A HILBERT EXPANSIONS METHOD FOR THE RIGOROUS SHARP INTERFACE
LIMIT OF THE GENERALIZED CAHN-HILLIARD EQUATION
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ABSTRACT. We consider Cahn-Hilliard equations with external forcing terms. Energy decreasing and mass
conservation might not hold. We show that level surfaces of the solutions of such generalized Cahn-Hilliard
equations tend to the solutions of a moving boundary problem under the assumption that classical solutions
of the latter exist. Our strategy is to construct approximate solutions of the generalized Cahn-Hilliard
equation by the Hilbert expansion method used in kinetic theory and proposed for the standard Cahn-
Hilliard equation, by Carlen, Carvalho and Orlandi, [11]. The constructed approximate solutions allow to
derive rigorously the sharp interface limit of the generalized Cahn-Hilliard equations. We then estimate the
difference between the true solutions and the approximate solutions by spectral analysis, as in [I].
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1. INTRODUCTION

In this paper, we apply an alternative method to matched asymptotic expansions, developed by Carlen,
Carvalho and Orlandi, in [I1]], which allows the study of the sharp interface limit for the generalized Cahn-
Hilliard equation, and derive higher order corrections to this limit. The method is based on the Hilbert
expansion used in kinetic theory; we refer to [I1] where the analogy is explained. We start by recalling some
back ground regarding the Cahn-Hilliard equation and the results obtained in [IT].

1.1. The Cahn-Hilliard Equation. Let Q be a bounded domain in R?. The restriction of the analysis to
two dimensions is made only for simplicity. Let m = m(z,¢) be an integrable function on  which represents
the value of a conserved “order parameter” at x in ) at time t. The order parameter is conserved in the
sense that fQ m(z,t)dz is independent of t. Therefore, the evolution equation for m can be written in the
form

—

ogm(z,t) =V - J(x,t),

where the current J is orthogonal to the outer normal of the boundary of Q2. We take

J(x,t) = o(m(z, ) Vu(z,t),
where o(m) is the mobility and p(z,t) is the chemical potential of x at time t. The mobility is positive and
the chemical potential is defined as the L?(Q) Frechet derivative of a free energy functional F:

0F
w(x) = %(95)'
The simplest and most familiar example is the so called Cahn-Hilliard equation. It results by setting
o(m) :=1, i.e. constant mobility, and

F(m) = %/Q|Vm(m)|2dm+i/ﬂ(m2(x) ~1)2da.
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This leads to the evolution equation

Oym(z,t) = A(=Am(z,t) + f(m(z,1))),
where
(1.1) f(m) =m3 —m.

Different choices of f can be made, provided they are derivatives of a double well smooth enough potential
with equal absolute minima. If m(x,t) is a solution of this equation, then

GFme0) = = [ 1P,
dt Q

and thus, evolution decreases the free energy. The minimizers of the free energy are the constant functions
m = +1. These minimizers represent the “pure phases” of the system. However, unless the initial condi-
tion mg happens to satisfy fQ mo(x)de = £|€|, these “pure phases” cannot be reached due to the mass
conservation law. Instead, what will eventually be produced is a region in which m ~ +1 while m ~ —1
in its complement, with smooth transition across its boundary. This phenomenon is referred to as phase
segregation, where the aforementioned boundary consists the interface between the two phases. If we “stand
far enough back” from €2, all we can observe is the interface’s shape since the structure across the interface
is placed on an invisibly small scale.

The evolution of m in time under the Cahn Hilliard equation, or another equation of this type, drives a
very slow evolution of the interface. More specifically, let € be a small parameter, and introduce the new
variables 7 and £ by

T =g and ¢ = ex.

Then of course it follows
8, = 30, and Op = €0k .

Hence, if m(z,t) is a solution of the Cahn—Hilliard equation and we define m® (&, 7) := m(z(§),t(7)) then we
obtain

(12 0m(6.7) = Ac (~etem*(€.7) + Lfn (6. 7) )

If we think of € as representing the inverse of a large length scale, the variable ¢ will be dimensionless. The
dimensionless variables are “slow” and the original variables “fast” for small €. In what follows, we keep
the notation ¢ for the slow spatial variables, but we drop the use of 7 and replace it by ¢ for convenience.
One should just bear in mind that now we are looking at the evolution over a very long time scale when ¢ is
small. For the reasons indicated above, it is custom to consider initial data mg(§) that is —1 in the region
bounded by a smooth closed curve I'g in 2, and +1 outside this region. At later times ¢ there will still be a
fairly sharp interface between a region where m(&,t) ~ +1 and a region where m(¢,t) = —1, centered on a
smooth curve I';. One might hope that for small values of e, all information about the evolution of m=(&,t)
is contained in the evolution of the interface T'y. This is indeed the case as shown in [II]. To explain the
method used in [I1], let M denote the set of all smooth simple closed curves in 2. As we will explain in
Section 2, M can be viewed as a differentiable manifold. A vector field V' on M is a functional associating
to each I' in M a function in C°°(I"). This function gives the normal velocity of a point on I', and thus
describes a “flow” on M. We may formally write

(1.3) %rt = V().

Now, given a flow on M, we can produce from it an evolution in C°°(£2) through the following device: Let
m be any function from M to C°(£2). We write m(¢,T") to denote m(I") evaluated at £ € Q. We can then
define a time dependent function m(&,t) on Q by

(1.4) m(&,t) = m(& ).
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Notice that time dependence in m(,t) enters only through the evolution of I';. Now if, for small € and sharp
interface initial data, all of the information about the evolution of solutions of the Cahn—Hilliard equation
were contained in the motion of the interface, then one might hope to find a vector field V' on M governing
the evolution of the interface, and a function m from M to C*°(Q) so that defines the corresponding
solution of the Cahn—Hilliard equation.

In [I1], a result of this type has been proved. More specifically, a sequence of vector fields Vg, Vi, Va, - - -
defined on M was constructed such that the interface for the solution of satisfies for V =
Z;io 57Vj. It turned out that the leading term Vj is the vector field generating the Mullins Sekerka flow,
as one could expect from the pioneering work of Pego [26] made rigorous by Alikakos, Bates and Chen [IJ.
In these papers the approximate solutions were constructed by using matched asymptotic expansions which
give no information on the higher order corrections to the flow. The approach introduced in [I1] unable to
determine at any given order the velocity of the flow.

Let us fix a number S > 0 that will later be interpreted as a “surface tension’, denote by K (§) = K(&,T)
the curvature at £ € I' and by v the unit outward normal either to 92 or to I'. Further, for each I" in M,
let pu be the solution of

(1.5) Ap€) =0 for Ee Q\T,
subject to the boundary conditions

(1.6) w€) =29 (K({) - 211T|) on I, Oyp=0 on 09,

where |I'| denotes the arc length of I' and 0, is the outward normal derivative to 0Q2. Now define Vp(T") as
the real valued function on I' given by

(17) V(e = 5 onl (€)  €€T,

where the brackets on the right-hand side denote the jump of the normal derivative across I'. In this way
one defines a vector field on M which generates a flow known as the Mullins—Sekerka flow. For the local
existence of a unique smooth solution of the free boundary problem (L.F)), and see Chen,[13] and
Escher and Simonett, [I8]. As it is well known, the Mullins—Sekerka flow conserves the area enclosed by I'
and decreases the arc length of T';.

The higher order terms in ) =0 7V, are more complicated. In [I1], V; which is the next correction to
Vo was computed and a general technic of calculating all the higher order terms has been presented. The
description of Vi, like that of V4, is in the context of potential theory.

1.2. The e-dependent generalized Cahn-Hilliard Equation. We consider the generalized Cahn-Hilliard
equation of the following type

(1.8) 8tm5(§,t):A(—aAmE(g,t)—l—w—Gg(f;s))+G1(§;s), &in Q, t>0,

where A is the Neumann Laplacian operator on 2. The terms G; and G2 may depend on time also. In the
present analysis, we shall consider the case where G; and G5 depend only on £ since our aim is to explain the
main strategy in the simplest interesting setting. As it will be clear in the sequence, the proposed method
is suitable for the time dependent case as well.

The term G in models general external fields, see [23, 22]. In [25] the authors apply the Kawasaki
exchange dynamics to derive a modified Cahn-Hilliard equation where Gy describes the external gravity
field. The free energy-independent term G may describe an external mass supply, cf. [22], or [3] where G;
was defined as a deterministic Gaussian function. Such a model is described for example in [3], in order to
model spinodal decomposition in the presence of a moving particle source, as a mechanism for the formation
of Liesengang bands. In addition, G; was introduced as a conservative white noise of thermal fluctuations
cf. [23] or [14] (Cahn-Hilliard-Cook model). Existence and uniqueness of solution for the stochastic problem
was established in [I5] 10} [6] while dynamics and stochastic stability were analyzed for the one-dimensional
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case in [5]. Furthermore, the interface stochastic motion and singular perturbation has been studied for
many related models like Allen-Cahn or Ginzburg Landau and phase-field models, cf. for example [20] [4].

Integrating over ) we get
. _ e, fm%) , _
(1.9) 8, </Qm (5,t)d§> - /m 0y<—€Am + 7G2(5,5)>ds+/QG1(§,s)d£.

Therefore, fQ m=(&,t)d¢ is not conserved unless the second member of is null. Generally, due to the
presence of the external force field G, and the external mass supply Gi, a free energy decreasing is not
expected. For a mathematical analysis of the problem when G5 = 0 and Gy is in L*(Q) cf. [27, [16].

