€(s) =0
such that for alll € IN \ {0}, § > 0, and &(0,1,7, @) defined in (4.3), the quantity

T
Al(a,0,T) = / ‘< A (@) = piX, Gi(s, ) tanh[r) = J + a;0] >| ds (4.15)
0
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satisfies 5

%ii% Al(a,0,T) =0, IP —a.s. (4.17)
Proof: We introduce averages over large microscopic boxes of size [ but small w.r.t. the range v~! of the
interaction (I will go to infinity but after the limit ¥ — 0). To keep notation readable, the function e may
vary from one line to another but keeping the same property that lim, g €(s) = 0. Since J and tanh are

uniformly Lipschitz, and G; is uniformly continuous (in space), there are constants ¢; > 0, ¢ > 0 such that,
see (4.1), for z € A,

sup |(17(0) * 7)) = ((7(0) # 1)) (@) < e,

sup [tanb[5((x” (o) J)(ye) + ai6)] — (tanhl(x” (0)  J)(.) + aif) V@) < e

sup_|Gi(s, ) = (Gils,7)) (@) < ().

0<s<T

Recalling notation (4.4), by summation by parts we get

g l

/0 ‘< A (@) = N (D), Gi(s,.) tanh[r)  J + a;6)] >‘ ds < e(r)T
and by uniform continuity or Lipschitz condition
T
/ |[< piAT — i\, Gi(s,.) tanh[7) x J + ;0] >| ds < e(y)T.
0
Therefore, we have
T
Al (o, 0,T) < e(WD)T + e(y)T +/ ‘< M (aD) = p X7, Gy(s, ) tanh[n) * J + a;6] >| ds.
0

To derive (4.16), we take into account definitions (4.2), (4.3), and that |a§l)(;v) — pi| <2, to write

| < A (aW) = piX?, Gi(s, ) tanh[x) % J 4 a;0] > | =

4 Z Gi(s,vyz) tanh[(Jy % 05)(x) + a;0) []IAz,a(ac,i) (o) + ]IA;«WJ(M)(Q)} (agl)(ff) - lE(al(:c))>

IEA,Y

(4.18)
<97 Y [Gils,9@) tanh[(J; * 0.) (@) + aif]| [3+ 20 a; (0 ()]
€N,
< 5||Gl(57 )”1 + 2||G1(57 )HOOEZ(& L s a)'
Applying Lemma 4.2 to (4.16) we get (4.17). O

Proof of Corollary 2.7: First notice that applying Lebesgue dominated convergence theorem in the

time integral, Theorem 2.5 implies that for any G; € C%1([0,7] x A) we have

lim P);*
~y—0

T
/ |< T o Gi(s, ) > — <mi(s, ), Gi(s, ") >|ds>d| =0. (4.19)
0
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Now remark that integrating in time (2.24),
t
<my(t,-), Gi(t,-) >=<m;(0,-),G;(0,-) > +/ <my(s,),0:Gi(s,-) — Gi(s,-) > ds
0

t
+pi/ < tanh[(J * m)(s,-) + a;0], Gi(s,-) > ds.
0
Introducing the martingale WS, see (4.7), and using (4.9) we get

P | sup ‘< ﬂzt,Gi(t,-) >)— <my(t, ), Gi(t, ) >‘ >4

<A, +B,+C, +e€(n),
te[0,T)

with lim,_,9 e(y) = 0 and

Ay =P)" 1

T 5
/|<w;ts—mi(s,masaz-(sf)—Gi<s,~>>|dszf ,
0

C,=Pl" [|< 7o —mi(0,-),Gi(0,-) >| > 5] ,

_ Y,
B, =P);

T
/ |< Al (@), Gi(s,-) tanh[r] * J + a;0] > — < p;A, Gi(s,-) tanh[(J * m)(s, -) + a;0] >|ds > i]

0
T b)
< P |< X (@) — pi\, Gi(s, ) tanh[r]) * J + a;0] >| ds > 3
0
T B
+ P5" / |< piX, Gi(s, ) tanh[r] * J + a;0] — tanh[(J * m;)(s, ) + a;0] >| ds > 3l
0

(4.20)
From (2.13) and (4.19), lirrb A, = 1ir% C,=0. For B,, from Lemma 4.3, the limit when v — 0 of the first
= =

term in the right hand side of (4.20) is equal to zero; the second term vanishes from (4.19) since the function

tanh is Lipschitz continuous. O

5 The perturbed dynamics and Radon-Nikodym Derivative

The general strategy to derive the large deviations principle prescribes to find a family of mean one
positive martingales that can be expressed as functions of the empirical measures. Following [DV], the
relevant positive martingales are obtained as Markovian perturbations of the original process. In this section
we define a class of time dependent, random external potentials, the perturbations, to which we can associate
a trajectory m(t,-), t € [0, T] smooth in time. We show the law of large numbers for the empirical measures
of the dynamics associated to these smooth perturbations and derive the Radon-Nikodym derivative of the
perturbed process with respect to the unperturbed one.

Given a realization o of the magnetic field, V = (V,V2) € (C2([0,T7, A))27 let

V(t,yz,ox) = > ai(@)Vilt, yx) (5.1)

i=1,2
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be the full external random perturbation for the magnetization trajectories 77 (o) (not colored). As pointed
out in the introduction this perturbation strongly depends on the randomness. It is therefore convenient
to consider a Glauber evolution for the colored particle system, associated to the Hamiltonian obtained by

summing up (2.4) and

BV 0) == Y N ai@)Vilt,ya)o(z). (5.2)

zEA, i=1,2
To this aim we define time dependent rates, for all z € A, 0 € S5,
— e~ @)[(Jyx0)(z)+0a(2)+2V (t,yz,0(2))]

Vv« — ,—0(x)2V(t,yz,a(x)) v,« —
(o) =e (o) 2cosh[(Jy xo)(z) + Oa(z)] (5:3)

Assume (07),,mq satisfy (2.13). We denote by P(z’%a the law (and by E(Z;W’a the expectation) of the
corresponding inhomogeneous Glauber process (0¢)¢cjo,7] on Sy, that is the unique probability measure on
t
D([0,T7],S,) with initial condition ¢ under which f(o¢) — f(o0) — / LY 7%(f)(0,)ds is a martingale w.r.t.
0
the canonical filtration, for all cylinder function f, where

LYY (o) = D e (o, 8)[f(07) = f(o)]. (5-4)

€A,

—V v, . ..
Let va “ be the law of the corresponding empirical measures.

Theorem 5.1 Assume (07),, mg satisfy (2.13). For allt € [0,T], G = (G1,G3) € (Cl(A))Q, and § > 0,

. =V
lim [
y—0 QU’Y

<ﬁ2,@>—<m7(t,-),5>‘26} =0, IP —a.s.,

where

V= (mlv7 mzv) is the solution to, fori=1,2,

cosh [(J * m)(¢t,7) + a;0 + 2V;(t, r)]
cosh [(J *m)(t,7) + a;0] ’

Oym;(t,r) = {—my(t,r) + p; tanh [(J * m)(t,7) + a;0 + 2V (¢, )]}
mi(0,-) = pimo(), m =mi+ma.
(5.5)
Remark 5.2 . For existence and uniqueness of the solution m" € (C([0,T], L(A)))?, we refer to Remark
2.6. Notice that the set {m € (L*°(A))? : ||mi]leo < pi} is still left invariant.

