DYNAMICS AND KINETIC LIMIT FOR A SYSTEM OF NOISELESS
d-DIMENSIONAL VICSEK-TYPE PARTICLES

MICHELE GIANFELICE AND ENZA ORLANDI

ABSTRACT. We analyze the continuous time evolution of a d-dimensional system of N
self propelled particles subject to a feedback rule inspired by the original Vicsek’s one
[VCB-JCS]. Interactions among particles are specified by a pairwise potential in such a
way that the velocity of any given particle is updated to the weighted average velocity
of all those particles interacting with it, which makes the system non-Hamiltonian.
The weights are given in terms of the interaction rate function. When the size of the
system is fixed, we show the existence of an invariant manifold in the phase space
and prove its exponential asymptotic stability. In the kinetic limit we show that the
particle density satisfies a Boltzmann-Vlasov equation under suitable conditions on the
interaction. We study the qualitative behaviour of the solution and we show that the
Boltzmann-Vlasov entropy is strictly decreasing.

1. INTRODUCTION

The analysis of the evolution of a network of a large number of coordinated self
propelled particles (agents) is a sub discipline of control theory which is has seen a
rapid development during the last decade [BDT, W, JLM, CKFL, B-NVR, CS, CHDBJ.
This is due to its several potential application in understanding the emerging of collective
behavior in biological systems (for example fish schools and bird flocks), computer science
[R, BDT], engineering [JLM, CS, CHDB], economy [DY] and social sciences [W, CKFL,
B-NVR]. To model the particle self-organized behavior one assigns to any particle a
simple communication/interaction rule in order for the whole system to dynamically
reproduce, in a given regime of the model’s parameters, specific phase space patterns.

The emergence of phase space patterns persistent in time described by a large con-
nected cluster of coherently moving particles is called flocking or swarming (also school-
ing or herd behavior). Basic models of flocking behavior generally follow three simple
rules: 1) separation, that is to avoid crowding neighbors (usually modeled by short range
repulsion interactions); 2) alignment, i.e. to steer towards average heading of neighbors;
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3) cohesion, i.e. to steer towards the average position of neighbors (usually modeled by
long range attraction interactions).

The seminal work in the direction of modeling flocking behavior is the one of Vicsek
et al. [VCB-JCS]. They proposed a model of N interacting particles located on a
2-dimensional torus of diameter D. The velocity of each given particle belongs to the
unit circle and at each time step its direction is updated at the empirical average of
the velocity’s directions of all the particles lying in a neighborhood of radius 1 from
the given one, including itself, plus a random perturbation. Particles positions are
then updated according to their velocity. Computer simulations proved that, when the
particle density % is sufficiently high and the noise intensity sufficiently small, the
distribution of the velocities of the particles concentrates around the velocity of the
barycenter of the system, although this is not a quantity preserved by the dynamics.

We propose a simple model of continuous time noiseless multi-agent evolution closely
inspired to the original Vicsek’s one. The particles interact (communicate) with each
other trough a pairwise interaction function, which can be chosen to have the shape of
an ordinary interaction potential, in such a way that the velocity of any given particle
is updated to the weighted average velocity of all those particles communicating with
it, with a weight given in terms of the communication rate function. This makes the
system non-Hamiltonian. For what concerns flocking behaviour our model takes into
account allignment and cohesion, but violates the separation rule since the particles can
overlap.

We prove for such model two type of results. First, we analyze the N particle dynamics
in R%. We show that there exists an invariant manifold in the phase space and prove
exponential asymptotic stability of the invariant manifold when the initial conditions for
particles dynamics are suitably chosen. This implies that the system, under the chosen
initial conditions, will reach a state of flocking. Then, we will study the mean-field limit
(N — 00) of the system and prove that the particle density satisfies a Boltzman-Vlasov
equation when the particles are confined on a torus and subject to a short-range potential
of Gaussian type. The same result holds in R when the interaction among particles is
given by a suitable regularization of a finite range potential. We further show that the
Boltzmann-Vlasov entropy is strictly decreasing. As a consequence, one can argue that,
even if the initial distribution of the particles is absolutely continuous w.r.t. Lebesgue
measure, the limit density distribution is singular w.r.t. Lebesgue measure.

A continuous time version of Vicsek’s model, as well as its stochastic counterpart
driven by the Brownian motion, has been proposed in [DM] and the corresponding kinetic
equations heuristically derived and studied. In fact, at present time, to our knowledge,
a rigorous derivation and analysis of Vicsek’s model kinetics, as well as hydrodynamics,
is lacking.

Another basic model for flocking is the Cucker-Smale one [CS]. In this and related
models [DCBC, AIR] the variation in time of the momentum of a given particle is the
weighted sum of the differences between the particle’s momentum and those of the other
system’s components, with weights depending of the relative distances among particles
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divided by the total number of particles V. It is worth notice that, for all these models,
the interaction among two given particles is of order 1/N, therefore when the size of
the system becomes large, particles tend to decorrelate. On the contrary, in the original
Vicsek’s model, the interaction between a given couple of particles is of order one.
Moreover, Cucker-Smale dynamics preserves the velocity of the barycenter, which is not
the case for Vicsek’s. As a matter of fact, we believe that the order of the interaction
with respect to the size of the system is the peculiar feature distinguishing Vicsek’s
from Cucker-Smale algorithm. Therefore, in our opinion, variants of the Cucker-Smale
momenta updating rule taking into account only the differences among the directions
of the momenta of the particles, rather than those of the momenta as vectors, are
somewhat improperly ascribed to variants of the Vicsek’s model [BCC2]. Cuker-Smale
and related models have been more deeply investigated in the mathematical literature
and their mean-field limit equations rigorously derived and studied in [HT, HL, CFRT,
CCR, AIR] in the noiseless case and in [BCC1, BCC2] in the stochastic case driven by
Brownian motion. Moreover, the hydrodynamics equations for these models have also
been rigorously studied but formally derived [HT, CDP, CCR].