An equivalent system formulation of is the following

(1.10) om=(§,t) = Aps(§,t) + G1(&;€),

(111) HEE1) = —=Am(6,0) + 2 f(m°(6,1)) — Gal&;2),

where A is the Neumann Laplacian operator on 2. This representation will be used in our analysis. For the
purposes of this paper we consider the e-dependent generalized Cahn-Hilliard equation (1.8)) (and equivalently

the system (1.10]), (1.11])) supplemented with an initial condition

L1 . . -1 on
( . ) m (570) = mo(é-) — +1 on 98_7

where €} is the region of €2 enclosed by a smooth closed curve I'y and Qar =Q\ (QO_ U FO). Thus, we
are assuming that the interface is already initial formed. Further we take the following Neumann boundary
conditions

(1.13) Oym® =0,Am* =0 on 0.
We assume that the forcing terms G; and Go are sufficiently smooth, and that 9,Go = 0 on 02 so that

(1.13) becomes
(1.14) o,m® =0,u° =9,Am* =0 on 9IN.

We dot not require

(1.15) /Q G (&;2)de = 0.

Hence, mass conservation might not hold. The precise assumptions for the forcing terms G; and Go will
be given in Section 2. For sufficiently smooth initial conditions and forcing terms Gi, Ga, there exists a
unique classical solution of the generalized Cahn-Hilliard equation. The proof is analogous to that of the
homogeneous case presented in [16].

Notice that if we write in the original not scaled variables (z,t) the terms G; and G2 are small
perturbations of the standard Cahn-Hilliard equation. The term G in the original variables (z,t) is multi-
plied by a factor €2 and the term G5 by a factor €. The problem that we pose is the following. Take as in
the homogeneous Cahn-Hilliard equation, initial data mg(§) like in . Due to the presence of G; and
G the constant functions m® = +1 are not anymore stationary solutions of . But we still expect that
eventually at later times ¢ there will appear a fairly sharp interface between the regions where m¢(&,t) ~ +1
and where m*(&,t) ~ —1, centered on some smooth curve I';. We prove that this is indeed the case. We
derive the motion of I'; determining the vector field. It turns out that the leading term Vj in the vector field

Z;\:Ol eIV (FgN)), governing the interfacial flow (see (2.7)), is not the vector field generating the Mullins

Sekerka flow appearing in the sharp limit of the homogeneous Cahn-Hilliard equation. In fact, we obtain

(1.16) Vo(-,T1) = Va2 (, Ty) + (Vo)r,,
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where
| V" @.1as, = o,
and t
(1.17) (Vo)r, = ﬁ/gGLo(n)dn te[0,T].

Here, and in the following, we denote by dS,, the element of the arc length along I' or 9Q2. We will indeed
prove that, as ¢ — 0 the singular limit of (1.10) and (1.11]) leads to the following moving boundary problem:

Given a closed curve I' in Q2 that it is the boundary of an open set 2y C (2 find a family {Ft eEM:telo, T]}
and functions u(&,t) = u(¢,Ty) for t € [0,7T] and & € €2 so that

Aﬂ(gat) = _Gl,O(g) 5 S Q \ Ftv te [O7T)7

w(§,t) =2SK (1) — Gao(§) on Ty, Oyu(-,t)=0 on 09, te0,7),

Sl ) €eT, (),

(1.18) Vo(.Ty) =

Ty =TY,
where G 0(§) = lir%Gl (&¢e) and G2 (&) := 1iI%G2(§; e) and S > 0 is the surface tension defined in (4.32]).
e— e—

In [7] the authors applied formal asymptotics to analyze the sharp interface motion for generalized Cahn-
Hilliard equations of the form (1.8). The limit problem, which was formally derived in [7], agrees exactly to

(1.18)) which is rigorously proven in this paper.
We immediately obtain for any ¢ € (0,7

(1.19) 2/“ Vo, T)dS, = /F Dol ()dS, = _/

Au(n,t)dn=/G1,o(n)dn,
O\l Q

ie (1.17). Recalling that % Q.| = fl“t Vo(n,T')dS,,, we obtain that the area enclosed by I'; is not conserved
unless [, G1,0(n)dn = 0. Also, we have

d 1
(1.20) — | = / K(n,T)Vo(n,T')dSy = o= / pVo(n, Le)dSy + | Vo(n,T't)Gao(n)dsSy | .
dt r, 258 \r, I,
Let us denote by p®(-,T';) the restriction of u(-,T;) in QF. It follows that
2 [ watn.rds, = [ ptoutds, ~ [ wourds,
T r I

(1.21) = 7/ div(pVp)dé — / div(puVp)dE

—— [ vupac - / g = - [ 1vuac + / G (€)de

From these computations there is no reason to expect that 5|Ft| is not positive. So, even in the case when
the volume is conserved, i.e when fQ G1,0(n)dn = 0 the length of the curve does not decrease. The unknown

{I‘t €eQ:te [O,T]} and pu* are coupled through the system (1.18). However if the position and the

regularity of the moving boundary {Ft eQ:te [O,T]} is known, the chemical potential p is obtained by
solving at each time ¢ € [0,T") the elliptic boundary value problem

Aﬂ(fat) = _Gl,O(g) 5 S Q \ Ptv te [OvT)7

U220 e =2SK(ET) ~ Gagl©) on Tr Bu(H=0 on 90,  te0.7)
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In this sense we call a family {I'(¢);t € [0,T)} of surfaces a solution of (L.18)). To our knowledge there are
no result regarding the existence and the uniqueness of solution for the moving boundary problem of the
type . A modified Mullins Sekerka motion has been studied by [I7], but it differs from either
at the presence of the term —Gy ¢ which is replaced in [I7] by a specific function of time only, either at the
presence of —Gg o which does not appear in [I7]. We think that a method similar to the one used in [17]
might be useful to give existence and uniqueness of the classical solution of . For the purposes of this
paper, we assume that there exists a unique classical solution of the free boundary problem .

2. NOTATIONS AND MAIN RESULTS

2.1. Vector fields and flow on the curve space. Let M denote the set of all smooth simple closed curves
in Q c R2. To discuss motion in M it is convenient to introduce local coordinates in the neighborhood of
any given I' € M. To this aim we define:

Definition 2.1. Let K(§) = K(£,T) denote the curvature at a point £ € T for T € M. We define
k() := K(&)|.
(I) = max| K(¢)|

We denote by d(&,T") the signed distance of £ € Q from I'. We define d < 0 when ¢ is inside T and
d > 0 when ¢ is outside I". As long as d(§,T) < ﬁ there is a uniquely determined point 1 € I" such that

In — &| = d(&,T); this is the point in I' closest to &. Therefore, for any &g such that 0 < gy < ﬁ, let

N(eo) = N(eo, T) := {§ € 2 |a(&.T)| < o

) =
There is a natural set of coordinates in N(ggp). Given £ € N(gg) we denote by p the diffeomorphism
p:N(eo) = [—€0,e0] X T defined by p(€) = (d(€), s(£)) (whenever this does not cause ambiguity we omit to
write the explicit dependence of N or d on T'). We have that

§=s(8) +dv(s(6)),

where v(s(€)) denotes the unit outward normal to T’ at 8(5) For d € [—¢¢,¢e0] and s € T let a(d, s) be the

(d s)

Jacobian of the local change of variables «(d, s) = det 22 . A standard computation (cf. [2I], appendix])

gives a(d, s) = H?;ll (1 —dK;(s)), where K;(s), i = 1, .. ,n are the principal curvatures at s € I, in the
direction . When n = 2 we have

(2.1) a(d,s) =1—dK(s).

In the sequel we identify functions of variable £ and functions of variable (d, s) in the domain N (gq). We
denote by
d
s ==
€
the stretched variable.

The introduced coordinates in N(gg,T") provide the means to give M the structure of a differentiable
manifold and to study motions in this manifold, see [I1l Section 2]. A vector field V' on M is a functional
associating to each I' in M a function in C°°(T"). This function defines the normal velocity of a point on I’
and thus, describes a “flow” on M. More specifically, we may formally write

d
2.2 —Iy =V (I[y).
(22) Sro= V()
We denote the lifetime T' of the flow (2.2)), starting at ' € M as
(2.3) T:inf{t >0: k() < ko},

where kg is any arbitrarily chosen positive number so that k(') < kg < oco. If V(-,T") = K(-,T'), the curvature
at s € T', one obtains the curve shortening flow by curvature. When V(-,T) is given by (1.7) we have the
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Mullins-Sekerka vector field, described in the introduction. When V (-, T) is given by we have the flow
characterizing the sharp interface motion studied in this paper.

A given flow on M produces an evolution in C* () through the following device: Let m be any function
from M to C*°(Q2); we write m(§,T') to denote m(T") evaluated at £ € Q. Then a time dependent function
m(&,t) may be defined on Q as follows:

(2.4) m(&,t) = m(& ).

There is an obvious but useful decomposition of vector fields on M. Given a vector field V on M we may
apply the decomposition

(2.5) V(-,I)=VO@ )+ (V)p,
where

1
(2.6) V=15 / V(€ T)dSe.
and

VO(T) = V(D) = (V)r.
Since (V)1 is constant then by its definition V(?) is orthogonal to the constants in the L?(T") inner product
i.e satisfies

/ VO (n,1)ds, =0,
T

and therefore, it generates a volume preserving flow in the sense that for any ¢ the area enclosed by I' =T
is constant.

Under the ansatz given below, in this paper, we derive separate equations for the components V(O)(~7 I)
and (V)p for each of the vector fields V.

Ansatz 2.2. Let Vi, V1, Vs, -+ be a sequence of vector fields on M and mqg, my, ma,--- functions from M

to C*°(Q). For any given initial interface Ty in M and all N > 0, let FEN) be the solution of

dI‘EN) = j (N) . (N)
(2.7) L= ;O S| (rf) with gV =T
We define the function mW)(€,t) by
&I L S
(N) — Tt , (N)
(2.8) m () = mo(T2—) # 3 mleri,
and notice that mN)(€,t) depends on t only through FEN).
We set
€\ _ 5
(2.9) mo(z) = r(;z)m(z) + (1 - r(;z))sgn(z),

where m(z) := tanh(z/v/2) [ defined for any z € R is the unique solution of the Euler-Lagrange equation
—m"(2) + f(m(2)) =0,  zeR, lim m(z) = £,
z—Fo0

and 1 is a smooth even unimodal cut-off function, r(u) =1 for |u| < 3 and r(u) =0 for u > 1.
In addition, let

d(e,r\")

(2.10) m; (6,1 = hj( -

SEDM)) + T, geq =1 N,

LThe explicit form of the solution is never used. We will use only its qualitative properties.
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where hj are C*(Q) functions equal to 0 in Q\ N(gg) and when d(f,FEN)) = 0. The functions ¢;, j =
1,--+, N are in C*(Q), satisfy the Neumann boundary conditions on 02 and admit a global Lipschitz bound,
independent of €, i.e.

il ipiy <C j=1,---,N,
where C is a constant independent of .

