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Abstract

We consider, in a D—dimensional cylinder, a non—local evolution equation that describes
the evolution of the local magnetization in a continuum limit of an Ising spin system with
Kawasaki dynamics and Kac potentials. We consider sub—critical temperatures, for which there
are two local spatially homogeneous equilibria, and show a local nonlinear stability result for
the minimum free energy profiles for the magnetization at the interface between regions of these
two different local equilibrium; i.e., the planar fronts: We show that an initial perturbation of
a front that is sufficiently small in L? norm, and sufficiently localized yields a solution that
relaxes to another front, selected by a conservation law, in the L' norm at an algebraic rate
that we explicitly estimate. We also obtain rates for the relaxation in the L? norm and the rate
of decrease of the excess free energy.
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1 Introduction and main results

We consider the nonlocal and nonlinear evolution equation

%m(x,t) = V- (Vm(z,t) - B(1 - m(x,t)z)(J*Vm)(x,t)) r e R XA,

m(0,2) = mg(z), me(x) e [-1,1] (1.1)

in the D—dimensional cylinder R x A where A is a (D — 1)-dimensional torus of side-length L > 1,
(equipped with the periodic Euclidean metric), § > 1, * denotes convolution, and J is smooth,
spherically symmetric probability density on R” with compact support. We assume, without loss
of generality, that the support of J is contained in a ball of radius 1. In the following we set
d=D —1.

This equation first appeared in the literature in a study [12] of the dynamics of Ising systems
with a long-range interaction and so—called “Kawasaki” or “exchange” dynamics. In this physical
context, m(x,t) is the magnetization density at = at time ¢, viewed on the length scale of the inter-
action J, and f is the inverse temperature. The derivation of (1.1) from the underlying stochastic
dynamics with z taking values in a torus 7 is done in [9]. Equation (1.1) has been object of several
studies that shall be quoted later.

Our investigation in this paper turns on the fact that the equation (1.1) can be written in a
gradient flow form: Introduce the Gates-Penrose-Lebowitz free energy functional F defined
on all measurable functions from R x A by

= m(x)) — m x 1 Tr — m(xr)—m 2.T
Fon) = [ i) = fmplda+ 5 [ [ Je— gl —m)Pdety (12
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where f(m) is

(GO CONCE NS B

For 8 > 1, this potential function f is a symmetric double well potential on [—1, 1]. We denote the

positive minimizer of f on [—1,1] by mg. It is easy to see that mg is the positive solution of the
equation
mg = tanh(fmg).

The functional (1.2) is well defined on the set of measurable functions from Rx A to [—1, 1], although
it might be infinity. The equation (1.1) can be written in the gradient flow form

%m _v. [a(m)v<5f>] (1.4)

om
where the mobility o(m) is given by
o(m) = B(1 —m?). (15)
From this it follows, at least on a formal level, that F is decreasing along the flow described by

o
(1.1): The formal Frechet derivative of the free energy S is
m

OF 1
o Baretanh(m) —J*m, (1.6)
d

Based on this calculation, one might hope that F would be a Lyapunov function governing the

and thus, one formally derives

o(m(t))dz =: =Z(m(t)) . (1.7)

approach of solutions of (1.1) to a minimizer of F.

The global minimizers of F are of course the two constant profiles m(z) = mg and m(z) = —mg
for all z in the cylinder R x A. Here we study a more interesting class of profiles m under the
constraint that m(x) is very close to —mg far to the left in the cylinder, and is very close to mg
far to the right in the cylinder.

More precisely, let us write = (x1, 1) where the first coordinate z1 runs along the length of
the cylinder, and 2 along the cross section A. Consider the class C of measurable functions m
from R x A to [~1,1] such that for almost every zi € A,

zlli@oom(xl,xf) = —mg and x}igloom(ml,:nf) =mg .

The minimizers of F over C can be expressed in terms of the minimizers of a simpler functional
of one dimensional profiles. More specifically, in [8] is was shown that there exists a unique function
mo(-), such that

F1 (mo) = inf { ]-"1(m)

sgn(z1)m(z1) >0, lim sgn(zi)m(z1) > 0}, (1.8)

r1—Foo
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where Fj is is the functional

Film) = [ () = fmalder+ 5 [ [ Tr=m)lmlen) = mln)Pdardyn

and

J(x1) = / J(zy, zt)dat. (1.9)
A
Furthermore it is shown that 7 is an odd, C*°(R), increasing function, and

0 < m% —ma(z1) < Celml
0 < my(zy) < Ceolml |
0 <  [mg(z1)|] < Celnl,

for positive constants C' and « depending on J and . The first two of these estimates are proved
in [8] and the third one in [6]. A review of these and related results can be found in Chapter 8 of
the book [13]. The subscript 0 on the minimizer refers to the fact that the constraint imposed in
(1.8) breaks the translational invariance of the free energy. For any a in R, define

Ta() = Ma(z1, 217) = Me(x1) = Mo(z1 —a), = €R x A. (1.10)
Clearly
0F 1
F(mg) = F(myo), %(ma) = Barctanh(ma) —J*xm, =0. (1.11)

Thus the profiles m, are at least critical points of the free energy F in the class C. Since they
are built out of minimizing one dimensional profiles, it is natural to guess that they are in fact
minimizers in C. This has been proved by Alberti and Bellettini [1], who showed moreover that
every minimizer of F in C is of this form. The functions in this one parameter family of minimizers
of the free energy m,, a € R, are the stationary solutions of (1.1) whose stability is to be investigated
here.

Because the free energy is reflection invariant, there is also another family, obtained by reflecting
the previous one. However, these two families of minimizers are well separated in all of the metrics
in which we shall work, and it suffices to consider only one of them.

We shall be concerned here with the evolution of small perturbations of m from g, and their
relaxation to m, for some a under the dynamics introduced above. We shall show that if the
perturbation is suitably small, then this happens, and moreover, we shall find the value of a, and
estimate the rate of convergence.

The equation (1.1) not only has a Lyapunov function; it has a conservation law as well: For

times ¢ in any interval on which m(x,t) — sgn(z1)mg is integrable,

d

T RXA(m(:U,t) —mp(x))dz =0

for any b. Therefore, if one defines a in terms of the initial data mg for (1.1) by

/ (m(z,0) — Ma(z))dz =0, (1.12)
RxA
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one has for the solution

/ (m(z,t) — Mge(z))dz =0
RxA

for all ¢ or at least all ¢ such that m(s,x) — sgn(z1)mg is integrable for all s < t.

Now, formally invoking the Lyapunov function and the conservation law, it is easy to guess the
result of solving (1.1) for initial data mg that is a small perturbation of the front 7my: The decrease
of the excess free energy “should” force the solution m(t) to tend to the family of fronts, and the
conservation law “should” select m, as the front it should be converging to, so the result “should”
be that

lim |m(x,t) — mMg(z)|de =0
t—o00 RxA

with a given in terms of the initial data mg through (1.12).
There is a fundamental obstacle in the way of this optimistic line of reasoning: Consider a very
small € > 0 and consider
m(z) :=Mo(z) + €l a2 5.-3/2)(21) -

Then it is very easy to see that
F(m) = F(mo) = O(/?) while inf [lm —mq[ = O(c */?) .
a€

That is, perturbations of a minimizer with extremely small excess free energy can be very far from
any minimizer in the L' norm: If the only information on the evolution that one had was that
the excess free energy was decreasing to zero, one could not rule out the possibility that the L'
distance to the nearest minimizer might be increasing to infinity. As we shall see, all profiles m
with small excess free energy and a large L' distance to the nearest minimizer are very delocalized
perturbations of minimizers, spread out on a very large scale, as in the example we have given.
To rule this out, we have to assume moment conditions that prevent our perturbations from being
too delocalized at the beginning, and then we must work to show that this localization does not
deteriorate too rapidly. This accounts for the moment conditions in the theorem stated below.
These moment conditions are essential for bounding the rate of convergence; a small initial excess
free energy is not enough.

In the following, whenever there is no ambiguity, we denote by ||u||, the LP(R x A) of a function
u. Ifu € W52(R x A), s € N, the space of functions u € L?(R x A) whose distributional derivatives
of order < s are in L?(R x A), we denote by |lul|yys2 = > laj<s [[D%ull2 its norm.

We have the following main result.

1.1 THEOREM. Let m(t) be the solution of equation (1.1) in the D-dimensional cylinder R x A,
D < 3, and with initial data mqg such that

/ x%(mo(x) - mg(x))Qda: <c,
RxA

where cqg is any positive constant. Then for any 6 > 0 there is a strictly positive constant e =
€(0,co, B8, J, L) depending only on 6, co, B, J and L such that for all initial data mo with —1 <
mo < 1, and with

/ (mo(z) — mo(x))2dz < e |
RxA
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the excess free energy F(m(t)) — F(mo) of the corresponding solution m(t) of (1.1) satisfies
F(m(t)) — F(m) < ca(1 + ert)~O/1379) (1.13)

and
Im(t) — Ml < ca(1+ ext) /5279 (1.14)

where ¢1 and co are finite constants depending only on 0, c¢o, J, B and L and a is given by (1.12).

In D =1 the same stability problem for the equation (1.1) was addressed in the papers [3] and
[4]. The strategy used in these papers was applied in [5] to show the local non-linear stability of
the interface solution for the Cahn-Hilliard equation, always in D = 1.

The method applied in D = 1 has been adapted in this paper to show local non-linear stability
of the interface solution of (1.1) when dimension D > 2. To apply the previous strategy in D > 2
one needs to control the transverse contribution of the perturbation to the planar fronts.

This is done by a suitable splitting of a function in R x A as the sum of two functions, one
depending only on x; € R and the other with mean zero in the direction orthogonal to x;. This
allows us to effectively decouple the problem into transverse and longitudinal parts, and to control
the gradient of the function in the transverse direction applying the Poincaré inequality.

The method is robust enough and it should allow to deal with nonlinear local stability problems
for other equations of Cahn-Hilliard type.

There are very few results in the literature regarding stability of the planar fronts in infinite
domain for equations of Cahn-Hilliard type. The only paper to our knowledge dealing with the
stability of the planar front for Cahn-Hilliard equation in R, for D > 3 is the paper by Korvola,
Kupianen and Taskinen [11]. They proved that the leading asymptotic of the solution is character-
ized by a length scale proportional to 75 instead of the usual ¢t typical to parabolic problems.
In contrast to the one dimensional and to D— dimensional cylinder setting, considered in this
paper, they show that the translation of the front tends to zero as time tends to infinity. This is
because a localized perturbation is not able to produce a constant shift in the whole transverse
space RP~1. In our case, a perturbation of an equilibrium front need not return asymptotically to
the initial front. Indeed, there is no easy argument using only decrease of free energy to show that
the perturbation does not cause the front to “run away to infinity”. Our method provides a proof,
with quantitate estimates, on the size of the shift that can result as the perturbation is dissipated
way.

The restriction to D < 3 is for reasons that are surely technical; the condition D < 3 is used
only in proving certain regularity estimates that are required in our central arguments. Very likely
with more labor (and more pages), these could be proved in higher dimension as well.

To implement the heuristics discussed before the theorem is not so simple as one might hope.
There are several reasons for this. The first has to do with the relevant norms.

To explain the physical relevance of the L? norm, we note that a — ||m —m,||3 is strictly convex
whenever for some a € R,

l0m = ) 2 < s -

Using this we show in Theorem 2.3 that under suitable smallness assumptions on m — m, for some
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a, there exists a unique b € R so that
— mp||o = inf —-m .
Jm = mpll2 = int {llm — 72}

Further we show, see Lemma 8.1, that the excess free energy measures the distance to this closest
front in the L? metric in the sense that

F(m) = F(imp) = Cllm — |3 (1.15)

under suitable smallness assumptions on m — M.

We use the smoothing properties of (1.1) to obtain the condition on the derivative of m for all
t > tg, for some finite tg so that we can apply Lemma 8.1.

On account of (1.15), for any solution m(t) of (1.1), define a(t) to be that value of a such that

Im(t) = Mooy ll2 = inf {m(t) - 72} (1.16)

and note that a(t) is a well-defined function as long as ||m(t) — M, |2 stays sufficiently small since
then the minimum is uniquely attained. (We shall do all of our analysis in this paper for times ¢
in an interval (to, Tp) on which [[m(t) — M, ll2 does stay small, and then at the end we shall show
that Ty = oo.) Hence, if one proves that the excess free energy decreases to zero, the best one can
obtain from this is that

i [[m(t) — g0 2 = 0.

However, this does not yield any information on a(t) — and it cannot by the translation invariance
of the free energy. The conservation law would give us information on a(t), but to use it we require
L' control on m(-,t) — My (+). Since

[m (-, 8) = Mgy (+)]loc <2
a—priori, L' control would give us L? control through
[ (-, 8) = M@y ()3 < 2[m(-,t) = Mage ()1

but not vice—versa. In order to use the conservation law to show that lim;_, a(t) = a where a is

given by (1.12), we must, and shall, show that

Jim () = Tl =0

Before discussing the L! behavior of perturbations of fronts, we make the following convention,
to be used throughout the paper, whenever some solution m(z,t) is under discussion:

’U(fL’,t) = m(xat) 7ma(t)(x) (117)
where a(t) is given in (1.16), and moreover

m(x) denotes Mg (T). (1.18)
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As explained above, we shall have to look into the details of the free energy dissipation Z, see
(1.7), in order to understand whatever stability properties our equation may have. To begin this,

we write
I(m) = /R olm(a [(%1 (;arctanhm(x) - (J*m)(:v))rdx
- /RXA o(m(z)) [VL (;arctanhm(x) — (J*m)(x))]zdm, (1.19)

where V= is the gradient in the orthogonal direction of z.
One result of the paper, Theorem 3.1, gives a lower bound on the rate of dissipation of the
excess free energy, whenever the dimension D < 3. For any € > 0,

d

SIFm@) = Fm)] = ~T(m()

__ 2
_(1—36);/RXA0(m)[(Bv(t))zi] de, (1.20)

IN

where Z(m(t)) is given in (1.19) and, recall (1.18), m := 1. To get this result we need smooth-
ness estimates to hold for the solution m(t), in order to apply Sobolev inequalities. Namely (1.20)
holds when the ||v||ys.2 < k1(B,J, L, €) and ||v||2 < 61(8, J, L, €) for some strictly positive constants
k1(B,J, L,€) and 61(5, J, L, €), where ||v]||yys,2 is the Sobolev norm, see in the Appendix, Lemma 8.4
and s > %. We have quantitative estimates, see Theorem 2.2, of the derivative of all order of m(t)
only when D < 3. This is the rather technical reason, noted above, for which we impose the
constraint on the dimension. The B in (1.20) denotes the second variation of the free energy F at
m. By our convention, m denotes T, and while it is occasionally preferable to write By to
make this explicit, we shall generally simply write B, and leave the dependence on a(t) implicit.
However, in recalling the definition, we shall be explicit:

2

F (g + su)| . (1.21)

<’LL, Bau>L2 = @ -

The properties of B that we shall use in our analysis are discussed in Section 3. Because of the
derivatives, the quadratic form on the right in (1.20) has no spectral gap. If it did, this together
with (1.15) would provide an exponential rate of decrease of the excess free energy, and hence of
||lu(t)]|2. Since there is no spectral gap here, one needs additional monotonicity, or at least a—priori
boundedness properties to exploit (1.20), as explained in [3] and [4]. In the study of parabolic

equations

ou
i V- (D(u)Vu) , (1.22)

where D(+) is the diffusivity matrix for which there is also no spectral gap,

d
/|u(x,t)|d:1: <0 (1.23)
dt

which trivially provides the additional monotonicity required to show that

sup [u(t)[lx < [[u(0)[1 -
t>0
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Then a standard argument with the Nash inequality allows one to conclude that ||u(t)||2 decreases
to zero at an algebraic rate, at least when the diffusivity D(-) in (1.22) is bounded from below.

This route is closed to us since the analog of (1.23) does not hold for v(¢) when m(¢) is a
solution to (1.1), see [3] and [4] for further details. Moreover, there are other problematic non-
dissipative features, the maximum principle fails to hold for (1.1) and the free energy is not Frechet
differentiable on the natural set of functions that is invariant under the evolution prescribed by
(1.1). Namely, recall (1.6), for any m with —1 < m < 1, J xm is bounded, but arctanh(m) =
+oo on {x | m(z) = £1}. This means that some care must be taken with the use of the key
dissipativity property (1.7) whose formal derivation depends on this Frechet differentiability. Even
worse, however, is that the mobility (1.5) vanishes where m = +1, and with it the local contribution
to the dissipation in (1.7).

One way to obtain bounds on the decay in the L! norm is to apply a strong formulation of the
“uncertainty principle”; as done in [4].