Proof: We proceed as for Theorem 2.5. We use
(1 —ou(x)) | (A+0os(x)

1= 9 9 = ]I{Js(x)=—1} + ]I{os(;c)zl}- (5.6)
For i € {1,2} we have
E?’V’a(ai(x)a(x)) = —2ai(x)0(m)c¥’7’°‘(o, s)
—o(z)[(Jy*o)(x)+a;6]
() e @2Vi(s.2)g €
ai()e o() 2cosh[J, x 0)(z) + ;6]

(o(z) + 1) e~ BVilsy2)+(Jyxo) (@) +ail] (5(g) — 1) el2Vils:r@)+(Jyx0) (@) +aif] (5.7)

= —oi() 2 cosh[(J, x o) (z) + a;0) - 2 cosh[(J, x o)(z) + a;0)
sh[2V; , sinhl[2V )

— i(@)o() cosh[2Vi(s,yz) + (Jy * o) (z) + aibl] o (z) sinh[2V; (s, vz) + (J, x o) (z) + a;0)]

cosh[(Jy * o) (x) + a;0] cosh[(Jy * o) (x) + a;f]
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We have the analogous result to Corollary 2.7:

Corollary 5.3 For all G = (G1,Gs) € (Cl(A))Q, and 0 >0,

lim Qo | sup ]< 7.G>— <m' (t,),G >‘ > 6| =o0. (5.8)
=0 te0,T]

Theorem 5.4 Let V = (Vy,Va) € (CH0([0,T] x A))Q. The Radon-Nikodym derivative is given by

dPZ,”Y’a 3 - o 1 T . B
“apre o) = ep{y ™ (@ (0),V) - 5 / (X' (@), 77) ds) }, (5.9)

where (p was defined in (4.5), X (a) in (4.4), Fg(5+) in (3.3), and we have abbreviated oo, 1) = (0¢)tefo,1]-
Proof: The Radon-Nikodym derivative associated with rates (5.3) is given by (see [HS] or [KL], Appendix
1, Proposition 7.3)

Vv,
APV,

o (o) = exp { — HY (o) + HY (o)

— /Ot exp {HVﬁ’a(gs)}(as + ‘C’Y) exp{ - HV7%(X<US>} ds}

= exp {Zt(ﬁ”(a),V) - /Ot Z (o) {e_Qas(x)V(s,’Ym,a(x)) _ 1} ds},

TEA,

because of (4.5), (5.2). To get (5.9), we use trigonometric formulas to write (remember (2.8), (2.20), (5.7))

297 Y (o) [em2r @V Eamata) ]
zEA»y

9 Z {(1 - ;s(x)) n (1+ Zs(x))} 3 Qai(x) 1 (0ry) [e—zas(z)V(s,w,a(x)) _ 1}

(1 —os()) exp[(Jy * o) (@) + a;b] (s,7e
:7(1 Z Z @i(x) cosh[(Jy x 05)(x) + a;0] [62‘/( - 1}

+ ’7d Z Z (1 + US(‘T))OAL'(.CC) exp[—(J7 *0'3)(‘77) — a’to] |:672Vi(5,'yx) _ 1:|

Py eyl 2 cosh[(Jy * 05)(z) + a;0]
= Z Z a;(x) {cosh[2V;(s,vx)] — 1 + tanh[(J, x 05)(z) + a;0] sinh[2V;(s, yx)]}
i=1,2 ;1cEAW
— 4 Z Z a;(x)os(x) {tanh[(J, x 05)(x) + a;0](cosh[2V;(s,yx)] — 1) + sinh[2Vj(s, yx)]}
i=1,2xz€A,
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Note that the Radon-Nikodym derivative depends on the randomness through 7 and T(a). By next

proposition, we can replace X’Y( ) in F= (S)( 7)) with (p1AY,p2AY), making an error which goes uniformly

(for all 0 € S, and IP-a.s.) to zero as v — 0.
Proposition 5.5 Let V = (V1,V2) € (C*°([0,T] x A))Q. There exists a positive function € on IRy with

lim,_,0 €(s) = 0 such that for any 6 >0, | € IN \ {0}, we have

/0 P N (0),72) = P (11X, p2X),70) | ds| < ()T + TCVA, V)5 + Y Ei(6,1,7,0)]

i=1,2
where the positive constant C(Vy,Va) depends on the L™ norm of (V1,Va).
Proof: Let s € [0,T], C(V1,Va) = Z c(Vv; Z sup sup (sinhQ[Vi(s,r)] + | sinh[2V;(s,7)]|), then
1.2 1.2 5€0,T] rEA
S 74
FV(S)()\ (O‘)aﬂ)_FV(S)((pl/\WaPQXY)vﬂ) Sy Z la; () — pi] Bi(z, 0,5)]
zEA

with
Bi(x,0,s) = cosh[2V;(s,yz)] — 1 + tanh[(J, * 05)(z) + a;0] sinh[2V(s, yz)]

|Bi(z,0,5)| < sinh®[V;(s,yz)] + | sinh[2Vi (s, yz)]| < C(V;). (5.10)
Take | € Z, 1 # 0. Since IE[a;(x)] = p; for all x € A,

d

W’ Z a;(w Bi(x,0,5) = %Z 21+1dz (x +y,0,8) — Bi(z,0,9)] ai(x + y)

zeA, zEA, ly|<1
(5.11)

d
L3 Bilw,0.5) [0l (@) - Blas()] .
aL‘EAw

Using uniform continuity as in the proof of Lemma 4.3, there exists a positive function € on IR, with
lims_,0 €(s) = 0 (depending only on T, J and V) such that the first term on the r.h.s. of (5.11) is bounded
uniformly in o and o for the second term, let § > 0 and &;(4,1, v, ) defined in (4.3). We conclude by

~d

5 D 0i(@) = pil Bilw,0,5)| < e(yl) + C(V) [+ Ei(6, 1., )]

TEN,

6. Upper Bound
By the following exponential tightness, it is enough to derive the upper bound of the large deviations

principle for compact subsets.

Proposition 6.1 For any { > 1, there exists a compact subset Ky, C D([0,T], My x My) such that for any
oy €Sy,
limsupy*log @5 (K;) < —L. (6.1)
~—0
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Proof: Consider a sequence of functions {H}},>1 in C2(A) dense in C(A) for the uniform topology with
||[Hglloo < 1. Denote for all integers m > 1, £ > 1, and 6 > 0,

m|<ﬁt,Hj>—<fs,Hj>|<€+1

<) (62)

A se ={7 € D([0,T], M1 x My) : inf max sup

7 49
{t;} ¢ t;§s<t;+1j:1

where the infimum extends over all positive integers K and all finite sets of points {t;,0 < i < K} satisfying
0=ty <t) <...<th =T, ¢t —t;>0. We first show that for m > 1 and for £ > 1 there exists d(m, £)
and o (m, £) so that for all v < 7,

—Y,0__ _ 41
QU’Y [7'(' ¢ Am,é(m,f),é] <e . (63)
This is done taking into account that
{41
{inf max sup |<7T,H>—-—<7s,H>|> i}
) 7 #<s<t m
5 {41
CU_o{ sup \<ft7H>—<ﬂ57H>|Zm}7

kd<t<(k+1)$
and estimating the right hand side as in [KL] (p. 271, after formula (4.6)). Then the construction of the
compact K is obtained by a general procedure as explained in [Bill] and Section 8 of [QRV]. O

The strategy now follows the martingale approach introduced by [DV]. We need to show that trajectories
which are not absolutely continuous with respect to the Lebesgue measure and not absolutely continuous
in time can be neglected in the large deviations regime. To exclude these “bad” paths, we introduce an
energy functional via an exponential martingale. With this we prove an upper bound with an auxiliary rate
functional which is infinite on the set of bad trajectories.
For @ € D([0,T], My x My), G = (G1,G2) € (C*°([0,T] x A))? denote
I5(7) = Lr(7,G) + br(7,G)
2T (6.4)
- 22/ {<pi)\, G2(s, )> - <7Ti,3, G?(s,-) tanh(m, * J + ai9)>} ds,
i=170

where {7, {7 are defined in (4.13), (4.14). We define the auxiliary rate functional 7 : D([0,T], My x My) —
IR as

sup (Ja(f)> if 7 e D([0,T], M3 x M3,

J () = { Teero(orixay? (6.5)

+00 otherwise .

Lemma 6.2 For all™e D([0,T], My x M), if J(T) < oo, then ™ € C([0,T], M§° x M{°).

Proof: Fix 7 € D([0,T], M; x M;) such that J(T) < co. By definition of J(-), ® € D([0, T], M{¢ x M{¢).
Let g = (g1,92) € (C°(A))? and 0 < s <t < T. For each § > 0, let 13, : [0,T] — IR be the function given by

0 if 0<7<sort<7<T,

T—S

if s<17<s+6,

5 1)
S (1) = 6.6
2(7) 1 if s+6<T<t—§, (6.6)

t—T

ift—6<7<t.
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Denote éé(T7 r) =3 ,(7)g(r). Since G’ can be approximated by functions in (C1:2([0, T] x A))?, considering

-6
\/?Ts as a test function and performing the limit 6 — 0, we obtain

Vit —s %1_%1 w0 (T) =<7, g > — <Ts,7 >
Vi-s

t 2
+ / {<ﬁ7,§> =Y <pidgitanh(m, * J +a;0) > }dT (6.7)
s i=1

2 t
1
_QHE/S {<pi/\,gi2>—<7ri,T,gi2tanh(7rT*J+ai9)>}d7’.