Notational convention Below we denote by mN) (¢, ) := m(N) (¢, 1“§N)) and (N0 (1) == VU (€, FEN)).
If there is no ambiguity we write I" or I'; for FgN). Trough what follows, we write C' to designate a generic
positive constant independent on e. Its actual numerical value may change from one occurrence to the next.

Remark 2.3. The Ansatz must be modified when G1 and Go depend on time. The (2.8]) should be

replaced by
N

(N)
m™(€,1) = mo(@) +_elmy(€ 6 Ty).

j=1

Notice that m(N)(f,t) depends now on t not only through FEN). One can verify that the first order function
(V)
mg keeps to depend on t only trough I';"".

2.2. Main results. We start constructing a function m)(&,T;), for £ € Q and t € [0,T] where T is the
lifetime of (2.7) and show that it is an approximate solution of ([1.8). We make the following assumptions
on the forcing terms G and Gs.

A1l: Assumptions for G; and G5. For any N > 1 we require

N—-1
Gi(&e) =Y GO +NGin(6e),  [Gin(Ee) <C,
j=0

(2.11)
Gij € C*(Q) j=1,---,N—1, i=1,2,

&,GQJ:O on GQ, jzl,,N

Remark 2.4. We require G; ; € C>®(Q) for j=1,--- N —1 and for i = 1,2 to avoid regularity problems,
but this assumption can be relazed.

Theorem 2.5. Let N > 1 and G1 and Ga be as in assumptions Al. There exist vector fields Vj, j =
0,---,(N=1) and functions mj, j =0,--- , N as prescribed in the Ansatz having the following properties:
Let T denote the lifetime of the solution of (2.7) in M. Then there is a constant Cn so that for allt <T

N-1 N-1
(212) 0™ (€,0) = A | —eAm™ (€,0) + ~f( M (&, 0) = 3" SGa5(0) | + Y Gy (O +ARM (1),
j=0 j=0

where

(2.13) sup ‘R(N) (f,t)‘ < CyeN1.
£eQ,te(0,T]
Finally, the sequences of vector fields and functions are essentially uniquely determined since given V; for

j < k then Vi is determined up to O(e*+1), and similarly, given m; for j < k then my is determined up to
O(ekt1).

Remark 2.6. In Theorem and in the following, the symbol O(e™) denotes terms which are of order €™
uniformly in all their variables. The qualified nature of uniqueness stated in this theorem is an indication
that there will be choices to be made at every stage of the approrimation.
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The proof of Theorem follows the main lines of the scheme introduced in [II] and it is proven in
Section 5. There, the complete result relating the solution of and its sharp interface limit is given. The
construction behind the proof is patterned on the Hilbert expansion of kinetic theory. We refer the interested
reader to [I1, Subsection 3.2] where this connection is discussed. We first construct an approximate solution
up to order N of the chemical potential ¢ (cf. (I.10)) assuming that the left hand side of is known
and it is given by the Ansatz[2.2] This is done in Section 3. We, then, insert the constructed approximate
chemical potential into . The approximate solution m™®) is determined provided certain compatibility
conditions are verified. This is done in Section 4. Finally in Section 5 we construct (m™), 7N =1) where
m™) is an eV modification of m®Y) and V=1 is an eV ~! modification of V=1 and we show Theorem

Let Vj, j = 1,--- ,N — 1, be the sequence of vector fields introduced in the Ansatz According to
([2.5), we split them as

V(D)= VO + (Ve ,  j=1,---, N1

The term ij(o) is determined in Theorem H by applying the Dirichelet-Neumann operator in the context
of potential theory, while the term (V;)r, which is constant on I', is determined in Theorem |3.1

As already explained in the introduction, the leading term V4 in the vector field Z;V;Ol el Vi (F,EN))
governing the interfacial flow (cf. (2.7)) is given by
Vol o) = V" (. T) + (Vo).
The family of curves {Ft € M,t € 0,T ]} driven by Vj is the solution of the moving boundary problem

(1.18). For a curve I' € M, the term VO(O)(I‘) is determined, see Lemma as a real valued function on I
given by
(214) V(6 1) = [Dumooolp (€) €€,

where the brackets on the right denote the jump in the normal derivative across I'. For each I' € M, po 0,0
is the solution of

(2.15) Aup€) =0 for Ee Q\T,
subject to the boundary conditions
K(¢£)ds 1 B ds
(2.16) pu(€) =S (K(g) - ffl(s')ﬁ) +3 (30,0,0(5) - W) on T, du=0 on O
The term By (cf. (4.39)) is given by
(2.17) Bo,0,0(§) = —2[f10,0,0(§) + G2,0(§)] el
where (cf. (4.38))
(218) foaa(€) = (alr2 [ Gemas, - [ Gle.mGratman
r
for G(&,n) the Green function in 2, with Neumann boundary condition on 99, satisfying the equation
1
(2.19) AG(&m) =6(6—n) — ok
so that
(2:20) | tenan= [ cemas=o.

The second step is to show that there is an actual solution of (1.8) close to the constructed approximate
solution m(M)(-,-) whenever both of them start from the initial datum m§, see (1.12). This step for the
standard Cahn-Hilliard equation (i.e. for G; = G5 = 0) has been proven in the work of Alikakos, Bates and



10 ANTONOPOULOU, KARALI, ORLANDI

Chen, [T, by application of spectral estimates. We use the spectral estimates as in [I]. Namely the liner
operator

Lw=A (eAw S ™) <t))w) 7

that one obtains linearizing at m(N)(t), t € [0, T); the solution constructed in Theorem [2.5} is the same
as in [I]. The approximate solution has the requirements needed to apply the spectral estimates proven
by [2] in two space dimensions and by [12] in arbitrary space dimensions and in more general setting. The
assumptions imposed on the forcing terms G; and G5 together with the assumption are enough to
have these terms under control. We state the theorem and we outline in the appendix the proof.

Let p > 0 and || - ||5,o be the usual norm in LP(2), then for T > 0 we define the norm

T 1/p
e = [ el ) ™

Theorem 2.7. Take N > 1, G1 and Gs as in Assumption Al. Further assume that
(2.21) / Gin(&e)dE =0, Ve > 0.
Q

Let mMN)(t) for t € [0,T] where T is the lifetime of 2.7, be the solution of ([2.12)). Let m® be the solution
of the generalized Cahn-Hilliard equation supplemented by the boundary conditions and having
initial datum m?(€,0) = mN)(£,0), € € Q. Then, there exists €9 > 0 so that for all € € (0,0, for any pair
A>3 N > 305 it holds that

(2.22) Im* = m™l 0, <&

Remark 2.8. The result of the previous theorem coincides with the analogous result in LP(Qr) norm of

Theorem 2.1 of [1] for the case G = Gy = 0 in dimensions n = 2, since 3 = p = 22—13 and since
2

A>3 = (n 4 2)nF5H0,

Remark 2.9. Set C:'LN,l = G1,n—1 +eG1 N and therefore C:'LN = 0. Determine the velocity field Vy_1
replacing G1 ny—1 with Gy ny—1. In this way the condition (2.21)) of Theorem 18 trivially satisfied.
3. THE CONSTRUCTION OF THE APPROXIMATE CHEMICAL POTENTIAL

In this section, we apply potential theory to show the following result.

Theorem 3.1. Take N > 1 and Gy as in Assumption Al. Let FEN), t € [0,T], be the solution of (2.7))
in M, with T its lifetime, see (2.3). Let m(N)(o,FgN)) be as in the Ansatz . There is a unique way

to determine the (Vj>(1",(5N)), j=0,---,(N —1), such that there exists a unique (up to a constant in &)
expansion
N-1
(3.1) pE ) = Y e t)  inQx (0,7),
i=0
with
N-1
(3.2) omMN (&) = ApNTI(E ) + Y9G ;(€) + Ral€ te) in Q x (0,T),
§=0

with Ry given in (3.14). Further p™N=Y(-,t), for t € (0,T), is a C>®(Q) function satisfying the Neumann
homogeneous boundary conditions on 051,

(3.3) sup  |Ry(&,t,e)| < C(T)eN T,
£,6€Qx[0,T]
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and
(3.4) sup | [ Rale,t,0)de] < O(T)eN
tel0,T] JQ
where C(T) is a constant independent of . Moreover, the terms u; appearing in (3.1) are specified by (3.18]),

(13.27) and (3.38)) below.

We look for a function V=1 from M to C>(Q) having the form
(3.5) pNY(ET) = Za,ulfl—‘ £eq, Oy =0 on 09,

where p;, i =0,--- , N — 1 are functions to be determined. We insert into - ) the function m(N), given by
the Ansatz[2.2] and ,u(N 1) given by (3.5] ., where both are evaluated at I' := I‘(N) for I‘(N) the solution of
(12.7). Therefore, we obtain (IV — 1) Laplace equations for u;(- ,I‘(N)), i=1,---,(N—1). The compatlblhty

conditions are needed in order to solve these equations and determine (V;)(I' EN)) for j=0,---,(N—1).

When differentiating m (¥ )(.7 FgN)) with respect to ¢ we need to take into account that m(™) depends on
I'; through a fast and slow scale. The fast scale brings a factor 1.

Definition 3.2. Let m be a function from M to C*(Q) of the type h( gr) s(&, )) and V be a vector
field on M. We define

(35 pym(e,1) = 1w (T e m)visce)),

where the prime indicates the derivative of h with respect to the first variable z = @.