We illustrate this in the case of the heat equation in the D— dimensional cylinder R x A. Recall
that we denote 2 = (21,21 ), 1 € R. Consider a solution u of the heat equation

%u(:c,t) = Au(z,t), x€RXA

with integrable initial data wug, and suppose that

/ up(x)dz = 0.
RxA

We show in Theorem 2.1 of [4] that under the constraint

/¢(x1)dx1 =0

one has
2
([ atiwnpan ) ([ 1@Pan) = 3( [lweoran) . (1.2
Define
= 2 an = "EQ u\xr 2 X . .
0= [ JuoPde and o) = [ aluoPdee (1.25)
One then computes that 1
S = —z/wu(x,t)y?dx. (1.26)
%qﬁ(t) = —4/:1:161-u(:c,t)(Vu)(x,t)dx— Q/x%](Vu)(x,t)lzdx
< 2f(1). (1.27)

We would like, as it will be clear in the following, to write equations (1.26) and (1.27) in a closed
form, i.e. to write the right hand side of (1.26) in term of f(¢) and ¢(¢). Denote

J(u(t)) = / V(e t)2da.
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Since the dependence on t does not play any role in the following calculations, we do not write it
explicitly. Set
u(z) = v1(z1) + w(z)

where 1
vy (1) == Ld/ u(zy, xt)det, x €R.
A
By construction
/ w(zy, zt)dzt =0, Vi, € R (1.28)
A

We have
J(u) = /|Vu(:1:)|2dx:/|ux1(x)|2dm+/\VLU($)|2dx
= /|v’1(:c1)+wxl(a:)|2dx+/\VLw(x)\2dx,

where v} is the spatial derivative of v;. Notice that, because of (1.28),

/ v} (21)we, (z)dx = 0.
RxA

So we get
J(u) = / |0} (1) |2 dz —|—/ lwg, (z)|*dz + / V4w (z)|?de. (1.29)
RxA RxA

Again by (1.28) we can bound from below the last term of (1.29) using the Poincaré inequality in
A. Tt states that for g € L2(A) and Vg € L?(A)

c(d)llg —9li3 < L*|| V3

where g = ﬁ [ 9(x)dz and ¢(d) depends on dimensions.
Applying this for each z; in (1.29), and using the fact that because of (1.28), w(z1) = 0, we
obtain

IV w3 = /R dry |3 /A dat|(w(ay, ) ?

i>2
> CI(;Z)/R/A\w(xl,xl)]de. (1.30)

To lower bound the first term of (1.29) we apply the uncertainty principle (1.24) as following:
(Jp o1 () Pdan)”
(f 95%”1(1‘1)|2d$1>
51 \2
(fIRxA vi(21)] dm)
(Jenaitoatan) e

9
/ W (@) 2de > 2r
RxA 4

9
Z (1.31)
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Therefore, taking into account (1.30) and (1.31) we lower bound (1.29) as following:

0 (e lr@)P) dz o)
> 4(foAx§\vl(m)y2dm> + 73 /RxA\w(m)I?dx

Z Z <f]R><A x%v1(1x1)2d33> +1 { </RXA ‘”1(5’31)|2dx>2 " 301(2) /RXA |w(1’)’2d$}(1‘32)

Notice that we obtained this estimate by dropping the contribution of the second term in (1.29),

i.e. [y plwa (z)[*dz. When dealing with equation (1.1) we shall need to keep this term to control
the non linearity. By orthogonality

J(u)

HUH%Q(RXA) = HU1||%2(R><A) + ||wH%2(RxA)'
Therefore
4 2 2 2
llldagny = (Io11320mnn) + 10 h32ecn))

= villzz@xa) + (HwH%Q(RXA) + 2||1)1H2L2(Rx/\)> w72 ()

Suppose that

(”wH%?(RXA) + 2||U1H%2(IR{><A)> < 3C(d2)'
Therefore
iy < 191y + g o ol (1.33)
Further

IN

/ oy (a1)Pda / 22 [Jor ()] + Jw(2)[?] de
RxA RxA

= / 23 [|v1(21) + w(z)]?] dz = / o3 |u(z)2d. (1.34)
RxA

RxA

Taking into account (1.25), (1.32), (1.33), (1.34) we have

9 /2(t)
J(u(t)) > 1 (0) .
Therefore, from (1.26) we get
d 9 f2(t)
Ef(t) < X 0h
Recalling (1.27) we get the system of differential inequalities,
d ft)?
a!® = 50
d
So) < BIO) (1.35)
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with A =9/2 and B = 2. Theorem 5.1 of [3] says that for any non negative solution of (1.35), the
following holds

i < ﬂmkwmw<ﬁ$+«A+mQ_
1—q
o) < ﬂmkwmv<ﬁ$+wA+Bﬁ) (1.36)
where A
1= 41B
In the case at hand, this is
_ 9
q= E .

Since this value exceeds 1/2, we get L' decay in the following way: We prove in Section 6, Lemma, 6.2
that for any function f, so that ||(1 + x%)l/QfHLz(RXA) is finite and for any 0 < § < 1 we have

) —0
11l < C(6, L)1+ a2 p| S0 =0/

where C(6, L) is given explicitly in the lemma. Since 9/13 > 1/2 for ¢ sufficiently small, we have
that ||(1 4+ x%)l/Qu(t)HgHé)/Q, see (1.36), increases more slowly than Hu(t)Hél_(s)/2 increases, and so
|lu(t)||1 decreases to zero. In fact, the rate one gets for ||u(t)||; is arbitrarily close to t=5/13, for
d sufficiently small. Actually, one can do better for the heat equation. One can obtain, as in [3],
%q&(t) < 2f(t) (we have 2 in (1.27)). Then B = 3 and the rate one gets for [|u(t)||1 is arbitrarily
close to t_i, for ¢ sufficiently small.

The previous argument presented for the heat equation can be implemented for equation (1.1).
We define

f(t) = F(m+v(t)) — F(m) and  ¢(t) = L4+ /a(m)xﬂm(x,t)\?dx ,

where v as in (1.17) and B as in (1.21). We could estimated the time derivatives of these quantities
obtaining bounds of the form given in (1.35), but with inexplicit constants A and B.

Now, the rate of decay that one gets by this method depends very much on the ratio of the
constants A and B in (1.35). To get L' decay, we need this ratio to be fairly close to the ratio 9/13
obtained for the heat equation.

We do this by exploiting the following alternatives: for any €1 > 0, at any time ¢, one has either

Z(m(t)) < e [F(m(t)) — F(m)] , (1.37)

Z(m(t)) > e [F(m(t)) — F(m)] , (1.38)

where 7 is the dissipation functional (1.7).

We prove in Section 4 that for any e > 0, there are strictly positive constants do(3,J, L, €),
ko(B,J, L,e) and €1(B, J, L,€) depending only on 3, J, L and ¢, such that for all ¢ for which (1.37)
is satisfied together with |[v(t)||ys2 < Ko, s > 2, |Jv(t)||]2 < & and |a(t)| < 1, it is the case that

d

d F(m(t)) — F(m)]”
dt '

(1)

[F(m(t)) = F(m)] < =91 = e)(1 — o(mg))” |
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We then show in Section 5 that under the same assumptions of Section 4, it is the case that
d
700 < (1+e)4(1 - o(mg))?[F(m+v) — F(m)] .

Notice the condition that |a(t)| < 1, to which we shall return. Thus, when (1.37) holds, we have

a 0
alW = ~A5q)
Sot) < B (1.39)

with the difference between A/B and 9/13 arbitrarily small for € small enough for all times ¢ such
that [[v(t)]|2, [[v(E)||lws2, s > %, are sufficiently small and |a(t)] < 1.

On the other hand, when (1.37) is violated and (1.38) holds, the dissipation is large, and this
works in our favor. In Section 6, we exploit this alternative to prove Theorem 1.1. The proof is
still somewhat intricate, and it would have been simplified had we been able to show the existence
of a time ¢, such that (1.37) holds for all ¢ > t,. If this were the case, the constants A and B above
would govern the decay, and we would obtain a bound on the excess fee energy of the form

[F(m(t)) = F(m)] < C(1+ A1 = a(mg))*t) "

where A does not depend on 3. Since (1 — o(mg))? vanishes as the critical temperature is ap-
proached, this would indicate how the rate of relaxation slows in this limit. In any case, our results
do show that it is possible to estimate the exponent in the rate of relaxation independently of 3.

To explain why (1.37) enables us to obtain what are essentially heat equation constant in (1.39),
one has to view it as a smoothness condition. Indeed, it follows from Theorem 3.1 that

(1= e)a(ma)|[[V(Bv)|[|3 < Z(m + v)

for any e, under appropriate conditions on v. Hence, by Lemma 8.1 which compares ||Bv||3 and the
excess free energy of m + v, when (1.37) holds,

IV (Bo) [I3 << [[Bvlf3 -
Next, the action of B on functions w that satisfy
Vwlls << w2
is particularly simple: As shown in Lemma 8.3 in the appendix,
Bw ~ aw

where & = 1/0(mg) — 1. Once one may replace B with multiplication by «, the linearized version
of (1.1) does become essentially the heat equation. This discussion is heuristic, but in no way
misleading, and hopefully motivates the technical preliminaries in Section 2.

Before turning to Section 2 we state the notations which will be used in the following sections.
For a function f(-,t), of one spatial variable and time ¢, we denote by f’(-,t) and f”(-,¢) the first
and the second derivative with respect to the spatial variable. We will denote by f (+,-) the time
derivative. Further, we will denote by C' = C(, J,d) a positive constant which depends only on
these quantities and which might change from one occurrence to one other.

Acknowledgments. Enza Orlandi acknowledges the hospitality of the Fields -Institute, Toronto
(CA), where this paper has been completed.
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2 Smoothing estimates and differentiability of the free energy

In this section we state some technical results upon which our analysis in the following sections
depends.

It is not hard to show that classical solutions of our equation exist and are unique by adapting
to our non-local equation standard fixed-point arguments for semi-linear equations, and it is easy
to see from a maximum principle argument that these classical solutions satisfy |m(x,t)| < 1 for
all z and ¢ since the non-local drift term vanishes wherever m(z,t) = 1.

The integration by parts leading from (1.4) to (1.7) is problematic if m(z,¢) is not bounded
away from 1. Therefore, fix 0 < A < 1, which we shall take increasing to 1 shortly, and consider
the function t — F)(Am(t)) where m solves our equation, and where F) differs from F be having
the term [f(m) — f(mg)] in the integrand in (1.2) replaced by [f(m) — f(Amg)], and where f is
given by (1.3). With this definition, F)(Am) is finite whenever F(m) is finite.

There is no trouble integrating by parts in a}" \(Am(t)) for any t > 0, as long as Vm is square

integrable, and hence we find

%A(Am( 1) = A /R XA[larctanh()\m) AT *m]V - [Vm(t) — o (m)VJ «m()]dz

) A VR 1-m2) 2
- _/\/RxA [ﬁl —Nm2(t) )‘1 _ /\QmQ(t)vm -VJ*m(t) = AVm - VJ xm + Ao(m)|VJ xm(t)| } dz

1 |Vm(t)]? 1—m2(t
= —AQ/RXA [61’_;”25732’“) - )\gnmg()t)Vm-VJ*m(t) - Vm-VJ*m+a(m)|VJ*m(t)|2} da.

Therefore,

Fa(Am(0)) = Fx(Am(t))+

m 2 — m2
)\2/ /RxA [; 1 |_v)\2m)2|(t) - 11_ )\zmgt()t) Vm-VJxm(t) — Vm-VJxm+ a(m)|VJ*m(t)’2} da

Now a simple argument with Fatou’s Lemma shows that

Z(m(t))

o L m@P - m() :
< hg\n_glf/RXA [51 () 1o )\sz(t)Vm -VJxm(t) = Vm-VJ*xm+a(m)|VJxm(t)]"| dz ,
and that
F(m(t)) < liminf Fy(Am(t)) .
A—1

On the other hand, for m(0) strictly and uniformly bounded away from =+1, it is easy to show that
F(m(0)) = liminf Fy(Am(0)) .
A—1

Thus, one obtains for every classical solution such that [Vm(z,t)|? is integrable in z for each ¢, and

which has initial data strictly and uniformly bounded away from +1 that

F(m(t)) —|—/0 Z(m(s))ds < F(m(0)) . (2.1)
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In Section 7 we shall prove that classical solutions whose initial data is a small L? perturbation
of an instanton do have square integrable gradients for all positive times. Note that even if the
gradient of m(t) is square integrable for all ¢, it is still possible for Z(m(t)) to be infinite, though
by (2.1), the set of such ¢ must be a null set.

In what follows, we shall need to integrate by parts frequently, and it will be convenient to
use the energy dissipation relation with equality in place of the inequality in (2.1). Our main goal
in this section is to explain results showing that if the initial data is a small perturbation of an
instanton in the L? norm, then, after waiting a short time tq later, the solution is regular and
is a small perturbation of the instanton in Sobolev norms that guarantee that it is also a small
perturbation in the L° norm. Thus if we wait a short time, starting from initial data that is a
sufficiently small L? perturbation of an instanton, the solution m(t) will be strictly bounded away
from +1, at the very least on an open interval to the right if ¢g, and then we no longer need the
A-regularization used above: We can simply integrate by parts to rigorously obtain the identity
(1.7). Moreover, we shall know that F(m(tp)) is still bounded by F(m(0)). We shall also show that
the moment bounds on the initial data in our main theorem are effectively propagated forward to
time tg.

Therefore, the results in this section permit us throughout the rest of the paper to restrict our
attention to the behavior of the free energy functional F on the set of profiles

M={m: ||[m|e <1 and |[m —mls < oo}, (2.2)

equipped with the the metric d(mi,m2) = ||m1 — mal|eo + ||m1 — ma2||2. Note that this is not a
subset of L™ N L? since profiles in M are never square integrable. However, M is open in this
metric topology, and F is Frechet differentiable on M, and for any differentiable curve m(t) in M,

one has d SF 9
GEm) = [ St
where SF )
i Barctanh(m) —Jx(m).

The convolution term satisfies ||J x m||o < 1, but on any set where m = 41 we have
arctanhm = +o0 .

The following theorem summarizes our discussion so far in this section, except for the fact that
it remains to be proved that, as claimed, the conditions on the initial data do indeed ensure square
integrability of the gradient. This is done in Section 7.

2.1 THEOREM. There is a 6 > 0 such that for all initial data mqy in M with F(mg) < oo and
lmo — mg|l2 < 0, some a € R, the corresponding solution m(x,t) of equation (1.1) satisfies

F(m(0)) > F(m(t)) + /Ot Z(m(s))ds forall ¢t>0

s (L)

where

is the quantity defined in (1.19). In particular, F(m(t)) is monotonically decreasing.
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The proofs of many the results established in this paper depend on certain smoothing prop-
erties of the evolution (1.1). The required a—priori smoothing estimates are summarized in the
following theorem which holds only when D < 3. The constraint on the dimensions depends on the
application of Sobolev estimates to control the Lo, norm of the gradient of v, see Lemma 7.5.

2.2 THEOREM. Let D < 3 and m(t) be any solution of (1.1). Let € > 0, to > 0 and k € N be
given. Then there is a 6 = (e, tg, k) > 0 and Ty such that provided

Im(t) — map|2 <6 forall t<Tp,

then

[(=A)2[m(t) — a3 < e forall to<t<Tp

.
o

and also such that
21 (m(t) — Mago))ll5 < 2llz1(m(0) — Ma())ll5 -

The proof is based on several intermediate results and it is given in Section 7.
Next we prove that a(-) is differentiable and estimate a(-).
2.3 THEOREM. Let m be a solution of (1.1). Then there is a o > 0 so that whenever

inf {[m(t) = a2} < b 23)

there is a unique value a(t) at which the infimum in (2.3) is attained. Moreover, for any k > 0,
there is a 01(k,3,J) such that whenever ||v(t)|lys2 < K for s > 2 and |Jo(t)|l2 < 61, a(t) is
differentiable and

la(t)] < D(x, 8, J)[lv(t)]2

where D(k, 3, J) is a constant depending only on k, § and J.

Proof: Let a(t) be any minimizer in (2.3). Clearly there is at least one and what we must show is

that there is exactly one. Define d(b) = ||m(t) — mb||%2(RxA). We have
d(b) =2 / It z) — i (20| (21 )da, (2.4)
RxA
and

2/ mb(:rl)mé(l'l)da? =0.
RxA
Further deriving (2.4) and recalling that m(t) = m, ) + v(t) we have
d’'(b) = —2/ m(z,t)my (z1)dx = —2/ [Ma)(@1) + v(t, z)]my (21)dx
RxA RxA

= 2/ m;(t)(xl)mé(xl)dx—2/ v(z, t)my (z1)dz.
RxA RxA
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Hence,

d"(b) > 2 Mgy (1) (21)da — 200 [1m5 [| L2 R xa) -
RxA

But by continuity,
_ _ L
[ mtanmiands > 3 ma
RxA

on some interval (a(t) — ¢, a(t) + ¢) for some ¢ depending only on 3 and J. Therefore, choose

15122 )

o> "1

4||mg||L2(RxA)
and it follows that d”(b) > 0 on (a(t) — ¢, a(t) + ¢), and hence there is exactly one critical point of
d(b) on (a(t) — ¢,a(t) + ¢). However, if b is any value with

[m(t) — Ml L2@xa) = IMm(t) — Ma@)llL2@xa)
it follows that
M6 — Ma@yllL2mxa)y < 2m(t) = Ma@)ll2®xa) < 260 -

But there is a constant C' depending only on 8 and J so that

_ _ (b—a)?
M — Mall2m) > Ct(b—a2

and thus,

(b—a)® o
C+(b—a)2? < Nl — mall L2rxa)y < 200 -

Decreasing ¢y if necessary, one can ensure that |b — a] < c¢. Hence any putative second minimum

Ld

must occur within (a(t) — ¢, a(t) + ¢) where there is only the single critical point a(t). Hence there
is no other minimum. This proves that a(t) is a well-defined function under the condition (2.3).
To show that a(t) is continuously differentiable, we use the Implicit Function Theorem. Define

fla,t) := /RXA(m(t, T) — mg(x1))m, (z1)dx

This is a C' function on R?, and in fact even C2. By what we have proved above, for each ¢, there
is exactly on a(t) so that f(a(t),t) = 0, and at no such point does the gradient of f vanish, since
the a-component of this gradient is non-zero. Hence, by the Implicit Function Theorem, the curve
t — (a(t),t) is continuously differentiable. Moreover, since this curve is the graph of the function
t — a(t), we have that a(t) is continuously differentiable, as claimed.