Since vt — s lims_0d &5 (7) <Vt — 5 J(7T), we get

2
<TG > - <mg> | < Cott =9 (ol + m=lail} + Vi—sI @)
=1 \/7

, , (6.8)
=Colt=5)Y llgills + VE=35{Co 3 llgil} + 7™},
i=1 i=1
for some positive constant Cp. This implies that 7 € C([0, T], M{¢ x M{). O

Lemma 6.3 Let 7 = (¢1(s,r)dr, ¢2(s,r)dr) € D([0,T], M§° x M) such that J () < oo, then
(a) fori=1,2, F;(s,r) = [p; — ¢i(s,r) tanh(ms(r) * J + a;60)] > 0 for almost all (s,r) € [0,T] x A,
(b) (¢17 ¢2) € AC([07 T]a Bl,l) .

Proof: (a) Taking as a test function AG(-,-), for all G = (G1,G2) € (C10([0,T] x A))? and A > 0, we obtain
from Definition (6.5) of the rate function J,

2 T B B
_Z/o /Aag(s,r) Fis,r)drds < o {r(m,C) + Tr(®m O} + 5 I (R). (6.9)

Letting A 1 oo, we get
2 T
Z/ /G?(s,r) Fi(s,7)drds > 0.
=170 JA

Since G is arbitrary, we conclude that Fi(s,r) > 0 for 1 <i < 2, almost everywhere.

(b) We show the absolute continuity in time for ¢;. The proof for ¢5 is similar. We apply the characterization
of AC([0,T], B1,1) given in Proposition 3.2. For all positive integer k let {A; , 1 < i < k} be rectangles of
A and {(s;,t;), 1<i <k} benonempty disjoint intervals of [0,T]. For i =1,... k, denote

n; = Sgn</Ai [@1(ti,7) — p1(s4,7)] d7“> ;

where sgn : IR — IR is given by

|x| if x40,
sgn(z) = ¢ ¥ (6.10)
0 if z=0.
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1
Foreach 1 <i<k, 0<d< - min (ti — si), we set, see (6.6),
41<i<k

mez/) t) x La,(r), Va(t,r)=0, V= (V). (6.11)

Since V; can be approximated by functions in C1'%([0,T] x A), proceeding as in (6.7), we obtain for any b > 0,
see (6.9),

Z’?z{/ [P1(tisr) — d1(si,7)] dT} < —Z/tz <ni L, [¢1(s,-) — p1 tanh(mg « J + a10)] > ds

t; ~
" Z/ / 0l (1) Fi(s, ) drds + LV
i—1Ysi JA

Minimizing over b yields
k k
S| [ rtter) = ortsin) dr] < 2370 - sa(4
i=1 A i=1
k t; 1/2
+22T@ (X [ [ Il 1a) Fats.r)dras) (6.12)
i=1""%i

k
< 22 ) + 4T JZ b — 55)A
i=1
For all ¢ > 0 denote A = min (¢/4, €2/(647(7))). It follows from (6.12) that S5 (t; — s;)A(4;) < A
implies Zle ‘ fAi [p1(ti, 1) — P1(s1,7)] dr‘ < &. This concludes the proof. 0

For @ € D([0,T], M1 x My), {7 in (4.13) and F () defined in (3.3) denote

T
T(7) = to(® V) - /O Py (017 p2\), 7,) ds, (6.13)

and
J@m=_ sw {jv(ﬁ)}. (6.14)
Ve(ChO([0,T1xA))?
Remark that when T = (g1, ¢2A), with ¢ = (¢1,¢2) € AC([0,T], B1,1), the functional J coincides with
the functional Iy = Jy = Jy (cf. Proposition 3.6). The proof of the upper bound relies on the following
proposition.

Proposition 6.4 Let K be a compact set of D([0,T], My x My). For any 0 < b <1,

limsup~?log Q) (K) < — inf {j(f) + bj(ﬁ)} .
~—0 1+ TEK
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Proof: For e >0, u € My, g € C(A) denote by ¢, the approximation of the identity

1
te(r) = W]I{ [75’6]01}(7‘), rel (6.15)

and by p * ¢ the measure defined by <u * e, g> = <u, g * L5>. It is absolutely continuous with respect to the

Lebesgue measure with density

W)y = o =) ren.

In general, we can only bound this density by ||ic||oo Which is of order e~¢. Nevertheless, in the case of the

empirical measure, we have

(7Y, (e — )| = (;@d Yo @) <1, for almost all 0<s<T,
z:yxE€lr—e,r+e]
which means that 77 % ¢, € M¢°, when 0 < v < e. Furthermore for any 7 € D([O, T], My x Ml), denote by

g % lg i= (771,8 * lg , T g % LE), 0 < s < T the trajectory in D([O,T],M’fc X /\/l‘f‘)
Fix a function G € (C*°([0,7] x A))?. Consider the mean one exponential martingale (th,'y)DO

—G, 4G &G
Z57 — exp {7 N (1) - 72 <N7,N7>(t)} , (6.16)

—G —G —G
where the martingale (N (t)),.,, and its quadratic variation ((N./, N')(t)),-, were given in (4.7) and (4.8).
Using the same arguments as in Proposition 5.5, by smoothness of G and 77 * J, a spatial summation by

parts and Taylor expansion permit to rewrite the martingale ?tc 7 as
_G, B - -
2,7 = exp {7 Ug(®@ x10) + (@560 ), (6.17)

where 0 < 7,¢,d < 1, [ is a positive integer. Here and in the sequel, (G, v, ¢, 1,6, a) (resp. (G, V,7,¢,1,, a)
later on) stands for some random variable satisfying

lim sup lim sup lim sup limsup (G, v, ¢,1,6,a) =0, IP — a-e. (6.18)

6—0 l—o00 e—0 ~—0

Let K be a compact set of D([O, T, My x /\/ll). By Hélder inequality,

a = o — _b_ — —=b
1110g Qo () = 7 log B (e () (2077) 77 x (2077) 7

< b dlog B9 [uf(ﬁ)z?”] + Lyd log B9 [Hf(ﬁ)(z?’”)*”] (6.19)

1+b' 1+b
1 e — =Gy —b
< g log B4 1@ (E)

To exclude paths whose densities are not absolutely continuous with respect to the Lebesgue measure, we
follow arguments used in [FLM]. Fix a sequence {F}, : k > 1} of smooth nonnegative functions dense in C(A)

for the uniform topology. For kK > 1, o > 0 and 6 > 0, let

Dka: {WGD([OvT]le XMl): 0<< |7Ti,t|7Fk >§[\Fk($)dx + Ckgvogth’i:LQ}a
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where C, = C(||VFy||) is a constant depending on the gradient VFj, of Fy,. The sets Dy, ,, k > 1 are closed
subsets of D([0,T], M1 x M;), as well as

m
g:ka7Q7 le.

Note that the empirical measure 77 belongs to E,, , for v sufficiently small. We have that
D([OvT]v (11c X Mtllc) = ngl mle Em,l/n- (620)

— = ~bm,n
Fix 0 < b < 1. For G,V € (C"°([0,T] x A))?>, € > 0 and m,n € Z, let Iy 5. : D([0,T], My x M) —
IR U {c0} be the functional given by

~

b { (T 1) + bl (T * Le) if TekE, 1,

+00 otherwise .