In addition, for any Wy = ij:_ol eIV with Vo, - -+, Vy_1 vector fields on M, we define

N-1
(3.7) Dw,ym(§,T) ==Y & Dy,m(&,T).

=0

Note that by the orthogonality of V¢d with respect to the surface there is no contribution in (3.6) from
s(&,T). Therefore, cf. [T1] for the detailed computations, differentiating ([2.8]) with respect to ¢, applying the
chain rule at the right-hand side (here the velocity will appear since m; are defined on I') and then using

(2.10), (3.6) and (3.7, we arrive at

8ym™) =Dy (m™)) = Dyymg + € [Dy,mo + Dyymi]

(3.8) N-1
+ &2 [Dvym1 + Dy,ma + Dy,mg] + -+ + &~ 7* Z Dymy-1-i| + Ry + E,
i=0
where
N-1
(3.9) Ry =&V lz Dy,my_i| + O(N).
i=0

d,r
The my is the function defined in (2.9) and the term E = E(&,t,€) is obtained by differentiating T<M>7
€0
the unimodal function appearing in the definition of mg, with respect to the velocity field. E is given by

(3.10) Jop ( () ) [Z SVi(o ] {m = [ Taeroso — Taero<o| -

€0
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€0

Note that F is exponentially small since ' is different from zero only for 52 < |z| < £ while m converges

exponentially fast to +1 as z — +oo, [II]. Taking into account (3.8) and ([L.10) we obtain a set of N
equations for the pu;, i =0,--- ,N — 1.

Zero order term in c:

1
Dvomo = g%ml = Apg + Gl,O for Ee, te [O,T],
Oyito =0 on 09,

(3.11)

where (1 o is the zero order term in ¢ of Gj.

First order term in e:

(3.12)

[Dvlmo + DVoml} =Ap +Gi for  £€Q, te]0,T],
Oypr =0 on  0N.

n-th order term ine (n < N —1):

=Apn +Gip for e, tel0,T],

Dy, n—i
(3.13) [ZE v
Oupin, =0 on 0.

Remainder term: The remainder term, see (3.9) and (3.10)), is given by

(3.14) Ri(&t,e) =eVNGin(€e) + Ry (&, t,e) + E(E,t,¢e).

Since the derivative in Ry (cf. (3.9)) brings down a factor e~1 then this yields easily the next estimate for
Ry

(3.15) sup |Ry(&,1)]| < C(T)eN
(&,t)eQx[0,T]

Further, one gains an extra power of ¢ when integrating R;, since the terms of order ¢V ~! have support in

N(eo)

(3.16) sup / IRi(€,t, 2)|dé < C(T)eN.
te[0,T]JQ
In the sequel, we prove existence and uniqueness (up to a constant) of solutions of the equations obtained
so far at different orders. In Lemma |3.3|and in Lemma we consider the first and second order equation
respectively. Finally, in Lemma [3.6| we outline the proof for solving the equation to a generic order. In the
next lemma we write in an explicit way the dependence of the mean velocity on €. This is done in order to
get easily the leading velocity field governing the interfacial flows, see (2.7]).

Lemma 3.3. Under the conditions

Vo(-,Te) = Ve (-, Te) + (Vor, [1 + co(e)],

(3.17) ) 1
‘/0 (,’77Ft)dsn = 07 <VO>Ft = Gl,O(n)dn te [07T]7
r, 2] Jo
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where co(e) defined in (3.24) goes to zero exponentially fast as € — 0, there exists a unique solution (up to
51]

constants in &) of given by

319 H0(6.T0) = 00 (E.T0) + (&7,
where
(3.19) o6, = [ 66 (L (D) O 6.7 ) dn-+ ol

Here, co(t) is a constant (in &) to be determined, and

(3.20) fi0(&,Te) = (Vo)r,[1 + co(e)] /Q G(&n) (imé (d(n;m

The term g is in C°(Q) for any t € [0,T].
Proof. Because 0,19 = 0 on 09, the solvability of (3.11]) requires that for all ¢ € [0, T]

.21 [ (Gt (M) vt 0 an — [ Grotman =

In two dimensions (note that in three dimensions there will be extra terms), by using local coordinates it

follows that
/ (1ma (d(”ft))vo@(n),t)) an= | B (ima (d(”f”)vo(s(n),t)) an

£0

- é/r/_z mB(z)VO(Sat)E(l - EZK(S))dsdz

€

=0} 00}
:// mg(z)Vo(&t)dsdz—g// zmg(2)K (s)Vo (s, t)dsdz
TJ—_%0 TJ_%0

)) dy — /Q G(€.n)Gro(m)dn.

(3.22)

£o
:/F[mmé(Z)%(S,t)dsdz:2(1—6*?0)/ Vo(n,T4)dS,).

Iy
The last line holds true since my(, is even and exponentially decreasing. Replacing now (3.22)) in (3.21)), we

obtain

(3.23) / Gro()dn =201 —e=2) [ Vo(n,T)dS,.

Iy

Taking into account the splitting Vy = 0(0) + (Vo)r[1 + co(e)], (cf. the first and second equality in (3.17)),
and using (3.23)), we arrive at

[ Vot Topds, = [l(Vayelt + eo(e)) = 501+ o)) [ Grotman
Ty Q

where
_0
(3:24) cole) =
(1—e %)
This forces to take V; satisfying the third relation of (3.17)). By potential theory, once the compatibility
condition is satisfied, the solution is given by ((3.18)). a

Remark 3.4. Note that (Vo)r, and fig(&,Tt) are completely determined once we know mg. The quantity
to,0(&,Tt) depends on co(t) and VO(O). These quantities will be determined when proving Theorem .
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3.1. The first order term in . For the derivation of the first order correction we need to prove the

solvability of equation ([3.12)).

Lemma 3.5. There exists a unique (up to constants in &) solution p1 of (3.12) provided that

(3.25) Vi) = VO + (Vi)r,,

with

(3.26) [ vi%mroas, =0, vie .1
and (V1)r, chosen according to

1% 1 G1,1(8)dE -
Vi)r, = 2|F| +co(e [/ 1,1(§)d€ 1()}7
where by (t) is defined in (3.30) and co(e) in (3.24). The solution is given by

(327) H1 (5, t) = /1/1,0(57 t) + ﬂl(f7 t))
where [11 is defined in , while
(329 palet) = [ ot (T (D) VO stmn)) dn b e

Here, c1(t) is a constant (in &) to be determined. In addition, the solution is a C*°(Q) function for any
te[0,T].

Proof. The solvability of (3.12) requires that

(3.29) /Q [Dyimo + Dyyms | - /Q G1a(€)dE = 0,

for any t € [0,T]. Here, we are assuming that mj, mg and Vj are already determined and so we define
(3.30) bi() = /Q Dy, myde.

Proceeding as in we obtain

(3.31) /Q Dy, modé = 2(1 — e=2) /F Vi (n)dS,.

Taking into account the decomposition (3.25)) and relation (3.26)) we have
[ Vi ras, = e,
T

Therefore, relation (3.29)) is satisfied if

(332 Wir, = g+ o) | [ Gua@de - a0

where cp(g) is defined in (3.24). This determines (V4)r,, the projection of Vi(I';) onto the constants. The
solution of (3.12) exists and it is given by

(3.33) pi(é,t) = / G(&n) [Dvlmo + Dvoml}dﬂ - / G(&n)Gra(n)dn + ci (D).
Q Q

Since we shall use the decomposition ([3.25)), it is convenient to write

(334) Ml(f? t) = M1,0(€7 t) + /]‘1(57 t)7
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where f11,0(§,t) is given in (3.28) and fi; is defined as follows

(3.35)  jii(& /G£ n)Dyymadn + (Vi)r /Gé, (1 <(M;F)>dn—/ga(£m)(¥1,1(n)dn
0

Lemma 3.6. The solution p;(-,t) of (3.13) for 2 < j < N —1 exists and is unique (up to constant in &)
provided that

(3.36) V(T = Vi (0 + (Vi)r,.

(3.37) /FVJ.(O)(s,rt)ds =0, Vtelo,T),

and (V;)r, is chosen according to (3.44). It is given by

(3.38) 1 (65 t) = pj0(8,8) + f1; (&, 1),

where

(3.39) o) = [ Geon (Lo (D) VO s(00.0)) an + 50,
and

ﬂj(§7t) :/ G(fﬂl) [z_: DVnmj—n] d

/Gé, ( ( (W;Ft)»dn+/QG(§,n)G1,j(n)dn

The solution (-, t) fort € (0,T] is a C*(Q) function.

(3.40)

Proof. The proof is analogous to the proof of Lemma [3.:5] The solution exists if

(3.41) /Q L;)Dvnmj—nl dg */QGl,j(f)df =0,

for any t € [0,T]. Here, Dy, m;_,, for n=0,---,j — 1 are determined and so, we define

j—1

(3.42) b;(t) = / lz Dvnmjnl de.
2 | n=0

Requiring (3.36)) and (3.37)) we obtain

(3.43) / Dy, modé = 2T |[1 - e~ £}V
Q
Hence, to fulfill relation (3.41)), we must take
1
(3.44) Ve, = gl el | [ G - y00).
2Ty 0
where ¢q(¢) is defined in (3.24). This determines (V;)r,, the projection of V;(I';) onto the constants. It still
remains to determine the orthogonal part Vj(o). The solution of (3.13)) exists and is given by (3.38)). O

3.2. Proof of Theorem From Lemma Lemma and Lemma we have that uV—1 satisfies
by construction (3.2). The remainder R; is defined in and estlmated in and - The term

pN=U (. 1) for t € [0,T] satisfies the homogeneous Neumann boundary condltlons by construction. Thus,
Theorem [3.1] holds true. O
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4. DERIVATION OF THE EQUATIONS FOR m@)

Next theorem assures the existence and (essential) uniqueness of the functions m;, j =0,---, N, having
the properties required in the Ansatz [2.2] Existence and uniqueness are obtained provided that a certain

compatibility condition is satisfied. This determines Vj(o), the orthogonal part of the velocity field.

