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Abstract We study one-dimensional Ising spin systems with ferromagnetic, long-range interactions de-
caying as n =27 « € [0, %]7 in the presence of external random fields. We assume that the random fields
are given by a collection of symmetric, independent, identically distributed real random variables, which are
gaussian or subgaussian with variance . We show that when the temperature and the variance of the ran-
domness are sufficiently small, with overwhelming probability with respect to the random fields, the typical
configurations, within intervals centered at the origin whose length grow faster than any power of #~!, are
intervals of 4 spins followed by intervals of — spins whose typical length is ~ 9~ T for 0<a<1/2and
between e# and e for a = 1/2.

1 Introduction

We consider a one dimensional ferromagnetic Ising model with a two body interaction J(n) = n=2+¢
where n denotes the distance of the two spins and a € [0,1/2] tunes the decay of the interaction. We add
to this term an external random field hlw] = {h;[w],i € Z} given by a collection of independent random
variables, with mean zero, symmetrically distributed, with variance 6, gaussian or sub—gaussian defined on
a probability space (2, A, IP). We study the magnetization profiles that are typical for the Gibbs measure
when 6 and the temperature are suitably small. The results hold on a subspace 21 (8) C 2 whose probability
goes to 1 when 6 | 0.

A systematic and successful analysis of this model for 8 = 0 i.e. when the magnetic fields are absent
has been already accomplished more than twenty years ago [21,10,11,12,13,14,15,1,16]. In particular it has
been shown that it exhibits a phase transition only for a € [0,1). The presence of external random fields
(0 # 0) modifies this picture. In [2], it has been proved that for « € [0,1/2] there exists a unique infinite
volume Gibbs measure i.e. there is no phase transition. More recently in [8] it has been proved that

when « € (1/2, %ggg — 1) the situation is analogous to the three dimensional short range random field Ising
model [4] : for temperature and variance of the randomness small enough, there exist at least two distinct
infinite volume Gibbs states, namely the ™ and the u~ Gibbs states. The proof is based on the notion of
contours introduced in [14] but using the geometrical description implemented in [5] which is better suited
to describe the contribution of the random fields. A Peierls argument is obtained by using a lower bound of
the deterministic part of the cost to erase a contour and controlling the stochastic part.

The method used in [2] to prove the uniqueness of the Gibbs measure is very powerful and general but
does not provide any insight about the most relevant spin configurations of this measure.

In this paper we show that for temperature and variance of the randomness small enough the typical
configurations are intervals of + spins followed by intervals of — spins whose typical length is 0~ T for
0 < a < 1/2 and becomes exponentially larger in term of #=! for a = 1/2. When 6 > 0 the Gibbs measures
are random valued measures. We need therefore to localize the region in which we inspect the system. All
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our results are given uniformly for an increasing sequence of intervals, centered in one point, with a diameter
going to infinity when 6 | 0.

The modification induced by the presence of random fields has been already studied for the one dimensional
Kac model with range v~! [6,7,19]. In this case for # and v sufficiently small the typical length is y~2. The
results are consistent if one recalls that the one dimensional random field Kac model exhibits a phase
transition for « | 0.

The method applied to derive the upper bound for the length of the intervals having all spins alike,
is similar to the one applied for the Kac model [6]. The derivation of lower bound relies on Peierls type
arguments. Similar estimates were used in [8], to prove existence of phase transition. In this paper we
use them to show that configurations having spins alike for intervals smaller then some value L;,q, (), see
Proposition 4.1, have small Gibbs probability.

Acknowledgements We are indebted to Errico Presutti for stimulating comments and criticism and Anton
Bovier for interesting discussions. We thank the referee that pointed out a lack in our proof of the lower
bound.

2 Model, notations and main results
2.1. The model

Let h = {h;};cz be a family of independent, identically distributed, symmetric random variables defined
on the probability space (2, .4, IP). We assume that each h; is Bernoulli distributed with IP[h; = +1] =
IPlh; = —1] = 1/2. By minor modifications, which we will mention in the sequel, we could take hg to
be a Gaussian random variable with mean 0 and variance 1 or even a subgaussian i.e. IE[exp(thg)] <
exp(t?/2) Vt € IR, see [17] for basic properties of sub-gaussian random variables.

We denote by S = {—1,+1}Z the spin configurations space. If 0 € S and i € Z, o, represents the value
of the spin at site ¢. The pair interaction among spins is given by J(|i — j|) defined by

J(1) >>1;
if n>1, withae€ (—o0,1).

n27a

For A C Z we set Sy = {—1, +1}"; its elements are denoted by o4; also, if ¢ € S, o5 denotes its restriction
to A. Given A C Z finite, define

Hoon) =5 > Ji— i) - o), (22)

(3,5)EAXA

and for w € Q)

Gon)lw] = =0 hi[w]oi.

ieA
We consider the Hamiltonian given by the random variable on (2, A, IP)
1 .
H(op)lw] =5 > Ji= i) = gi05) + Gloa)[w]. (2.3)
(i,7)EAXA
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To take into account the interaction between the spins in A and those outside A we set for n € S

W(oa,mae) =Y > J(i = j)(L = ainy) (2.4)

i€A jEAe

and denote
HW(O'A)[UJ] = H(O’A)[a)] + W(O’A,UAc). (25)

In the following we drop out the w from the notation. We denote by

wilon) = leexp{ﬂH”(aA)} oa € Sy, (2.6)
where Z} is the normalization factor, the corresponding Gibbs measure on the finite volume A, at inverse
temperature 4 > 0, with boundary condition 7. It is a random variable with values on the space of probability
measures on Sy.