We now bound |a(t)|. Differentiating f(a(t),t) =0 in ¢, one obtains

om
. — 72 . _ I — _ 2!
a(t)(Hma||L2(R><A) <v7ma>L2(R><A)) /RxA ot Malt) -

Taking into account (1.4) and integrating by part we have

6m _y 0F /1
_/um o Ma) = /RxAU(m)V(m)ﬁma(t)
o0F _
= [ 5oV letmpenn)

XA(Sm

0F , _ _
= [ Gt olrmym).
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Assume that s
1 ”maHL2(R><A)

v _——
] T e
We thus obtain
. 2 / oF .
a(t < — —(Mm+v)lom)m, e
‘ ()| Hma”%Q(RXA) RxA (5m( )[ ( ) (t)] 1
2 _
< C(B,J) 1o (m)mig e [l L2@xa) 191 L2 @ xA)-

7 )

Taking into account (1.11), we bounded the L? norm of §F/ém(m + v) by a constant times the

L? norm of v whenever |[v(t)||yys2 < k with s > % and « sufficiently small to guarantee that

[vlloo < (1 —m3)/2. O

3 Bound on the dissipation rate of the free energy in terms of the
dissipation rate for the linearized evolution

In this section we establish a bound on the rate Z(m(t)) defined in (1.19) at which the excess free
energy F(m(t)) — F(m) is dissipated in terms of the dissipation rate for the linearized evolution,
see Theorem 3.1.

To state the main result of this section we need the following definitions. Denote by B,, a € R
the family of linear operators in L2(R x A),

Bov = (M—J*v), (3.1)

where T4, a € R is the planar front defined in (1.10). Denote, by an abuse of notation, m,(x;) =

a%lma(xl, r1). It is immediate to verify that

(B,m,)(z) =0, r €R XA, (3.2)
m,, is therefore the eigenfunction corresponding to the zero eigenvalue. Further B, is a selfadojnt

operator in L?(R x A) and Weil’s theorem, by the same argument used in [7] for the d = 1 case,
assures the existence of a gap in the spectrum: For v € L*(R x A)

| @ e =o
RxA

(Bav, 0) 2@y = Y(D)|0]172 @) (33)

where y(L) > 0. A quantitative argument given in [2] proves that y(L) = a(f’gj). To our aims the

merely existence of a gap is enough. Denote by A, a € R, the family of linear operator in L?(R)

Aqv = <ﬁ(“ - J*v) , (3.4)

1 —m2)
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where J is defined in (1.9). In [7] was shown that A, has a gap 7. The eigenfunction corresponding
to the zero eigenvalue is 77/,(-). Then for all v € L?(R) so that

/ v(z1)ml,(z1)dxy =0
R

(Agv,v) 2Ry = ’YOHUH%%M
The operator A, is defined in term of J the one dimensional projection of .J and the eigenfunction
corresponding to the zero eigenvalue is m/ (x1),z1 € R. The operator B, is the multidimensional
version of the operator A,. Notice that the eigenfunction corresponding to the zero eigenvalue of
B, see (3.2), is the multidimensional version of the one of A,. In the following we will drop the
subscript a if no confusion arises. We have:

3.1 THEOREM. Let D < 3, m(-,t) be a solution of (1.1) and m(-,t) = Mgy (-) + v(-,t) where
a(t) is chosen so that minimizes |[m(t) — WGH%Q(RXA). For any € > 0 small enough, there is
61 = 61(e, 3, J, L) > 0 so that at all time t for which |[v(t)||s2 < 61, where s > D we have that

d

L [F @) - Fm)] = ~Z(m()

IA

—(1 — 3¢) Z /RXA o(m) [(Bv(t))xfdx,

i>1
where Z(m(t)) is given in (1.19).

The proof of Theorem 3.1 is based on several intermediate results. We start proving the following
estimate for the mobility o(m) = B(1 — m?).

3.2 LEMMA. Set m =M, + v where a is chosen so that it minimizes ||m —WQH%Q(RXA). For any
€ > 0 there exists d1(e) > 0 such that

(1 = o) < a(m) < o(m)(1+¢)
when ||v||lys2 < 0 and s > =.

2
Proof: Write o(m) = o(m) [1 + - B(2m + v)v} . One easily obtains the pointwise bound

o(m)

' (2m + v)v| < 2lv| +v? < 20(d, 8)||v|| =2,
o

where in the last passage we estimated the ||v]o by Lemma 8.4 for s > £. Take &; so that

2C(d, s)01 <. O

3.3 LEMMA. Setm =m+v, v € L3R x A), [™ (z1)v(x)dz = 0. For any € > 0, for s > %
there exists dy := dy(€, L, 8,d), defined in condition (3.12), so that if |v||yys2 < di, we have
Z(m)>(1- 26)/ U(W)[(Bv)xl]Qd:c

RxA
1

+6/RXA o(m) [(Bv)xlfdx— /RXAa(m)[U(v)]zdx (3.5)

€

+(1- QE)Z/RXAO'(WL) [(Bv)xifdx

1>2
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where U(v) is defined in (3.8).

Proof: Since m depends only on 21 and by assumption m(z) = m(z1) 4+ v(x) we decompose Z(m),
see (1.19), as
I(m+v) =ZTi(m+v) +Ie(Mm+v)

and
To (i + v) = ;/J(m) KM - J*vxi>]2dx.
We have

My, _ My, My,
(e~ e ) = (o )+ B

where B is the linear operator defined in (3.1). Denote

~ 1 1 1 1 2m 14 3m? +2mv
U(v) = = _ i . 3.6
=5~ T ST T 0
Since Bmyg, = Bm' + Bvy, = Bug,, by (3.2), we have
1 my ~
T = iy = By + 0(0) (0, + )
1 2mm (37)
= B'Uml + Emv + U(U)
where )
1 om 1 1+3m2+2mv .,
UWw) = - ——=500s + = - . 3.8
e (o M &%)
But since
2mm’  d 1
(1-m?)?2  dr \1-—m?
(3.7) is the same as
1 my,
1 _mZ J*mg, = (Bv)y, +U(v) .
Applying Lemma 3.2 we have that
Zi(m+wv) > (1 —¢) /R N o(m)[(Bv)s, + U(v)]zdx (3.9)
X

provided d; is less than the §; of Lemma 3.2.
We apply to (3.9), inequality (8.12) stated in the appendix with A = 1 — €, where € > 0 is small
and arbitrarily chosen. We obtain

/ o () [(Bv)a, + U(v))2de
RxA
> (1— 2¢) /RXAg(m) [(Bv)s, | 2da

_ 2 1 — 2
+€/]R><A o(m)[(Bv)g, ] dz — /RXA o(m)[U(v)]“dz.

€
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We proceed similarly for Zy(m + v), taking in account that 77 depends only on z1. We have

1 v, - .
Bl—ix;rﬂ_!]*vxi = Bug, + U(v)vg,, ©>2
where U(v) is given in (3.6). Then

I(m+v) > (1 —26)Z/RXA o(m) [B%i]2dx

+ ey ( /]R  a(m)[Bu) —% /R N a(m)[U(v)%]?dx> L (3.10)

1>2

Next we show that the last line of (3.10) is positive when [|v||?%, > is small enough. By periodicity
Sy vz, (#)dat = 0 for all j > 2. This implies that [;, , ve,; (2)7 (z1)dz = 0 for j > 2, therefore by
(3.3)

_ 2
Z/ o () [Bug, ) *de > (L) V-0 2. (3.11)
i>2 RxA

We have

/R Aa(m)[U(v(x))vxi]zdxSC(B) sup |U(v)]?[[V=oll3 < C(d, B)[[v]lfys2 ] Vo3,

1>2 TERX

by Lemma 8.4 and s > %. Then for any given € > 0 take d; := d;(L, 3, €) so that for ”UHI%V&? < djy,
see (3.10) and (3.11),
1
ev*(L) > =C(d, B)d;. (3.12)
€

We then obtain (3.5) O

We would like to show that the quantity on the right hand side of (3.5) is strictly positive. There is
no hope to show that the second line on the right hand side of (3.5) is positive. We cannot expect
to control the nonlinear contribution of the dissipation of the free energy by only the derivative in
the z; direction. We need to take into account also the gradient in the orthogonal direction of z;.
To this aim we denote, see (3.5),

=€ o(m v 21‘ —1 o(m v)]2dz
Gt =e| T | oot ) -1 [ amupkas. (313)

In the next proposition we show that G.(v) is positive under smoothing assumptions on v.

3.4 PROPOSITION. Let s> 2 v e WHLA(R x A), [o. (@)W (z1)dz = 0. For any e > 0

Ge(v) >0, (3.14)

provided
[0][fyes12 < €0 (3.15)

for eg = €27 for r = r(L) > 0.
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The proof depends on several intermediate results, and it is given at the end of the section.

In Lemma 3.3 we took advantage by decomposing m = m + v, v € L?(R x A). In the following it

is helpful to split v € L?(R x A) in the manner:
v(x) = vi(z1) + w(z),
where
1

vi(z1) = 73

/ v(zy,zt)det, z; € R.
By construction,
/ w(zy,zt)dzt =0 Vo € R,
A

Further if [, v(z)m/(z1)dz = 0 then

/RXAw(x)m/(m)dx: /Rdx1m/(x1)//\w(x)dxf— —0,
/va(ﬂcl)m'(x1)dx =0.

Using decomposition (3.16) we get the following useful result.

3.5 LEMMA. Letv € L2 R x A), vy, € L2R x A), v =v1 +w as in (3.16). We have

/ o () [(Bv)y, | dx = / o () [(Av1), | 2de
RxA

RxA
__ 2
+ /RXAU(m)[(Bw)IJ dz.

Proof: Take v as in (3.16)

0
¢ e 3 (200 [ )

Integrating per part with respect to x; the last term in (3 19) we have

e e e e
<

(3.16)

(3.17)

(3.18)

(3.19)

ﬁ(l’lilm2 _J*Ul>:| < A[ 1_72 J*w] d:):1>d$1—0
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Namely for each x; integrating with respect to xf we have

A[lem%_J“4®%=a

Taking into account Lemma 3.5 we write, see (3.13),

— ¢ o(m v 2 T o(m Wa; i r
Ge(v) = AM(MMﬂMd+;AM()WIMd (3.20)

_ 2 1 - 2
+6/R><A o(m)[(Bw)g, ] dz — /RxA o(m)[U(v)]“dx.

€

To show Proposition 3.4 we bound from below the first three terms of (3.20) and from above the
last term of (3.20) in term of comparable quantities. We estimate the first and third term of (3.20)
in Lemma 3.6 and Lemma 3.7. The lower bound for the second term in (3.20) is easily obtained
taking into account that [, p w., M (z1)dz = 0 and applying (3.3)

_ 2
Z/ o(m)[B(ws,)] de > v(L)a(ms) Y _ |lws,I3. (3.21)
i>2 YRxA i>2
Then we estimate from above in term of the same quantities the U(v) term, see Lemma 3.8.

3.6 LEMMA. Letv € L*(R x A), vy, € LR x A), [, v(2)W (21)dz = 0 and v(z) = vi(z1) +
w(x), see decomposition (3.16), then there exists a positive constant v, := v1(8,J), such that

[0 ?
[ atm | (o) | o= otmamlPet e
RxA T
where A is the linear operator defined in (3.4), P is the orthogonal projection on the orthogonal
complement of m" of L*(R).

Proof: We apply Lemma 3.4 of [3]. The assumption needed is [ v1(x1)m (z1)dz; = 0 which is
indeed satisfied; see (3.18).

We then obtain, from Lemma 3.4 of [3], that there exists a positive constant ; depending on
B and J so that

[ o] = otman [ dot [ dnlPe) P
RxA A R
= U(mﬂ)%”PUi”%%RxAy
where P is the orthogonal projection on the orthogonal complement of m” in L2(R), i.e.

g vi (@) (z1)day

P} =v] — —
LA

O

2
Next, we estimate from below the term [ \ o(7) [(%(Bw))] dz. When dealing with the
heat equation in our heuristic discussion, the corresponding term was simply dropped. Now we
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need to bound it from below to get some positive contribution that may be used to cancel negative
contributions coming from the last term of (3.20). The estimate is obtained by introducing a cut-off
function. Without cut-off we could get an estimate of the type:

fop™ Kaa <Bw>>rdx > o(ma)r (L)Jwey I3~ Cllu3 (3.22)

The main difference between this and (3.25) is that the term ||w||3 in (3.22) is a priori not small
and we do not have a way to control it.
Let N > 1 and ¢34 (21), #1 € R be a smooth cut-off function so that

2 . 0 ’1‘1| < N
oF (1) = {1 2] > 2N (3.23)
and 1 1
on(@) <1, o)l <+ [ok(@)] < o (3.21)

The choice of cut-off N will depend on L, the linear size of the transversal direction to the front,
and it will be chosen as function of €, see proof of Proposition 3.4. We have the following.

3.7 LEMMA. Takev € L*(Rx A), [p, ,v(2)W (z1)dz =0, v = v1 +w, see decomposition (3.16),
Wy, € LA(R x A) and @3 the cut-off function defined in (3.23). Then for any N > 1,

2
[ ot | (56| de > otma Dlent)ald - lulEgaDEAL) (325

where B is the linear operator defined in (3.1) and D(B,~v(L)) is defined in (3.34).

Proof: We have that

/RxAU(m) Kail(l?w)ﬂzdx > /RXAU(m) {@V <ail(8w)>]2dx. (3.26)

Using that for smooth integrable functions g and h one has

/R[(gh)l]Q = /R [gh'}? — /R 99" h?
[ oo (o0 o

~ [ otm [(jﬁmww))rdw [ otmond (Bl a.

we have

(3.27)

By the property of ¢n, see (3.24), the last term in (3.27) is estimated as following

1 1
| otmponds (Bul ds| < supléiI1Bulf < 518w} < 1306wl
RxA
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where in the last inequality we used the fact that B is a bounded operator in L?. We then obtain
that, see (3.26),

/RXA o(m) [(ail (Bw)>rdx > /RXA o (m) |:<8i1¢N(Bw)>:|2d$ — %C(B)kug. (3.28)

Next we estimate the first term on the right hand side of (3.28). We write

dnBw = B(pnw) — onJ xw + J * (pyw),

and apply the inequality see Lemma 8.5 in the Appendix, writing A in (8.12) as A = %,

We have

- 2/RMU<m) [(;ms(ww))rdx o
_ /]RXA o (77) [J % (byw) — b % w]®.

Further, we have

(3.30)

By (3.17),

| (petontaota)) afenis = - [ onutaneis o

and therefore, by (3.3)

/ﬂm 7tm) [B <ail<w¢w>>] e 2 olma (D) vk I

Taking into account that

0 1 B 2mm’
BT (B(l —m2>> T B —m2)?

and m' is exponential decreasing to zero, see (1.10), we have that

Lol (mlm))]dx < Jwl3C(@)er.
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Therefore (3.30) can be estimated as follows:

/RXA 7(m) [aiIB(QZ)Nw)} kX (3.31)

> %U(mﬁ)72(L)||(¢Nw)x1||% — Jwl3C(B)e™.

We have that

(0 (onw) —onTxw) @] < [ Ta=g) o@lonto) = ontelldy < 5 [ Ta=)lo)lds

namely by the mean value theorem and (3.24) |¢n(y1) — én(21)| < +|y1 — 21]- Since J has
compact support contained in a ball of radius 1, we have for y; and z; in the support of J,
|on (1) — dn(21)] < % The last term of (3.29) is therefore estimated as the following:

1

| omeionu) ~oxwul < g [ Gl < lel (3:32)
Taking into account (3.31) and (3.32) we estimate (3.29) as follows:
2

/ [ (QZ)NBUJ):| dz
1 1

> 20(ma)y* (D) (oxw)ay I3 — [w]3C(B)e™ — <7 [lwl3 (3.33)
1 1

> 0 (m) V(L) (dnw)a, Iz — wllz [C(ﬁ) V=)

Further 1
[(nw)a |5 = llon (w)ay || —/ ONGRW? > || on (w)a, |5 — WHU}H%
RxA

Finally, from (3.28) and (3.33) obtain

o) o (o (B0) ar
RxA

> ia(mm?(mnmw)m 13— ol [io(mﬁ>v2<L>]§2 re@een + Dy o
> Lo(ma (L) 6x () 3 — [0l D5 (L),
where .
D(BA (L) = | Jolmar® (L) +20(3)] (3.31)

O

In the next lemma we estimate [ o(m)[U (v)]2dx from above in two different ways which will
be used in different regimes.
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3.8 LEMMA. Letv € L>(RxA), [, v(@)W (z1)dz =0, v € WTL2(RxA), s > & v = vy +w,
as in (3.16), and ¢n be the cut-off function defined in (3.23). For the non linear operator U(-)
defined in (3.8) the following holds

/ o (m)[U(v))da §||U/1||%2(RxA C(8,7) {03 + l[wa, [3N}

+[|wl3C (8, J) {Iolfyez + [lollfyerz }
+Hvllws,20(ﬁ, Dl ¢nwa, |3

Further, assume that Hv1HL2 ®Rxp) < k* and Hv1HL2 ®xA) S k%. Then for any given ¢ > 0 there
exists Ao = Ao(e1, k), see (3.57), so that

/a(m) [U(v)]de < |:C(/67<]) + )\20] 1011172 R

(3.35)

N 3.36
el OB ) [0l + (G elena| 399

+8e1|[PUi |72y + 2l0llws2llonws, |17,
where P is the orthogonal projection on the orthogonal complement of m" in L?*(R).
Proof: Observe that for some constant C' depending only on £ and J
_ 2 9 o 2

U)]” <2 (;(1 _2722)2> 202, +2 <;(11_+j;;2(ﬁn::2)> vt

1 1+3m2+2mv )\ .4 (3.37)
(5(1 —m2)(1 - m2>m> ’
< C(B, ) (R(x1)|ol* + [vf* vz, [*)

where R(-) is non-negative, exponentially decreasing to zero as |z1| T co and [p R(z1)dz; = 1. We

start deriving (3.35). Splitting v = v; + w as in (3.16), we have
vt =02 [v) + w)? < 20 w? + w?.