The plan of the paper is the following. In Section 2 we describe the model and set the
notations. In Section 3 we analyze the system when the number of particles is fixed. In
Section 4 we analyze the system when the number of particles goes to infinity. In the
appendix we collect proofs of results used along the previous sections.

Acknowledgements. Enza Orlandi thanks Carlangelo Liverani for useful discussions.
Michele Gianfelice thanks Fabio Fagnani and Marco Isopi for interesting discussions on
the subject.

2. DESCRIPTION OF THE MODEL AND NOTATION

2.1. Notations. Given x € R% d > 1, we denote by 2’ its i-th component, i = 1, .., d,
with respect to the canonical basis (e, .., e4) . For any x,y € R? we set x-y 1= Zle xhyt
to be the scalar product between x and y. Hence, we denote by |z| := /x-x the
associated Euclidean norm and by B, (r) := {y € R? : |y — x| < r} the ball of radius
r > 0 centered in z and B, := B, (0). Furthermore we set ||z|_, := max;—1_4|2"|.

Given an integer N > 2, let x := (21, .., zy) € R¥%. We denote by x-y := SN 2 - y;
and |x| := /X -y respectively the scalar product and the Euclidean norm in RV, We
also denote by B, (x) := {y € R¥?: |y — x| < r} the ball of radius r > 0 centered in x.

Partial derivative w.r.t. any component 2’ of x € R? will be denoted by 8,:, so that
V. stands for (9,1, .., 0,a) while, for any q € RV, we set Vg := (Vy, .., Viu) -

Moreover, we denote by £,, (R) the Banach space of linear operators from R to itself
and by ||| and ||-||, the operator norm induced by respectively the Euclidean and the
supremum norm. In particular I, 0, € £, (R) denote respectively the identity and the
null operator.
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2.2. The model. Let N > 2 be an integer. We consider /N particles of unitary mass in
R? evolving according the equations:

dg;
qd,gt) = pz<t)

dpi(t) _ 2521 Ur(ai(t)—a; (1) (0 ()—pi(t)) i=1,.,N (2.1)

dt SN Ur(ai(H)—q; (1) '
%(O) = qzo ; pi(o) = pg

where, for i = 1,.., N, (g;,p;) € R x RY (¢?,p?) are the initial conditions and Ug(-) is
the two particles interaction. We assume that Ug(+) is a sufficiently smooth, spherically
symmetric positive function, actually a probability density concentrating the mass in
the ball of radius R centered at zero, such that sup,cgs Ug(z) = Ug(0). This implies
that the denominator in the second equation of (2.1) is always strictly positive. Other
assumptions on Ur will be done in Section 3, where the kinetic limit as N — oo will
be considered. The vector field in (2.1) is Lipschitz, therefore the existence and the
uniqueness of the solution is granted at least for short time. Since the vector field
increases at most linearly in (q, p) the solution exists and it is unique for all ¢ > 0.

2.2.1. Communication graph. We recall some basic definition of graph theory and its
applications to Markov chains used in the next section. We refer the reader to basic
textbooks such as [B] and [St] for an account on this subject.

A directed graph G is a ordered pair of sets (V,E) where V is a finite set called set
of vertices and € C V x V is called set of edges or bonds. G = (V', &) such that
V' CVand & C (V' xV)NE is said to be a subgraph of G and this property is
denoted by G’ C G. Two vertices are said to be adjacents if belong to the same bond,
so that u,v € V are adjacents w.r.t. b € & if either b = (u,v) or b = (v,u). For any
b € &, let then V, := {{u,v} CV:u and v are adjacent w.r.t. b}. Then, if b = (u,v),
b is said outgoing from u and ingoing in v. Let & == {be & :b=(v,u), u €V} be
the set of bonds outgoing from v. We denote by N (v) := (U,es V) C V the closed
outgoing neighborhood of v and set, for any W C V, N (W) := U,ew N (v) to be
the closed outgoing neighborhood of W. Given v € V, we set Ni (v) := N'* (v) and,
for k > 2, N (v) := NT (N, (v)) to be the outgoing k-neighborhood of v. Given
two vertices u and v, u is said to communicate with v if there exists £k > 1 such that
u € N;f (v). Therefore, u,v € V are said to be connected if one communicates with the
other. In fact, since if u € N}/ (v) for some k > 1, then u € N;" (v), VI >k, for u and v
to be connected there must be ki, ky > 1 such that v € ;! (v) and v € N} (u), that is
we NSy, (), v e NF, (u). G is then said to be strongly connected if any two distinct
vertices are connected. The maximal connected subgraphs of G are called components
of G.

An example of directed graph is the one which can be associated to a Markov chain.
In this case, V coincides with the set of states of the chain and, denoting by P the
transition matrix associated to the chain & = &£ (P) = {(u,v) €V xV:P,, > 0}.
Then, the directed graph associated to the Markov chain with transition matrix P is
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denoted by G (P). Hence, the chain and therefore P are said to be irreducible if and
only if G (P) is strongly connected.

Definition 2.1. Given any particles configuration q € RN we define the geomet-
ric communication graph of the particle system to be the directed graph &g (q) :=
(V(q),€r(q)), where V(q) is the finite subset of R associated to q and

€r(q):={(¢;¢) €V(a) xV(a): Ur(qg—q) >0} . (2.2)

When considering the particles configuration at a given time ¢, q(t), we set V;, :=
V(q(t)) and & (t) :== Gr(a(t)).

Definition 2.2. The system is said to have reached a state of flocking if there exists
v € R? such that, for any e > 0,37, > 0:Vt > T,

® D (t) S Be (U)’VZ - 177N;

e the geometric communication graph G (t) is connected and |V;| > 2.

Definition 2.3. The state of the system (q,p) such that ¢y = -+ = qn,p1 = -+ = pn
18 called rendez-vous state.

From (2.1) it follows that rendez-vous states belong to the collection of the invariant
states for the dynamics.