When the configuration 7 is taken so that n; = 7, 7 € {—1,+1}, for all i € ZZ we denote the corresponding
Gibbs measure by pf when 7 =1 and p, when 7 = —1. By FKG inequality the infinite volume limit A T Z
of u} and p exists, say uT,u~. By the result of Aizenman and Wehr, see [2], *, when « € [0, 3] for IP—
almost all w, u* = p~ and therefore there is a unique infinite volume Gibbs measure that will be denoted

by p = plw].
2.2. Main result

Any spin configuration o € {—1,+1}# can be described in term of runs of spins of the same sign 7,
7 € {—1,41}, i.e. sequences of consecutive sites i1,i; + 1,41 +2...,41 +n € Z, n = n(o) € IN, where
op = 7,Vk € {i1,...91 + n}, and 04,1 = 04;4n+1 = —7. A run could have length 1. To enumerate the
runs we do as it follows. Start from the site i = 0. Let o9 = 7, 7 € {=1,+1}, call L] = L (o) the run
containing the origin, £ the run on the right of £] and £; 7 the run on the left of £]. In this way to each
,i € Z). To

. L . . —1)7t1!
configuration o, we assign in a one to one way a sign 7 = oy and a family of runs (ﬁg yrT

shorten notation we drop the (—1)7T!r and write simply (L;,j € Z).

Given an interval V' C Z and a configuration oy, let ey = ey (ov) =sup(j € Z : L; C V) be the index
of the rightmost run contained in V and by = by (ov) = inf(j € Z : £; C V) the index of the leftmost
run contained in V. We consider the sequences of runs (£;,by < j < ey) and give upper bounds and lower
bounds on their lengths in the regime ( large and 6 small. More precisely, in Theorem 2.1 we show that
in an interval V' centered at the origin, longer than any inverse power of # up to subdominant terms, with
IP-probability larger than 1 — e~9()  where g(#) is a function slowly going to infinity as 6 | 0, the typical
configurations have runs with length of order 9~ =25 when 0 <a<1/2. When a = % we show in Theorem

c/0

2.2 that with overwhelming IP—probability the typical run that contains the origin is larger than e““ and

smaller than e/ ‘92, where ¢ and ¢’ are suitable positive constants.
Theorem 2.1 Fora € [0,1) and ( = ((o) = 1—2(2% —1) there ezist 0y = 0o(c), Bo = Bo(a) and constants

ci(a), such that for all 0 < 0 < 6q, for all 8

¢

g = 582

> Bo (2.7)

* A simplified proof of this result which avoids the introduction of metastates, by applying the FKG inequalities, is given by
Bovier, see [3], chapter 7. Notice that although we assume that the distribution of the random field has isolated point masses,

the result [2] still holds.
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if 0 < a<1/2, g(0) = (log §)(loglog §) and V the interval centered at the origin having diameter

diam(V) = ¢o(a)ed® (;) e (2.8)

then with IP-probability larger than 1 — e~9©) and with plw] Gibbs measure larger than 1 — e 9O the spin
configurations are made of runs (Lj,by < j < ey) satisfying

1\ = 1\ = 2 1 1
c1(@) (log 9) (log log 9> <07 |L;] < ea(a)(log 5)(log log 5), (2.9)

forall j € {by,...ev}.

If a« =0, g(0) has to be replaced by §(0) = log (loié) and (2.9) becomes

3
1(0) < *]2] < ca(0) (1o (2.10)

for all j € {by,... e} where 1% satisfies

diam(V) = ¢0(0)e9® (;) . (2.11)

The proof of Theorem 2.1 follows from Propositions 3.1 and 4.1 and easy estimates.

Theorem 2.2 For a = 1/2, there exists 0y and By and constants ¢;, so that for 0 < 6 < 6y and 5 > [
satisfying (2.7), with IP-probability larger than 1 — e~ and with plw] Gibbs measure larger than 1 — e o3
we have

%1 <log|ly] <

C2
< g (2.12)

where L1 is the run containing the origin.

Remark 2.3 . The results for a = 1/2 are less sharp and general than the ones for a € [0, %) The

probability estimates obtained in (4.74) for the lower bound do not allow to get a result uniformly on interval
of exponential length. However the estimates for the upper bound are true on a larger scale, see (3.6) and

(3.7).
3 The upper bound
Let I C Z be an interval and denote
R (I)={ceS:0,=1,Yiel} Te{-1,+1}, (3.1)
the set of spin configurations equal to 7 in the interval I and

R(I)=RT(I)UR (I). (3.2)
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Let Lyax be a positive integer and V' C ZZ an interval centered at the origin with diam(V) > Ly,ax. Denote

R(V, Linax) = U R(I), (3.3)
ICV, |I|>Lmax

the set of spin configurations having at least one run of +1 or —1 larger than L., in V. The main result

of this section is the following.

Proposition 3.1 Let a € [0, %}, there exist positive constants co, ch, and 0y = Oy(«) such that for all 3 > 0,
for all decreasing real valued function g1(0) > 1 defined on IR that satisfies limg o g1(0) = 0o there exist an
Q3(a) C Q with

1—2e 90 fo<a<i;
IP[Q3(Q)] > _1.91(0) . 1 2 (34)
1—e2° , ifa=3,
1
g1 (0) (gz) 7>, if0<a<1/2;
2 .
Lmas(@) =  c091(0) 75 (log 3)", if a=0; (3.5)
611/2691(0) e%%?(l +3)3, ifa=1/2,
and an interval V(a) C Z centered at the origin
chenn® (L) if 0 <a<1/2
diam(V(a)) = ¢ cpe? @ & (log %)j, if a=0; (3.6)
o et exp(91(0) o52 (1+ %)37 if @ =1/2,
so that on Qs(a), uniformly with respect to A C ZZ,
__2a
2¢91(0) g=Peal 173 if0<a<1/2;
sup pf (R(V(a), Linax(a))) < q 2¢91(0) ¢ ~Feolos (3 108 %), if o =0; (3.7)
n

exp(9g1(9))
e 2

2
eXP(—ﬂcl/zefoﬁ), ifa=1/2.