Then since ||v]|co < ¢(d, 8)||v]|yys.2, for s > g, see Lemma 8.4,

R(azl)]v|4d:v < 2¢(d, S)HUHIZ/I/S,Q / R(x1)[v}(z1) + w?(z)]dz. (3.38)
RxA RxA

We may write
1
v1(z1) = v1(y) +/ V' (2)dz.
y

We then multiply both terms by 7’ (y) and integrate on the real line. Since [ v;(y)m'(y)dy = 0 we

1 [e'e] €1
ne) =g [~ w) ([ ) (3.39)
mg J oo y
and therefore

1 _ 1
orten)| < g ([l = sl ) Ik ace

1
1 I )
: (m [ e - Wdy) 1o lz2e) < COB, DL+ a1 2y

have

(3.40)
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Therefore from (3.38) and (3.40) we have
/ R(zy)|v|*dz <
RxA

2c(d, 5)|[v]Fy-.2 [Hv’luiz(mcw,ﬂ / R(x1)((1 + |21*) 2 da + R<x1>w2<x>dx]s (3.41)
RxA

RxA
[0l3reaC B, T, 5,) [|195 Baqgeny + I0l32gana)| -

To estimate the contribution from the last term term in (3.37) we split v;, = v] + w,, where v;
and w as in (3.16), obtaining

[ el Pz <2 [ JIGER |v2|wm|2da:}

(3.42)
< 2ol 9 22 ) + 2 / [0[2}uvg, [*d.
Splitting again v = v; + w as in (3.16) we estimate the last term of (3.42)
JEIAREE [ [Pl + [ rw|2|wxl|2dw]
(3.43)

<2 [ [Pl Pz + ||wr\%||wmuzo}

The first term of (3.43) is estimated by adding and subtracting the cut-off function ¢%. Taking
into account (3.40), we have

/ o1 gy Pz = / o Pl Pdz + / (1 = @3 wa, [*de
1
< Nor |2 o I3 + (8, D)l 2 / 1+ 2P (1 = 63w, Pde (3.44)
c(B,J
< [lorll3ll¢nws, |13 + (Ld)HU/lH%Q(RxA)meH%Q(RXA) V1+ N2

Summarizing the previous estimate we have that (3.42) is bounded as following

/ [0f2[up, [2d2 < 200l 2105122 ey + Al 1213

C(8..) (3.45)
+ AllvlZllonwn I3 + =77 1011 Lo e T2 @) VI + N2.
Hence from (3.37), (3.41) and (3.45) we have
2
/U(m)[U(U)] dr < [ollfs2CB, ) | [101[72@xa) +Hw”%2(R><A)]
+ 0l 2 CB, Dllonwa, [ Zamun) + 4we 2 1wllZ2 (g
C(8,J) e
t —a [0 17 2R a1 172 py V1 + N2, (3.46)
We estimate, see Lemma 8.4 in the Appendix,
D
[0 < eld, s)l|vllws2, s> and  |[lwe oo < c(d; 8)[|va; [lws2 < c(d; s)[[0][psrr2.

2 )
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Hence (3.46) immediately implies (3.35). We next derive (3.36). For o € R write
v =am’ + ¢ (3.47)

where [ ¢'(x1)m” (x1)dzy = 0 so that Pv] = ¢’. Note that, as indicated in our notation, Pv} is a
derivative since v] and m" are derivatives. Hence, upon integration

vy = am +g. (3.48)

The fact that [ v1(21)7 (21)dz1 = 0 means that ||g|z2() cannot be too small. But what we need
to know is that ||g|lz2) = [[Pv1[lL2(r) s not too small. In general, these are simply two different

1557

things. What provides the crucial connection here is that (2mg)~ m'(x1)dz; is a probability

measure on R, so that
/ v1(z1)m (z1)dzy = 0
R

implies that

o 7 12

Then one may use [|g[l2, < 2[lg/ll L2r)llgllL2(r) to conclude that

llglloo >

2 2

2 8ﬂl / /
lal® < Hf/H H9HL2 Hg HL2( HQHLZ’(RxA)HQ HLZ(RxA)-

=
Since
v = (v1 + w)4 < 4[1}% + w2]2 < 8[1}11 + w4]

we have that

Ria)lol'd < 8 / Ria1) [or]* + w*] da. (3.49)
RxA RxA

For the first term of (3.49) we insert the pointwise bound for v1, see (3.39), obtaining, since R(x;)
is rapidly decreasing, from properties (1.10),

1
R(ay)od (er)de < [[0f] |42 ) L /R Ran)(1+ 1)z = =508, DI Eaqzny

RxA
Next,

A

[ Reutas < s R olieo / 4z
RxA r1ER
< CB)eld, 9)|w]malw]e,

by Lemma 8.4 in the Appendix. For the other term in (3.37) we write

/ v? (g, )2da < 2/ v?(v))?dz + 2/ v? (wy, )?dz. (3.50)
RxA RxA RxA

We start estimating the first term of (3.50)

/ v (v))?dx = / [am’ + g + w]?(v))?da
RxA RxA

(3.51)
<2 [ [0+ lg+ ul?] (o) e
RxA
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Moreover from (3.47) we have
/ vym’dz = ofm” HL2 (RxA)
RxA
and therefore |a| can be estimated as

! =1
Jeon ¥007d2)of o gaeny

laf = 5— < = .
” ”HLZ (RxA) ”mHHLQ(RXA)

We obtain from (3.51)

/ v?(v))2dx < 202 / (@)% (v))2dx + 2/ lg + w]?(v))?da
RxA RxA RxA

A,
<o LR Yy, 2 + 4 / P (W})?dz + 4 / w?())2dz
|| ”LQ (RxA) RxA RxA

A,
T II’\Iio+4/ g*(v)*dz + 4oy | % w2
H ||L2(R><A) RxA

Since [|g]|2, < 2|9l L2®)ll¢ || L2(r) We have

/ (W} < gl / (v})2de

RxA RxA

gl 2w 19 2 / (v})2dz
RxA

IN

IN

2
22 (1913 2e)191 oz ) + 5 104 12
for any A > 0. Because of (3.48) we have
HQH%Q(R) = |jo1 — am,”%m@)

Therefore, by (3.52),

2
_ HU11HL2(R><A) .
HgH%Z(R) = ||U1||%2(R) + |O“2Hm,||i2(R) < ||U1||%2(R) + (MQ(RA)Hm/HLQ(R) .
X

Taking in account (3.54), (3.55) from (3.53) one obtains

1 __
[ R <o sup( 0l + 3194 g
RxA Hm HL2 (RxA) *1

[[Vi 1 2rxa)
|| L2 (<)

+2X ”UlH%Q(]R)—’_(

Assume that

lo1 2 mnny S K il 2@nn) < K

2
H/HL2(R)> ||9'HQL2(R) + 4H7)1Hgo|’wu%2(ﬂ{x1\)-

30

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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Then

2
Vi 2mxny |
Hle%Z(R) + (1(><A))Hm/HL2(R) HQIH%%R)
X

|| 22w
el el . [ ],
<za|lt 1W 19/ 172y = T3a |1+ 1W 19"l 2 @)
L2(R) L2(R)
Take X in (3.56) so that
k2
2)\ﬁ 1 + —F — H ||L2(R) S €1. (357)
7w Hm

We denote such A by A\g = Ag(€1, k). Then we have

1

1

4 _

/ o2 (0})2dz < 20} |32 12+ —
RxA )

Ao

17112 e (3.58)

+ 61||9’||%2(RXA) + 4||U1”c2>o||w||L2(RxA)-

Next we need to estimate the second term of (3.50), [p, 4 v*(wa;)?dz. Splitting v = v1 + w as in
(3.16) we get

/ v? (wy, )?dz < 2/ w? (wy, )2dx +/ 03 (wy, )2da
RxA RxA RxA (3.59)

< 2lfuw, |2 0] + / o (wp)?d.
RxA

We split the last term of (3.59) applying the cut-off function ¢% as it was done previously in
(3.44) but we need to end up with an estimate where the ||vi|\‘i2(RXA) appears. Denote hy(z1) =

(14 ‘$1’2)%(1 — ¢4 (x1)). We therefore, see (3.44), have

/ o1 2 [2d

(3.60)
< ol onwa, 172 @) +C(ﬁaJ)HUi”%?(R)/hN($1)|wx12d$~

Note that hy(-) is smooth and has support in [-2N,2N]. Integrating by part we have

/hN(x1)|ww1|2da: = — /w [h?v(:nl)wwl + hN(:El)wxlzl] dz.

By Schwartz inequality we then get

/hN(wl)(wxl)le' < [lwll2 {sup [Ay (z1)l[lwa, [|l2 + sup [n (1) [ wz,a, 12} -

We immediately estimate
sup [Aly (z1)] < C,

sup |hn(z1)] < V1 +4N?2 < 3N.
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Summarizing from (3.60) we obtain

/ o (e, 2d
2 2 N /112
< oalell@wae, I3+ OB ) gl oy ol (sl + ey 12}

Since ab < %aQ + %bz we have

/ for 0, >
1

1 N )
< oillElénwa 72 + C8, ) | 510y + 5 I10lB(57) Hlwallz + lwe,a[l2]| -

Summing up all the estimates, (3.44), (3.58) we have

8

Ld

/U(W) [U@)) de < ZC @B, Dllvhl|2azxa) + 8CB: I d) ]y o]

1 _ 2
W”m/\ﬁoﬂvﬂ\i?(mx\) + )TOHUQH%Q(RM)
L2(RxA)

+ 8el|g/| 22z + 410511 ]

+ 2wz, [loo w13 + 2[[o1 I3 | onwe, |13
N2
+C(8,) [||vaui2(RXA> # il (72) (oald+ loas 8]
Recalling that ¢’ = Pv/, see after (3.48), and estimating

[villoo < llolloo < eldy $)llvllwsz, 1V lloo + lwalloo < Ve lloo < e(d; s)lvllystr2

we get (3.36). O

Proof of Proposition 3.4 Writing G.(v) as in (3.20), applying Lemma 3.6, Lemma 3.7 and
(3.21) we have that

Go) = [ Jotma Dlox (w3 - lwl gz DB D)

+ eo(mpn P Raguny + er(L)o(ma) S lluw, I3

i>2
1
- ¢ [emUe] e,
€
where U(v) is defined in (3.8). Suppose that
1112 L2
1Pullz2mxn) > Sl1v1l 2R (3.61)
and
D
0|2 erie < €0, 8> —. (3.62)

2
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From (3.35) of Lemma 3.8 we obtain

Gulo) 2 | o lma > (Dlon(w)a I} - ol 73 D(8.9(L)

+ o (ma)n || Poi7a @) + er(L)o(mg) Y llwa, |3
i>2

1012y OB ) [0l + e, 13

€ L2(RxA) ) W2 z1 112

+ [wl3CB, T) [[vliyse + [0l er2]

+ [0lfy2C (8. Il enwa, 3}

To show that G.(v) > 0 under assumption (3.61) it is enough to choose our parameters so that the
following three inequalities are satisfied:

1 1

4o (L) = olRyaCO5 )| lontw)al > o (3.63)

1 1
L) (ms) 3l = 1wl {3 DA + LOG.) [[olfyes + [olyena] | 20 (368

i>2
1
co(ma) PV ITe @) = IV C (B ) {II0lliesz + e 5N} > 0. (3.65)
To satisfy (3.63), under the assumptions (3.62), we need

€

V(L) 2 C5 (3.66)

for some positive constant C'. By the Poincaré inequality (see the similar estimate in (4.18)), we

have

c(d)
IVl > S (3.67)
We can then satisfy (3.64), if
c(d 1 1
(L)(ms) 53— {eqzD(BAEN) + 10, 7) [l + Tollynns]] 20,

Under the assumptions (3.61) it is enough to require

1 1 1 €0

’Y(L)ﬁ Z N2 V(L)ﬁ 2 0:27 (3.68)
for some positive constant C. By (3.61) to fulfill (3.65) we need to require

1 1 9 9

colmng — <0, ) {lolyns + e, o)V} 20
which means
> 9N (3.69)
€

Choose the cut-off N = e~ with a = a(L) > 0 so that the first requirement in (3.68) holds. Choose
then ¢y = €279 with b = b(L) so that (3.66), the second condition in (3.68) and (3.69) hold. Let
r=r(L) > a+band we get (3.14), that is G.(v) > 0, under condition (3.61).
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Next, suppose (3.61) is false, i.e. :

HPU1HL2 RxA) S HleLz (RxA)" (3.70)
Then from (3.47)
0] = ¢l 2@y < |l || 2wy
and applying (8.12) with A = £ and (3.70) one obtains
2017571112 ! 12 1 112 1 nv 1 /112
e[ T2y 2 o1 = 9'llT2m) 2 3llillze@) = 51191 T2m) = 511002y

Therefore
HU1HL2 < 12H7”HL2(R)|O"2' (3.71)

Since v orthogonal to 7', implies v; and w orthogonal to M’ we have, see (3.48),

«

1 s
= dex < . 3.72
o= = g L 7 < gl (3.72)
equality Jlg|[% < 2llglallg'll2- (3.71) and (3.72) imply

1 1
1l 2@y < COB. gy 19 ey (3.73)

Recall, see (3.47), that || Pvi|l2 = ||¢||2. We apply estimate (3.36) with [lv1]3. ) < K2, ||1)1HL2 ®) <

k? and for €; > 0. The actual values of k and €; will be chosen later. Thus 1t is enough to show

(o) 2e | Joma) P D)lon(w)al - i} 3 DG (D)

teo (ma)y | Put 2y + 1(Da(ms) 3 w3

122 (3.74)
_bo ag 9
||Ul||L2 (RxA) — ||U)HL2 (RxA)
—*861IIPU1IIL2 RxA) 2Hvlll lonwa, |15 >0,
where we denoted
2 12 1 Ny 2
ap = |C(B, J,d)||w|[fys.2 + [4llv11I5 + 2lwa, [loo] + m(ﬁ) lway [l2 + [[wayz 27|, (3.75)
and
1 2 1
bp=|—C(B,J)+2 sup(*')2 + + .
Ld ”m”HL2(R><A) 1 )\0(617k) 2m%’
We estimate
[0} [0 < e(d, s)[|v]lpst12, [Warzy ll2 < ([0l < ollwstrz,  [Jwa oo < eld, s)[[v]lpys+r2.

Therefore, (3.75), by assumptions (3.15), is bounded by

ap < CN?||v||pyss1.2 (3.76)
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We need to require, see (3.74), the following three conditions:

cqoma(0) - 2] >0, (3.77)

ev(L)a(mg) Y llws, |

i>2
T X (3.78)
— w2 @) [64]\,21)(5,’7@)) + eao] >0,
ea(mp)m || Poil|Z2 @)
(3.79)

1 4 1 2
- ;b0||vi||L2(RxA) - g861||g/”L2(R><A) > 0.
To satisfy (3.77) taking into account that

lvi]l3 < ed, 8)[v[lfez < o

we need to require

om0 - 1] 2o

To fulfill (3.78), taking into account (3.67) and (3.76), we need to require

1 11 1 9
L) (ms) f3eld) - [ 3z DAL + 1N 20
therefore ) )

This forces the choice we have made of €y as ¢g = €2729+%. To satisfy (3.79), taking into account
(3.73) we require

1
ea(mp)m || Poi| 72 @un) — EHQIH%Z(RXA) {bOHQH%Q(RXA) + 861} > 0.

Note that
1PVl Z2n) = 19172 xn) -

We now seek to bound HgH%Q(RX Ay 88 in (3.55). We would then require, in terms of order of

magnitude,
1 1
1 —bo—€ —85€e > 0.
€ €

We then choose €; = ¢y and k? = ¢y when applying (3.37) of Lemma 3.8. Recall that by < (C'+ /\—10),
and A\g == 75 = 1, for the choice done. We therefore get

1
— —€9 — 8¢9 > 0.
ga! 20 2¢ =

Taking ey = €277(1) with 7(L) = 2a(L) + b(L) we get the thesis. O
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Proof of Theorem 3.1: Applying Lemma 3.3, see (3.5), we have

I(m(t) > (1-2¢) /R  alm)[(Bo) s

m 2 —1 o(m v))2dz
w e[S emlEla | <t [ cmuePl

i>1 ¢
_ 2
+ (1—36)§/RXAU(m) [(Bv), ]| da.