Theorem 4.1. Take N > 1 and Go as in Assumption Al. Let T be the lifetime of the solution of (2.7))
in M. Let pf™N=D(-,t), t € [0,T] be the function constructed in Theorem . Then it is possible to choose
the vector fields Vj(o) so that there exist mj, j = 0,--- , N, having the properties prescribed in the Ansatz
such that

N-1
(41) :u‘(Nil)(ga t) = 7€Am(N) (Ea t) + éf(m(N) (fa t)) - Z 5jG2,j (E) + R2(£a ta 8) in Q x (07 TL

j=0

with Ry given by [&.71). Further, m™) (- t) fort € [0,T] is a C>(S2) function that satisfies the homogeneous
Neumann boundary conditions and

(4.2) sup sup |Ry(&,t,e)| < CeV.
£€Q t€(0,T]

Finally, the choice of the term Vj(o) is specified by the equations (4.31), (4.51)) and (4.63) given below.

In (T.11) we insert at the left-hand side the already determined function p(N=1)(-, 1“§N)) and we obtain

(4.3) e = —eamen + 0D gy w ax o),

Then V=1 is written in terms of m(™), chosen according to the ansatz. Here, we prove that there exists
a unique way to find the function m(), having indeed the property required in the ansatz and satisfying
equation in a certain sense (to be specified in the sequel).

The existence of any m;, j = 0,---, N is obtained provided that a compatibility condition is satisfied.
This compatibility condition forces us to define properly Vj(o), j=0,--- (N -1).

We distinguish two main steps:
e Step 1: Determination at any order of the equations. This is carried out in the Subsection [{.1]
e Step 2: Analysis of the equations derived at step 1. This will be done in the Subsection [{.3

In the present and in the next subsection I'; is kept fixed, therefore, for the sake of a simpler notation we
drop the subscript ¢, except of the cases that a subscript use may add some clarity in our arguments.

4.1. Determination of the equations for m;, j = 0,---N. To separate the fast and slow scale of mWV)

near the surface I', we write the Laplacian in the system of local coordinates introduced in Subsection 2.1.
The expansion in ¢ of the Laplacian written in this coordinate system is reported in the Appendix, subsection
A.2. We then match the right and left terms of the equations having the same power of ¢, distinguishing the
case where £ € N(gg) from the one with & € Q\ N (gg). We therefore, get at any order two sets of equations:
one for £ € N(gp) and the other for £ € Q\ N(gg). Since the interface separates 2 in two regions we will
distinguish those £ € 2\ N (eg) which are inside T' from those £ € Q \ A (gg) which are outside T'.

Taking into account formula in the Appendix, denoting by ’ the derivative with respect to z, and
by a,, b,, ¢, the quantities defined in , after simple, however lengthy computations we obtain the
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following identity

N
2AmWN)(z,5) = {m”(z) + Z g™ [ (2, 8) + an(z, s)m']}

n=1

N n—1
(4.4) {; ;anlzsh’zs Z lz:bnlzsd2 (23)1

n=

Z icn (2, S)zshi(z,s)} +e2A [Zsiqbi(f)]

=1
+ E1 (&, ,e) +eNTLAE ¢ e),

with
(4.5) sup  |A(¢,t,e)| < C(T),
(&,t)e2x[0,T]
(4.6) sup [ deJA(€.1.0)] < (D),
t€el0,T] JQ
(A7) Ei(e) = SQN(d(i;F)) {m(d(i’ F)) = [Tae,ry>0 — H{d@,m@ﬂ} H2ENrV {m(d(i F))]’
and
(4.8) lim sup  |E1(&, t,e)| =0.

€20 (¢,1yeax(o,T]

Let us now define f; such that

N N
(4.9) Fm™)) = f(mo) + f'(mo) lz e'mi| + > e filmo,ma,...mi) + N By e),

i=1 =2
(4.10) sup  [Byyi1(§,t,e)[ < C.
£eN,te[0,T]
One can easily obtain f; for any ¢ = 2,--- , N by using Taylor expansions up to N — 1 order for f around

mo and collecting then the terms of the same power of ¢.

We insert ( and into and equate terms having the same order in & (when estimated with
the L>(Q) norm) obtalnlng, this Way, two equations at any order, one for £ € Q \ N (gp), and the other for
¢ € N(eg). The equation for £ € 2\ N(gg) will determine ¢; which are the slowly varying terms, while
the one for £ € N(eg) will determine h; i.e. the rapidly decaying terms. When deriving the equations for
& € N(gg) then terms of the type Ag;(ez, s) appear. The ¢; are C* functions, since they are proportional to
i, and they have the same type of singularity in € when differentiated in €. So, the terms "t A¢,, 1 (g2, s)
are of order O(e"), and therefore, we write them in the € order equation.

In the following we will use the notation f(+1) (or f(m(+o00))) in Q\ N (gp). This refers to the fact that
I separates €2 in two sets, i.e. Q1 which is the part outside I" and Q= the part inside I'. Therefore, + refers
to different regions of (2\ N (o)) NQE. It is convenient to write the external potential G ;, for i = 0,--- , N
in local coordinates when & € N(gg). We therefore identify G ;(§) = G2,(d(§,T),s(¢,T)), for i =0,--- | N.

Zero order term in e: Matching gives

(4.11) 0= —r(%z)mg(z) + f(mo(2)) for z€ [— Z—O, %O],
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and

(4.12) Flmo(£00)) =0 for €€ Q\N(e).

First order term in e: Again matching gives for z € [f%’, %“] and se T’

(4.13) po(ez, s) = — [h7 (2, 8) — K(s)mg(2)] + f'(mo) [h1(z, 5) + ¢1(e2,5)] — G20(e2, 5)
and
(4.14) po(§) = f'(m(£00))$1(§) — G20(§) for €€ Q\ N(eo).

Second order term in ¢:
pr(ez,s) = — [hy (2, 5) — K*(s)zmg(z) — K(s)hi(z,5)]

(4.15) ,
+ f'(mo(2)) [ha(2, 5) + ¢2(e2, 8)] — eAdi(ez, 8) + fa(mo, m1)(ez, s) — Ga1(e2, 8),

(4.16) p1(8) = f'(m(£00))d2(8) + f2(m(£00), $1(€)) — eAd1(§) — G2,1(§)  for £ € Q\ N(e).
More explicitly the f term for £ € N'(gg) is given by
Falmo mn)(e2,8) = 1 7(mo(2) [ (2. ) + 63 (6. 5) + 261 (22, 5 (2.)]
and by
Falim(00), 61(6)) = 5 " (m(£00)) 53 (€),
for £ € O\ N(ep).

n-th order term in ¢ (3<n < N):

n—1
pn—1(e2,8) = — hil(z,8) + an(z, s)my(z) + Z an—i(z,8)h(z,s)
n—2 e - n—3 d
(4.17) + ; bp_i(z, s)@hi(z, 5) 4+ Lgp>ay ; cn—i(z, s)£hi(z, s)
— eApn_1(2,8) + f'(mo) [hn(2,8) + dn(ez,s)]
+ fo(mo,mi,ma, ..ymp_1)(ez,8) — Gan_1(e2, s), ¢ € N(eo),
(4.18) fn-1(8§) = —eA¢n_1(§) + f'(E1)Gn(E) + fu(£L, 61, b2, .., dn-1)(§) — Ga,n-1(8),

for £ € Q\ N(eo)-

Remainder term: The remainder Ry(&,t,¢) = Ry is the following:

(4.19) eRy = NGy v + eV A+ N2 ApN + B + eV By .
From (4.5)), (4.8) and (4.10) we obtain
(4.20) sup  |Ra(&,t,e)] < CeN.

(&,t)eQx[0,T]

Remark 4.2. Since, for i = 0,--- , N, we required 0,G2; = 0 on 08 then the p; constructed in Theorem
satisfy O, p; = 0 on 0Q); to obtain O,m; =0 on 0N it is enough to have d,¢; = 0 on ON).
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4.2. Analysis of compatibility conditions. Our aim is to analyze the equations obtained so far in the
previous subsection. The strategy is to find first at each order in € the slowly varying part ¢; by solving
the equations for & € Q\ N (eq, F,gN)). Then, we extend ¢; globally in €2 and determine the rapidly decaying
part h; by solving the equations in £ € N (%, FEN)). However here, in order to continue to arbitrary order,
it is convenient to modify the way we extract the compatibility condition required for solving the equation
for h;. The modification is to add and subtract to each order a term of lower order eta;(s,I')m/(z),
with a;(,T') € C*°(T"). Adding and subtracting terms does not change, of course, the total quantity but it
modifies the equation we obtain at each single order. In the following, for the sake of short notation, we
write «;(s) = a;(s,T).

At each order ¢ > 1 in ¢ the associate function m; splits into two parts. The first is the function ¢; defined
globally in 2 and satisfying Neumann condition on the boundary of Q) while the other part is the function
h; which differs from zero only in a tubular neighborhood of T, A(g¢,T"), and is exponentially decaying to
zero far from T'.

The zero order term is different in the sense that mg far from the interfaces relaxes exponentially fast to
+1. We first state the following lemma, which is taken from [I]. We shall use this lemma to determine the
condition for solvability of equations of the type , where £ is the operator on L?(R) defined by

(4.21) Lg(z) = —g"(2) + f'(m(2))g(2).
The operator £ is self adjoint on L?(R) and has a null space spanned by m’. Therefore, the condition for
solvability of Lhy = g is

(4.22) /Rg(z)m’(z)dz =0.