Remark:

There are various way to choose g1(#). To get a good probability estimate in (3.4) and to have Ly,4. ()
of the order of 6~ =% when 0 < a < 1/2, we take g1(6) to be a slowly varying function at zero. Note that
g1(8) = (log[1/6])(loglog[1/6]) has the following advantages: e~9(?) decays faster than any inverse power of
6=, diam(V) increases faster than any polynomial in §~! and the asymptotic behavior of (3.7) is unaffected.
Proof: Let I C Z be an interval and R(I) defined in (3.2). Since I’ C I implies R(I) C R(I’) we have

U roc | r. (3.8)

ICV, |I|>L ICV, |I|=L

Therefore it is enough to consider the right hand side of (3.8) instead of the left hand side.
Assume that I = U} A(¢) where A(¢), £ € {1,..., M}, are adjacent intervals of length |A|. We denote
by A a generic interval A(¢), £ € {1,...,M}. We start estimating u} (R*(A)). We bound from below Z}
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by the sum over configurations constrained to be in R~ (A) and collect the contributions of the magnetic
fields in A both in the numerator and in the denominator. We obtain:

3, e O T )
PO PN

pA(RT(A)) <

e—ﬁ[W(UAJA\A)-FW(UAJIX)]]IR+(A) (on) (3.9)

< P! 2ica hile] sup sup
oa\A NMace €

< 2P Dien hil] 2130 D jene TUiiD] < 2P0 Yica hilw] (28 B (1A1)

—BW (oa,0a\a)+W(oa,m5)] Tg- (A) (UA

where F,(]A|) is defined by

_ 2|A” ; .
Ea(|A]) = {2(J(1) D+ ey if0<a<l; (3.10)
2(J(1) — 1) +2log(|A]) +4, ifa=0.
Calling
07 (A) = {w: 0 hilw] < —2E4(|A])}, (3.11)
iEA
on Q7 (A) we have
sup sup ufl (RT(A)) < e=2AB(AD, (3.12)
ACCZ n
Define
Oy (D) ={w:3;e{1,....M}:0 > hilw] < —2E.(|A]}. (3.13)
iEA(LT)
On Q5 (I) we have
R (I) € R (A(6})), (3.14)
therefore, by (3.12),
sup sup ufl (RT(I)) < e=2FF(AD, (3.15)
ACCZ n

Assume V = [-N|A|, N|A|]. We can, then, cover V with overlapping intervals I}, = [k|A|, M|A| + k|A|) for
ke {=N,...,(N —M)}. Tt is easy to check that for any interval I of length M|A|, I C V, there exists a
unique k € {—N,..., (N — M — 1)} such that

IDI NIy (3.16)
Therefore one gets
N—M-1 N—M-1
U rwoc U U RT(I)c |J BT (IxNI). (3.17)
ICV,|I|=M|A| k=—N @L:IxNIx1CICV k=—N
|=M|A]

Note that for all k there are M — 1 consecutive blocks of size |A| in Iy N Iz that will be indexed by
0, € {2,...,M}. Define

Oy (V)={w:Vke{-N,...,N-M}, 3, €{2,....,.M}: 0 > h;<—2E.(|A]}. (3.18)
NG
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If we notice that RT(Iy N Ix11) C RT(A(4})), it follows from (3.3), (3.17), and (3.15), that on Q3 (V),
uniformly with respect to A C Z we have

sup 1 (RT(V, M|A|)) < (2N + 1)e~20E(48D, (3.19)
n

Next we make a suitable choice of the parameters |A|, M, N. Consider first the case 0 < o < 1/2.
Since the h; are independent symmetric random variables, we have, see (3.11),

PO (A)] = ( gh i < |A‘ ]) = %(1 —p1), (3.20)
hence, see (3.13),
M
Pl (] 1 (- o) =1 - (5 (3:21)

and, see (3.18),

(3.22)

Plo; (V)] >1— (2N +1) <1+p1>M1.

To estimate p;, we apply Le Cam’s inequality, see [18], pg 407, which holds for i.i.d. random variables,
symmetric and subgaussian:

|A|
2
suplPZh €lz,z+7)] < VT (3.23)
velR G VIAIETUA (b /)%
For symmetric Bernoulli random variables, assuming that 7 > 1, one has
E[(h1/7)* Wy 1<7) > 772,
for random variables having different distributions see Remark 3.2. Taking 7 = 2F,(|A])/8 > 1 and
32 1—2a
Al=| ——— 3.24
A <B9a(1 - a)> (3:24)
where 0 < B < 1 we have
8E.(|A
p1 < 8Ea(ADVT _ g (3.25)

0]

It is easy to check that there exists 8y = p(c, J(1)), independent on B, such that (3.25) and 7 > 1 are
satisfied for all 0 < 6 < 6y. Choosing

2g1 (0
M= 2900 (3.26)
log 1+B
and 14+ B
ON +1= egl<9>T (3.27)

with ¢1(0) so that limgo g1(0) = o0, (3.4), (3.5), (3.6), and (3.7) are proven for 0 < v < 1/2. The actual
value of B affects only the values of the constants.
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When a = 0, Le Cam’s inequality suggests

4 2
Al =62 <63ﬁlog91> . (3.28)

Taking M and N as in (3.26) and (3.27), one gets (3.4), (3.5), (3.6), and (3.7).
When o = 1/2 we have
Q(A) ={w:0) hi <-8VA} (3.29)

i€EA

Le Cam’s inequality is useless. We use the Berry-Esseen Theorem, see [9], that gives