Proposition 3.4 then delivers the thesis. O

4 Bound on the dissipation rate of the free energy in terms of the
excess free energy

In this section we establish a bound on the rate Z(m(t)) at which the excess free energy F(m(t)) —
F(m) is dissipated in term of F(m(t)) — F(m) itself, working under the hypothesis that

Z(m(t)) << [F(m(t)) — F(m)] . (4.1)

On the other hand, when (4.1) is not satisfied, there is ample dissipation, as explained in the

introduction. Denote by

P(v(t)) = L + / 23 (Banv(t))*de. (4.2)

RxA

The main result of this section is the following.

4.1 THEOREM. Let m(-,t) be a solution of (1.1) and set m(-,t) = Tg)(-) + v(-,t) where
a(t) is chosen so that minimizes |m(t) — WGH%Q(RXA). For any € > 0 small enough, there is
0 = dled,B,J,L) > 0 and €1 = €1(¢,5,J) so that at all time t for which ||v(t)|ys+1,2 < 01,
la(t)| < 1, where s > 2

< — (4.3)
and
Z(m(t)) < e []-"(m(t)) — F(m)} (4.4)
we have that

D[P (m(e) - Fm)] < 901~ a(my))2(1 +

[F (m(t)) — F(m)]*

o) (4.5)

The proof of Theorem 4.1, given at the end of this section, is based on Theorem 3.1 and an
application of the following constrained version of Weyl’s uncertainty principle proved in Section 2
of [4].

4.2 THEOREM. Let ¢(x) be a function on the real line such that

/w’(x)\Qdm < 00 and /]ww(m)]2daz < 0o (4.6)
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and such that either
Y(0)=0 (4.7)

[ =o. (4.8)
([1w@ra)( [les@pa) = 3 [loe |dx>. (19)

Notice that under (4.6), 1 is integrable and well-defined at 0, so (4.7) and (4.8) make sense.

or

Then

Recall that m(t) = Mg + v(t) and v = v1 +w as in (3.16). We will apply Theorem 4.2 to vy,
but the argument used in the one dimensional setting, see [4], does not suffice. Namely we get an
extra term, see the last term of (4.11), due to the multidimensionality of the problem.

4.3 LEMMA. Let m(t) = mqy) +v(t), v=v1+w as in (3.16) and |a(t)| < 1,

/ (xlvl(xl))2 dry < o0,
R

/ 01 (21) (7)) (1) = 0. (4.10)
R
For any € > 0, there exists 01 = 61(€) and €1 = €1(¢,01) so that when ||v]ys2 < 01 and

Z(m) < e [F(m) — F(m)],

we have

2 1—e€
/R[(Avl)“] b2 e +1

1
29 1 (CB.0) [F(m(1) — Fm)])®
L4 e312d Jg 23 (Avy)2da; + 1 .

(4.11)

Proof: The proof of the lemma when m is antisymmetric in the x; variable is a straightforward
application of (4.9). In such a case, a(t) = 0 for all ¢ > 0 and (Av;)(0) = 0. By Theorem 4.2 one
gets
9 ( fio(Avy)2day)”
/[(Aﬂl)wl}zdxl > Z (f]R(Q 1) . 1)
R fR z3(Avy)?dzy

and (4.11) holds for €; = 0 and € = 0. Without this symmetry condition, the proof is more involved.

The argument used in this case in the one dimensional setting, see [4], requires further elaboration:
We get an extra term, see the last term of (4.11), due to the multidimensionality of the problem.
We introduce the smearing operator

1
Svi(x1) = mm’*vl(m) .

Notice that S is a contraction on L?(R), and it commutes with differentiation. Hence,

1(Av1)z, |2y > IS (Av), 2@y = [(SAv), 2@ - (4.12)
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Further, note that

S(A)(a(t) = 5= (75 Av)a(8) = g | () ) chon) )y =0

by (4.10). Hence the constrained uncertainty principle applies with the result that, see (4.12),

2 HS-AUlH%?(R)
1@ — aD)SAvi [Ty

I (A ey 2 (S Aw),, 132z, 2 (4.13)

We now need to remove S. In the numerator we have for all € > 0,
1
ISAVL 12y = V1 + (SAv — Avy) T2y = (1 =€) Avt |72y — —l(SAvy — Avt) |72 w)-
Applying Lemma 8.2 one can show that
1(SAvy — Avn) 22y < OB, )| (A0t |2y
Applying Theorem 3.1, we have in particular that
1
1(Av1 ), 172 gy < 7aC (B, IZ(m(1)
and by (4.4) we have
1 __
(A s 72wy < e173C 8, D) [F (m(t) = F(m)].

Therefore 11
I8 Av sy > (1~ )l Al — Ler 27 OO, ) [F (m(e)) — F(m)].

Applying inequality (8.12) with A =1 — € we have

2
HSAmHiz(R)z<1—e>3u«4v1||%—;<61L1dc<ﬂ,J>[f(m<t>>—f(m)]) S ()

To remove S from the denominator, write

/(1:1 - a(t))2(SAvl)2d:E1 <(1+¢) /ZE% (SAvl)Qdazl + (1 —: €>a(t)2||SAv1|]%2(R). (4.15)

By Minkowski’s inequality and commuting convolution with multiplication by 1, one has

1218 Avr| p2(r) < [[Sa1AV] 2Ry + IS AV L2 )

1

where S denotes convolution by (2mg) =tz (z1). Clearly S is bounded on L? with norm no

greater than (2mg)~!||z1m'||1. And since S is a contraction on L?, one has
lz1S Avi[l2 < l|lz1Avllz + (2mg) o |1 ]| Avi]l2 -

Thus, for all € > 0,
1+4+e€

218 AV 22y < (1+ €) 1AV |72 + ( )(2mﬁ)2‘$1m/H%”Alei2(R) : (4.16)
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Combining (4.16) and (4.15), recalling the hypothesis that |a(t)] < 1, and A is a bounded operator

one has
1

2
/R(le — a(t))Z(SAvl) dx < (1 + 6)2||$1AU1“%2(R) + 5 (4.17)
when [[v1]|z2(r) is sufficiently small. Combining (4.13), (4.14) and (4.17), we obtain the final
result. O

Proof of Theorem 4.1: Since F is decreasing along the solution of (1.1), see Theorem 2.1, we
have

dF
%(m(t)) = —I(m(t)),

where 7 (m) is defined in (1.19). Applying Theorem 3.1, denoting m = m + v, splitting v as in
(3.16) we have

I(m+v) > (1-3¢) [/IRXA
+ -39 /R olm)[(Bu).] e,

i>2

o (m) [(Av1)g, | *de + /

RxA

o (m) [(Bw)a,] de}

In particular, since o(m) > o(mg)
I(m+v) > (1-3e)o(mp) [/RXA[(Avl)ml]de]

+ (1—-3¢)o(mgp Z/ wal

1>2

Taking into account that for each fixed 21 € R, [, (Bw)(z1,21)dz" = 0 we apply to the last term
the Poincaré inequality, see (1.30), obtaining

HvLBwy?_/dxl (Z/d:& (Buw(er, ). )

i>2 (4.18)
> Cg)/R/A Bu(zr, 75)2dz = Cgi)HBwH?.
Then
Z(m+v) > (1 - 3e)a(mg) [/RXA[(Avl)xl] dz + QHB ||2} .
Applying Lemma 4.3, we get
2
— )3 Jasea(Avt)? c
Z(m+v) > (1-3e)o(mg) ?18 - 6;2 T /(\j%(félvl);d}—i- 7 + ;;l) |Bwl|3| — 2R
9(1—e¢)3 1 24
> (1 - 36)0—(mﬁ)1(1 + 6)2 fRXA .’E%(A’Ul)Qd.’IJ + 7d </]R><A(Av1)2> + @”Bng 6%7?’
where
V102
» _ 9CB.J) ([F(mt) - F(m)]) (4.19)

4 [poari(Av)2de + LY
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Our aim is to prove that

[(AMW)Z + gizlwwu;] > [ [F(m(e) - Fm)]?].

By orthogonality
| AvL[[3 + [|Bwl|3 = [|Boll3.

Then
2
18|13 = (IlAv1]3 + [|Bwl[3)” = [lAv1 |3 + (| Bw||3 + 2/|Av1|3) ]| Bw|3.

Suppose that

4
1Bul3 + 243 < 575
then 4

| Avs [|5 + @HBUJII% > || Bvll3.

This implies that

00—  Bls
41462 [o o3 (Av)2de + L4 1

Z(m+v) > (1 - 3e)o(mg)

40

(4.20)

To compare ||Bv||3 with [F(m(t)) — F(m)] under assumption (4.4) we apply Lemma 4.4 stated

and proven below and we obtain
|Bv]|3 > 2a(1 — 26)[F (m(t)) — F(m)],

where . )
Gt g Lzolm)

B(1 —m3) o(mg)

Taking into account (4.21) we have

1 (1-¢? [Fm)-Fm)]*

Z(m0) = (1= o lma)) 0 e T P Ande+ I

Recalling the definition of R, see (4.19), choosing €; small enough so that

9 ¢

ZWC(B’J)SG

we get

(1= 208 [[Fm) = F(m))?]
o(mg) (1+€)? [p x23(Avy)2de + LY

Z(m(t)) > (1 - a(mg))?9

By Lemma 3.5 we have that

/ 23 (Avy)3dx < / 23 (Bv)?dz,
RxA RxA

eIR.

(4.21)

(4.22)

(4.23)
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from (4.23), taking into account (4.2) we get (4.5). Next we verify that requirement (4.20) is indeed
satisfied under assumptions (4.3). Namely ||Bw||3 + 2| Av1[|3 = ||Bv||3 + || Av1]]3 and

1 2
Al = 16enlf = [ do (5 [ Botar,atiaat ) <

(;)2/12@1 <</A(BU)2(xl,x1l)dxf>éLg>2 _ ;/AXR(BU)Q(:E)dx.

1 1
[Bwllz + 2l Av |3 < [Bl3[1 + 751 < CB)L + F5llIvl,

since ||Bv||3 < C(B)||v]|3. We get (4.20). O

Then

Next we compare ||Bv||3 with [F(m(t)) — F(m)].

4.4 LEMMA. Take v € W'2(R x A), [ 2 vm =0 and m = m+v. For any € > 0 there exists
e1 = ei1(e, L, B, J) so that for

Z(m(t) < e [F(m(t)) — F(m)], (4.24)
1B0|1 72 gy = 2a(1 = 26)[F(m + v) — F(m)] (4.25)

and
1B0|[ 72 (gxny < 26(1 + 2¢)[F(m + v) — F(m)], (4.26)

where & is defined in (4.22).
Proof: We have that
|1Bv||3 = (Bv, Bv) = a&(v, Bv) + ((B — &)v, Bv >= a(v, Bv) + (v, (B — &)(Bv)).

Therefore

1Bv|[* > @(v, Bu) — |(v, (B — &)(Bv))|.
By Lemma 8.3 we have
|(v, (B —&)(Bv))| < [[v]lz2@xa) (B — &) (Bv)l|L2mxay < vl z2@xa) IV (BY) || L2mxa)-
By Theorem 3.1 and assumption (4.24) we have
CB)IV(BO)F2(mxny < Z(v) < e[F(m(t)) — F(m)].
Under this condition
(v, (B = a)(Bv))| < [[v]l L2mxny 1 K (BI)F (m(t) — F(m)] 2.

Further, by Lemma 8.1

NI

4
ol Z2mxay < @[}_(m(t)) — F(m)].
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Therefore

(v, (B — @) (Bv))| < [e1 K(BJ)

Take €; small enough so that
@K (BT) )7 <

Then we get (4.25). Arguing in a similar way we get (4.26). O]

5 Moment estimates

In this section we control the evolution of
o0 =L+ [ olmuy)lon (Bugyo(t) Pda (5.1)
RxA

in term of the free energy functional 7. As we discussed in the introduction it is important to
have the right constant multiplying the free energy. In the next theorem we show two estimates.
The first estimate (5.2) does not quantify the constant multiplying the free energy and holds under
less restrictive assumptions. To show the second estimate, see (5.3), we need that the dissipation
Z(m(t)) is small compared to the excess free energy, see (5.3). For proving the main result we need
both of them.

5.1 THEOREM. Let m(-,t) be a solution of (1.1). For any ¢ > 0, L > 0 there are con-
stants ko(B, J, €, L), do(B,J, €, L) and e1(B, J, €, L) such that for all t with ||[v(t)|ws2 < ko, s > %,
llo(t)||l2 < do and |a(t)| < 1 there exists a positive constant B = B(ko, L, d, 3, J)

%gf)(t) < B[}“(m(t)) — ]—“(m)] . (5.2)
Further if
Z(im(t)) < e [F(m(t)) — ]—'(m)} (5.3)
then
%d)(t) < (14 €)4(1 = a(mp))*[F(m(t)) — F(m)] . (5.4)

The proof of Theorem 5.1 is based on several intermediate results. We start deriving the full
non-linear evolution for v inserting m(t) = M, + v(t) into (1.1). Taking into account that 7 is

a stationary solution of (1.1), i.e

Vi — B(1 —m®)(J x Vi) = 0,

we obtain:
?;t} = V- (Vv—B8(1-m?)JxVv)
+ BV (v(v+2m)J x (Vo + Vm)) + a(t)m’
= V- (a(m)V(Bv))
+ BV (v’ *Vm) + (v(v + 2m)J * Vv)
+ a(t)m'. (5.5)

Differentiating (5.1) produces terms involving a(t). We estimate these by applying Theorem 2.3.
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5.2 LEMMA. Letv be a solution of (5.5). Then for any e > 0 there are constant 6 = §(e,3,J) > 0
and k = k(d,€, 3, J) > 0, such that for all t with |[v(t)|2 <6 and ||[v(t)|lys+12 < K for s > D

8 _ _
<2/B 8 da:+6[}"(m+v)—]:(m)] . (5.6)

Proof: Since B is self adjoint,

d _ 9 8
T o(m)|x1Bv|*dz = /B 815 dz
2mm’

a t)2<6/mm'x1|8v| dx—l—/ (m )xl(Bv)ﬁ(l_mz)dex) (5.7)

By the exponential decays properties of 7, see (1.10), the boundedness of B on L*(R x A) and
Theorem 2.3, which says that |a(t)| < D(k, 5, J)|v(t)||2, one clearly has

a(t)2<[3 / 22| Bo’dz + / a(m)x%(sv)mudx>

01C [l st [ 1BoPs + otm)at 5 ™ [(Bojoas
< O, B, ) old) |2 [F -+ v) — ()]

where C' is a constant depending only on 3, J and k that changes from line to line. In the last

IN

A

inequality we applied Lemma 4.4 and Lemma 8.1given the Appendix. Ul

We will separately estimate the linear and nonlinear contributions from (5.5) to (5.6). Since Bm’ =
0, the term containing & in (5.5) makes no contribution to (5.7).

The basic manipulation, to be done repeatedly in the rest of the proof, is to commute differen-
tiation and multiplication by x1 with B. Therefore we define

_ L 2m(z)m/(z1) .
=Gy T Ba-mey? 1 EF
and observe that
V (Bw) = ergw + B(Vw), (5.8)

where e; is the D unit vector in the x;— direction, e; = (1,0,...0). In (5.8) and in the following
we denote by B(Vw) the D vector with components B(ws,), j = 1,...,D and by [[Vw[j =
Zz 1 H ||2 Furthermore, define the convolution operator C by

Cu@) = [ Tmuta - 5)dy
RxA
Observe that for any function w,
z1(Bw) = B(z1w) + Cw (5.9)

where z1w denotes the function with values z1w(z1,z1). By Young’s inequality C is bounded on
all L? with operator norm

el < /[M o ()] dz . (5.10)

We need the following technical lemma.
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5.3 LEMMA. Forw € L*(R x A), wy; € L*(Rx A),i=1,...,D we have

| (J(W)wlm’)'llm(mm

17 [| L2 (R x A)

lo(m)21V (Bw)ll2 < lwllz + (L)~ 2BY? (o (m)2: V (Bw)) |2 (5.11)

where y(L) is the spectral gap (3.3) of B. Further there is a finite constant C' > 0 depending only
on B and J such that whenever |a(t)] <1,

1J % (z1Vw)||2 < C (Hw||2 + ||51/2(a(m)x1v(5w)||2) . (5.12)

Proof: Let P denote the orthogonal projection onto the span of 7’; i.e., the null space of B. Then
1

P(a(m)ml(Bw)xl) = m(m ,o(m)x; (Bw) >L2m’
= (e, (Bw)) o,
izealb
and 1
P(U(m)xl (Bw)xj) = m(m ,o(m)xy (Bw) j>L2m’ =0, j#I1.