Lemma 4.3. [see [1]] Let A(z,s,t) defined for 2 € R, s € T', t € [0,T]. Assume that there exists A% (s,t)
such that A(z,s,t) — AT (s,t) = O(e™®?l) as |z2| — oo for s € T and t € [0,T]. Then for each s € T and
tel0,T]

(Lw)(z,s,t) = A(z, s,1) for z € R,

(4.23) w(0,5,) = 0, w(-,s,t) € L¥(R),

has a solution if and only if

(4.24) / A(z,s,t)m/(z)dz=0  forall  seT, t € [0,7T].
R
In addition if the solution exists, then it is unique and satisfies
14 A* (57 t) —az|
(4.25) D} (w(z,s,t) + NTOR = Oe ) as |z] = oo, for £=0,1,2.

Furthermore, if A(z,s,t) satisfies
D™ DIDE [A(z, 5,t) — A% (s,1)] = O(e™ 7)),

then
AX(s,t)

f(1)
forallm=0,1,--- M, n=20,1,--- N, and £ = 0,1,--- , L + 2. Further, since L is a preserving parity
operator, the solution w(z, s,t) is odd (even) with respect to z if A(z,s,t) is odd (even) with respect to z for
sel andte[0,T].

Remark 4.4. Note that if A(-,-,-) € C®° (R x T x [0,T]) then the solution w(-,-,-) of the problem (4.23)) is
a function in C* (R x T' x [0,T]). This would be always the case whenever we apply Lemma .

D™D D¢ [w(z,s,t) + = O(e™o2h,

The compatibility conditions must hold for every I' in M, and so, in our derivation we refer to I' :=T%.
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4.2.1. Zero order term in : For £ € N(5) using (4.11]) we obtain

(4.26) 0= —m"(2) + f(m(z)) for z¢ [— ;% %]
while yields
(4.27) 0=f(£1) for ¢&eQ\N(e).

The above relations determine mg, more specifically mg(z) = m(z), where m solves the equation

-m"(z) + f(m(z)) =0, z€R.

4.2.2. First order term in € and determination of Vi via the Fredholm alternative. As explained at the
beginning of this section, it is convenient for solving (4.13)) to add a term ea;(s,T')m/(2), s € ' and z € R,
with a1 (+,T') to be determined. This term will be subtracted to the second order. Recalling the definition

of £, see (4.21)), and adding ey (s)m/(2), we write (4.13) as
(4.28) po(ez, s) — f(m(z2))g1(ez, s) — K(s)m/(2) + eai(s)m/(z) + Ga,0(e2, 8) = (Lh1)(z, 8),
for s € T, |2| < 52. By (4.14) we obtain

po(§) + Ga,0()
fr(m(£o0)) ’

We extend this definition of ¢; globally in . We then insert (4.29) into (4.28) obtaining for s € T,
2] < 52

(4.29) $1(§) = £ € Q\ N(eo).

frm) | () Fm)
fr(£1) fr(#£1)
Since the left hand side of (4.30]) tends exponentially to 0 as z — fo0, if the solution of (4.30) exists (cf.

Lemma [4.3]), then it decays exponentially fast to 0. We can, therefore, extend (4.30)) for any z in R.
We prove the next result.

(4.30)  po(ez,s) {1 — ) Gaplez, s) — K(s)m'(z) + eaq (s)m/(z) = (Lh1)(z, 5).

Lemma 4.5. Set

(0) _ Jr K(£)dSe 1 Jr Bo,0,0(§)dSe
sy viPen) =7 s {x() - LERT L 00 - P08 ) ger,
where
(4.32) S= i /R (' () dz,

and Booo(-) is defined in while Tr is the Dirichlet-Neuman operator given by (6.4). Then there
exists a uniquely determined ay1(-,T) € C®(T') and a unique solution hq(-,s) of with s € T', such that
h1(0,8) = 0 and hy(-,s) € L*°(R). Moreover, hi(-,s) for s € I and its derivatives with respect to z decay
exponentially fast to 0 as z tends to +oo. Further hy(-,s) = izl(-,s) + eq(+, 8) where Bl(~,s) 18 an even
function of z, h1(0,s) = 0 and hy(-,s) € L(R).

Proof. We start determining h; as solution of

PO | (- Lt

(4.33)  uo(0, s) {1 BTEsy f’(:l:l))) G2.0(0,5) — K(s)m'(2) + eay (s)m’ (2) = (Lhy)(z, ).
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Equation (4.33) differs from (4.30]) only for terms of order . Namely |G20(0,s) — G2 o(ez,s)| < Ce|z| and
|0 (0, s) — po(ez, s)| < Celz|. For any fixed s € T', the condition for the existence of hy requires that

/RMO(O,S) {1 — Jm} m'(z)dz +/RG2,0(0,8) [1 — f}(/zz(f)))} m'(2)dz

:m@—mm»/mvﬁm for sel.
R

Taking into account that [, f'(m(z))m’(z)dz = f(1) — f(—1) = 0 and [ m/(z)dz = 2 formula can be
written as

(4.35) 2[110(0, 8) + G2,0(0, s)] = [K(s) — Edl(s)]/ (m’(z:))2 dz for seT.

R
Recalling (3.18) we obtain

(4.34)

2#070(0, S) = 72[&0(0, S) — 2G270(0, S)

+m@—m$»4@wWw for seT.

(4.36)

Further, we set

(4.37) 00.0(6) = 2 /F VO )GEn)dS, +eolt) €€,

(4.38) Fino0(€) = 2(Vo)r / G(£.m)dS, - /Q Ge,mCromydn €€,
and

(439) BO,O,O(S) = -2 [[Lo,oyo(o, S) + GQ’O(O, 8)] .

It is immediate to see that

100,0(&) — p0,0,0(§) ~ ¢,
fio(§) — fro,0,0(§) ~ €.
We first choose VO(O) imposing for s € T, cfr (4.36)), the next identity
(4.40) 24000(€) = Boao(©) + K(€) [ () dz €eT.
R

Inserting (4.37)) in and integrating over I" we obtain that
(4.41) /dS /Vo G(&,1)dS,) + 2¢o(H)|T] = /K ng/( (2 ))2dz+/B0’0,0(§)dSE,
r

and therefore,
(1.42) cO<t>=2|1F|[/F K(©aSe [ () ds+ [ Buao(ase—4 [ ase [ ViOmGie n)ds}

We note that ¢(t) is written in terms of the velocity field Vo which still needs to be determined. We insert

co(t), as in (4.42), into (4.40) to obtain the equation determining VO(O)
K(£)dS 1 Bo,0,0(§)dS
SFVO(O) (n,I)=S5 {K(n) - frmé] + 1 [30,0,0(5) - frm& nel.

Here, St is the linear operator defined in (6.5)) and S the quantity defined in (4.32)). Applying the Dirichlet-
Neumann operator, see , we arrive at (4.31). The above determines first VOO and then cq(t), see (4.42).
Now since VO(O) and cy(t) are chosen, we may then simply choose &;(s) so that (4.34) is satisfied. Then for
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any s € T, the existence of a unique hy satisfying 711(0, s) = 0 is assured; i:zl is exponentially decaying to zero
as |z| = oo. Since the left-hand side of (4.33]) is even, then the solution hy(-, s) is even as a function of z.
Define eq. (-, s) = h1(-, 8) — h1(-, s) and subtract (4.33)) to (4.30). We have that ¢.(-, s) satisfies

(4.43) é {1 — JM] [to(ez, 8) — po(0,8) + Gao(ez,5) — Ga,0(0, s)] + [a1(s) — ar(s)]m/(2)
= (‘Cqs)(za S)’

where aq(+) must still be determined. We determine a4(-) so that the following solvability condition for
ge (-, s) holds:

1/dzm’(z) [1 — f’(m(z))] [o(ez, 8) — wo(0, ) + Gao(ez, 8) — Go2,0(0, s)]

!
(4.44) c F'(+1)
+ [0a(s) — Ga (s)] / dz((2))? = 0.
By Lemma [4.3| we have that for all s € ', ¢-(0,s) =0, ¢-(0,s) € L>°(R). O

Remark 4.6. Let us denote by
Hg,o,o = 10,0,0 + [0,0,05

the quantities defined in (4.37) and (4.38). Taking into account (2.19) and the definition of (Vo)r =
ﬁ Jo Gro(n)dn, see B.17), we have that i o is the solution of

(4.45) Ap(€) = ~Gro(§)  for  £€Q\T,

(4.46) w(§) =25K() —Gao(¢) on T, Ou=0 on ON.
One deduces by , taking into account the definition of S and (4.39)).

4.2.3. Second order term in €. From (4.16) we have that
1 _
(4.47) $2(§) = (e [11(§) — fa(m(£00),$1(§)) +eAd1 + G2,1(8)], £ € Q\N(eo).
As was done before, we extend the validity of (4.47)) globally in Q. We insert (4.47) into (4.15)). Further, we
add and subtract to the next order eas(s)m’(z) to obtain

(4.48) u1(ez, 8) [1 — Jm] — Ay(z,8) +eas(s)m' (2) = (Lha)(z, s),
where we set

= Z,8 Z2,8) — 2.8 _ M
) As(2,8) = [Gai(e2,8) + eDr(ez,5) — fo(2L, ¢1)(2, )] [1 }

— K%(s)zm (2) — K(s)Rh)(z,s) + ai(s)m/(2).
All the quantities in (4.49) have been already determined. Furthermore,
(4.50) lim As(z,8) =0 sel,

|z|— o0

the convergence being exponentially fast. As done before, we extend (4.48)) in R.
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Lemma 4.7. Set

4.51 v T = B /B )d er

( ) 1 (57 ) T 4 1 4|1—\| 1 s g 9

where Bi(s) is defined in (4.54) and Tr is the Dirichlet-Neumann operator. Then there exist uniquely
determined ag(-,I') € C°°(T) and ha(-, s) € L°(R) with h2(0,s) =0 for s € T', solutions of (4.48)). Moreover
ha(-,8) and its derivatives with respect to z decay exponentially to 0, as z tends to +oo.

Proof. The solvability condition, see (4.24)), is satisfied provided that for s € T" and ¢ € [0, T'] the next relation
holds true

!