POy (A)] > \/% /_ S f/‘%f (3.30)

where Cgg < 7.5 is the Berry-Esseen constant. By the lower bound f_fo e~z dr >

1,7
Hyyze 3Y" we have

8
]. 0 ;1:2 ]. ]_ 82
o e 2 dr > — e 207, 3.31
V2 /,Oo o \/27r1+% ( )
Choosing
8 2 82
A = 16%(27) <1 - 0) eo?, (3.32)
so that the right hand side of (3.30) is strictly positive,
V(1 + S)ese e ®)
M =2V2m(1+ —)ez2 9, (3.33)
0
and
ON +1 =2 (3.34)

we get (3.4), (3.5), (3.6), and (3.7).
]

Remark 3.2 . To apply (3.23), one needs a lower bound for the censored variance at T of hy which is
IE[1 A (hy/7)?]. A simple one is IE[(hy/7)*1,, <] which is bounded from below by half the variance of hy
times 72 by taking T large enough. However one can also get a more precise bound since the difference
between the censored variance and the variance can be estimated by using an exponential Markov’s inequality
that can be obtained as a consequence of the definition of sub-gaussian. When h;,1 € ZZ are normal distributed
the bound (8.23) can be easily improved to

|A|
sup P[Zhie [z,z+ 7]] < .

sup L2 SVCEN)

(3.35)

4 Lower bound
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Let A C Z be an interval, d(i, A) = infjea |t — j|, 0A ={i € Z : d(i,A) = 1} and 7 € {—1,+1}. Let
WA, T)={0c€S:0,=7,Yi € Ajoga = —T} (4.1)

be the event that there is a run of 7 in the interval A. Let L, be a positive integer and V' C Z be an
interval centered at the origin, with diam(V’) > Lyi,. We denote for i € V and 7 € {—1,+1},

Vi(LminaT) - U W(AvT)a (42)

A3i, |A[<Lmin

V(V, Lunin) = |J [%(Zmin, +) U v (Limin, —)] - (4.3)
i€V

The main result of this section is the following.

Proposition 4.1 Let o € [0,3], 0 > 0 and ¢ = {(a) = 1 —2(2% — 1). There exists 0y = () and
Bo = Po(a) such that for 0 < 6 < 0y and B > By, for g2(x) = ga2(x, ) a real positive function with %’0‘)
decreasing and limgqoe ng(ac) =0, such that

14 L1820 i) < a < 1/2;

a) > 1—2a 4.4
wo) = { TR 0T, e
if we denote

= (B¢ ¢ 7 (B¢ P

b = min (4, 5102 and by = min 12102 (4.5)

then for all D such that Dy < D < 92(%2“) with Dy = max(8, i log d%) for some absolute constant dy, there
exists Q5 (a) C Q with

1 —6e~ (P800 i) <o <1/2;

IP[Q5(a)] > ¢ 1 —6¢ e~ (2D—4)g2(,0) if o = 0; (4.6)
=(2D—1)
l—e_ﬁ@’ ifa=1/2.

Then on Qs5(«), for

1 1
b 1—2a 1 b T—2a . .
(7]392(570‘)) (4 + 155 log [Dgz(B,a)D , f0<a<1/2;
L ; = B E y — . 4.
mm(a) m (4 + log [m]) 5 ’LfOé = 0; ( 7)

e~V b ifa=1/2,

and
e92(5:0) (h) T=7m if 0 < a<1/2;
diomn(Vinin(0)) = § €20 5oty (44 1o [y |) - ifa=0; (48)
et ifa=1/2,

for all A C Z large enough,

6e=(2D=5)9:2(00)  if0 < o < 1/2;

K O/ Vinin (@), Lin(@))) < § 66 CO-4260ifa ~; (1.9
7(2D—-1
e VP , if a=1/2.
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Remark 4.2 . The estimate (4.9) are uniform in A, therefore by the uniqueness of the infinite volume Gibbs
measure, [2], Proposition 4.1 holds for the infinite volume Gibbs measure u[w].

Proof: Since the boundary conditions are homogeneous equal to + we apply the geometrical description
of the spin configurations presented in [5]. In the following we will assume that the notions of triangles,
contours and their properties are known to the reader. In Section 5 we summarize definitions and main
properties used in the proof. Let 7 = {T'} be the set of families of triangles compatible with the chosen +
boundary conditions on A. Let denote by |T'| the mass of the triangle T, i.e. the cardinality of T'N Z, see
(5.1). Tt is convenient to identify in T' € 7T families of triangles having the same mass,

T={r",.. 1¢0}, (4.10)

rearranged in increasing order, where kr = sup{|T| : T € T} € IN and for £ € {1,..., kr}, T® s the family
of ng = ny(T) € IN triangles in T, all having mass ¢. By convention n,(T") = 0 when there is no triangle of
mass ¢ in T. We denote

kT
T = (D) ", v € IR, & #0, (4.11)
=1
and
kr
log|T| = 3 ne(T)(4 + log £). (4.12)
=1

Let A C Z be an interval large enough, V' C A and L an integer, L < |V|. We study u3 (Usevvi(L, —)), the
case of yi{ (Uievvi(L, +)) can be treated along the same lines. Since p} (Uiev v (L, —)) < 3y ik (vi(L, —)),
it is enough to estimate uf (v;(L, —)) for a given i € V. Applying (4.2) one has

L
BTN <Y S ova, o)), (4.13)

lo=1 A:A3i,|A|=fo
It remains to estimate p{ (W(A, —)), for a given i € V, A 34 and |A| = £y. We denote by
C =C(A,—) = {T € Tcompatible with W(A, —)}. (4.14)

A family T is said compatible with the event W(A, —) if T corresponds to a spin configuration where the
event W(A, —) occurs. By construction the families of triangles in C satisfy only one of the two following
conditions:
o there exists Ty € C so that A = supp(Tp)
e there exist two triangles Tyignt = Trignt(A) and Tiepy = Tieye(A) one on the right and one on the left of
A that are adjacent * to A.
The fact that Tjcss (resp. Trignt) is on the left (resp. right) of A and is adjacent to it will be denoted by
Tiept <A, (resp Trignt > A). By (5.2) by = dist(Tiefe, Tright) = |Tright| A [Tieft|, .e. at least one of the two
triangles (Teft, Tright) has support smaller or equal than ¢y. We write