(6.21)

It is lower semicontinuous because so is 7 +> jv(ﬁ * tc) + bl (T * L), and because E,, 1/, is closed.
We now return to inequality (6.19). By Proposition 5.5, the exponential martingale Mz/ "7 defined by the

Girsanov formula (5.9). satisfies

v, dPye an -
M;” = W(U[QT]) = exp {7 dJV(7r w10) + v (V,7,6,1,6, a)}. (6.22)
We rewrite (6.19) as
—Y,0 —= 1 ;o Ve e — —G —
7 log Q1 (K) < T dlog B [HF(W)M?W x (MY (Z0) ”]. (6.23)

Since M7 is a mean one positive martingale, taking into account (6.17) and (6.22) and optimizing over 7

in K, we obtain, for all positive integers m,n,

limsupy?log Q) (K) < ——  sup { — J(Txte) — blg(T* Le)}
=0 1+b 2erkne 1

+ limsupr(V,G,7,¢,1,8,a)
y—0

~b,m,n
1+b§ug{ JVGE( )} -‘rhgl_}S})lp?"(V G,’}/,€,l,(50l).

Optimizing the previous expression with respect to V, G, ¢,1,d, m,n, taking into account (6.18), we get

. I 1 ~b,m,n
limsupy?log Q1 (K) < inf { sup { G (7 )}} . (6.24)
~—0 V,G.el,86,m,n 1+ b =T
~bm,n JEE—
Since K is compact and 7 — —— 5 SUD= { JV G.e(T )} is lower semi-continuous for all V', G and ¢,1,§, m, n,

we may apply the arguments presented in [V], Lemma 11.3 to exchange the supremum with the infimum. In

this way we obtain that the right hand side of (6.24) is bounded above by

i)
su in oL gamr = '
TFEIP;VGElémn 1+5b V.G,
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By (6.20) we have

. . . ~bmmn ~b .
lim sup lim sup limsupJy; & . (7) = Iy 5(7) =

e=0  m—oo n—oo +00 otherwise .

{ 7 (7) + bl (T) if e D([0,T], M5 x M§©),

. 1
limsup~y?log Q)" (K) < sup inf { - 7??6(7)}

7—0 Fer,a 1+0
. . . (6.25)
- _ inf o=@\ = — inf { J(7) +bT (7).
1+b$2?%u§{ Vo] 1+b;2§{ (m)+b7(7)}
O

Proof of the upper bound Let K be a compact set of D([O,T],M1 X Ml). By Proposition 6.4, if
J = +o0o on K, then the large deviations upper bound is satisfied. Otherwise, there exists 7 € K such that
J(T) < oo. By semicontinuity of the functional 7 — J(7), we obtain from (6.25) for any 0 < b < 1,

_ 1 ~
lim sup 7% lo j’a K)< — inf J(m) — inf J(7) .
7_>0p’y 8Qo (K) < 1+b7ek,7(7) <00 ™) 1+bzex ™)
Letting b — 0, we get
limsup~?log Q. (K) < — inf {j(ﬁ)} < — inf {o(7)}.
~—0 7TEK ,J(T)<o0 TEK

For the last inequality we used Lemma 6.3. By Proposition 6.1 the proof of the upper bound is completed.
O

7. Lower Bound
We first get a lower estimate for the probability of a neighborhood of suitable trajectories. We perform
the computation with the uniform metric on the time interval [0,T] defined as following: for p and v in
D([0,T], M1) and p(-,-) defined in (2.9).

po.ry(av) = sup plue,v) and  pory(E7) = > ppo.1)(is Vi), (7.1)
te[0,T] i=1,2

Taking into account that if d[SO 7] (1, v) denotes the Skorohod distance, then

A 71, v) < o,y (1 v) (7.2),

the result holds for the Skorohod topology as well, see [Bill].

Lemma 7.1 Assume (07),,mg satisfy (2.13). Let 6 > 0 and o = mY A, where m"
(5.5) for V.= (V4,V2) € (CH°([0,T] XA))2 and m?(0,~) = pimo(:) for ¢ = 1,2. Then we have, for
Vs(ii) = {f’ € D([0,T], My x M) : pjor) (5, &) < 8}, and I, given in (2.28),

is the solution to

liminfy?1og Qg (Vs(7) = I, (), IP — a.s. (7.3)
Y=
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Proof: We introduce the perturbed process. By Jensen inequality we get

NeY . V..o dp(;y’,yoz Y, - Y _
log Qg™ (Vs(7) = E55™™ | Ty, (T 1) log dPV’W(om,Tp] (@ Ws@)) " + 108 Q" (Vs

By Corollary 5.3, lim,_,0 Q-+ Vo a(Vg (z)) = 1. By Lebesgue dominated convergence theorem,

a e P%a
liminfv%log Q)" (Vs(f)) > liminf EY,"* [v%log d 2 (op0,17)| -
~—0 ~—0 dP‘{y’%a ’

By Radon-Nikodym formula, see Theorem 5.4, and Proposition 5.5 we have

Nej

dP); _ - 17T _
g~ 2 (o) > b (7). V) + 5 /0 P, (71 ds

i=1,2

From Theorem 5.1, recalling the definition of K7-(-) given in (3.8), we get that for any I,

liminfy%log Q. (Vs5(7)) > — K+ (i) — TC’(Vl,Vg)[5+hm > E&i(8,1,7,0)],
~y—0

7=1,2
which yields the result letting [ — oo by Lemma 4.2 and Proposition 3.6. O

To conclude the proof of the lower bound in Theorem 2.9, it remains to show that all 7’s such that
Iy(T) < oo can be approximated by a sequence (7, ), of smooth trajectories, for which Lemma 7.1 holds
with lim,, o Io(7T,) = Io(7). We first show that any trajectory m smooth enough and far away from the

boundaries (4p;, £p2) is associated to a function V(,-) in the following sense:

Lemma 7.2 Given'm = (my,mz) € (02 O( )2 with, fori=1,2, |m;(t,r)| < p;, for all t € [0,T],
r € A, there exists V. = (V,V2) € (CV 0([ ] X A))2 such that m = m" is the solution to (5.5). For
(t,r) € (0,7] x A,

2Vi(t,r) =

log {atmi(t, r)cosh [(J * m)(t,7) + a;0] + \/(atmi(t,r) cosh [(J % m)(t, ) + a;0]) + p2 — m2(t, r)} (7.4)
— [(J «m)(t,r) + a;0] — log {p; — m;(¢t, 1)},
and for t =0 we set lim;_,o Vi(t,r) = V;(0,7).

Proof: By (5.5), fort € (0, 7], we determine V (¢,-) = (Vi(t,), Va(t,-)) with V; € C0((0,T] x A) for i = 1,2,
such that 7 = m" . Namely, for (t,7) € (0,T] x A, denoting A; = (J*m)(t,7)+ a0, Y; = (cosh A;)dym;(t,r),
Z; = —my(t,r), (5.5) is written as

Y, =7, cosh [Az + 2V, (t, ’I”)] + p; sinh [Az + 2Vi(t, T)] .
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We multiply both sides by X; = €2Vi(:") and obtain
Ai 2 —A1 —
e (Zl + pi)Xi -2V, X, +e (Zl — pi) =0.

Its positive solution is

NtV ()

e (Zi + pi) ’

which gives (7.4). Note that V = (V7, V) has the same spatial regularity as 7, namely the argument of the

square root is always strictly positive. O
Corollary 7.3 If m is solution of (2.24) then V =0 in (7.4).

Remark 7.4 . Lemma 7.2 could have been stated requiring m € AC([0,7], B1,1). In this case one would
get V € (Ll([(), T1],C (A)))2 We prefer to obtain more regularity in time for V, so that uniformity and other

technical needs become straightforward.