3. PARTICLE DYNAMICS

In the following we analyze the evolution of N particles according equations (2.1). In
this section N is kept fixed, so we omit in the notation to write explicitly the dependence
on N. We show that there exists an invariant (/N + 1)d manifold for evolution (2.1) and
prove first its stability, see Corollary 3.5, and then its asymptotic stability, see Theorem
3.11.

3.1. Stability. We first notice that if the velocities of the particles at time zero are
bounded, that is, for all i = 1,.., N, p{ € B, for some r > 0, then they will lie in B, for
later times. In fact we have the following result:

Lemma 3.1. For any i = 1,.., N, assume that p; (0) € B,. Then, p;(t) € B,, for all
t> 0.

Proof. Assume, without loss of generality that » = 1 and that there is a t* such that
there is at least one p;(t*) such that |p;(¢t*)| = 1 and |p;(t*)| < 1 for j # i. Then

L en S Unt) = () ) =) i)
g P

o <0.  (31)
> Ur(@i(t) — ¢;(t7))

O

Remark 3.2. The result of Lemma 3.1 holds for any positive smooth interaction Ug,
regardless of its support. In particular, it holds if Ug does not have compact support.
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Remark 3.3. The only critical point of the system (2.1) is (0,0). Moreover, if the
particles at initial time have all the same velocity, that is, for j =1,.., N, p? = v € RY,
their velocity will remain constant during the evolution and the system describes the
motion of N non-interacting particles.

From Remark 3.3 one deduces that the (N 4 1)d linear manifold
7= U{’UERd}I<U) (32)
where
I(v) ={(q,p) e RN xR™ : p; =v,i=1,.,N} (3.3)

is invariant for the evolution (2.1). Namely, if the initial data belong to Z (v) the particles
evolve independently one from the other with constant velocity v.

The next result shows that if at time ¢ = 0 the velocity of the NV particles is close to
its mean velocity vector, then, at any further time ¢, it will always remain close to the
mean initial velocity vector. Let 2 € Ly4 be the operator such that

RV 5 x —Ox € RV (3.4)
where x is the vector in RV whose component are the vectors (Qz), = + Zjvzl z; € R?
for + = 1,..,N. Notice that by definition {2 is the orthogonal projector on
{XERNd:x1:-~:xN}.

Theorem 3.4. Let w(t,w") = (q(t), p(t)) be the solution of (2.1) at time t starting from
w® = (q°, p°) € R*N4. Given € > 0, assume that |p° — Qp°| < €. Then

p(t) —Qp°| <€,  VE>0. (3.5)

Proof. We proceed as in the proof of Lemma 3.1. Let us denote by v;(t) = p; (t)—(Qp°), €

R? i =1,..,N, and assume that there is a ¢t* so that there is at least one components
|v;(t*)| = € and |v;(t*)] < € for j # i. We have

1d ) d

5 g lviOF = wilt) - i) (3.6)

_ X5 Un(@(t) — g {os(#) —uit)} -ut) _
> Urlai(t) = ;) -

O

Note that, for any w € R?V¢,
. . _ o] __ . _ 0 __ _
dist (w,Z) = inf |w—w| = {pOERNd:;gf(qovpo)ez}lp pl=I[p—Op|, (3.7)

where 2 is the operator defined in (3.4). From Theorem 3.4 one deduces that the
invariant manifold Z is stable for the evolution (2.1).
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Corollary 3.5. For any e > 0 let B(e,Z) = {w € R*M* : dist (w,Z) < €} be a neigh-
borhood of radius € of Z. Let w(t,w°) be the solution of (2.1) at time t starting from
w? = (q°,p°) € B(e,Z). Then

dist (w(t,w”),T) < 2e, vVt >0 . (3.8)

Proof. By (3.7) we have
dist (w(t, w"),Z) = |p(t) — Qp(t)| < [p(t) — " + [p(t) — % . (3.9)

By definition of 2, see (3.4),

2p(t) — Qp°| = [Q(p(t) — Qp°)| < [p(t) — 2P| . (3.10)

Hence, by Theorem 3.4,
dist (w(t,w0)7I) < 2|p(t) — Op°| < 2¢, Vt>0. (3.11)
U

3.2. Asymptotic stability. Next we show a stronger result. Choosing suitably the ini-
tial datum, the solution of (2.1) converges exponentially towards the invariant manifold.
We show that the N particles will not split into non interacting groups and the velocity
of each particle converges exponentially fast to a velocity vector which is the same for
all the N particles. In other words, the system will reach a state of flocking as given in
Definition 2.2.

We rewrite the non linear system (2.1) as follows:

() =can () o
q(0) =q", p(0) = p’

where
0 I
RV 5 Cla) = " 7 )€ Lova(R 3.13
> Cl@= (o ) € Loa(®) (313
L(q) := A(q) —Ina (3.14)
and A(q) is the linear operator valued function so defined
a1 (@)la  ar2(q)l e ar,n ()l
RNd >qQ+—— A(q) = a271(q)]ld a272(q)]ld . aQ,N(q)]Id c ENd (R)
an,1(q)ly o ann—1(@)ly anv(a)ly
(3.15)
Ur(¢ — 45 , :
a;,;(q) : ROG=%) g N i—1 LN (3.16)

Zj'vzl Ur(qi — q;)
Remark 3.6. Notice that for q € RN?
ai;(q) = a;j(q+ Ox), Vvx e RV j=1,.,N, i=1,.,N (3.17)
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and
N
> aij(q) = 1. (3.18)
j=1

These two properties are important when studying the spectrum of C' (q) for a fized value
of q.