Hence, by the Schwarz inequality and the fact that B is bounded, we get

(o (m)am’)’ |2

[P (o(m)z1 (Bw), )2 < s w2 - (5.13)
Next,
[P (o(m)z1V (Bw)) |2 = [|BY2BYV2PL(o0(m)z1V (Bw))||2
< *y(L)*l/ZHBl/ZPl(U(m x1V(Bw))H2
= (L) Y2 PEBY (o (m)x1V (Bw)) |2
< (L) TV2BY2 (o(m)a1 V (Bw)) |2 -

Hence, the Minkowski inequality and (5.13) yield (5.11). To prove (5.12) we define the operator D
by
1
Dw=————Fw—J*w. 5.14
51— m3) o1
Fourier transforming, one sees that D is bounded with a bounded inverse since (1 — m%) < 1.
Note that
Dw = Bw — gw, (5.15)

h
where 1 1

o) = B0 () B md)

Also, D commutes with convolution by J, and

1 € R. (5.16)

z1Dw = D(z1w) + Cw, (5.17)
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as with B in (5.9). Hence,
J*z1Vw =D 1T x (D(z:Vw)) = D' J * (1D(Vw) — C(Vw)) =
— D IC(VJI*w) + D' * (21BVw — 21§Vw),

where we have used that convolution with J commutes with C and that J x Vw = VJ x w. Next,
applying (5.8),
DL % (xlB(Vfw) - :1;1§Vw) =D 1]« (a:1V(Bw)) —D '« (zx19wey + m@Vw).
We have that
DT x (z1gwer + 1§Vw) |2 < C(B, J)||w|2,

where we used the rapidly decay of g and g and that J x (z1gVw) = VJ x (z1gw) + J * V(z19)w
Thus,

1% (@1Vw)z < [DTIC (VI *w) |2
+ DM % (21V (Bw)) |2
+ |D7YT * (z1gwer + z1gVw) |2
< C(ﬂ, J)(Hw||261 + ||U(m)$1V(Bw)”2 .
Now application of (5.11) yields (5.12). O

Next we estimate the nonlinear contribution from (5.5) to (5.6).

5.4 LEMMA. Let v be a solution of (5.5). Then for any € > 0 there are constants 6 =
(B, J,e,L) > 0 and k = k(B,J,e,L) > 0 such that for all t with ||[v(t)|l2 < 9§, ||[v(t)]lws2 <
and |a(t)| <1,

&

/ B(o(m)22Bv) ¥ - (o(m)V (Bv)) da
[F(m +v) — F(m)] + €| B/* (o (m)x1V (Bv)|[3-

Proof: We separately estimate the contribution of the two nonlinear terms in (7.1) to (5.6),
beginning with the more difficult of the two:

/B zi1Bv) BV - (v(v + 2m)J x Vv)daz. (5.18)
Now integrating by parts and applying (5.8) to (5.18) yields
/B Bv )BV - (v(v 4 2m)J x Vo)dz = Ay + A,
with
A = / (o(m)ziBv)eiS(v(v+2m)VJ *v)dz

/B B(v(v—l—Zm)elVJ*v)dx,
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Ay = —4/6 m)z1e1Bv)B(v(v+ 2m)J * Vv)dz
/B 23V ( (Bv))B(v(v+ 2m)J * Vv)dz

where the first term in A; comes from the first term of (5.8), and the remaining term of A;
together with the term As from differentiating the product o(m)x?Bv. We have also used the
fact that J x Vo = VJ % v. Because of (1.10), by Lemma 8.1 in the appendix and the inequality
lv]|oo < e(d, 8)||v]|yys.2, for s > %

[A1] < Cllv]lcllv]l3 < Celd, s)l[vllwszllv]3 < Celd, 5)[v]lws.e [Fm+v) - Fm)]  (5.19)

1
V(L)
where C is a constant depending only on 8 and J. Then for any € > 0 there are constants ¢ > and
k > 0 such that for all ¢ the quantity in (5.19) is no greater than

|A1] < % [F(m +v) — F(m)] . (5.20)

To estimate As we need to commute an z; past B. Applying (5.9), these become
/C’ m)Bv)e1S(v(v + 2m)J * Vv dx+2/C m)z1V (Bv))B(v(v + 2m)J * Vv)dz
/B m)Bv)e1S(v(v + 2m)z1J x Vv da:—Q/B m)x1V (Bv))B(v(v + 2m)a1J x Vou)da.

Now, it is exactly the convolution by J in B that doesn’t commute with multiplication by x; so
that
r1 *w = Jx (r1w) + Cw

so that the integrals above can be partially rewritten as

A = 4/C(a(m)8’u)ﬁ(v( - 2m)er VT v)de + z/c a1V (Bo)) B (u(o + 2m)J * Vo)da
- 4/B(a(m)6v)ﬁ v(v + 2m)eiC(Vv))da — 2/8 m)z1V (Bv))B(v(v + 2m)C(Vv)da
- 4/5’ o(m)Bv)B(v(v + 2m)er J * (z1Vv))dzx
- /B m)z1V (Bv))B(v(v + 2m)J * (#1Vv))dz.

Clearly there is a constant C depending only on 4 and J so that

[C(Vo)ll2 < Cllvl2,

and hence the four terms containing C may be estimated, as in (5.19) by

1
vllso ]2 < e(d, 8)||v]lys F(m+wv) — F(m)|.
[vlleollv]lz < e(d, s)[[v]lw 27(];)[ ( ) — F(m)]
Hence there are constants x and ¢ so that
1
Ce(d, s)||v|]Ws,27(L) [F(m+v) — F(m)] < g[f(er v) — F(m)] (5.21)
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for all ¢ with [[v(¢)||2 < 0, ||[v]lws2 < Kk and |a(t)] < 1.
Next, by the Schwarz inequality, and then (5.12) of Lemma 5.3,

~4 [ BomBo)B(eto-+ 2m)er « e1V0)de < Clulelvlall = (e1Vo)l:
< Clollcollvll2
x [Hv|yg+ |]Bl/2a(m)x1V(Bv)Hg] (5.22)
and
—2/B(a(m)mV(Bv))B(v(v+2m)J*(x1VU))dx < C’Hv||oo||l31/za(m)x1V(Bv)||2HJ>|<(:U1VU)H2

IN

Cllvllool| B2 ()21 V (Bv) |12
[HUHQ + HBl/?a(m)xlv(Bv)HQ] . (5.23)

X

Hence the sum of the two terms in (5.22) and (5.23) is no greater than
Cllollo 1013 + 1820 ()21 v (Bv) 3]

and now decreasing ¢ and k as necessary, we obtain as before from ||[v||s < ¢(d,s)||v|ws2 and
Lemma 8.1 in the Appendix that this is no greater than

| As| < g [F(m + v) — F(m)] + || B0 (m)2:V (Bv) |3 (5.24)

for all t with [[v(t)||2 < 9, ||v|lws2 < K and |a(t)] < 1. Thus the estimate on (5.18) follows from
(5.20), (5.21) and (5.24).

It remains to estimate the contributions to (5.6) from the other of the two non-linear terms in
(5.5), namely

9 / V (B (o(m)22Bv)) (v2] « Vim)da.
Proceeding as above, though with with much less effort, one obtains that this term is bounded by
[olle (ClII[3 + 1B 2o ()21 V (Bv) [13)

where the extra factor of ||v]| comes from the nonlinearity. Using once more the inequality
|v]|oo < e(d, s)||v|lyys2, one sees that for ¢ sufficiently small, one can combine the above estimates,

once more using Lemma 8.1 in the Appendix, to obtain the proof of the lemma. O

5.5 THEOREM. Let v be a solution of (5.5). For any e > 0 there are constants 6 = §(53, J, e, L) >
0 and k = K(B,J,e,L) > 0 such that for all t with |[v(t)|l2 < 0, |v|]lwse < &, for s > £ and
la(t)] <1,

%(b(t) < —4/B(U(m)8v)xlo(m)el - V(Bv)da — 2||BY/? (o(m)z1V (Bv)) I
+ Lh+L+I3+1,
+ e[Fm+v) — F(m)] + €| BY? (o(m)z1V (Bv)) |I3 (5.25)
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where
L o= -2 / g(21) (0(M)e2Bo)e1o(m) V (Bu)da,
L = -2 / B (o() 22 Bv) e10(m)V (Bv)da,
I = _4/c ) Bo) ero M)V (Bv)dz,
I = _2/0 )1V (Bv))o () V (Bu)da.
Proof: Denote by A
_2/8 m)ziBv)V - (o(m) 2/v m)ziBv)) o(m)V (Bv).

By Lemma 5.4 the only term to take care to get (5.25) is A. Now applying (5.8) yields
A= —2/g(:1:1)(0'(m)m%30)610( V(Bv) dm—Q/B xle)) o(m)V(Bv)dx. (5.26)
Further differentiating the product o(m)z2Bv we have
—2/8 m)ziBv)) o(m)V(Bv)dr = —2/[3 ((o(m))'ziBv) ero(m)(V(Bv)dz
- /B m)z1Bv)eio(m)V(Bv)da

- /B 23V (Bv)) (o(m)(V(Bv))dz.

Denote

L = —2/g(:z:l)(U(m)x%Bv)ela(m)V(Bv)dx,

= —2 / B (o)) 23 Bv) ex0 (M) V (Bu)da.

We obtain, see (5.26),

- 4/B(a(m)xle)ela(m)V(Bv)dm
/ B (o (m)22V (Bv)) (o (m)(V (Bv))dz

Next, to exploit the positivity of B, we need to distribute the factors of 1 symmetrically in the last
integral. To do this, apply (5.9) to account for commuting multiplication by z; with B. We also do
this in the other integral, so that the same function o(m)x;V(Bv) is produced there as well. The
result is

A = L+D
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~ 4 / C(o(m)Bo) 1o (m)V (Bo)da
_2/qdmmw&mwmwmmx
~ 4 / B(o/()Bo) 21 e10(M)V (Bo)da

_ 9 / B(o ()21 Y (Bo)) o (), V (Bu)dz .

Now denote the first two terms after I; and Is; i.e., those containing C, by Is and Iy respectively.
Then, by Lemma 4.4, the result is proved. O

Proof of Theorem 5.1: The starting point for proving both (5.2) and (5.4) is Theorem 5.5. We
start proving (5.2). The first two terms in (5.25) are the key to the analysis. They correspond to
the two terms produced in (1.27) when similar estimates were performed on the heat equation as
an illustration of the method. To see this more easily, introduce the following notations:

f=eio(m)Bv (5.27)
and

h =o(m)z,V(Bv) , (5.28)

D
(f,h)=>" fi(@)hi(z)da.
i—1 YRXA
Notice that f; =0 for all ¢ > 2. These first two terms in (5.25) can be written as following:
—4(f, Bh) — 2(h, Bh) = —(h + 2, B(h + 2f)) — (h, Bh) + 4(f, Bf)

(5.29)
< —(h, BR) + 4(f, Bf).

The next step is to estimate each of the I; appearing in (5.25) in terms of ||v||3, using the negative
term in (5.29) to absorb contributions from V.
First, using the Schwarz inequality, and then the arithmetic—geometric mean inequality,

_ __ __ L.
I < 2llgo(m)z1Bul2|o(M)V (Bv) |2 < Algo(m)21Bu]3 + 1 o (@)V (Bv)|3
for any A > 0. Now choose A so large that the estimate (5.11) of Lemma 5.3 gives
1, 1
@B < 5 (10l + (b, )

where h is given in (5.28). The choice of A depends also on L. One obtains a constant C' depending
on 3, J and L such that

1
I < - (h, Bh) + Cllv||3 . (5.30)

It is easier to deal with . Schwarz and (1.10) suffice to establish that there is a constant C
depending only on 3, and certain finite moments of m’ so that

< i(h, BhY + C|lvl2 . (5.31)
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To bound I3, we will integrate by parts. Note that using (5.27)

=4 / (Cf)o(m)V (Bo)da = 4 / V(Cf)o(m) (Bo)da + 4 / (Cf)o(m) (Bv)de.

Using this, (5.10) and the rapid decay of o(m)’ coming from (1.10), there is clearly a constant C
depending only on 8 and J so that

I3 < Cllo(m)Bu|)3 . (5.32)
Finally, to bound I, we use (5.28) and again integrate by parts:
L= -2 / (Ch)o M)V (Bv)dz = 2 / v (Ch)o(m) (Bu)dr +2 / (Ch)o(m) (Bv)da.
Now proceeding as with I3, one obtains a constant C' depending only on 8 and J so that

L < Cllo@)Bullo(h, BR)Y2 < (b, Bh) + AC2||o(7) Bu]|3 . (5.33)

.Jk\i—‘

Then, from (5.30), (5.31), (5.32) and (5.33) we have
3
Lh+L+I3+ 1 < 1(h,lS’h>+(J||v\|§. (5.34)

;From Theorem 5.5, taking into account (5.29) and (5.34) we have

Co(t) < —{h, ) +40f,BI) + (. Bh) + ol

+ e[F(m +v) — F(m)] + | BV (o ()21 V (Bv)|3.
Take € < i, and using the fact that B is bounded, with a bound depending only on 8 J and L,
Lemma 8.1, we have (5.2). To get (5.4) we estimate I; through I under the assumption (5.3). We
have
I = —2(go*(m)x3Bv, (Bv)g,) 2
2||go® ()| oo || Bull2|| (Bv)ay |12

2der (1 + 2¢) vz _
< 2 O it Al i -
< Aot (Gt ) [Fm ) - ()]
where we used (4.26) ( ”BU||L2 Rxp) S 2a(1 + 2¢)[F(m(t)) — F(m)]) of Lemma 4.4, (3.5) of
Theorem 3.1 in the last step, together with the assumption (5.3). Note that ||go(m)?z?|s is
bounded by a constant depending only on S and J by (1.10) and the hypothesis that |a(t)| < 1,
since (1.10) implies that g is a rapidly decaying bump function centered on a(t). Other L estimates

IN

involving x1 will be treated in the same way without further mention. This is the only use made
of |a(t)] < 1. Similarly,
I, = —2(0(%)6(0(%)/:6%81})61, V(Bv)) 2
< 2|lo(m) oo 1Bllllo () 23| oo | Boll2 ||V (B) |12

fa%3 € 1/2
< Aol 1Blllotmyadlo (i) ) = Fm)]
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In the same way, one obtains similar bounds for I3 and I and then since all of the || - || terms are
bounded a—priori in terms of S and J, there is a constant C' depending only on 8 and J such that

L+1+ I3+ 1y < Ce [F(m+v) — F(m)] .
Choosing €; = ¢/C, one has
L+ L+I3+ 1 <e|F(m+v)—Fm) . (5.35)
Recalling notations (5.27) and (5.28), Theorem 5.5 and (5.35) one has
Colt) < Al Bh)e — (2 ), Bh)
+ 2€e[F(m+v)— F(m)] . (5.36)
Now, since B is non negative,

—4(f,BRh) 12 — (2 — €)(h, Bh) 2 —~(2-Vh+22 - ) V2, B((2 - 2R+ 22— )TV f)) s

42 —e) N(f,Bf) 12
42— ) Nf, Bf) 2. (5.37)

To bound this in terms of the excess free energy, one makes repeated use of (8.10) of Lemma 8.2

IN +

together with the self adjointness and boundedness of B, to replace factors of o(m) with factors of
a(mg):

(f,Bf)rz (o(m)Bv, Bo(m)Bv) 1

= (o(mg)Bv, Bo(m)Bv) 2 + ([o(m)Bv — o(mg)Bv], Bo(m)Bv) 2
mg)(Bv, Bo(m)Bv) 2 —|—CHV(BU)H2||BUH2

mg)(B*v, o (m)Bo) > + C||V (Bv)|l2[|Bv]l2
2

(mpg)
(mpg)
(mg) <82U Bv) 2 + 2C’HV(BU)H2||BUH2
(mpg)
(mpg)?

AN
)

|
Q

Q

o

IN A

mg)2a(Bv, Bv) 2 + 3C||V (Bv) |2 Bvl|2
a*(v, Bv) 2 + 4C||V (Bv) ||2[| Bv]|2, (5.38)

o\mg

where C' is constant derived from those in the cited lemmas. Combining estimates (5.36), (5.37)
and (5.38) we have

d
agf)(t) < —o(mg)?a*4(2 — €)' (v, Bu) 2 + 4C||V (Bv)||2]|Bv]|2 + 2€[F(m + v) — F(m)] .
By the hypotheses (5.3), (4.26) of Lemma 4.4 , (3.5) of and Theorem 3.1 we have

AC|V(Bv) [l2[Bull2 < e[F(m +v) — F(m)]

for €; sufficiently small. By Lemma 8.1 of the Appendix (v, Bv) 2 < (136) [F(m +v) — F(m)] for

0 and k sufficiently small. Redefining €, one has
d ~2 27 (- —
E(Z)(t) < (1+e)d4d’a(mg)’ [F(m+v) — F(m)] .

which is the desired result since G20?(mg) = (1 — o(mg))>.
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6 Proof of the main results

We begin this section by proving several lemmas concerning the L' norm. The first of these will
be used in the proof of Theorem 1.1 to control |a — a(t)| when a is given by (1.12) and a(t) denotes
the shift from the origin of the closest front to m(t), see (1.16).

6.1 LEMMA. Let w be a function such that w — sgn(xq)mg, x1 € R, is integrable and b be fized
by the condition

/ (w(z) — my(z))dz = 0. (6.1)
RxA
Then for any c -

b—cf < zmﬁLd/RXA}w(x) = ()| da. (6.2)

In particular, for any solution m(t) of (1.1) and any t such that m(t) — sgn(xq)mg is integrable,
1 1 _
a() —al < 5y [ |mle,t) — gge(e)da (63)
where a is fixed by the condition that

/(m($, 0) — mq(z))dz = 0.