Given Mg € By, p,, denote by R(t,-), t € [0,T] the solution of (2.24) with R(0,-) = mo(-): for i = 1,2,
t
Rifty) = ¢ 'm0, +pi [ e tanb{( < B)(s.) + aif) ds, (75)
0

where R = Ry + Rs. It is continuously differentiable in time, actually it is C*° in time for t > tq > 0, and
there exists d; which depends on T such that |R;(t, )| < p; —¢; for t € [tg, T]. Namely, since |tanh z| < 1—d,
for |z| < K(B,0) with 1 > d = d(83,6) > 0, we have, for ¢t € [0, 7],

|Ri(t,)] < e tm;(0,-) 4 ps(1 — d)/o e~ ds < pi[1 —d(1 —e7?)). (7.6)

Recall that Ip(R) = 0, see (3) of Proposition 3.8. Define the sets:

Co = Co(mo) = {¢ € AC([0,T], By, 5,) : (0) =g, Io(¢) < o0}, (7.7)
Ci={¢€C:30<n<T,ét)=R(t),t 0,7} (7.8)
Co={peCi:Vne(0,T),36 =0;(¢)>0,i=1,2:|¢;()]|oo <pi — s, t€nT]} (7.9)
Cs={p €Co: ¢ €C*(0,T],Bp, p,),i = 1,2, $5(t) € C(A),Vt € (0,T7}. (7.10)

By construction C3 C C; C C; C Cy. Notice that, by Lemma 7.2, we can associate a function V to ¢ € Cs.
To extend the lower bound, we show that for i € {1,2,3}, C; is (ppo,ry, lo)-dense in C;_1, that is, for all
¢ € C;_1 there exists a sequence (¢,,)n C C; such that

n—oo n— o0

This method has been inspired by a similar strategy in [QRV].
Lemma 7.5 Cy is (pjo, 1), lo)-dense in Cy.
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Proof: Fix m € Cy. Let R(t,-), t € [0,T], be the solution of (2.24) with initial datum R(0,-) = mg(-). For
any 7 € (0,7, define
R(t,)  for t €10,n],
m'(t,:) =< R(2n—t,-) for t € (n,2n),
m(t —2n,-) for te(2n,T).
We have m" € C; for any 0 < n < T and lim,_q ppo,7j(m"”,m) = 0. Since Iy is lower semicontinuous it
remains to show

lim 1o(7") < Io(m). (7.12)

We split [0, 7] into [0, 2n] and [27, T] in the integration. We have that

A:Aﬁ(mn,mn)(t,r) drdt = /OT_QW/A”H(mm'z)(t,T) drdt < Io(m).

Next we show that an
lim / H(m", m")(t,r) drdt = 0.
0o JA

n—0

Since m"” = R for t € [0,7] solves (2.24), by (3) of Proposition 3.8,

/n/ H(R,R)(t,r) drdt = 0. (7.13)
0 A

Since the profile 7" in (7, 2n] is the profile in (0, n] backwards in time, we have
2n . n -
/ / Hm", m")(t,r)drdt = / / H(R,—R)(t,r) drdt. (7.14)
n A 0 JA

Because R solves (2.24) and for t > 0, |R;(t,-)| < p; — &;, for i = 1,2, H(R, R) belongs to L([0,T] x A), as
well as H(R, —R), see explicit formula (3.14). By dominated convergence,

2n .
lim / / H(m", m")(t,r)drdt = 0.
n A

n—0
In this way we prove (7.12). O

Lemma 7.6 Cy is (pjo, 1), lo)-dense in C;.
Proof: Let m € C; and n € (0,7) so that m(¢t, ) = R(t,) for t € [0,n]. By (7.6), [|mi(n,)||ec < pi — &; for
some 9; > 0 and i = 1,2. Define

m;(t,r) for t € [0,n],
il (tr) = (7.15)
mi(n,r) + (1 - 1) (my(t,7) —my(n,r))  fort € (n,T).

n

om"

T
By construction and from (7.13), Iy(m") = / / H(m"™ (t,r), (t,r)) drdt. Moreover, since Iy(Tm) < oo,
n A

by Proposition 3.5 we have ||m;(t)||c < p; for t € [n,T], then
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Hence m" € Cy for all n. Furthermore lim,,_,o m}(t,r) = m;(t,r) and é’al;(tm) =(1- %)agzi — agzi (t,r)
for almost all (¢t,7) € [n,T] x A. Then, by Proposition 3.5, H(m"(t,r), 58@;(15,7")) is given by (3.14), while
H(m(t,r), ZE(t, 7)) is given either by (3.14) when |m;(t,7)| < p;, or, when |m;(t,7)| = p;, by (3.15), or is
infinite. We hence check that pointwise

(t.r)) = Hem(e,r), 5

To apply the Lebesgue dominated convergence Theorem we upper bound, uniformly with respect to n,
[H(m™, 25) (¢, 7)| (see also [C] p. 174). For that we combine (3.16) with the facts that, for i = 1,2,

lim H(m"(¢t,r),

n— o0 ot

(t,7))- (7.17)

6mf 3mi

{(t,r): 5 >0} ={(t,r): Y

and on the set {(¢,r) : mP(¢t,7) > p; — 6;} we have m;(¢,7) — m;(0,r) > 0 and p; — mP(t,r) > p; — m;(¢, 7).
To get shorter notation, we denote for ¢, € AC([0,T], By, p,)

> 0},

1 \" 1\
Y(pi) =1, o < (log——— | +T,; o .o |log——) . i=1,2
(¢ 1/) ) {¢'L>Oapz_6z§wz} ( g pl — 1[%) {¢1<07 _pz+51,2¢1r} ( g p’L + QZ}Z)

We have

2H (", ) (¢ )

< 3 fial [(Qog i) "+ T (ring,mi) + K3 (2,7)

+ +
n) + Wi, <o m?>—p;+6;} (log ) ] (t,r)+C

nal s woimnen 51 (1
+‘Z 712 | | Lo, >0, m7 <ps 5’}<ngi—mi

pi +mg

< Y Il [og i) + T, mi) + K, (£.7)

T 1 1
+ Z 712 | | L >05mn <p; —6;} 108 5 + L <0y mp >—pit6:3 108 51} (t,r)+C
i=1,2 L

+
> + ]I{7hi<0} <10g

pi +m; 0;

< Z |14 [(log ) + T, >0y (1082 pra—

* 1
> + K; +1log —| (t,7) + C.
i=1,2
(7.18)
Since by assumption Iy(m) < oo, by Proposition 3.7, part (b), the above upperbound is integrable. By
Lebesgue dominated convergence Theorem we then have

n—oo

Obviously m"™ — m in the metric (3.2). O

Lemma 7.7 Cs is (pjo, 1), lo)-dense in Ca.

Proof: Take ¢ € Co. To get more regularity we convolve with a smooth kernel the function both in time
and space. To perform the convolution in time we extend the definition of ¢ to [T, T + 1] by setting, for each
s €10,1],

U(T + s,r) =71u(s,r), (7.20)
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where U = (uy,uz) is the solution of equation (2.24) with initial condition ¥(7,-). Since ) € Cq there exist
8i, i = 1,2, such that [¢;(T,r)| < p; — ;. It follows from (7.5) that ¥, (T +s,7) < p; — d; for all s € [0,1], for
some 0; smaller than d;. In the following we will denote it always by §;. Denote by 6,1 the time translation
of ¥, (0s1)(t,r) = ¥(t + s,7) for (t,r) € [0,T] x A. Let ®,, be a smooth non-negative kernel, ®., € C(A)
with support in a ball of radius €; and integral one which we use as spatial mollifier. For ¢y > 0, let U,
be the C*°(IR) non-negative temporal mollifier with support [0, o] and integral one. Set € = (g, €1), € J 0
stands for €g | 0 and €; J 0. Let n > 0 be such that 1(t,-) = R(t,-) for t € [0,3n]. Let x1(t), x2(t) be a C?
partition of the unity defined by:

x1(t) =1 for t € [0,n], x1(t) =0 for t € [2n,T],
x2(t) =0 for t €[0,7], xa2(t) =1 for t € [2n,T],
xi(t) +x2(t) =1, vt € [0,T7.
Let
Pt ) = xa(t)alt, ) + x2(t) /lR We, (8)(Pe, * Os905) (2, -) ds. (7.21)

By counstruction ¥;(+,-), ¢ = 1,2, satisfies all the regularity requirements to be in C3. Furthermore, since
[ti(t, )| < pi — d;,0; > 0, for all e > 0 and ¢ € [0, T], we still have that

er(ta T)| S pi — 61" 1= 1a 27 (722)
therefore @6 € C3. Moreover
lim Plo,T] (@67@) =0.
e—0

Since I is lower semicontinuous, see Proposition 3.8, (1), it is enough to prove
lim Io (1)) < Io(¥)). (7.23)
e—0

By using the expression (3.9) of Iy, see Proposition 3.6, we have

Io(5° / /[ i 81” )t ) — H(D, w)(t,x) davdt. (7.24)