3.2.1. Spectral Analysis of C'(q). Let q € RN be fixed. The eigenvalues of C (q) are
the roots of the characteristic equation

Det [C'(q) — Mlana] = (=) Det [L (q) — Alya] = 0. (3.19)

We need then to study the spectrum of L (q) and therefore, by (3.14) the spectrum of
A(q). To do this it is convenient to introduce the tensor space RY ® R¢. We denote by
F the isomorphism
N d
RY5x — F(x):=) > sle;@e; e RV@RY, (3.20)

7
i=1 j=1

such that F(x);; =27,i=1,..,N and j = 1,..,d.
To ease the notation we omit in the following to write the dependence on q if no confu-
sion arises. We therefore set A := A (q) . One obtains immediately that A : RN¢ — RNd

acts on RY @ R? as follows
A1 RY®R! — RY@R?, (3.21)
where, by (3.16), setting a; ; := a; ;(q),

R aii1 Qaip e a1 N
A= 21 Q29 e a2 N . (322)
an1 ... AN,N—-1 QNN
Namely, one has that
([1 ® ]Id> F(x) = F (Ax) . (3.23)
Furthermore, denoting by ¥(A) C C the spectrum of A,
N(A) = S(A®]) =S(A)S(1,)" . (3.24)

Since the only eigenvalue of I; is 1 with multiplicity d, the problem is reduced to study
the spectrum of A. The matrix A is a (right) stochastic matrix, that is it has non-
negative entries and, by (3.18), Zjvzl a;; = 1,Vi = 1,..,N. Then, if it is irreducible one
can apply the Perron-Frobenius Theorem. We recall that a matrix D € £, (R) with
non-negative entries is said to be irreducible if there exists an integer m so that D™ has

strictly positive entries.

f Z:={2,..,2,} and W := {wy, .., w,, } are two discrete subsets of C we denote by
ZW ={zw; €C:i=1,.,n; j=1,..,m}.
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The existence of m € N such that A™ (q) has strictly positive entries is related to
have the graph G (/NX (q)) associated to A (q) strongly connected. In fact, G(A(q))

is strongly connected if and only if A (q) is irreducible. Clearly this property is also
shared by & (q) which is nothing else but a geometric representation of G(A (q)) in RY.
Therefore, it follows:

Lemma 3.7. For any q € RY?, [et /Nl(q) be irreducible. Then 1 is the maximum eigen-
value and all the other eigenvalues A(q) € C are strictly smaller in absolute value of
1, i.e. |A(q)| < 1. The eigenspace associate to the eigenvalue 1 is one dimensional.
Furthermore, there exists an eigenvector n € RN associated to 1 with strictly positive
entries, i.e. A(Q)n =mn andn; > 0 fori = 1,..,N. Moreover, n; = \/LN fori=1,..,N
and there are no other positive eigenvectors except multiples of 7.

Proof. Because for any q € RV ||A(q) [|oe < maxij—_ Z;Vﬂ a;j (q) = 1, we have that
the maximum eigenvalue is 1 and any other eigenvalue A\(q) € C is strictly smaller in
absolute value of 1. By Perron Frobenius Theorem the maximum eigenvalue is simple
and the associated positive eigenvector is n with 7; = \/LN fore=1,..,N. 0

Lemma 3.8. For any q € RN so that A(q) is irreducible, let A(q) be the matriz
as in (3.15). We have that 1 € X(A(q)) is the mazimum eigenvalue. The associated
eigenspace is the d-dimensional manifold {p € RN? : p; = v, i = 1,..,N;v € R?}. All
the other eigenvalues A\(q) € X(A(q)) are such that |A\(q)| < 1.

Proof. It is an immediate consequence of (3.24) and Lemma 3.7. O
We have finally the following result.

Theorem 3.9. For any q € RN, so that A(q) is irreducible, let C(q) be defined in
(5.13). We have that 0 € ¥(C(q)). The (N + 1)d dimensional manifold T defined in
(3.2) is the eigenspace associated to the eigenvalue 0. All the other eigenvalues of C(q)
have real part strictly negative.

Proof. From (3.19) and Lemma 3.8 we deduce that 0 € ¥(C(q)) and all other eigenvalues
have real part strictly negative. It is immediate to see that the algebraic multiplicity
of 0is Nd + d. The (N + 1) d-dimensional manifold Z defined in (3.2) is the associated
eigenspace. Namely, if w € Z then C' (q)w € Z. From this one deduces that Z is an
eigenspace for the matrix C(q). Moreover, since the kernel of C? (q) is Z, we get that Z
is the eigenspace associated to the eigenvalue 0. 0

We denote by a(q) the spectral gap of the matrix C'(q), that is
a(q) := min {[Re(A(q))[ : A(q) € £(C(q)), Re(A(q)) <0} . (3.25)

Let q € RV so that fl(q) is irreducible. By Theorem 3.9, 7 is the eigenspace associated
to the 0 eigenvalue of C(q) for any q. We can therefore decompose R?¥¢ as follows:

R*N = W(q)® T (3.26)
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in such a way that W (q) and Z are eigenspaces of C'(q) and denote by I1(q) the projection
operator

I(q) : R* — W(q) . (3.27)

3.3. Asymptotic Analysis. Let w® = (q° p°) € Z be such that A(q") is irreducible
and let us set, for any r > 0 and € > 0,

B(r,e,u’) == {w=(q,p) RN : |q—q°| <r; [p—p°| <€} . (3.28)

Denote by 7o the biggest value of r such that, for any w = (q,p) € B(ro, e, w°), A(q) is
still irreducible and «(q) > a(q’). We set

B(rg, e, w’) := {w =(q,p) € B(ro,e,wo) ca(q) > %a(qo)} ) (3.29)

The existence of ry is granted since, by assumption, fl(qo) is irreducible and Ug is
smooth. To apply the spectral results obtained for C(q), (q fixed), to the nonlinear
system (3.12) we write

C(a(t)) = C(a(0)) + I'(a(?)) , (3.30)
where
rat) = (% siaty ) 330
and
B(a(t)) == A(a(t)) — A(a(0)) . (3.32)

Next we estimate the norm of B(q(t)).

Lemma 3.10. Let (q(t),p(t)) be the solution of (3.12) starting from the initial data
(q%, p°). Then, setting

bij(a(t)) = aij(a(t) —ai;(d”) i,j=1,..,N, (3.33)
we have

Sup,cga | VU (2)] sup | —(q? — q)) + a:(t) —au(t)] . (3.34)

B(q(¥))]| < 2N
|1 B(a(t))ll Ur (0) k{1 N}

We defer the proof of this result to the appendix.