CC Ul A (4.15)

* We say that T is adjacent to an interval A if 0 < d(supp(T), A) <1l ie AN Supp(T) = () and T is the first triangle
on the right or the left of A having the support at distance from A smaller than 1.
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where A; = A;(A, i) are defined by:

Ay ={T € C:3Ty € T, supp(Ty) = A}; (4.16)
Ay = UgllAz(f) with ./42(6) = {I eC: ETleft eT, Tleft <A, |Tleft| = 6}; (4.17)
Az = U | Az(¢) with A3(f) = {T € C\ As : ITright € T, Tright > A, |Trigne| = £}. (4.18)
We have
pA (A, =) < g (Ar) + px (Az2) + i (As). (4.19)

Any family of triangles in A; can be written as T U T, € A; where Ty ¢ T. We denote by A; \ Ty the set
all these T such that Tp UT € A;, with the same meaning we denote As(€) \ Tics+ and Az(€) \ Tright.

We start analyzing the first term on the right hand side of (4.19). Given T =T' U Ty € Ay, call J(Ty, T)
the maximum interval with respect to inclusion, containing supp(7p) with the property that all the other
triangles S € T" with supp(S) C J(Tp,T) have mass |S| < [Tp|. If all the triangles S € T’ have mass
|S| < |To| then J(Tp,T) = A, otherwise either J(Tp,T) is the base of a triangle containing Ty or is adjacent
to at least one triangle with mass larger or equal to |Tp).

For T € A; consider the set

I(Ty,T) ={S € T : supp(S) C J(Tp,T)},

of triangles S € T with supp(S) C J(Tp,T) and partition them in contours, with a constant C' = |Tp| (c.f.
(5.5) for the definition of C) disregarding any other triangle not in Z(Ty, T).

These contours have the following properties :

each contour is composed of triangles having mass smaller or equal to |Tp|;

the distance between two such contours is larger or equal to |Ty|;

)
)

3) all contours are mutually external, i.e. there are no contours nested inside other contours;
)

for all T' with supp(T") C J(To,T), dist(T, J¢(Tp,T)) > |To)-

Remark: The contours introduced in [5] have the property that, given a contour, its interaction with all the
others contours can be made arbitrary small with a suitable choice of C, see Theorem 3.2 of [5], condition
(3.15). The reduced contours that we introduce in this paper do not share this property, but allow to single
out a set of triangles containing 7Ty and to estimate a lower bound for their contribution to the energy that
is uniform for all compatible configurations. This is a consequence of properties (1)—(4) that allow to apply
Lemma 5.1.

Let Ty be the contour that contains Ty. We identify in I'g families of triangles having the same mass,
rearranged in increasing order, see (4.10) and (4.11). By construction we have that kr, = |Tp| and ny, (I'o) =
1. We write I'g = (2(1)7 .. ,I(kfo_l),TO) ieif T, e TW [ for 0 € {1,...kr, — 2} we have

ITe| < [Tesa| < |To|. (4.20)

Notice that T} is the only triangle in I'g having mass strictly bigger than the mass of any other triangle. This
holds for any T’y constructed in such a way. For £ € {1,...,kp, — 1}, n¢(Ty), i.e. the number of triangles
having mass ¢, depends on the I'y we are considering. Properties (1)—(4) above entail to apply Lemma 5.1
when a € (0, ). We obtain

Hy (T'UTy) - Hy (T'\TW)uTy) = ([T (4.21)
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and iterating ¢ times

14

Hy (T'UTy) - Hy (T'\ Uy T®) U Ty) > ¢ Y 1T™) (4.22)
k=1
The last iteration gives
kpo—l
Hf (T UTy) — H (T'\To) = ¢ > |TW]* +¢|To|*. (4.23)
k=1

Given Ty, let Cr, be the set of contours so that if I'g € Cr,, then Ty € Tg, the (1)— (4) and (4.20) are satisfied.
The Cr, is the the set of reduced contours containing 7. We can then write

1 / 1 ,
NX(Al) o ? Z efﬁH'F(I UTO)[UJ] — Z F Z e*ﬂH"'(I uFo)[w]7 (4'24)
A Tre ATy ToeCr, A T/~Ty

where T" ~ T’y means that the configuration of triangles S = T U (Urer,T), is such that S € A; and the
family of reduced contours with basis J(Tp,,S) contains I'g. We set

1 S
pi(To) = —= » enPHEUTOL, (4.25)
A T/ATy

We apply, although in a different context, the method used in [8] which consists of 4 steps. We consider
first the case 0 < o < 1/2, the case « =0 and « = % will be discussed later.
Step 1

For a fixed [y = (TW, ..., 7%ro=Y Ty), see (4.10), for each j = {1,...,kp, — 1} we extract a term
Zi:l ng(To)k® from the deterministic part of the Hamiltonian, i.e. using (4.22) we write

pt(To) < e A o) L Z o~ BHF (T'U(To\U]_, T™))) 480G (o(L'UT0))[w]

ZX— [w] (4.26)

T'~To
We add to this list of kp, — 1 inequalities the one we get after extracting the whole Ty i.e. using (4.23)

1

kp, —1
HTh) < =B s ne(To)k™+|Tol*) __ +
:U’A( 0) >e€ ZX_[(U]

3 o~ BH (') +80G (o (T UT0))[w] (4.27)

T'~To

Observing the right hand side of (4.26) and (4.27), one notes that the Hy and G are not evaluated at the
same configuration of triangles. In the next step we compensate this discrepancy by a corrective term.
Step 11

For each j € {1,...,kp, — 1} we multiply and divide (4.26) by

S o~ BHS (T'U(To\U]_, T™))+86G (0(L'U(Lo\UL_, T™)))[w] (4.28)