We split the time integral into 3 pieces: (i) a first integral on [0, 7], which is equal to 0 by definition (7.21)
of ¥; (i) a second one on [n, 25, treated in Lemma 7.9 below; (iii) a third one on [2n,T], that we now
analyze. Notice that for ¢ > 2n, see (7.21), x1(¢t) = 0 and x2(¢) = 1, therefore 1$(¢,-) reduces to a convex
combination, and we exploit that H (7, @) is convex with respect to @. Then, for ¢t > 27, by Jensen inequality

we obtain

HE 20000 < [ o) [ 0 HT ), 2042 ) s, (7.25)
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For all s € [0,1], s < T, we have

[ [ i [ [ 565 [ [0 sin
:/QU /I\H@,E)(t—ks,x)dxdt

- [ v /2:dt [ 1500+ s,)dos

[ v [ T [ vt [ @0+ s o) dadias,

where the first equality comes from a change of variables, the second from the definition of 1 in [T, T + 1]
(see (7.20)), the third from [, dy®.,(y) = 1 and [, daH (¥, 3)(t,z —y) = [, daH(, %) (t,x), and the last
from [, dsW,(s) = 1. Therefore

WAL
:/M /Hw",%ﬁ)(t,x)dxdt—/zw/H(qp,‘?f)(t,x) dxdt—/zjﬂ/A’H(zb,%f)(t,:c)dzdt
,/ el /277/ e ( /'H (t,z), (t+8 x —y)) dedydtds

—/IR\IJQJ(S) /277 /AfI)el(y)/AH(@,E)(t-i-s,x—y)dxdydtds.

The inequality holds by (7.25), and because H (1, 2 5 )(t x) > 0. Finally we use (7.26). To estimate the last
difference in (7.27) we add and subtract to it the term

/ds\I/EO /Zn dt/ o dy/dx’ﬂ@( )%w(t—ksx—y))

//[ @2 >—H<w,8¢><t,m>] dedt < Wy + We,
o ot

(7.26)

H", 35/1 Jz) — H(D, %)(i, x)] dzdt

(7.27)

which gives

where

Wi :/IR\IIGO(S) /2:/A(I)ﬂ(y)//x {H(we(t,x),?,;f(t+s,xy))H(w(t,x),fgf(t+s,xy))] dxdydtds,

wo [ [ T ot [ [ku,x),?f(m,x—y)) —Hw,%f)ms,x—y)] dudydtds.
(7.28)

Taking into account Lemma 7.8 below we get the result. O

Lemma 7.8
lim |W;] = 0, 1=1,2.
e—0
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Proof: We exploit that ¢ € AC([0,T), By, p,) and 1 is differentiable in time in (T, 7+ 1] (see (7.20)), hence
% € L1([0,T + 1] x A). Therefore for A > 0 and

te[o T+1] 5=
we have for all s € [0,1],
Jim Z |a¢l t+5,2)|Ip, (2) dedt = 0. (7.30)
A—o00 A
By (8.19) of Lemma 8.8, we obtain, for 2vy = min{d1, d2}, splitting A = D4 U DS,
0 i K
wils [ v, [ [ I Z\ Vit 45,0 — )| (Lo« — ) + oy (@ — )1+ )
R A 2n Yo
{lwi(t, @) — it 2)| + [, 1) — ¥ilt, )|} dadtdyds
(7.31)

<A1+ E) sup Z(/A ) = i (t.0) o+ 05(e) = e )

Yo" tel0,T)

+4Z/ /|a¢1 t+ s,2)|1p, () dadt,
i=172n

where we noticed that {|i§(t, ) — (¢, )| + |5 (t, ) — ¥i(t,-)]]1} < 4. Letting first € — 0 then A — oo, we
get lim._,o |W;| = 0. Next we estimate W5. We apply (8.20) of Lemma 8.8. More precisely

M0+ 5.0 0, G0+ 5.0 9) = M), G0+ 5.2 )

2
<D
=1

St s =) (145 ) (uate+ 5.2 =) = witto)) + b

As before take A > 0 large enough, split A = D4 U D9, to get

W, <A (1+ K) ;/}Rmu /;/Acbel(y)/A{(WtH,x—y) — (b)) + [y} dudydids

2 T
O,
C / / / U, (s)Ip,(x) (t+ s,x)| dsdxdt.
; 2n JAJIR ’ 4 ot
Since
i [ @ )lyldy =0, Y [ w0,(5) [ e+ 5.0~ 9) =~ di(t. )] dads =0,
e1—0 [ €0—0 R A
letting € — 0 and then A — oo we obtain lim,_,q |Wa| = 0. O

Lemma 7.9

. — " — o B
lim /A[ W, 5 )_H(‘”’at)(t’f”)} dzdt = 0.

e—0 n
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Proof: We have

2n —e O° —_ 0y
/n /A |:H(w 7@)(t7x) - H(i/% &)(t71’)‘| dzdt

€

:/ZW/A[ W’E)( >—H@aait
/2”/[ 1/” @) = M, 8w)(t,x)1 duwdt.

The first term is estimated by applying (8.19) of Lemma 8.8. We have

)(t, x)} dxdt (7.32)

! ).2) ~ 1T, 2

[ & ‘% )(t,x)] dudt

(7.33)

SZ/QW/A(l ) D (15 ) — B0+ ) v i,

i=1,29"

where vy = min{dy, d2}. Note that

8 ¢ 8 a i €
() = ()T ) xalt) [ (6) (@ s (0.5 )0 O )i ) ds, e 0.T], (73)
ot ot R ot
where we denote xj(t) = £x;(t), for i = 1,2, and we use that x4(t) = —x}(t). Since for ¢t € (0,3n),
¥ (t) = R(t) solves (2.24) we have
oYs 6
sup su t,-)| < —. 7.35
te[ngn a:ER| ot ( )| n ( )

Therefore for all 7 letting € — 0 the term in the right hand side of (7.33) goes to zero. For the second term
in the r.h.s. of (7.32), applying (8.21) in Lemma 8.8 and taking into account (7.35), we get the result. [

8 Appendix

We prove in this section the properties of the rate functional given in Section 3.
Proof of Lemma 3.3 The differentiability of I'y-(u) in (L°°(A))? is easily verified. For the convexity we
compute first the Hessian of I'y-(w) with respect to Vi and V5. Since the Hessian is a diagonal matrix, it
is enough to study separately the convexity with respect to V4 and Va, we do it for V;. For r € A, we set

Vi(r) = z,u1(r) = m and denote by
fi(x) = (p1 tanh ¥ — m) sinh(2z) 4+ (p; — mtanh 9)(cosh(2z) — 1)

the integrand term in I'y-(@) which depends only on V with ¥ varying in some bounded interval of IR, x € IR,
|m| < p1. We then study the sign of the second derivative of f;.

1
Zfl” (z) = cosh(2z)[p1 — mtanh¥] + sinh(2z)[p; tanh ¥ — m] .

Notice that p; — mtanhd > 0, and p; — mtanh? > p; tanhd —m > —(p; — mtanhd). Since cosh(2x) >

|sinh(2x)| and |tanhd| < 1 when ¢ varies in a bounded interval we obtain that f; is convex. O
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Proof of Proposition 3.5 Recalling (3.12), for ¢ = 1,2, denote

F;(v;) = givi — %Bi(ﬂ, v;)
N o (88)
= giv; — (pi — Ui)m e —1] — (pi + ui)m[edvi — 1.
Hence oF A, A,
8@2 =gi— (pi — ui)me% + (pi + ui)me_%i. (8.9)

First assume that u; > p;. By (8.8), since —(p; —u;) > 0, we have lim,,, 1 o F;(v;) = +00. In the same way,
we get lim,, oo F3(v;) = 400 if u; < —p; because then —(p; + u;) > 0. Therefore, (a) holds.