Theorem 3.11. Let w° = (q°,p°) € T and assume that A(q°) is irreducible. There
exist three positive constants ro = ro(w), T = T (w°) and ¢y = €9 (N, w°) such that, for
any initial datum w* € B(rg, €, w®) C R?2N,

log 2

dist (w(t,w'),Z) < ee "7 | (3.35)

where w(t,w') is the solution at time t of (3.12) starting from w'.
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Proof. For any s > 0, we define
Q(s,u’) == {w = (q,p) € R*™ : |[Ing — ) (a - q°) | < s}, (3.36)
where € is the operator defined in (3.4). Denote by sy the largest value of s such that,

for any w = (g, p) € Q(so, w"), A(q) is still irreducible and a(q) > ta(q"). Such a value
s exists since A(q°) is irreducible and Up is smooth. Let us set

~ 1
Qsu,u?) = {w = (ap) € Q) (@ = o) | . (30
We have that
B(rg, e,w’) C Q(sg,w") , Ve > 0. (3.38)
Namely we have that sy > ry since requirement (3.29) is stronger than (3.37) and
va = Qa—q")| <la—q’[ <o . (3.39)

Let w(t,w') = (q(t,w'),p(t,w')) be the solution of system (3.12) starting from an
initial datum w' € B(rg, e, w") and let t*(w;) > 0 be the first exit time of w(t, w') from
Q(sp, w?). If w(t, w') € Q(sg,w?) for all t > 0, then we set t*(w') = oo. Next we analyze
the solution for ¢ < ¢*(w') and we will show that ¢*(w') = co for any initial datum
wt € B(ro, €,w?), provided that € in (3.28) is suitably chosen. Let us define

&(t) = T(a(t, w"))w(t,w') (3.40)
X(t) := (lang — O(q(t, w")) wt,w') , ¢ <t*(w'). (3.41)
By construction x(t) € Z,£(t) € W(q(t, w')). We then have
d d
60 = (o) ) w(e.u) + Ma(0) e, o) (3.42)

dt
Taking into account that w(t,w') = £(t) + x(t) we get
d d
60 = (Gt ) &0+ (§11a0)) 10 + Ma@)CaO)en . (343

Since for any given w € Z, by the definition II(q(t)), we have 4II(q(¢))w = 0 and
C(q(t)) and TI(q(t)) commute, we obtain

_ (imq(t))) w(t. ) + T(a(6)Clalt)ult, w)

60 = (00 €0 + Claiet (3.44)
Setting
C(q(t)) = C(a(0)) +I'(a(t)) , (3.45)

where I'(q(t)) is defined in (3.31), we get

460 = ((5T1(a(0) ) €00 + ClalO)S() + Ta0)eln) (3.46)
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By the formula of variation of constants:

60 = o)+ [ e (o)) (o) + raDe) fas. (37

Performing the exponential of the matrix C'(q(0)) one needs to take into account that,
because of the possible presence of Jordan blocks, powers of ¢ might appear. We control
such terms paying e~3UaO)t and multiplying the remaining exponential by a constant
D(C(q(0))) which depends only on C(q(0)). Since q(0) € B,, (q°), which is a compact
set in RV, we denote by Dy := SUPgeB,, (qv) P(C(a)), which depends only on C(q") and
ro. Therefore, we get

(0] < Due 90 g(0)} Do [ et {1 (Litate)) ) o)+ Ina(oNeCo)  ds.
(3.48)
Next we estimate || 411(q(t))| . Let II(q(t)) = {mij(a(t))}; =1, n - we then have
CTalt) = (Vawms(al) -p),,, (3.49)

77777

The last equality holds since, by (3.17), (t)) = II(q(0)), ¥t € R, when q(t) is the
evolution given by the flow on the invariant manifold, i.e. when p(t) = Qp(t). We get
by Corollary 3.5

)-
= (Vawms(a®) - () = 2p]), ;v -
(q

d
Gta)| < sup sup[V,m, (@l [p() - Op(0)]  (350)
t {a€RNT : w=(q,p)€Q(s0,w0)} i-i=1,,N
< D'(so)e vt € [0,t*(w'))

where D'(sg) > 0. Furthermore, by (3.31) and Lemma 3.10, we have

Tl = 1B(a)] < 25 sup (VU@ max | ~(a! = o) + ) — (0
(3.51)

and, by Theorem 3.4, for 1,k =1,.., N,

|a:(t) = ax(t) = (i —ap)| = [ Ipi(s") = pu(s')| ds’ (3.52)

= [ |pi(s) = p? + Y — pe(s)| ds' < 2et,

SUP_ pd VU (z

where p{ = pj} since (q”, p’) € Z. Thus, setting D = 2—=F N vt e [0, t*(w')) we

obtain

€(£)] < Doe™ 2O |¢(0)] + Dye / @O (1) (50) + 2N Dys] [€(s)] s . (3.53)
0
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Given K > max{D’ (so),2D;}, take T € (0,¢*(w')). A suitable choice of T' will be done
later. Then,
t
|€(t)] < Doe™ 2@ |£(0)] + eDoK {1+ TN} / 72O |e(5)|ds, vt e [0,T].
0

(3.54)
By the Gronwall’s inequality, which we recall in appendix (see Lemma 5.1), we get

£ < Dole(O)]e x4 < Dyle(o)elin@™=l e o1, (355)
where we made use of (3.37) and set § := DyK {1+ NT}. Let us choose € such that
1
1—6a(q0) > eDyK{1+ NT} . (3.56)
Then,
€] < Dolé(O)]e s vt € [0,7]. (3.57)
Since
dist (w(t,w"),T) = ;Iéfzm(t,wl) —w| = ggb((t) +£(t) — 0 (3.58)
< €]+ inf |x(t) — @] = [€@)] .
we have
dist (w(t, w"),T) < Dol€(0)]e 6@ | vt e [0,T] . (3.59)
Then, recalling that dist (w(t,w'),Z) = |p(t) — Qp(t)|, and, since for w' € B(rg, e, w°),
£(0)] < D(so) dist (w',Z) < D(sp)e , (3.60)
we have