T'~To

and when j = kp,, see (4.27) by
Z e~ BHF (T)+BOG(o(L)[w] (4.29)

T'~To
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Setting for j € {1,...,kp, — 1}

Zz’~r0 e~ BH (T'U(To\Uj_, T™))+86G(0(1'UT0))[w]

1
Fiw=-=1 v . 4.
il B o8 Spir e—BH (T'U(To\Uj_, T))+60G (a(T'U(To\Uj_, TH)))[w] (4.:30)
4 ~1lo
and for j = kr,
+ ’ ’
1 S, e PHy (L) +86G(0(ZUT0))[w]
FkFO [W} -3 log = L + ’ ’ ’ (431)
Ié; Sy e~ BHy (I)+B6G(0(T))[w]
we have the following set of inequalities: for j € {1,... ,kp,}
1L (To) < e Ly TR (g \ ] T < @ PC Xy mr (TR 4B ] (4.32)
Step 111

We make a partition of the probability space to take into account the fluctuations of the F; in (4.32). For
each I'g we write
k
Q= Uji%Bj, (4.33)

where, recalling (4.11), for j € {1,...,kp, — 1}

J i
B; = B;(I'y) ={w : Fjlw] < %an(Fo) k%, and for Vi € {j+1,...kr,}, F;[w] > %an(Fo) E“}; (4.34)
k=1 k=1
kr,—1
By = Bipy (To) = { w 1 iy [w] < s Z ne(Do) k& + [To|* | 3 (4.35)
k=1
BO = Bo(FQ) = {w :Vi e {1, .. .,k‘ro},Fi[u}] > g nk(ro) ka}. (436)
k=1

The point is that using exponential inequalities for Lipschitz function of subgaussian random variables, see
[8], Section 4 for details, one has : for all a € (0,1), for 0 < j < kp, — 1,

< ( ’“Fo_’ln To) k2o—1 1|7 2a—1)
I [1p,] < ¢ 707 \Zeme M) (4.37)

with the convention that an empty sum is zero. For j = kr, we use IE |:]IBk1- } <1.
0
Step IV
By (4.33) we have

kr‘o
IE [y (To)] = ZZE [ (To)Iyp,y] - (4.38)
=0
For j € {1,...,kr,}, (4.32) entails
IFE [HX(FO)]I{BJ-}] < 67,6{( '179:1 nk(zo)ka)lE [eﬁFj ]I{Bj}] . (439)
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Recalling (4.34) and (4.35) on B; we have

J
F; < g > nk(To) k. (4.40)
k=1
This with (4.39) and (4.37) gives
IE [} (To)Ip,y] < e 8 Lom w000k =gy (01500 mao) k2 HTo ) (4.41)
Taking into account that for the set By, defined in (4.36), the estimate (4.37) holds, from (4.38) we get
kr, .
S o ey i (AL matro) o)
j=0 (4.42)
ro~t (Do) K2~ | Tp |2~ 1)
< (kpy + 1)e <Z’“ ’ :
We adopted, as before, the convention that an empty sum is zero, and set

~ 2
b = min (524, 21<()92) . (4.43)

Final conclusions To estimate (4.13) we take into account the partition in (4.19) and for each i € V' we

write

IB [pf (vi(L, -)] < L(0) + I2(i) + I5(d), (4.44)
where I (i) is defined in (4.45) and it is the contribution of the first term in (4.19), I5(4) is defined in (4.51)
and it is the contribution of the second term in (4.19) and I3(7) is defined in a similar way as I3(¢) and it is
the contribution of the third term in (4.19). By (4.24), (4.25) and (4.42) we have

)= Z > Y. E[ufro)

Lo=1 Ty:To>%,|To|=~Lo T'o€Cry,I'03T0

. . (4.45)

_b jiofln (T )k2a—1+€2a—1>

S S S ST i O R )

Lo=1 Tg:ToBi,‘T(}l:ZO F()ECTO,F()BTO
Since all the triangles in I'y are smaller than ¢y, we have
kFO_l 1 kr‘o—l
ng(To) K2~ + 65071 > nk(To)(4 + log k) + (4 + log €

2 k(o) > gty | 2 "o Hlogh) + (4+loglo)

(4.46)
1 &

where we used that kr, = |To| = fo and ny, (I'o) = 1 by construction. Therefore, using (4.46), we have

L _ 3 krg
< Z (ZO + 2) Z Z (& éé_2d(4+10g £0) (Zk:l nk(To){4+log k)
Lo=1 TolT[)BO,lTo‘:ZU T'o ECTO 02T

L b (S 4+lok>
Z (fo + 2) Z e 2072 (4+10g £9) (Zkzl k(D)( g k) (4.47)

Lo=1 I:T'30,|T| >4

_ k
S 3y S )

m=£o T:T'30,|T|=m,
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where for each ¢y € {1,...,L}, the sum over I" : T 5 0, |T'| > ¢y is in fact over the contours defined with a
C = {y and mass at least ¢.

To apply Theorem 5.2 to the last sum in (4.47), we need to impose that condition (5.9) holds when
C = |Ty| and b = b(Tp) = |T0|1,2a(4b+10g|T0‘) for |Ty| = ¢o € {1,...,L}. By Remark 5.3 it is enough to take
b > D+ (logC)/4 where D > Dy = max(8, 1 log d—QO), where dj is the quantity introduced in Theorem 5.2.

Therefore, taking into account that |Ty| = £y we should require

b
> D+ (logly)/4, Vo e{l,..., L} 4.48
T gty 2 P s l)/A Ve {1 L) (4.48)

We impose a condition stronger than (4.48) which holds uniformly with respect to 1 < ¢y < L. We require

b
|L['=2%(4 + log |L])

- log L
> Dga(b, o) = Do + Oi ) (4.49)

where the function go(b, @), lim,_ o g2(z, @) = o0, is introduced to get probabilities estimates comparable
with those obtained in the upper bound. The actual choice of g3(b, @) is done later. The maximum value of
L satisfying condition (4.49) is the Ly, given in (4.7).