For the remaining cases, we exploit that for @ € B,,, ;,, the function v; — B;(@, v;) is convex differentiable
on IR.
(b) To compute the Legendre transform of B;(w,v;), when |u;| < p;, by (8.9), the maximum in (3.11) is
obtained for (remember (3.13))

D; 1 D;
eV = g~ A , hence v; = = <10g — Al-> . (8.10)
Pi — Uy 2 P — U
Inserting (8.10) in (8.8) we have
_ gi D; efi 4 e efi — e 1 p? —u?
Hi(u,g;) = 7 |1 —A; i — U - i+ =, (811
(@ 9:) 2 {og pi — u; } tr 4 cosh A; v 4 cosh A; 4 cosh A; + D; ( )
which yields (3.14) since, using (3.13), we write
2 2 2 _ u2)(g:cosh A; — R;
Do+ P gcosh Ay + Ry — P W) loicosh i 2 R) o,

D; (gi cosh A;)2 — (g; cosh 4;)° — p2 + u2

(c) When u; = p; (vesp. u; = —p;),

OF: efsgn(ui)Ai

L P— . .
ov; gi+Pi cosh A;

o~ 2san (ui)v;

i

and to solve = 0 (that is to find a finite extremum) we need g; < 0 (resp. g; > 0), namely

Vs

o—sen(ui)A;

o~ 2sen(u;)vi
cosh A;

gi = —Pi

Inserting this value in (8.8) we get (3.15) when g; # 0.
When u; = p; (resp. u; = —p;) and g; = 0, (8.8) becomes

o—sen(u)A;

Fi 5) = pi 1 — —2sgn(u;)v; )
(vi) =p 2coshAi[ € )

It is an increasing (resp. decreasing) function with a finite maximal limit:

i efsgn(’ui)Ai H(m y efsgn(u.;)Ai (e
viirﬂmFi(Ui)*pi 2007811141‘ = H;(1,g;), resp. vii@mFi(vi)*pim* (1, gi).
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(d) When w; = p; and ¢; > 0 (resp. u; = —p; and g; < 0), (8.8) becomes

6fsgn(ui)Ai

1 — —2sgn(u;)v; )
2cosh A; [ € )

Fi(vi) = givi + pi
Hence
lim Fj(v;) = 400 = H;(4, ), resp. lim Fj(v;) = 400 = H;(u, g;).

v —=+00 V;—>—00

O

Proof of Proposition 3.6 This follows and extends the proof in [C], p. 171, Properties III(a). By their
respective Definitions (3.6), (3.8), (3.9) (see also (3.4), (3.7), (3.10)), we have Jo(7) < Io(7) < Ji(7). We
now prove that we have equalities. In all cases, for i = 1,2, we denote by ¥; the value of v; that realizes the
extremum of H;(%@,g;). From Proposition 3.5, 9; belongs to IR U {400} U {—o0}. Therefore we introduce
I = sgn(v;) x [|9;] A'm] and b" the corresponding (finite) value of H;(4, g;). Then as m — oo, 97" — ¥,
and b" — H;(u,g;) € IRT U {oo}. According to the case we consider, either a; and/or b; are finite, and

b is non-negative

there is no problem, or b; = +oo thus b}® > 0 for m large enough, or, when u € By, ;,, b}

because 97" is between 0 and ¥;, and v; — B;(@,v;) is a convex function. Therefore in all cases we apply

Fatou’s Lemma to get

< m
lgriglof/ /Zb t,r)drdt

i=1,2
which is smaller than Jy(7), giving Proposition 3.6. Notice that this implies that Io(7) is infinite when
U ¢ Bp, p,- UJ
Proof of Proposition 3.7 We use the explicit representation of H(-,-) given in Proposition 3.5.

(a) We upper bound expression (3.14). The difficulty comes from the term

D'L ﬂa 1"9
F(ﬂa giaa) =G 10g p(__gu_)a (812)

where D; (@, g;,0) is defined in (3.13). Let —u = (—uy, —uz). We have

(pi + u;) {gi cosh[(J * u) — a;0] + \/(gl cosh[(J % u) — a;f]) + p? — uf}

— (gi cosh[(J * u) — a;0])* + (g cosh[(J * u) — a;0])* + p? — u2

F(_ﬂ, —9Yi, 9) = g; log

- (8.13)
gi cosh[(J + u) — a;6] + 1/ (gs cosh[(J * u) — af])® + p? — u?
= gilog
bi — U
We write
Hence it suffices to estimate F(u, g;,0) for g; > 0 and 0 € IR. We get
1\ 1\

F(u,g:,0) < |gi| 1o Di (T, gi,0) + (1 1, 1 Ty or b 8.15
(@, 9i,0) < |gi] { og D; (1, gi, 0) + <ngi_ui) {g:>0} T <0gpl+ui) {gl<o}} (8.15)
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We obtain (3.16) by the upper bound D;(@, g;,6) < 2|g;| + 1. The lower bound (3.17) is obtained as in [C],
p. 171. We rely on formulas (3.11), (3.12). Since e®® < efl9l there exists a constant C' such that

Bi(ﬂ, Ui) < 20[62‘“' — 1]
eAi e*Ai
2p; > 20 > i — u;) ————, (p; )— . .1
pi 220 2 max{(p ul)?coshAi (p Jruz>2coshz4i} (8.16)

Then

H;(u,g;) > wi — C el — 1] b = @1 M—1 C,0p.
(u,g)_vsilel%{gv [e }} max ) =5~ |log 5~ +C,

(b) If (3.16) holds then Iy(¢) < oco. For the converse, by (3.17), it is necessary to have b log|¢3i| €
LY([0,T] x A). To conclude, notice that when g; > 0, uniformly in 0 € IR,

F(a,gi,0) — gilog{gi cosh A;} > 2g;1;,.~0) log .
Pi — U

O

Proof of Proposition 3.8 For (1), (2) we refer to the similar proof of [C], Theorem II1.4, p. 148. To show
the first part of (3), notice that for V' = 0 the r.h.s. of the argument of the sup in (3.4) is equal to zero.

This implies that for s € [0, T], H*(¢(s,-), #(s,-)) > 0 in (3.6), therefore Iy(7) > 0. For the second half of
(3), we start by proving that if Io(7) = 0, then T = (¢ \, poA) with ¢ = (¢1, ¢2) € AC([0,T], By 1) is the
solution to equation (2.24). From Proposition 3.6, we know that Jy(7) = 0 (see (3.7), (3.8)), that is, for any
V = (V4,Va) € (L=(]0,T] x A))?, we have

T . 1 T
/0 <Vi(s,"),o(s,:) > ds < 5/0 FV(s,~)(¢(S’ ) ds.

Now take V5 = 0 and nV; instead of Vi, where > 0. Denote ¢ = ¢1 + ¢o, then recalling definitions (3.3)
and (3.5), we get

T
20 [ < Vas,)dals,) > ds
0
T
<p / < tanh(o(s, ) x J + a10) sinh(2nVi (s, ) 4+ cosh(2nVi(s,-)) — 1 > ds
0

T
- /O < é1(s, -)(tanh(qS(S, )% J 4 ar6)[cosh(2nVi (s, -)) — 1] + sinh(2nV4 (s, .))) > ds.

Using Taylor expansion in 1 when n — 0, dividing by n and letting n — 0, we obtain
T ) T T
/ < Vi(s,-),P1(s,-) > ds < p; / < tanh(¢(s, ) * J +a10)Vi(s, ) > ds — / < ¢1(s,)Vi(s,-) > ds.
0 0 0

Since all terms in the previous expression are linear in V3, we may change V; into —V; to obtain the converse

inequality. Then, exchanging the roles of indices 1 and 2, we have, for i = 1,2,

T ) T T
/ <Vi(s,+), di(s,-) > ds :pi/ < tanh(¢(s, ") * J + aif)Vi(s,-) > ds — / < ¢i(s,)Vils,-) > ds.
0 0 0
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This means that ¢ is the (unique) weak solution of (2.24), since by definition (2.28) of the rate functional
the initial condition is fulfilled.

For the reverse, we prove that if ¢ € AC([0,T], B1,1) is the solution of equation (2.24), then 7 = (¢1 A, ¢2A)
is such that J;(7) = 0; hence, by Proposition 3.6, Iy(7) = 0. We insert equation (2.24) into the explicit
representation (3.14). Namely if 7 solves (2.24) then, by Corollary 7.3,

log —A; =0, (8.17)

Pi — @i
R,=D; — (8,5(]51) cosh A; = eAi (pi — ¢z) + ((]51 — p; tanh Al) cosh A;.