[p(t) — Qp(t)] < DoD(so)ee” 56 < e(DpD(so) v 1)e 5@ | Wi e [0,T] . (3.61)

From this we get

I[Ing — Q] (q(t) - qo) | < |[Ing — Q] ( | +/ | Ing — Q] p(s)|ds (3.62)
<lq q°| + (DyD(sp) V 1 1 — e 162t
|a(0) — q° + (DoD(s0) )a(qo)( )
16
< |q(0) — q°| + (Do D(so) V 1 :
—‘q( ) q‘_‘_( 0 (80) ))a(q0)€
Let us choose € such that
16 1
To + (D()D(S()) V 1))@6 < 550 (363)
and denote this chosen value by é¢;. Now we first choose T" such that
1 1
(DoD(sg) V 1)e 6@ = — A — (3.64)

T2 2Dy
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and denote this chosen value by T, then we choose € in such a way that (3.56) holds
with T replaced by Ty. We then set

€0 :=min{é, &} . (3.65)

Notice that, by (3.63),

16 16 1
€ < DyD V1 < - 3.66
ela(q)—T0+( 0 (80) ))OZ(qO)E_QSO ( )
so, since a (q") < 1,
5 1

(&) S €1 S 550 . (367)

We remark that the choice of Ty depends only on w® € Z, while the choice of ¢, depends
on w® € Z, on Ty and N. Therefore, at time T;, we have

Ivg — Q) (a(To) — q°) | < %30 (3.68)

and
dist (w(Tp, w"), T) = |p(Ty) — Qp(Th)| < % . (3.69)

We can then repeat the previous argument for the solution of the system (2.1) starting at
time 7p from the initial datum (q(7p), p(Zp)). We need to recall that a(q(7p)) > 1a(q°).
In a similar way we can show that that for ¢ € [Tj, 27,

L

Ip(t) — Qp(t)] < Dolé(Ty)|e" T @) | i e [Ty, 2Ty . (3.70)
Therefore, by (3.64), we have

dist (w(2T, w(Ty)). T) = [p(2T) ~ OpCT)| < greppisy S50 (371

and, by (3.70),

[Iva = (a(t) = a°) | < [[Iva — 9 (a(To) —a°) |+ [ [[Inva — p(s)|ds (3.72)

To

¢
< |[[Ina — 9] (Q(TO) - qo) | + Dol&(To)| e (s To)ige(a’) g g
To

<1 +1
=S —S
_20 407

the last inequality being a consequence of (3.63) and (3.64). Thus, at time 77 = 2T
1
[Tva — ) (a(Th) —a°) | < 550+ = - (3.73)
Hence, we have that (q(71),p(T1)) € Q(so, w®). Iterating this procedure m times we get

. €
dist (w(Ty, w'),Z) = |p(Tn) — QP(Tin)| < Zm—oﬂ : (3.74)
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and
1
[Ina — €] (Q(Tm) - qo) | < 50 Z QR - (3.75)
k=0
Since ;5 2% = % we obtain the thesis of the theorem. U

4. KINETIC LIMIT: BOLTZMANN-VLASOV EQUATION

We would like to study system (2.1) when the number of particles N goes to infinity
and to derive the kinetic equation for the density f;(x,v) of particles at = with velocity
v at time t. Let (¢;(t),p;(t)),7 = 1,.., N be the solution of the system (2.1) for some
initial datum (g3, p9), ISl < 1,7 =1,..,N and

N(dz, dv) 25 q;(t p;(t) —v)dzdv (4.1)

the empirical measure. By Lemma 3.1 and Remark 3.2 pl¥(dx,dv) has support on
R? x B;. Given a smooth function g on R? x By, we denote by

W (g) = / | gla o (da,do). (4.2)

Writing the second equation of (2.1) in term of u we get

dpi(t) 2 Un(ailt) = 4;(t) (ps(1) — i (1))

_ (4.3)
dt > 5m1 Unlai(t) = g(t)
e, Ur(@(®) = o) (u = pi (1) " (dy, du)
Jrasn, Ur(a:(t) — y)uy (dy, du)
= M(ql(t)apz(t)nut ) :
Therefore, the evolution of pl¥ is given by
(i (g
% = (- Vag) 4 (M (") - Vag) - (4.4)
In the equation (4.4), N is fixed. To study the limit as N — oo we assume that at ¢t = 0
N
N(dx,dv) = Z —v)dzdv == po(dz, dv) , (4.5)

where the convergence is Weakly as measures, i.e., for every bounded and continuous
function g,

N—oo
We want to show that if (4.5) holds at time t = 0, then

pd (dz, dv) == pu(dz, dv) | (4.6)

lim [ g(z,v)ud (dz, dv) = /g(x,v)uo(dx,dv) .
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where p; is the measure solution of the following equation

(kg
QD) o0 ,9) + (M (o) - Vo) (4.7
which is the formal limit of (4.4). Furthermore, if
/LO(d:u dU) = f(](xa U)d.Td’U ) (48)

i.e. the initial measure is absolutely continuous with respect to Lebesgue measure, then
we want to show that

Mt(dx7 dU) = ft('ru U)dﬂ?d'l} ’ (49)
where f; is the weak solution of
0
Eft(x,v) +v-Vofi(z,v)+ V- [M(x,v, f;) fi(x,0)] =0. (4.10)

If one assumes that p,(dz, dv) = fi(x,v)dzdv, equation (4.10) is obtained integrating by
parts in (4.7)

/ g,ut(dx, dv)g(z,v) = / v - Veg(x,v)p(de, dv) (4.11)
Rix By ot R4 x By

+ /Rd N M(z,v, p) - [Vog(z,v)] pu(da, dv) .