By Theorem 5.2 we can then estimate the last sum in (4.47) obtaining

L 00
L() <) (lo+2) Y 2me(Poatballogmts) < jge=aDoa(be), (4.50)
Zozl m:lo

Next we estimate the contribution of the second term in (4.44), the third term can be estimated in the same
way. For each triangle Tj.;; and for each contour I' so that Tj.r; € I' we apply the estimates (4.42) and we
obtain:

LH=Y Y Y Y Tuen 3 1B 1} (D)

Lo=1 A:AD%, |Al=bo l1=1 Tieps:|Tiese|=01 Treft€Cry ¢ Tieft3The st
(4.51)
L Lo k
7 r—1 2a—1 2a—1
< E Ly E (61 +2) g e BTN ekt )
fo=1 =1 [:0505|0) >0,

As before the kr appearing in the previous formula is by construction kr = |Tjc:| = ¢1 and ng, (I') = 1. We
can repeat the argument as in (4.46) and (4.47) obtaining

L Lo 00 _ 3 kr.
LH<Y 63 (t+2)> Y e AT (Zkzl""@(““"g’“)), (4.52)
lo=1 =1 m=~£1 T:T'30,|T|=m

To apply Theorem 5.2 to the last sum of (4.52) we need a condition similar to (4.48) which holds now
uniformly with respect to ¢1 € {1,...,0p} and ¢y € {1,...,L}. We obtain

L Lo 00 B _
L=l > (t1+2) Y 2me Poabelloamtd) < jpr2e-1Dom(b.0) (4.53)
lo=1 =1 m=4~{
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Collecting (4.47), (4.53) and adding the contribution from I3(i) we get
IE [} (vi(L, -))] < 30L2e4Pg:(b:e), (4.54)
By Markov inequality, on a probability subset Q4 = Q4(L, %) with
IP[QU(L,i)] > 1 — 6Le2Po2(0:0), (4.55)

one gets )
pl(vi(L,—)) < 6Le~2Poga(bo) (4.56)

Recalling the definition of V(V, L), see (4.3), one gets that on a probability subset Q5 = Q5(V') with

IP[Q2s] > 1 — 6|V|Le2P92(0:2) (4.57)
pi(V(V,L)) < 6|V|Le2Pa2(be), (4.58)
The choice of parameters
e0<a<i.
Choosing L = Ly () as in (4.7) and g2(b, @) > 1 4 775 logb, see (4.4), we have that the inequalities of

(4.49) are satisfied. The estimates in (4.6) and (4.9) will follow from (4.57) and (4.58) taking the interval V'
as in (4.8).

o a=0.

Going back to (4.26), the modifications are the following : each time k%, respectively |T'|%, appears replace
it by (4 + log k), respectively by (4 + log|T'|). The events defined in step III are modified in the same way.
The only mathematical difference comes with (4.37) replaced by

2 kpg—1 4+log k)2 | (4+log |To])2
_21%92( 0 ”k(ro)( +<;cg ) +( +log [Tpl)

IE[Ip,] <e . (4.59)
Taking into account that
4 +logk)? 4+ log/t
(4+logh)”  (4+108bo) 4 100 gy (4.60)
k N
the formula (4.46) is replaced by
P @ logh)® (A4 log|To])? (44 log |T)) [
o > D nk(To) (4 + logk) | - (4.61)
k=1 & ol ol k=1
The requirements in (4.49) become
- 44logL -
b % > Dga(b,0) (4.62)
and log L
g2(5,0) > 14+ 2% (4.63)

where as before D > Dy = max(8, § log %) and lim, . g2(2,0) = co. The conditions (4.62) and (4.63) are

satisfied choosing

< g2 (ba 0)7 (464)
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B B
L=Lpyn=———1[4+10 ) 4.65
Dgan)( & Dga(0,0) (4.65)

and assuming that b/Dgo(b,0) > 1. Taking

. b b

the estimates (4.6) and (4.9) follow.

e a=1/2
The estimate (4.37) is replaced by

2 kp —1
< e_ﬁ (1+Ek;%+1 ne(£0)>

E[lp,] < (4.67)
Since for any £ > 0, 1 + 22:1 ng(Ly) > 1 the formula (4.42) becomes
5 (1430 T ) B — e ( "T0 (T 4+lok)
mﬂmmmey%2(34*“>gm+m%wwwmkJ““ =) (4.68)

where in the last inequality we took into account that kr, = ¢y and Mer, (T'g) = 1. To apply Theorem 5.2 we

assume
b1
————————>D(4+1logL 4.69
2 TiogD) = DT losl) (4.69)
where D > max(8, 1 log %) For
L= Lyin(1/2) = e 44V 5 (4.70)
(4.69) is satisfied. Further taking into account that
b D
2(4+logL) V 27
and estimate (4.68), we get
£ 3 z =(2D—1)
IE [pf (vi(L,—))] < 30e 202"V % = 30082 2V (4.71)

By Markov’s inequality, see (4.55), on a probability subset Q = Q(L,:) with

z =(2D—1)
PL, ) > 1 —6e e te V5D (4.72)
one gets, since 6e=4 < 1,
3 T (2D—1)

px (vi(L,—)) < etV (4.73)

Then, taking V = et we get

=(2D—1) =(2D—1)

Ps)>1—¢ V"V and puf(V(V,L) <e VD (4.74)
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Appendix: Geometrical description of the spin configurations

We will follow the geometrical description of the spin configuration presented in [5] and use the same
notations. We will consider homogeneous boundary conditions, i.e the spins in the boundary conditions
are either all +1 or all —1. Actually we will restrict ourself to + boundary conditions and consider spin
configurations o = {0;,i € Z} € X so that o; = +1 for all |i| large enough.