(4.52) /ul(sz, s) [1 _ (/ m(z)) } 2)dz = / As(z,8)m!(2)dz — ean(s )/ (' (2))° dz,
R fr() R

where 1 is defined in (3.34). The term fi; of uq has been already completely determined. As in the previous

case, still to be determined are the constant c¢;(t), the velocity Vl(o) and asg(s). First, we write (4.52)) as

f/(’ﬁl(z)) .y _ _/ 2

(4.53) /]R jo(e2, ) [1 _ f(l)} W (2)dz = By(s) — eas(s) /R (7 (2))? dz,
where

) ~ 7/(m(2))
(4.54) Bi(s) = /R {Ag(z, s) — fui(ez, s) [1 ) } }m (2)dz.
Let now
(4.55) oo =2 [ VOGEmis, +al)  cen
Since p1,0,0(€) — p1,0(§) ~ €, we choose Vi by imposing
(4.56) /RN1,0,0(073) [1 — W} m'(z)dz = Bi(s),
and obtain
(457) /14170’0(0, S) = %Bl (S) sel.
Inserting in and integrating over I" we arrive at

1 |1
(1.58) o) = g7 |5 [ Bras, =2 [ asc [ viOwaienas

Observe that [}, V9 (s)ds = 0 and let Sp be the linear operator defined in . Then obviously, (4.57) can

be written as
ds el
4 1 4|I ‘ / § )

and thus, applying the Dirichlet-Neumann operator (see ) we obtain (4.51)). This determines the (con-
stant in &) ¢1(¢). Now, since Vl(o) and c¢; (t) are determined we may choose az(s) so that (4.53) is satisfied. O

SI‘V(O)(@

Remark 4.8. Notice that j11,0,0 solves
AMl,O,O =0 for 5 e \ F,

4.59
(4.59) p1,0,0(8) = 331(’5) on I
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4.2.4. n—th order term in €, 3 < n < N: As previously, we determine the function ¢, for & € Q\ N (o)
from (4.18). Then, we extend the validity in £ obtaining

(4.60) (&) = f’( ] [n-1(8) +€Adn1(8) = fu(£1, 01,02, ,In-1)(§) + Gan-1(8)] el

We then insert (4.60]) into (4.17), we add and subtract to the next order the quantity e, (s)m'(z), to the
left hand side of (4.17)) and we obtain

(4.61) tn—1(€2, ) {1 - W] — Au(2,8) +ean(s)m'(z) = (Lhy)(z, 5),
where we set
n—1 n—2 d2
An(z,8) = —an_1(z,8)m’ — Z [an_i(z,8)hi(z,8)] — Z bn_i(z, s)@hz(z, s)
i=1 i=1

(4.62) Hn>4Z [ iz 8) 2 hi(z, sﬂ — eAdn_1(e2,5) [1 f’(miz»} + Gan1(e€) [1 - fi))]

f@)
"(m(z
ff(l(ji(ls)fn(ijh ¢17 ¢27 e ?¢7L—1)(6Za S) - f’rb(m03m17m27 e 7mn—1)(€z7 8)-
It is easy to verify that for all s € T’
lim A,(z,s) =0,

|z| =00
where the convergence is exponentially fast. Namely there is no problem for those terms involving m/, h;(-, s)
and their derivatives because of the exponential convergence to zero of all these terms for all s € I'. For
the remaining terms recall that | l‘im f'(m(2)) = f'(£1), m; = h; + ¢; with hi(z,s) = 0 as |z| — oo for all
Z|—00

s € I, all limits being exponentially fast. Then one obtains immediately
'

S GIO)
f(#1)

exponentially fast also. We extend - to hold on all of R and regard it as an equation for h,(:,s) for
sel.

:| f’n(il ¢17¢27 e ,(bn_l)(fz,s) = Oa

|z|—o00

Lemma 4.9. For any positive integer n, n < N, set
(4.63) VOED) =Ty Bty [ Baaas] o ger

where By_1(s) is defined in (4.66). Then there exist uniquely determined oy, (-,T') € C®°(T') and h,(-, s) €
L>(R) for s € T with h,(0,s) = 0, solutions of (4.61). Moreover, h,(-,s) for all s € T, and its derivatives
with respect to z decay exponentially to 0 as z — Foo.

Proof. The solvability condition is satisfied provided that

(4.64) /Run_l(az,s) [1— W] m’(z)dz:/RA (2, 8 (2)dz — can(s )/R(m’(z))2 dz.

Since in view of (3.38) pn—1 = ftn—1,0 + fin—1 With fi,_1 being already determined to satisfy (4.64), we
require that

(4.65) /R/uLn,L()(EZ, s) [1 - f’(r‘niz))} m'(2)dz = Bp_1(s) — ean(s)/ (m’(2))° dz,
where

(4.66) Bu_1(s) = /R {An(z, s) — fin_1(2, 5) {1 - W] } i/ (2)dz.
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We set
(4.67) Hn—1,0,0( —2/Vn 1(M)G(&,n)dSy + cn_1(t).
Since ftn—1,0(&,t) — tn—1,0,0(§,t) =~ € then we may determine V,,_; by imposing
(4.68) [ tn-roat.6) 1= HoED

) } m (2)dz = Bp_1(s),
obtaining thus

1
(4.69) Hn—1,00(0,8) = iBn,l(s) sel.
Inserting (4.67)) in (4.69) and integrating over I" we get
1
(4.70) eno1(t) = Wd / 1 s—z/ds/ﬂw> §UMS}

We insert (4.70) into , S0, - gives

1
SFVTSg)l(g) = Z |: n— 1 ‘F| /Bn 1 :| 561—‘7

and (4.63) follows. This determines Vn(_)1 first and then ¢,_1(t). Therefore, we may define «,, in order to
satisfy (4.65)). O

4.3. Proof of Theorem [4.1I} To complete the proof of Theorem [4.I] we need to estimate the remainder
term (cf. ( - given by

- d(¢, T
(1.71) SRy, 1,6) = eRa(E,2) — e Ha(s(6), o (1)),
Since (4.20]) holds true, we obtain that
(4.72) sup sup |Ry(é,t,¢)| < Ce™
£eQ tel0,T)
So, Theorem is proved. O

5. PROOF OF THEOREM
The proof of Theorem is an immediate consequence of the following result.

Theorem 5.1. Take N > 1 and Gi and Ga as in Assumption Al. There exist vector fields V;, j =
0,---,(N —1) and functions mj, j = 0,--- ,N from M to C=() as in the Ansatz such that the
following holds. For any Ty € M, choose ko > k(T'g), set eg = ﬁ and let T be the lifetime of the solution of
in M, according to (2.3). Then for all t <T and for all € € (0,e0] we can construct (mM) gN=1)) ¢
C>®(Q2x[0,T]) where mN) is an e modification of m™), i.e. SUP (¢ ¢)cx[0,7] M) (&, 6)—mN) (€, )] < CeN

and fN=Y s an eV modification of p(N1, ie. SUD(¢,1)c0x[0,T] BN =D (&, t) — pN=D(g, 1) < CeN 1t

satisfying
N-1
O ™M(E,8) = ANV ) + Y 1Gr(€)  in 2x (0,T),
(5.1) =

N-1
FV(E 1) = —e AN (6 1)+ S FN (€0) = Y Gy (€) + RV G 1e) in 9 x (0,T),
7=0
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where
sup sup ’R §,t,5)’ < CceNh
£eQ te[0,T]

Further, i =D (.. t) and mN) (-, 1), for t € [0,T)], satisfy Neumann homogeneous boundary conditions on
the boundary of Q. In addition

(5.2) sup sup |[iN V(€ 1) — o 0(€,1)] < Ce,
te[0,T] £€Q

where Ng,o,o is the solution of

(5.3) Ap(g) =—=Gro(§) g€ \T{Y,

subject to the boundary conditions

(5.4) (&) = 2SK(€) — Gap(€) on TY™, 9,u=0 on 09,
and

(5.5) sup sup < Ceg,

tE[O,T] fEN(Eo,FEN))

mM(€,t) —m (d(& 1;9”))

(5.6) sup sup ‘ M 1‘ =ce
t€10,T] ¢eQ\N (20),IN))
Proof. Set
t
- (0 =m0 - [ Rur.er
0
where

Ri(te) = ﬁ /Q Ru(6,t,e)de,

and Ry (&, t,¢) is the remainder in Theorem defined in and estimated in and ( . Let us

denote by

(5.8) D ) = w1 (),
where v(&,t) solves

5.9 Av(gvt) = Rl(f,t,é‘) - Rl(t75) for E € Q,
(5:9) O,v=0 on 09,

with the further requirement
/v({,t)dfzo t€[0,T).
Q

Since |Ry(€,t,e)| < C(T)eN 1 we have that |v(¢,t)| < CeN~1. The functions m¥) and /](N D satisfy (5.1)).
Namely the first equation of (5.1)) is satisfied by Theorem [3.1] and by construction, see and (5.9). The
second equation is obtained from Theorem adding and subtracting terms to obtaln ,u(N D and mM),
We obtain 1

ﬂ(N—l) — M(N—l) 4+ = —eAm®) + gf(,,éh(N)) 4 R(N)7

where .
1 _
RN = R (¢ t,) = - [f (’”hm " / Ri(r, s>dT> - f(m(N))} + Ry v,
and Ry is the remainder in Theorem (4.1} . see ([4.71). Since Ry = (9( M), Ry = O(eN), v=0(V"1) and

(5.10) é {f (m“v) +/0 Rl(r,e)d7'> — ] g Ry(r,e)dr = O(eN 1),
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then the second equation of (5.1)) is satisfied as well. In Remark it is explained that if uf'y o = po.0.0 +

f10,0,0, Where p10.0.0 and fig,0,0 are the quantities defined in (4.37) and (4.38]) then it verifies (5.3 and (5.4).
The relation (5.2)) is then immediate from their definition and Theorem The (5.5)) and (5.6) are satisfied
O

by construction of the m®¥). Theorem is then proved.