Therefore,

/]R 2ft(x, v)g(x,v)drdv = —/ vV fi(z,v)g(x,v)drdo (4.12)

dx B ot R x By

_/Rd 9w )V (M0, ) fla, )] drdo

where, for F(v) € RY we denote by V, - F(v) = Z?Zl ag;v(;’) = div(F(v)). This
holds for any test function g(-,-); therefore equation (4.10) holds. This is a sort of
Boltzmann-Vlasov equation where the collision kernel is replaced by M(x,v, f;). When
M (z,v, f;) = 0 the equation (4.10) becomes linear and describes the motion of particles
moving independently from each other with the same velocity.

We prove rigorously the previous argument under some assumptions over the inter-
action Ug and the configurations space. We first show in Theorem 4.5 the existence in
a suitable space of measure of the evolution (4.7). Then we show in Corollary 4.7 that
if (4.5) holds, then (4.6) holds and it is the measure solution of (4.7). Furthermore, in
Theorem 4.8, we show that if (4.8) holds then (4.9) holds and f; is the weak solution
of (4.10). Requiring more regularity to the initial distribution f, and to the interaction
Ur we proved that f; is the strong solution of (4.10).

The results are shown adapting to our context the method reported in Spohn’s book
(1991) [S] (see also Neunzert (1984) [N] and Dobrushin (1979) [D]) and some classical
tools of dynamical systems.
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In Subsection 4.1 we present some qualitative properties of the solution of (4.7). More
accurate analysis of the qualitative behavior of this solution, in special way its long time
behavior, is behind the aim of this paper.

We start defining the space of measures and the metric we will be using. We will
consider measures with finite total mass on (X x By, B(X x Bj)) where the symbol X
stands either for R? or for the torus of linear size D > 0, Tp and B (X x Bj) is the Borel
calgebra on X x By. We will denote by M the space of such measures and, without loss
of generality, we will take into account only probability measures. Notice that we will be
using the same notations either to denote the space of probability measure on Tp x By or
the space of probability measure on R% x By, unless we will have the need to distinguish
between the two configuration space and therefore use the notation M(X x Bj). The
bounded Lipschitz distance?, d;-, between two measures i and v in M is given by

/g(x,v),u(dx,dv) —/g(:l:,v)u(dx,dv) , (4.13)

dpr(jt,v) = sup
gD

where

D := {g | g: X x By —[0,1], |g(x,v) — g(y,w)] < \/|v—w|2+ ]x—y]Q} . (4.19)

For any smooth function g we consider the evolution (4.7) in M. To prove existence
and uniqueness of the solution of equation (4.7), an important assumption we make is
that M(-,-,v) is Lipschitz continuous in x and v for any v € M. We are then forced
to consider only those interactions Ug for which not only M(-, -, v) can be well defined
for all (z,v) € X x By and for any v € M, but is also Lipschitz continuous in x and
v for any v € M. As a matter of fact, it is not clear even how to define the quantity
M (z,v, uY) for (z,v) € X x By regardless of how smooth one can take the interaction
Ug. The problem is caused by the presence of the denominator in (4.3). When z is in
the support of p¥ the denominator is always positive, actually bigger than % and then
M (z,v, p) is well defined. When z is not in the support of x¥ it might happen that
fRdel Ur(x — y)u¥ (dy, du) = 0, therefore it is not clear how to define M (z, v, u). To
overcome this problem we consider two classes of interaction Ug. The first one is the
collection of smooth interactions Ug such that (Ugxv)(z) > 0 for all x € X. In this case
we define

M(:L‘, v, 1/) = <fX><Bl UR(Q: - ?J)UV(dy, du)

fXxBl Ur(x — y)v(dy, du)

2The bounded Lipschitz distance is identical to the Kantorich-Rubinstein (Vaserstein) distance. The
metric dy, generates the weak *topology on M. For a sequence pu',

) —v=:A(z,v)—v. (4.15)

lim dye(p™,v) =0
N—o00
is equivalent to
lim | g(z,v)u” (dz,dv) = /g(m,v)u(dm,dv)

N —o0

for all bounded and continuous functions g.
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The second one is the class of smooth interactions Ur with compact support. In this
case, we fix € > 0 and define

Sy, Ur(z — y)(u— v)v(dy, dU)> (416

Jxun, Urle — y)v(dy, du) + €

M (z,v,v) := (

Hence, in the case Ur has compact support, we modify the interaction term in such a
way that when [y . Ur(z —y)v(dy,du) = 0 then M*(x,v,v) =0, when [, . Ur(z —
y)v(dy, du) > e then M(z,v,v) = M(z,v,v)+O0(¢), when e > [ o Ur(r—y)v(dy,du) >
0 then M€(x,v,v) is a large perturbation of M (z,v,v). Notice that if one considers the
system (2.1) replacing Ug with the modified interaction, the one in (4.16), then Lemma
3.1 continues to hold. This is the reason why we kept the velocity in the ball B;.

It is easy to see that for any measure v on R? x B; we have

sup  |M(z,v,v)| <2, sup  |M(z,v,v)] <2. (4.17)
(x,v)E]RdXBl (I,’U)E]RdXB1

The Lipschitz continuity of M (-, -,v) with respect to v follows from the linearity of
M(-,-,v) as a function of v. The Lipschitz continuity of M (-, -, ) with respect to = does
not hold in general even if one takes a smooth interaction Ug. The problem is created
by the presence of the denominator in M (-, v,r). The denominator of the derivative in
x;,t = 1,..,d, of any component of the vector A(-,~) might be very small while the
numerator, because of the presence of the derivative of Ug, might be not of the same
order. Hence, one can certainly control the gradient of A(-,v) if the gradient of Ug is of
the same order of Uir. We have then the following lemma.