Proof: First, since [ mg(z1)dz = 2mg > 0, there is exactly one b such that (6.1) holds. Next,
adding and subtracting m., one sees

/RXA(w(:E) — me(z))dz = /RXA(T‘nb(m) — me(z))dz.

Also, it is clear that
RxA

and (6.2) easily follows. O

6.2 LEMMA. Let w be any function such that
/ lw(z)2(1 4 23)dz < oo .
RxA
For any 0 < § <1 so that

1/2
C(é,L):(/]R A(1+m%)—<1+5>/2dx) < o0
X

we have
w1 < C(6, L) (1 + 22)Y/ 2] S+072 | w]| /2,
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Proof: Let p = (1 + §)/2 and observe that

Aéjw@W“:Aéﬁl+ﬁVW%“+ﬁyﬂw@Wm
X X

1/2 1/2 (6.4)
<([ awayra) ([ asadrupe)
RxA RxA
Jensen’s inequality, for p < 1, implies
1 2 2 1 2 2 g
—5 (14 21)P|w(z)[*dz < | —5 (1+ 7)) |w(x)|*dz | . (6.5)
w3 Jrxa w3 Jrxa
The result easily follows from (6.4) and (6.5). O

Since ¢(t) is defined in term of moments of Bv instead of v, see (5.1), we need one more lemma
to apply the previous one.

6.3 LEMMA. There is a finite constant C depending only on 8 and J so that for all t such that
la(t)] < 1 and [lo(t)]|l2 <1,
11+ 23)2ob)]5 < C (8, )o(1) (6.6)

and

(6(t) = L) < OB, T)llz1v(®)]3. (6.7)

Proof: Let D be the operator defined in (5.14)

1
Dw=————w—Jxw.
B(1 —m3)

As we have pointed out in Section 5 this operator is bounded and has a bounded inverse on
L?(R x A). Then, using once more the rules for commuting convolution and multiplication by 1,
see (5.17), we have

[z10]la <[D7H[[Dz10]2
=D |[[|1Dv — (21.7) * v]|2
<D (lz1Doll2 + (1) 11 ]|v]l2)
<C (a1 Doz + [|v]l2)

for some constant C' depending only on 5 and J. Next, taking into account (5.15)

lz1Dv||2 =[|z1Bv — w1gv][2

<llz1Bvll2 + [[z19lloollv]l2,

where, recall (5.16),
g(z1) = o(m(x1)) ! — o(mg) z1 € R.

Since the hypothesis |a(t)| < 1, ||z1§|lcc < C for some constant C' depending only on 5 and J.

Thus we have
o1 Dollz < C(llz1Bulls + [[v]2)-
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Finally,

z3(o(mg) — a(m))(Bv)zdx —|—/ zio(m )(Bv) dz

RxA

o (mp)||e1Bu = /

RxA

<[} (o (ms) ~ olm)) || Bolf + [ ahotm)(Be)ds

RxA

and the sup norm is again bounded by some constant C(f3, J) depending only on /5 and J by (1.10)
and the hypothesis |a(f)] < 1. Combining these estimates, one easily obtains

/RxA(l + 22)ide < C(/RXA o (m )(Bv) dz + ||U||2>

which yields (6.6) since ||v(t)|l2 < 1 by hypothesis. The proof of (6.7) simply reverses the above
steps. With C' changing from line to line, one easily obtains

/ 3o (m)(Bv)*de <C(||z1Bv]3 + [|o]3)
RxA

C(llaDol3 + [vl3) < C(IIDz1vl3 + [l0ll3)
<C(Jlarvll3 + [lv]l3)

and this complete the proof. O

Proof of Theorem 1.1 : First, fix € > 0, and then choose 1, k1 and €; small enough so that
both the following three estimates hold under the condition that

Z(m(t)) < er[F(m(t)) — F(m)] (6.8)

d ) [F (m(t) = F(m)]”
& [F(m(t)) = F(m)] < =9(1 = €)(1 — a(mp))? o) (6.9)
and q
700 < (1+e4(1 - o(mg))*[F(m +v) — F(m)]. (6.10)

This is possible by Theorems 4.1 and 5.1. By (5.2) of Theorem 5.1 and Lemma 8.1 in the appendix
decreasing §; > 0 and k1 > 0 if need be, we have for a finite constant B and c¢(k1)

%(ﬁ(t) < B[F(m+v) — F(m)] (6.11)
and 1
Z’Y(L)HU”% < [F(m +v) = F(m)] < c(r)|o]3: (6.12)
Next define dy by
5 = VL) (6.13)

4(e(k1) +1)
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where v(L) and ¢(k1) are the constants in (6.12). Theorem 2.2 applied with the values of dp, 91
and k1 fixed above, guarantees the existence of an ¢y > 0 and a ty so that when the initial data
satisfies ||mo — m||2 < €p, the solution to (1.1) satisfies

[o(to)l2 < do (6.14)

and
[v(@)][ws2 < K1

for all t > to such that ||v(¢)||2 < d;. We have from Theorem 2.2 that

/ (z1(m(z, to) — mo(x))de < 2¢
RxA
where ¢q is the constant specified in the hypotheses of Theorem 1.1. Clearly then,
lz1v(to) 13 < 2(|lw1(m(to) — mo)lI3 + 4msalto) LY).
By Theorem 2.3 we may suppose, further decreasing ¢§; if need be, that 4m5a(t0)Ld < ¢g. Then
Jero(to) I3 < 5eo
and hence, by (6.7) of Lemma 6.3,

P(to) < o (6.15)

where ¢ is a finite constant depending only on ¢g, 8, J and L. Hence, writing f(t) = [F(m(t)) —
F(m)], we have to control on the values of both f(tg) and ¢(to) through (6.14) and (6.15).

The time tg is the time we have to wait for the smoothing properties of the equation (1.1) to
regularize our data enough that the estimates above all hold, and it fixes the left end of the interval
on which we shall work. To fix the right end, which we shall eventually show to be 400, define

Ty = min{ inf{ ¢ > to | [o(t)|]2 = 61/2 } , inf{ t > to | a(t)| =1} } .

Then, uniformly on the interval (¢, 7p), both of the estimates (6.11) and (6.12) holds. Moreover for
those t in (tg,Tp) such that (6.8) holds, one also has (6.9) and (6.10). Hence we have the following
alternative:

One the one hand, in case

o(t) (6.16)

where A and B by
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On the other hand, in case

I(m(t)) = - [F(m(t)) — F(m)],

€1
2
d €1

St <~ s

<o) < BS()

In the application of the system of differential inequalities (1.35), it is the ratio of the constants A
and B that determines the exponent ¢, see Theorem 5.1 of [3]. Indeed,

,_ /B
(A/B)+1°

The values of A and B themselves can be changed, keeping this ratio fixed, simply by rescaling the
time ¢. Therefore we define

A:TB
B

and observe that foy?
€1 €1 9 €1 t
—J() = Af(t)” > A
210 =25 = 2457
since ¢(t) > 1 by definition. Now, by (6.12) we may further decrease 6; > 0 if need be to ensure
that

€1
247(0)
Doing so, we have that in case
Z(m(t)) > 5 [F(m(t)) - F(m)]
d ik
ar! =) (6.17)
Co(t) < BI(1)
where ~
A A
B B

Now suppose that at ty,

Define
f=inf{ ¢ > to | T(m(t) < S [F(m(®) - Fm)]}

ty =inf{ t >t | Z(m(t)) > e [F(m(t)) — F(m)]} ,
ty = inf{ t > to | Z(m(t)) < %[]—"(m(t)) - F(m)]},

and so forth. We follow the usual convention that if there is no ¢ < Ty satisfying the condition,
the infimum is set to be Tp. Notice that since Z(m(t)) and F(m(t)) are continuous function of ¢,
t3 > to > t1 > tg. The sequence of times t; can have no limit point except possibly Tp, since at
such a limit point, the continuous function Z(m(t)) would take on two values.
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If at ¢, .
Z(m(to) < 5 [Flml(to)) - F(m)] .
one would define

b= inf{ > to | T(m()) > & [Fm(t) — Fm)]} ,

and then proceed as above with the opposite alternation.

In either case, one produces a sequence of intervals [¢;,¢;41] on which (6.16) and (6.17) hold
in successive alternation. On each of these intervals, we may apply Theorem 5.1 of [3]. To put all
of these estimates together in a transparent way, we rescale the intervals on which (6.17) holds.
Supposing that (6.17) holds on [tg, t;1], define

A A
s(t) = 5(t—to)  and 51 = Z(t —to)

for tg < t < ty,
s(t)=s1+(t—t1) and s9 =81+ (ta — t1)
for t1 <t < tg,
A A
8()—82+A(t—t2) and 83:Z(t3—t2)
for t9 < t < t3, and so forth in alternation. It follows that

f(s)?
0

Lo(s) < BF(s)

for all s with 0 < s < s(7p). By Theorem 5.1 of [3],

d
&f(s) < -

_ _ —q
ﬂ@SAWﬂmw(%3+m+Bw>
~ ~ l_q
w@SAWﬂww(%$+m+Bw>
where .
B A
= irB

and where f(0) and ¢(0) are bounded by (6.14) and (6.15). Now, for any J > 0, we can choose €
so that

A 9
A+B 13
We shall now show that for § small enough, |a(t)| < 1/2 for all t < Tp. Then by Lemmas 6.2,
6.3 and estimate (6.12),

lo(s) [l <C(8, D)L + 2D 20(s) IS8 [l (s) |5
4
v(L)

(1-2¢+6)/
<C@LXX@JV””%7&Q15“ﬂ)1q*%wﬂﬂ<?m+%A+Bﬁ>l2+6.

SC(& L) (57 ) (1+6) /4( ) (1-96) /4¢(8) 1+6)/4f(8)(1—6)/4
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The right hand side is decreasing for § < 5/26, and we now choose § to be at least this small.
Moreover, the value at s = 0 can be made arbitrarily small by decreasing ;. We now do so, if need
be, to ensure that

[o(s)llx < mp/2

for all s < s(Tp). Hence, for a, as in (1.12), by Lemma 6.1, we have
1
a(t) —al < 1/

for all ¢ < Ty. But then by Lemma 6.1 again, this implies that |a(t)| < ﬁ for all ¢ < Ty. Hence

if Ty < o0, it is because ||v(Tp)||2 = 01/2. But since (6.12) is still valid with the same constants on
the closed interval [tg, Ty, and since the excess free energy is monotone decreasing, we have

2
% o)l
4 _ 4 _
ST) (]:(m + ’U(To)) — f(m)) S W (f(m + ’U(to)) — f(m))
4 4
SC(Hl),y(L) [o(to)llz < C(ﬁl)’y(L)(%.

This contradicts (6.13), and hence T < oo is not possible. We now clearly have (1.13) since

. [A
s(t) > mm{[l , 1}(t —tp) .
Also from this and (6.18), we have

||m(t) - ma(t)”l < 62(1 + Clt)—(5/52—6) '

But
Im(t) — mally <[lm(t) = Mae 1 + 1720 — Magll
=[[m(t) — mall + 2msLéa — a(t)|
<2|lm(t) = Ma la
by (6.3). Hence (1.14) follows as well. O

7 Proof of smoothing estimates

The main goal of this section is to deduce the regularity properties stated in Theorem 2.2 for the
derivatives of the solution m(t) of equation (1.1) that starts sufficiently close in the L? norm to m
for some b:

The proof depends on several intermediate results concerning the evolution of m(t) — m; and
its derivatives for fized b. To simplify the notation, we will write m instead of m;, so one should
keep in mind that in this section /m is not necessarily the antisymmetric, increasing instanton.

Let v = m — m. Notice we are not assuming that m = m, ), so this definition of v(t) differs
slightly from the one used in the rest of the paper. However, for most of this section, it is the most
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convenient notation. It saves us from keeping a(t) terms throughout the many calculations that
follow. From the evolution equation

om

EzV-(Vm—B(l—mZ)J*Vm)

and the eigenvalue equation
B —m*)Jxm =m

we deduce the following evolution equation for v

g:; =V (Vo—B(1-m*)VJ*v) (7.1)
+ BV - e1 (v(v +2m)J * m’) + B8V - (v(v+2m)VJ xv).
Here and in what follows, e; denote the unit vector in the z; direction. Define
\I/::ﬁ(elJ*m'+VJ*v) and P :=2mV .
We can write (7.1) as
g: =V (Vo= B1-—m*)VJxv)+ V- (*T) + V- (v@) . (7.2)

Since ¥ and hence ® depend on v, both the second and the third terms on the right in (7.2)
are nonlinear in v. However, because of the convolution with J, the dependence on v that enters
through these terms is harmless as far as smoothness of v is concerned. For any multindex «, denote
by D® the corresponding differentiation operator. Since both ||m| s < 1 and ||m|je < mpg < 1,
|v]|oo < 2, we have

[1D*(J * v)[loe = (D) % v]loe < 2[[(D*J)]loc

independent of v. Then, since m is smooth, there exist finite constants C, depending only on J
and « so that
|1DV|| 0 < Cy and |ID® |00 < Cy . (7.3)

Our first goal is to study the smoothing properties of (7.2). We shall show that on any interval of
time on which ||v(t)||2 stays bounded, solutions immediately develop derivatives of all orders even
if the initial data is not smooth. To use this, we need to know that ||v(t)||2 stays bounded in some
interval of the origin. Later of course we shall see that if ||v(0)]|2 is small enough, this holds globally
in time. In the next Lemma and in what follows, C' will denote a constant depending only on J
and S but otherwise changing from line to line.

7.1 LEMMA. Let v be a solution of (7.1). Then there is a finite constant C' depending only on
J and B so that for all t > 0,
lo(®)[13 < ¢“[lv(0)]I3 -
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Proof: From (7.2) we have

d. 9 ov
fad -9 “dx =
dt||vH2 vatdx

— 2| Vol|2 + QB/VU (1 =m*)VJ %v) dz

—Z/Vv- (1)2\I/+U<I>)dx

< =2|[Vo|3 + C|[Vol2|vl2
where in the last line we have used the bound ||v] < 2. Completing the square leads to
d
%HUH% < C||v||3, and the result follows directly. O
7.2 LEMMA. Let v be a solution of (7.1) and suppose that for some finite § and positive Ty,

lv@)|3 <6  forall t<Tj.

Then 5
[Vot)|% < T Cs  forall t<T;

where C' is a constant depending only on J and (3.

Proof: We begin with the L? norm of the first derivatives.
d ov
%”W”% = —Z/Avatdw
= —2||Av|j3 + 2B/Avv (1 =m*)VJ xv)dz (7.4)
+2 / AvV - (VT + @) da.

By the Schwarz inequality, this is no more than

—2||Av||2 + 2||Av]|2 [BHV (1=mAVI %)+ ||V - 02 |s + ||V - (U<I>)H2]

Now,
IV - (1= M2V % 0) o < 12009 5 vlfz + [ (AT) % vll2 < Cllo]l2. (7.5)

Then by (7.3) and the a-priori estimate ||v]|s < 2,
IV-v* W2 < C([Voll2 + Jvll2)  and [V~ (v®)[l2 < C([ V]2 + [[v]l2) -
Combining this with (7.5), we obtan
d
ZIVoll3 < =2(1A03 + [|Av]l2C(IVoll2 + [[v]l2)-

We use half of our dissipative term —2||Av||3 to eliminate reference to Vv and Awv in the positive
part of this bound. To do so, note that by the Schwarz inequality

IVollz = —/(Av)vdw < [|Av]2flvlz -
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Therefore, ||Av||2]| Vvl < |]Av||§/2|]v||§/2. By the arithmetic-geometric mean inequality,

3/2, y1/2 _ 3€ 1
Aol lelly < Al + 5 lvl3

1
for any € > 0. Even more simply [|Av||2v]2 < %HAUH% + 2*”1]”%, and thus,
€

e5C

d ) ,  3C
e <(-2+22) A =
vl < (24 5 Yool +

Again by the Schwarz inequality
IVo]l3

w3

1Av]3 >

Using this, and choosing € so that 5C'e < 4, one finally obtains

vl
Ilvl3

d
— ||Vl < C|lvl|3 .
Lvul3 < + ol
Now by hypothesis, for all times ¢ under consideration, we have the bound |[v|3 < §. Letting
x(t) denote the value of ||[Vv||3 at time ¢, we then have the differential inequality

2
4o T Los.

dt 4]
Introducing y = 1/z, one obtains a differential inequality of the form
d 1
—y > - —Coy’.
T
Now let g,
1

Y = \/75 )
so that for 0 <y < y,, 3/ > %, and for y, <y < v/2y,, we have at least that ' > 0. This means
that y increases with rate at least 1/26 until y, is reached. At this point it is still increasing, and it
continues to increase until v/2y,, and it never again passes below this value, and hence never again
below y, either. Therefore

y(t) > min{t/25 , y.} forall ¢>0,

and hence
z(t) <max{2§/t , V2C§} < 20/t +V2C§ forall t>0.
This proves the stated assertion about ||Vol|3. O

We next consider the second derivatives, where a new feature emerges.

7.3 LEMMA. Let v be a solution of (7.1) and suppose that for some § >0 and Ts > 0,
o3+ IVo@)|3 <6 for all ¢ < Ty .

Then 5
HAMM@SQ?H% for all ¢ < Tj

where C' is a constant depending only on J and (3.
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Proof:

%Hmug - 2/[(—A)2v]g:dx _ VA2 + 2ﬁ/[VAv] Vdiv (1 - m?)VJ #v) da

(7.6)
+2 /[VAU] - Vdiv [(0*T) + (v®)] dz.