6. APPENDIX

A.1: The Dirichlet—Neumann operator. We recall in this section the main properties of the Dirichlet—
Neumann operator which we have been using through the paper. Some of these results were already presented
in the Appendix of [T1]. Let G(&,n) be the Green’s function in 2 defined in and verifying . To
define the Dirichlet—Neumann operator we consider the following single layer potentials. Given a smooth
function h defined on I' € M, consider the single layer potential

¢M@=iAG@mMMM&p

where d.S,, denotes the arc length measure along I'. The function ¢, satisfies a Neumann boundary condition
on 02, and also the equation

Am@ﬂ@@[ﬁwﬁwgen

The curve I' separates Q in two subsets. We denote by Qp the interior of T' and by Qf its exterior. We
denote by n the unit outer normal to 2. There is a discontinuity in the normal derivatives of ¢;, across I,
so, we have that

1
(6.1) BE) = 5 [Dunlr ),
where the right-hand side denotes the jump of the normal derivatives at £ € T, i.e.

(vl () = Bubn)gr (€) — (Bubn)o- (6):

This is a well known result from potential theory [21]. For £ away from T,

A%@hvﬁ%ﬁmm%»

Thus, the single layer potential is harmonic away from I' if and only if [ h(§)dSe = 0. Otherwise, it is
subharmonic or superharmonic, according to whether — fr h(&)dSe is positive or negative. Every continuous
function ¢ harmonic away from I'; satisfying the Neumann boundary condition and the following relation

(6.2) ‘A¢@mszu

is the single layer potential of a uniquely determined function h defined on I' and satisfying
(6.3) / h(§)dSe = 0.
r

Indeed, if ¢y, is such a single layer potential, then from ([2.20)), we get that fQ or(£)de = 0.
On the other hand, let ¢ be any continuous function that is harmonic on Q. and Q;, and which satisfies
(6.2). Let us define h in T by

n(e) = 5 10,01 (©)

and refer to this as the Neumann data for ¢. By the divergence theorem we obtain

2/ h(f)dS§ :/av¢+dsﬁ _/al/d)ing = —/ A(bdf =0,
r r r O\l
where ¢F denotes the restriction of ¢ in Q. Hence, h satisfies (6.3).
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Notice that ¢ — ¢y, satisfies the Neumann boundary conditions and

[&/(qﬁ - ¢h)]1‘ (5) =0.

This means that ¢ — ¢, is a constant. Since the integral is zero then ¢ = ¢;,. This proves the one to one
correspondence between single layer potentials of functions h satisfying , and continuous functions ¢
that are harmonic on Qp and Qf, and satisfy .

Next, given a continuous function ¢ that is harmonic on Q5 and Q;', whether or not is satisfied, we
define the function g on T by g := ¢|r. We naturally refer to g as the Dirichlet data for ¢. The Neumann
data is [0, ¢]p.. The Dirichlet-Neuman operator 7r is defined by

(6.4) Tog = 5 [006l;.

where ¢ is the continuous function that is harmonic in Q. and fo, with ¢|r = g.
A simple argument shows that 7r is a positive Hermitian operator. Indeed, let ¥ be continuous on £,
and harmonic on Qp and Qf, with ¢|r = h. Then it follows that

2/Fh7}gds - /Fw 9,6])p ds
:_/+vmwv@m§—/fvwwvwﬂé
Qf Qp

:—Lvuvwg

Taking h = 1, so that ¢ = 1, we further see that the range of 7Tt is orthogonal to the constants. We let Tp
denote the Friedrichs extension of Tr. It is easy to see, and well known, that the form domain of 7t is the
Sobolev space H'/?(T), and that the kernel consists exactly of the constants. There is an explicit formula
for the inverse of Tr restricted to the orthogonal complement of the constants; we denote this by Sr. Indeed,
let v be any function on I" with [ v(s)ds = 0. Since the single layer potential ¢, for v has Neumann data v,
all we need to do is to subtract a constant to make this function orthogonal to the constants on I, instead
of being orthogonal to the constants on 2. Therefore, the inverse Sr is given by

(6.5) Sro(E) = / G(&n)v(n)dsn—ﬁ / / G, mo(n)dS,dSe € €T.

It is easily checked that the inverse operator is self adjoint on the orthogonal complement of the constants.
Now let h be an arbitrary smooth function on I' satisfying fr h(s)ds = 0, and consider the single layer
potential

o(6) = / G(& Mh(n)dS, €€ Q.

In general, the Dirichlet data for ¢ do not integrate to zero on I' and hence, are not directly related to the
Neumann data through the Dirichlet—-Neumann operator. However, we can correct this by subtracting a
constant and defining the function

1
= - ds,.
€)= 0(6) — 7 [ o(mpas,
Then obviously we have
¢~5|F = SFh'7
h = Trg.

We can now express the vector field V' driving the Mullins—Sekerka flow as

(6.7) Vzﬁ(K—&WAK@®)

(6.6)
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We close by establishing notation for the two harmonic extension operators that will arise throughout
what follows:
The Neumann harmonic extension operator Er n is defined by

(69 En)(©) = [ Glenpnas, - [ [ Glenntmas,ase cen

where v is a function on I" satisfying

/F o(€)dSe = 0.

Notice that (&r yv) (§) is the unique function that is continuous on 2, harmonic on Q\I" satisfying Neumann
boundary conditions on 02, with Neumann data v, and with zero integral over T.

The Dirichlet harmonic extension operator Er p is defined by setting Er pg(§) to be the harmonic function
¢ on Q\I" with Neumann boundary conditions on 0T', and ¢|r = g. Here, there is no restriction on the integral
of g over I'. Naturally, the Dirichlet extension can be expressed in terms of the Neumann extension and the
Dirichlet-Neumann operator. Relations ) and (| give that

(6.9) &r.pg(§) = SFN< (g IPI/ )dsS )) €) + IPI g(n)ds, e

A.2: The expansion in ¢ of the Laplacian in local coordinates. Let f(z,s), with z = g, be a C?
function from R x I" to R. Then, in the two dimensional case, we have that

1 f
2A =——  J((1-K 2(___Js
Rt = {-rwen.+2 (—mz) )
. 1 fs 4K (s)z
— _ K 2 d 3 ) ds .
T O Y O LA (B AR
Recalling that for |z| < 1 it holds that
L :ix” anc ;:lin(nfl)ac”*2
(1-2) v T (1—=x)2 o T (1—a)3 2= ’
we may rewrite (6.10]) as follows
oo
(6~11) EQAf = fez + Z gntt {an+1(z7 S)fz + bn+1(za S)fss + Cn-i-l(zv S)fs} )
n=0
where
ani1(z,8) = —K"(s)2",
(6.12) bnt1(z,8) = nK" 1 (s)2" 71,
1 ne d
Cnt1(z,8) = in(n — 1) K 2(5)£K(s)

A.3: proof of Theorem The proof goes very much as in [I, Theorem 2.1]. Hence we outline only
those points where the presence of the G; and G, makes a difference. First of all the constructed functions
mWN)(t), t € [0,T)] satisfy the requirements needed to apply the spectral estimates proven by [2] and [12].
Namely, see , and Lemma we can always write for £ € Q and € [0, T]

mo 2L (N)))H;Ll(d(f,FEN))

m™ (€, 1) = (€ T)) + 2076, TV + 7 (6, T,
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where mq is given in (2.9), 9), hi(-,s) is the function determined in Lemma which is even as function of
z € R for any s € Fg ) equal to 0 in Q \ M(gp) and when d(¢, F(N)) = 0. We denote by EQqE(S,FEN)) the
remaining functions in the expansion of m¥) which are equal to zero in \ N (go) and by e¢* (¢, I‘,EN)) the
corrections to 1 in Q\ N(g). Recall mN)(-,t) are C®(Q) for any t € [0,T]. We immediate have, since
m(-) is odd while hq(-, s) is even,

/ B (z, s)(m (2))2f" (m(2))dz = 6 / hi(z, 8)(m'(2))2m(z)dz =0,  VseT™.
R R

This is one of the requirement needed to apply the spectral estimates. The remaining requirements are
immediately satisfied by the smoothness of m(¥)(-,¢) and by the fact that the ®;, 5 =1,...,N in the

expansion of m¥) satisfy a global Lipschitz bound independent on .
Then one proceeds as in [I]. Write (1.8)) as the the following :

atms = A/J,E + Gl in QT,
1
u® = —eAm® + gf(ma) — Gy in Qp,

m®(£,0) =mg(§) €€
o,m® =9,Am* =0 on 01,

(6.13)

and (2.12)) the the following:

N-1
8tm(N) = A,LL(N) + Z Ele,j in QT,
j=0
N-1
(6.14) pN) = —eAm™Y) + f M) =3 e/Gy+ RN in Qp,
=0

mM(€0)=mj(¢) £ @
a,m™ =5,Am™N) =0 on 9.

Define R := m® —m("N). Then integrating R in space, by (6.13) and (6.14)) and the fact that R(&,0) = 0, we

obtain
/QR(g,t)dgz/ ms—m(N))dfz/dg/tﬁs ms—m(N)>ds

/d&/ Au + Gy — AN — ZE]Gu)

/ds/ pe — pN d§—|—€ /ds/ GlN d§ds
/ds/ M<N> d§—0

since 9,[u® — p™] = 0 on 99, and (2.21) holds. Note that we need (and used for the above) 9,Gy =
9,R™N) = 0 on 09 in order to have 9,[u® — u™)] = 0 on 9Q. In addition, we need the residual R(Y)
satisfying a Neumann condition i.e.

(6.15)

9,RM) =0 on 90

which is true by construction, cf. system ([5.1)) and the b.c. on system solutions in the statement of Theorem

BT
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Hence, since by (6.15)), for any t € [0,T] [, R(£,t)dE = 0 then there exists unique (&, t) such that

(6.16)

— AY(-,t) = R(-,t) in Q,
(-, t)=0 on 09,

/ Y(-,t) =0 for any t € [0,T].
Q

At this point one can continue the proof as in [IJ. O
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