Hence

R; et
pi — @i tan cosh A4, (P = ¢:)(1 + tan cosh Ai) 0 (8.18)
By (8.17), (8.18), the right hand side of (3.14) is equal to zero, which completes the proof of (3). O

Next lemma states some technical results needed in the extension of the lower bound.

Lemma 8.8 For (t,t') € [0,T)%, (z,y) € A%, 6o >0, let T € {t,t'}, ¢ € {z,y}. We assume (u(r,-),v(r,)) €
(Bpy—60.p2—60)25 9i(1,¢) € IR and hi(7,¢) € IR, for i =1,2; we have

|Hi(u(t, @), gi(t',y)) — Hi(0(t,2), 9:(t', )] < [ga(t', y)]| (1 + gj) (o(t, ) = u(t, )l + [ui(t, 2) — vilt, 2)]),
(8.19)

[Hi(0(t, 2), 9:(t',y)) — Hi(@(t', y), (1", )| < lgi(¥', )] (1 + g) (I =yl + Joi(t, ) —vi(',y)]),  (8:20)

1
H(a0,2). (0. 0)) = (a0, b)) < (K log 3o+ K1) ) o) = e )l (5:20)
where the constant K = K (J,0) may change from one occurrence to the other.

Proof: The assumptions enable to prove (8.19)—(8.21) by writing formula (3.14) for H;, using (3.13) for
A;,D;, R;. The latter depend on @ or @, g; or h;, (t,x) or (¢,y). In each computation, we stress the
dependence on the involved quantities, writing e.g. A;(u) for (8.19), R;(g;) for (8.21). Notice that, unlike
in (3.14), those functions depend not only on (¢,z), but on (t,z) and (¢,y); this does not change the
expression of H;, since (3.14) was established pointwise in the proof of Proposition 3.5. In the intermediate
computations, we omit to write (¢, z), (t',y).

We begin with auxiliary estimates. For (8.21), notice that |(J  u)(¢,z)| <1 (since [ J(r)dr = 1), and
|A;(w)] < K(J,0). (8.22)

When |v;| < p; — dp and g; > 0, we have p? — v? = (p; — |vi])(pi + |vi|) > pido, hence

giK(J,0) 4+ 1> Ri(t, g;) > \/97 + pido > max(gi, /pido), (8.23)

giK(J,0) + 1> Diy(v, 9:) > gi +max(gi, \/pido)- (8.24)
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For (8.19), we need
[( xu)(t, x) = (J x0)(t,2)| < [[oollult, ) = v(t; )] (8.25)

and its consequences
|v;(t, ) tanh[A; (v) (¢, )] — w;(¢, ) tanh[A; (u) (¢, z)]|
< loi(t, ) — wi(t, ) tanh{A;(0) (t, )] + s (t, )| banh{ Ay (v) (1, )] — tamh[As(w)(t,2)]|  (8.26)
< |’Ui(t7x) - ui(tvx)‘ + HJHOOHU(L ) - U(t, )Hl
|cosh[A; (u)] — cosh[A;(v)]] < K(J,0)||u(t,-) — v(t, ). (8.27)
Respectively for (8.20), we need, since |v(-,-)| <1,
(% 0)(t ) — (T 0) ()] < (5 0)(ts ) — (T % 0) ()| + 1T 5 0) (E,) — (J + 0)(¢' )]
<k =91+ [ T 2)olt'2) = vlt, ) (3.25)
< Moo (lz =yl + llo(, ) = v(t,)l1) -

as well as its consequence analogous to (8.26). The proofs of (8.19)-(8.20) go along the same scheme.
Namely all the estimates are done pointwise, they rely respectively on (8.24) to (8.28), the other changes
being straightforward starting from expressions analogous to (8.29) below. Hence we detail only the proof
of (8.19). We have

2 [Hi(ﬂ(t’ 513), gi(t/’ y)) - Hi(ﬁ(tv 'T)a gi(tlv y))]

= T 0 00) — ()] + () [tog DL, o DAOC) ©29)
R; 5)(15,.1‘) Ri(ﬂ)(t7l‘)

+ v;(t, ) tanh[A4; (v)(t, 2)] — u; (¢, ) tanh[A4; (u) (¢, z)] + cosh[ A, () (1, 2)]  cosh[Ay(u) (£ 2]

Next we show

Di(“)((t’x) EIOIGL) H < B st )it )| (1 10:( ) D+l ()] e, ) e, ]l

gi(t',y) {log

pi — u;(t, x) pi —vi(t,@) || ~ o
(8.30)
To this aim, see (8.12)—(8.14), it is enough to estimate, when g;(¢',y) > 0 and uniformly for 6 € IR,
_ _ Di(u)(t, ) Di(v)(t, z) ”
F(t,z),q:;(t',y),0) — F(v(t,z),g:;(t',y),0)| = |g:(t, [lo’—lo .
|F(u(t, ), g:(t',y),0) — F(W(t, z),9:(t',y),0)| = |g: (', y) 8 —wta) B —ita)
Pi — i D;(u)
<g; ||l 1 31
—gl|:0gpi_ui +‘Ong('U):| ’ (83)
S i U; — Vg ’ Dl (ﬂ) 77D7; (@)
Di — Ui D;(v)

because |log(l + a)| <log(l+ |a]) < |a|. By (8.24), g; < D;(v). Using also (8.27) we get

D;(u) — D;(v)
gi Di (@)

< ’g? (cosh[A;(u)] — cosh[A;(v)]) o R;(u) — R;(v)
- D; () " Di(v) (8.32)
< g K (J,0)|u(t,.) —v(t, )l + [Ri(w) — Ri(v)].

K
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To estimate the second term on the right hand side of (8.32), we apply (8.22), (8.23), (8.27) and obtain

)
g7 (cosh2 [A;(u)] — cosh? [Az(v)])

: Ru(@) + R(0) ‘ * r s (5.3
DI ) —lely | h =k
- R;(uw) + R;(v R;(uw) + R; (")

IN

Y4
i K(J,0)||u(t, ) —v(t, )| + —=|u; — v4]-
19i| K (J,0)[u(t, ) — v(t, )1 M' |

Combining (8.31), (8.33) we obtain (8.30). Next we estimate the last term of (8.29). Taking into account
(8.27) and (8.33) we have

Ri(v) R ‘ _ | B (®) — R;(u) (@) cosh[A;(u)] — cosh[A;(v)]
cosh[4;(v)]  cosh[A;(u)] cosh[A4;(v)] ' cosh[A;(v)] cosh[4;(u)]

< |R;(@) — R;(uw)| + R;(w@) |cosh[A;(u)] — cosh[A;(v)]] (8.34)

< B

SV lui = il + (K (J,0)|g:| + K(J,0)[lgil + 1)) [[o(t, ) — u(t, )1

Finally, combining (8.25), (8.26), (8.30), (8.34) yields (8.19).

We now derive (8.21) in a similar way:
2 [Hz(ﬂ(tv 33), gi(ta 33)) - Hz(ﬂ(tv x)a hz(tv l‘))}

= [hz(tvx) - gi(t,ﬂf)} A’L(u)(t3 :ZJ) + log ]

pl—ull(tl’)> + gi(tﬂ 1') logDi(ﬂa gi)(t,I) - hi(tax) log Dl(ﬂﬂ hz)(tvx)

Ri(u, h;)(t,z) — Ri(u, ¢;)(t, z)
cosh[A; (u)(t, z)] '
(8.35)
We have, restricting ourselves to g; > 0,h; > 0, see (8.12)—(8.14), and using |log(1 + a)| < |a| as in (8.31),
then (8.24),

|gilog Di(g:) — hilog Di(h;)| < |gi — hi| [log Di(g:)| + hi [log Di(g:) — log D;(hs)]

D;(g;) — D;(h;
< lgs — Bl log Di(ge)| + s | 2249 = Dilhi)

Di(hs)
<l (o gy + PO | Rlo) = i)

<lgi — hil(gi + 1)K (J,0) + |Ri(gi) — Ri(hi)|.

Then, as in (8.33),
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Therefore, using that |u;| < p; — g, and (8.23),

2 |H, (@, g:) — Hi(@, ho)| < |h — g4 (K(J, 0)+log 3+ (g + 1K (,0) + 21K e)]?) |

O
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