By the Schwarz inequality, this is no more than
=2[[(=A)*20|l3 + C|[(=2)* 0]z [|A((L = m®)T % V)2 + | A (00) [|2 + |A (v®) [l2] . (7.7)

The estimation of this proceeds as before, but with one new feature: Now there is a contribution
of the form
Av? = 20Av + 2|Vo|? .

As before, we can use the bound ||v]|s < 2 to conclude that |[vAv|ls < 2||Av||2. However
Vo2 = [IVolf -
Thus, using the elementary estimate ||[Voll2 < ||v||2 + [|Av||2, we bound the quantity in (7.7) by

=2 (=2 20ll3 + CI(=A)0llz [|A(L = m®)T # Vo) + | A (0T) [|2 + |A (v@) ||2] <

(7.8)
—2[|(=2)*20[l5 + Cll(=2)*2vllz ([[vll2 + | A0l + [[[Vol*[l2) -
To handle |||Vv|?||2, we compute
/|Vv|4dx = /Vv - Vo|Vo|2dz
=— /v[(Av)\VU\Q — 2D?y(Vv, Vv)]dz
1/2
< P lalIVePl < Claol ( [ 19oftar)
That is,
IVoli < CllAv]l2 . (7.9)
Using this in (7.8), our estimate for right hand side of (7.6) becomes
d
lAvllz < =2)[(=A)*20|l3 + C|[(=2)*2v]la(||v]|2 + [[Av]2).
Now by Schwarz,
1A0]3 = ((=A)%20, (=A)20) < [(=A)20]2]|Vo|2. (7.10)

Therefore

d 1/2 1/2

ZlAv]3 < =20 (=A)2ullo + (=) 20llsC (| (=8 20lly 2 IVoly* + o]lz) -
By the same type of arithmetic-geometric mean argument we made earlier, we obtain

d
1803 < =[[(=2)*20[5 + C (V0[5 + l0]3) .
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and then by (7.10),

v
A H2+C(HVU|@+HUH§)

—lAv|lz <
dt 27 vol3
< 8ot o

The analysis of this differential inequality proceeds exactly as with (7.4) in the previous lemma. [

Up to this point, our analysis had not depended in any significant way on the dimension. To
proceed to higher smoothness estimates, we need to take the dimension into account: One last new
feature enters in adapting our strategy for proving smoothness to higher derivatives.

7.4 LEMMA. For dimension D < 3, let v be a solution of (7.1) and suppose that for some § > 0
and Ts > 0,
lo@)3 + IVo@)3 + [Av@)[3 <6 forall ¢ <Ty.

Then 5
IVAu(t)|3 < o +Co for all t <T;y

where C' is a constant depending on J, 5 and the dimension.
Proof:
3 v a3 =2 / N e [N
+ 25/ v]Adiv (1 = m?)VJ *v) dz
+2 / —A)*v] [Adiv (v®T) + Adiv (v®)] dz
and again by the Schwarz inequality, this is no more than
=2 (=A)%v[13 + 28 (=A)*v]2 [ Adiv((1 — m?)J * Vo)ll2 + [ Adiv (v*P) [|2 + [ Adiv (v®) [l2] -

As before, in estimating ||Adiv((1 — m?2)J * Vv)]||2, we may let all derivatives fall on .J to obtain
the bound C||v||2. Also, by (7.3), we have that

[Adiv (v®) |2 < Cllvll2 + [[Voll2 + [[Av]l2 + [[VAv]l2]
However, to estimate [|Adiv (v?¥) ||2, we need a bound on
12 [l2 + 1ol Volll2 + V0|2 + [0V Avlll2 + Vo] Av]||2

for the first, second and fourth terms we may use the a-priori bound ||v||s < 2. We have already
estimated the third term in (7.9). The term that forces us to make dimension dependent estimates
is |||Vv||Av]|||2. The strategy that led to (7.9)does not work here. Instead, we use the Sobolev
embedding estimate

IVlleo < C(I[VAV]2 + [[Voll2)
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valid in dimensions 2 and 3. We then use the bound [|Av|j2 < § <1 to obtain
|Adiv (22) |2 < C [Jella + [Volls + [Av]l + [VAu]] -

Finally, we estimate
IVA[3 = —/(—A)%Mdﬂf < [(=A)*v]2]|Av]l2 < 6]]A%]|2

to obtain J
%HVMH% < =2[|(=A)%v[l5 4+ C[6 + [[(=A)%v]l2] -

The analysis of this differential inequality proceeds as before. O
We now come to the general case.

7.5 LEMMA. For dimension D < 3, let v be a solution of (7.1) and suppose that for some § > 0
and Ts >0, and k € N

(=AY 2u(t)||2 <6 forall t<Tj.

Sl
o

Then 5
[(=A)YFFD24(1))12 < 5 HC0 forall t<T;

where C' is a constant depending on J, B and the dimension.

Proof:

SN2 — 2 [ (AP ar =~ -+ 2

+25/ AYED/20) AV 2div (1 — m2)VJ % v) da
4 2/[(—A)<k+2)/2v] [(_A)k/Qdiv (V) + (—A)*2div (v@)} dz.

As above, we have
[(=A)E2div (1 — M)V % v) |2 < C6

and
[(=A)*2div (v®) |2 < C6 .

Also,
I(=2)2div (v*W) |2 < C > 1(=2)70]|(=2)"2v]||2 .
GH<kAL Gk >0

Since we have already proved the result for k£ < 3, we may suppose that k+1 > 4. For k+ 1 > 4,
whenever two non-negative integers j and /¢ satisfy j + ¢ < k 4 1, at least one of the integers is no
greater than k — 1. Let us suppose that j < k—1. Then we have the sobolev embedding inequality

I(=2)720]o0 < € (I(=2)EFD 20l + (=AY 20]l5)
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valid in dimensions 2 and 3, Thus, using the fact that § < 1, we have
|(=8)"2div (v) [y < C (3 + | (=2) 520, )

Next, by Schwarz
H(=2)EFD20 )15 < ([l (=2)FF2 2o ||| (—2)*20]l3

and so

d

(=) #0723 < 2 (~2) D23 4 C (5 4+ [ (=) D20,

[(=2)*+D/ 2|3
N S e ey
’ I(=A)%/20]13
A (E+1)/2, 114
Ay
)

Thus, z(t) := ||(=A)*+1/2y||3 satisfies the differential inequality (7.4), and the result now follows
as in the proof of Lemma 7.2. O

We are now ready to prove the Theorem 2.2.

Proof of Theorem 2.2: We proceed by induction on k. We shall first show that with b kept fixed,
for any € > 0, if  is sufficiently small, then for any ¢y > 0, and any k& € N, there exists T so that

(=AY Dpt)|2 <e forall tog<t<T,.

For k = 1, this result follows from Lemma 7.2. Suppose that k > 2, and the result has been proved
for k — 1. Then by Lemma 7.5 we have this result for k£ as well. Now, recall that a(t) is defined by

Im(t) = Mgl < [[m(t) — mylls forall beR.

As we have shown, for ¢ small enough, this uniquely determines a(t). Moreover, as long as ||m(t) —
Mg()||2 is small, so is a(t) — a(0). Then, in the notation of this section,
m(t) — Mgy = [M(t) — Ma)] + [Ma(0) — Maw)] = v(t) + [Ma@) — Ma)] -

Thus
(=)D (m(t) — i)z < (=) 2Do@)3 + 1(=A)D i@y — mao)l3 -
Next note that
(=) [y — Ma@)ll3 < Crla(t) — a(0)] .

(Note: The constant Cj, contains a multiple of L¢, so the constant also depend on L, which is fixed.
This is the first place L enters.) By Theorem 2.3, ¢ — a(t) is Lipschitz, and so for any e > 0, there
is an s so that Cila(t) — a(0)| < €/2 provided ¢ < s.. Then, by what has been proved above, for
any to < s./2, there is a § > 0 so that if |Ju(t)[ls < J for all 0 < ¢ < Tp, then ||(=A)*/Dv(t)||3 < €/2.
Combining results, we have that

I(=2)2 [m(t) = ma]ll < €
for all tg <t < s.. The same analysis shows that

1(=2)* 2 [m(t) = Mmaq]ll3 < €
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for all s./y <t < min{3s,/5, T}, and inductively,

(=) [m(t) = g (] |13 < e

for all js.o <t < min{(j + 2)sc/2,To}. That is, in steps of fixed length s. we cover the interval
(t()v TO) .

Finally, we prove the assertion in the Theorem concerning moments. Namely, in the notation
being used here, it suffices to show that that for some constant C, which may be made small by
choosing ||vg||2 small,

/ ziv?(t)dx < eCt/ 23?(0)dz .
RxA RxA
Differentiating the left side, we find
d 2

0
— xv2tdx:2/ 220(t)—v(t)dx
T 0 [ stz

= 2/ 230V - [(Vo — B(1 — m*)VJ xv) + 0*T +v®] dz
RxA

= —2/ 22vidz (7.11)
RxA
+ 2/ 3 [Vu-B(1- n?)V.J * v) —v*Vo - ¥ —oVo- d]dz (7.12)
RxA
— 4/ T1v [(Vlv —p(1— mZ)VlJ * v) + 020, + 1@1] de . (7.13)
RxA

The term in (7.11) has a sign that allows us to ignore it. The next simplest term is the integral in
(7.13). Using the Scwarz inequality, we may bound it in magnitude by

1/2 1/2
</ $%U2> (/ [(Vlv —B(1— mQ)VlJ * v) + 020y + U<I>1]2 dx) .
RxA RxA

By what we have proved above, the second square root on the right is bounded uniformly (and
small) on the interval under consideration.

After one more integration by parts in the variable z1, the contribution in (7.12) is handled the
same way. O

8 Appendix

8.1 LEMMA. Let m € M, see (2.2), m = m + v, where m is the closest instanton to m in
L*(R x A). There exists K >0, 6 > 0, ¢ = c¢(k) > 0 so that for and ||v||ys2 < K, where s > %, we
have 1

Dl —ml < F(m) = F(m) < ellm — ml 3. (81)

Moreover for any € > 0 there is a k(e, L, 3) so that

1— _ 1+
T€<U76U>L2(R><A) < F(m) - F(m) < E

9 <U’BU>L2(R><A) (8.2)

provided ||v|yys.2 < & for s > 2.
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Proof: Denote by F'(m)(v) and F”(m) (v, w) respectively the first and the second Frechet deriva-
tive of F(-) computed at m € M in the directions v and w in L?(R x A). It is easy to see that for
Im|lec < ¢ < 1 repeated Frechet derivatives exist with

F'(m) (v) = /IR y {1arctanhm(x) . m(x)} o(@)da,

and

When m = m then

F'(m) (v, w) :/

RxA

1oo@ o e — (B
[5(1—m2(3@)) d <>} (¢)dz = (Bu,w),

where B is the operator defined in (3.1).
Writing m = m + v, we can represent

F(m+v) - F(m) = /01 drF (77 + 70) (v) = /01 dr /0 dsF" (i + sv) (v, v).

In order to get a lower bound for the last term above we expand F” (m + SU) (v,v) around s = 0
obtaining
.7-""(17‘1 + s(m — W))(v, v) = f”(m)(v, v) + f”'(m) (v,v,v)

where m = m 4+ sgv for some sy between 0 and 1 by the mean value theorem. Therefore

1 1 T
]:(m) — ]—'(m) = §<Bv,v> —I—/ dT/ dsf’”(rh)(v,v,v). (8.3)
0 0
Since m is the closest instanton to m in LQ(]R x A), f m/(z)v(x)de = 0. Therefore by (3.3)
(Bv,v) > y(L)|vf3- (8.4)

We then need a lower bound on the term involving the third derivative of the free energy. By direct

computation,

m

" _2 " (v(2))’dx
|F (m)(v,v,v){—ﬂ} R (1—7712)2( (z))’dz|. (8.5)

Take ||v]|yys,2 < 01, so that ||m|]e < 1 — dp, with §p > 0, see Lemma 8.4. With this choice of §; we
have

’f’”(m)(mv’v)‘ < 6(67(51)/ \v(a:)|3dx

RxA
for some constant ¢(3,61) depending on 5 and 6;. We have that

/ o(@)Pde < supo(@)| [ [v(@)?
RxA RxA

and, see Lemma (8.4), for s > 2

sup [v(z)] < C(d, s)[[v]lw=2-
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Therefore
|F" (1) < v,0,0> | < e(B, 61, d)|[v]wez ([o]2)° (8.6)

and, see (8.3),
_ 1
F(m) = F(m) = ollz | 57(L) = e(8, 61, d)[[vllw=2

Taking ¢ := min{dy, (5, L) so that

1

77 (L) = c(B, 01, d)[ollws2 = 0
we have 1

F(m) = F(m) = 9Dl

Thus, we have established a lower bound for (8.1). The upper bound follows from the boundedness
of B and estimate (8.5) of F”(1m)(v,v,v). Note that one needs always a bound on [|v||ys.2 to get
|m|| < 1—dp. In this way we proved (8.1).

In a similar way the inequalities (8.2)follows. Namely, from (8.3), for any positive e

.FQ%)—uFOn)::;(1—6KBUJO%-{;d@vﬂﬁ+:Aldrljd&7m@ﬁﬂvﬂgvﬂ. (8.7)

From (3.3) and (8.6), denoting ¢ the ¢ appearing in the formula, the last term in (8.7) is bigger
or equal to

3Dl = (3O 9 elhwea (oll)” = 01 | 361(E) = (3.0 Dolhy-a] . (9

Choosing 4 so that the term in (8.8) is strictly positive we get the lower bound (8.2). The upper
bound (8.2) follows immediately. O

8.2 LEMMA. Let p(x) be a probability density with

/Mp@ﬁx<m.

Then for v € WH2(R x A)
lo = pxll2 < [Volls / 2lp(x)de.

Proof: We have

lv = pxvl3 =

[ o ( | e =)o) - v(a:)]dy)2
<(/ |x|p<w>dx)2 170l
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The next lemma shows that for any function v that is orthogonal to m/, whenever ||Vv|| r2(rxa)
is small compared to ||v]] L2(RxA), then Bu is very close to being a constant multiple of v, v where

a is defined by
1

BIL—m2)

and it is strictly positive for § > 1. The lemma also shows that under the same condition, o(m)v

a =

is very close to o(mg)v.

8.3 LEMMA. Letv € WY2(Rx A), (v,m')2 = 0. There is a finite positive constant K(,.J, L,d)
so that
1Bv — ol agseny < K (8,7, L, )Vl s2gasa. (3.9)

and
|o(m)v — a(mg)vllL2mxay < K(B,J, L, d)|| Vv L2(mx)- (8.10)

Proof: Clearly,

B 1 mz—m%
Bv—ow:ﬁ<(1_mZ)(l_m%)>v—|—(v—J*v).

We will estimate these two terms separately. For the second term we apply Lemma 8.2. For the
first term split, as done in (3.16),

v(xy, xt) = vy (z1) + w(zy, z1).

;<<1—ﬁ§2><f—%mé>>” 1 —ﬁ;;xfl—%m@)[”l tul

;<<1 —7:122;(;1 —6 mz>>“

as in [4], being one dimensional. First, for any y; and z; we have

Then

We estimate

vi(z1) = vi(y1) + /x1 vi(2)dz .

Y1

Now multiply both sides by m/(y;) and integrate in y;. By the orthogonality of m’ and v;, we have
00 T1
mgon(ar) = [~ ') ([ vi(a)az Jay
oo "

But | [ v/(2)dz| < &1 — yi|'/?[[0/]|2 so that

1 _
or(e0)| < g [ @l =2 ek

and clearly there is a finite constant K (3, J) depending only on § and J so that

1
2ms /m'(y)wl — |2y < K(B,J)(1+ |21]),
mlB
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and hence
o1 (z1)] < K (B, J)(1+ ) [vi ]l L2 () (8.11)

Next, using the pointwise bounds (8.11) established above,
[(m* = m3) (1 = m)(1 = m3)) " vulFamn)
<[l 7 K (65 7) / (1) = m5)2 (1 = ) (1 = m3)
<K (B, Dlvill72 ()
where K (83,.J) is finite by the rapid decay of (m? — m%)? Further

1 m? —m% , )
B ((1 —m2)(1 - m%))wHLQ(RXA) < KB, Dllwlzz @)

Applying the Poincaré inequality as in (4.18) we have

w2y < LQC(d)HVLwH%Q(RXA)'

Then
1 m? — mzﬁ 2 2 2 L0012
”E <(1 (1 - m%))”HL?(RXA) < K(B,J) [Hvi”LQ(RXA) + Le(d)||V w||L2(RxA)]
< K(8,J,d, L) Vol 2 )
The proof of (8.10) is very similar to the proof of (8.9). O

For function v € W*2(R x A) we have the following result which can be proven by Fourier
analysis, see [10].

8.4 LEMMA. Forvc W2(R x A), if s > %, we have
[0]loe < C(d, s)[v]lps2.
8.5 LEMMA. For any real number a and b and for any A, 0 < A < 1,
(a+0)* > \a® — EETR TS
- 1—X '
Proof: The proof is immediate:
(a+b)% > a® +b* — 2ab

= \a® + ((1 —Na® +b* — 2ab) (8.12)

1
Z )\(12 — (1)\ — 1>b2

The last inequality is obtained adding and subtracting p%\bQ.
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