In one dimension an interface at (z, 2+ 1) means 0,0,+1 = —1. Due to the above choice of the boundary
conditions, any ¢ € X has a finite, even number of interfaces. The precise location of the interface is
immaterial and this fact has been used to choose the interface points as follows: For all z € Z so that (z, z+1)
is an interface take the location of the interface to be a point inside the interval [z + % = ﬁ, x4+ % + ﬁ], with
the property that for any four distinct points r;, ¢ = 1,...,4 |r; — 9| # |rs — r4|. This choice is done once
for all so that the interface between x and x + 1 is uniquely fixed. Draw from each one of these interfaces
points two lines forming respectively an angle of 7 and of %Tl’ with the Z line. We have thus a bunch of
growing V— lines each one emanating from an interface point. Once two V— lines meet, they are frozen and
stop their growth. The other two lines emanating from the the same interface points are erased. The V—
lines emanating from others points keep growing. The collision of the two lines is represented graphically by
a triangle whose basis is the line joining the two interfaces points and whose sides are the two segment of the
V— lines which meet. The choice done of the location of the interface points ensure that collisions occur one
at a time so that the above definition is unambiguous. In general there might be triangles inside triangles.
The endpoints of the triangles are suitable coupled pairs of interfaces points. The graphical representation
just described maps each spin configuration in X} to a set of triangles.

Notation Triangles will be usually denoted by T, the collection of triangles constructed as above by T and
we will write
|T| = cardinality of T N Z = mass of T, (5.1)

and by supp(T) C IR the basis of the triangle.

We have thus represented a configuration o € Xy as a collection of T = (T, ...,T,). The above construction
defines a one to one map from X onto 7. It is easy to see that a triangle configuration T" belongs to 7 iff
for any pair T and 77 in T

dist(T,T") > min{|T|, |T"|}. (5.2)

Here dist(T, T") is the cardinality of I N Z where [ is the interval between T and T” if T and T” are disjoint;
if T and T’ are one contained in the other the I is the smallest interval between the two.

We say that two collections of triangles S’ and S are compatible and we denote it by S’ ~ Siff S'US € T
(i.e. there exists a configuration in Xy such that its corresponding collection of triangles is the collection
made of all triangles that are obtained by concatenating S’ and S.) By an abuse of notation, we write

H (T) = Hy (o), Go(D)l] = Go)w], o, « TeT.

Contours A contour I' is a collection T of triangles related by a hierarchical network of connections controlled
by a positive number C, see (5.4), under which all the triangles of a contour become mutually connected.

dm
Z [Cm]3 =

m>1

The constant C' must be chosen so that

(5.3)

DN =
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where [z] denotes the integer part of x. Note that C' > 4 implies (5.3). For our construction we need C' to
satisfy (5.3) and further constraints.

We denote by T(T") the smallest interval which contains the basis of all triangles of the contour I'. The
right and left endpoints of T(I") N ZZ are denoted by x4 (I"). We denote |T'| the mass of the contour T’

INED

Tell

i.e. [T is the sum of the masses of all the triangles belonging to I'. We denote by R(-) the algorithm which
associates to any configuration T’ a configuration {I';} of contours with the following properties.

PO Let R(T) = (T1,...,T0), Ti ={T;:;,1 <j <k}, then T ={T;,;,1<i<n,1<j<k}
P.1 Contours are well separated from each other. Any pair I' # IV verifies one of the following alternatives.

TT)NTI') =0

Le. [z—(D),z+(M)] N [z_(T"),z(T")] = 0, in which case

. A . . / : 3 713
dist(T', 1) := ren dist(T,T') > Cmin {|T?, [T’} (5.4)

where C' is a positive number. If
TT)NTT) #0,

then either T'(I") € T(I'") or T(I"”) € T'(I'); moreover, supposing for instance that the former case is verified,
(in which case we call I an inner contour) then for any triangle T} € I, either T(I") C T} or T(I') N T} =
and

dist(D,T") > C|T']?, if T(I') cT(I). (5.5)

P.2 Independence. Let {I(l), - ,I(k')}, be k > 1 configurations of triangles; R(I(i)) = {F;i),j =1,...,n;}
the contours of the configurations T, Then if any distinct Féi) and F;él) satisfies P.1,
RV, ..., 7™y =1V j=1,.. nyi=1,...,k}

J

As proven in [5], the algorithm R(:) having properties P.0, P.1 and P.2 is unique and therefore there is a
bijection between families of triangles and contours.

Next we present in a way more suitable to our needs the results proven in [5]. Lemma 5.1 deals only with
triangles, Theorem 5.2 with countours.

Lemma 5.1
Take T € T and a triangle T € T which does not contain any other triangle and such that

inf dist(7,T) > |T. :
Tl’gfIdISt(T7T) > |T| (5.6)

For o € (0, %zég — 1) we have

HF (TUT) - Hy (T) > ¢|T|* (5.7)
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where ¢ = (1 —2(2* — 1)). For a =0, we have
H} (TUT)— Hf (T) > 2log L +8. (5.8)
Proof: c.f. proof of Lemma 2.1 and and Lemma A.1 of [5].

Theorem 5.2
There exists an absolute constant dy such that for all C > 1, where C' is the constant in the contour
definition, see (5.4), and for all b > 0 so that

C Y afetlosrt) < gy, (5.9)
=1

the following holds: for all integers m > 1

Z w(T) < 2meblogm+4)
{oer,|l'|=m}

where
wy () = [ e tloeI+4), (5.10)
Ter

We explicitly quantify the condition (5.9) under which Theorem 4.1 of [5] holds. This can de deduced by
looking at the proof of Theorem 4.1, see Section 4.3 of [5].

Remark 5.3 . Notice that for b > D + (log C')/4 where D > Dy = max(8, 1 log ;—0) the condition (5.9) is
satisfied.
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