Lemma 4.1. Letv € M and let K be a positive constant such that sup,cpa |V log Ug(z)| <
K. Then

|Ai(x,v) — Aij(z,v)| < Lz — 2|, reX,zeX,i=1,..,d, L=2K . (4.18)

Proof. Vi =1, ..,d, we have

fXxBl w;V,Ur(z — y)v(dy, du)(Ug * v)(z) — fXXBl Ur(z — y)uv(dy, du)V,(Ug * v)(x)

Vo Ai(z,v) = [(Ur *v)(z)]?

(4.19)
i vy, dw)v(dy', du'u; [VoUr(z — y)Ur(z — ) — Ur(z — y)VoUr(z — y/)]
- (Un + 1) (@) :
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Taking into account that |u| < 1 we have

VA, < Jocem Y Ay, &) [V.Un(@ — y)Un(e — o) ~ Unle — y)V.Uale — 4|
AT, V)| S

[(Ur *v)(2)]?
Jxsmye V(dy, du)v(dy', du') [V, Ug(z — y)| Un(z — o)
[(Ur *v)(2)]?

<2

., Jixxpye V(dy, du)v(dy', du') [V, Ur(z — y)| G4 Ur(z — o) 420)
- [(Ur xv)(z)]? '
< osup VUREZ Y] o
Y Ur(z —y)
O

Remark 4.2. The assumption about the boundedness of sup,cra |V log Ur(x)| is quite

strong. As a matter of fact, an interaction Ug verifying this assumption should decay

for |z| large as e—'7. Interactions with compact support do not satisfy this assumption
_l=?

as well as the interaction R? > x — Ug(x) = 5 ;2)4 e 27 € Ry considered next.
T 2

Lemma 4.3. Let Tp be a d dimensional torus of linear size D > 0,

1 x|?
WG_QAQ € R+ (421)

RY > 2+ Ug(z) =

and Vg be the corresponding interaction defined on Tp through the periodization of Ur

R?> 2 — Vp(z) = ¥ Ugp(z+nD) € Ry . (4.22)

nezd
Forve M and A(-,v) as defined in (4.15), with Ug replaced by Vi we have

D

|Ai(z,v) — Aij(z,v)| < Lz — 2| v,z € Tp, i=1,..,d, Lzﬁ . (4.23)
Proof. Let us write

bood

A = Al = | [ ds s+ 1 - s)zw‘ (4.24)

0
d .
< sup |—Ai(sx+ (1 —s)z,1)| i=1,..,d,

s€[0,1] ds
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and set g = sx + (1 — s)z and (Vg » p)(x fTDxB Vr(z — y)u(dy, du), we obtain
_ moy)Va:— a(dy, du) (Ve % p)(x
iAi(fEO,,U): (z —2) Jrxm — r(To — y)uip(dy, du) (Ve * 1) (x0) (4.25)
ds R (VR * 1)(x0)]?
(&= 2) Sy, Valwo =y uip(dy' du) [ g, =5 Vi(zo = y)u(dy, du)
R (VR * 1)(x0)]?
(4.26)
(z = 2)
= R Oi(‘r07R7 :u) ) (427)
where we denote by
1
Ci x 7Ra = X 4.28
o ) e )
— x’ f—
[/ %VR(JM — Y)uip(dy, du)(Vg * 1) (o)
TDXBl
AW / / — o —
[ Vileo = ttasanty [ vty )
TpxB1 Tp X B1
Finally, rewriting
W V(zo — o) Va(zo — y) [ ujp(dy’, du')u(dy, d
Ci(l'o,R7 ,LL) _ f R R(-TO y) R(370 y)ful:u( v, 'LL)/.L( Y, U/) (429)

J Ve(wo =y )Ve(zo — y) [ puldy’, du’) u(dy, du)
and recalling that |u| < 1, we obtain

Jr e Y V(o — y)WValzo — y) [y o, meldy, du')u(dy, du) D
Jrwm VR(@o = ¥)Ve(zo = y) 7 5, #(dY's du)pe(dy, du)  — R

|C (o, R, )] <

A
|

since in the torus |y’ — y| < D and the result follows by (4.25). O
M¢(-,v,v) is easily seen to be Lipschitz continuous in X. In fact we have:

Lemma 4.4. Let v € M,e > 0,Ug(+) a smooth interaction whose support contained in
a ball of radius R such that sup,cp. |VUg(2)| < 1 and M(-,v,v) as in (4.16). Then
Me(-,v,v) is Lipschitz continuous in X.

2
|Mf(x,v,v) — Mf(y,v,v)| < Lz —y| , rvyeX,i=1,..,d, L=-. (4.31)
€

To prove the existence of the solution of (4.7) we prescribe a curve t — u, € M
weakly continuous in ¢ and we consider the following non-autonomous system of ordinary

differential equations:
{ %x(’? - (> . (4.32)
dt
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Under the assumption that M(-, -, u;) is Lipschitz continuous in X x Bj there exists an
unique global solution of (4.32) for any given initial datum. The corresponding time
dependent two parameters flow is denoted by 7} 4[p.]. Under this time dependent flow
any initial measure evolves as

vy = vy o Tofp] (4.33)
where Tp¢[p.] is the push forward of the measure vy. For any test function g we have
that

vi(9) = vo(g o Tiolp]) (4.34)
where T} o[p.] is the pull back acting over the test functions. By the existence and

uniqueness of the solution of (4.32) for any initial datum, the inverse flow (7} [p.]) " is
well defined. The equation for the evolution of 14, easily derived, is

Oilg)) _ 0nlg © Tuolt))) _ (9,9 0 Toli]) + vo( (M (@, v, 1) Vo) o Tolie)

ot ot
(4.35)

= Vt<v ' vxg) + Vt<M(x>U7 ;ut) : vvg) :

One immediately realizes that proving the existence and uniqueness of the solution of
(4.7) is equivalent to prove the existence of a fixed point for the time dependent flow
e = o © To¢[pe.]. This is the content of the next theorem.

Theorem 4.5. Let Ug be as in Lemma 4.1 or as in Lemma 4.3 and let M(-,-,v) be
defined as in (4.15) for any v € M(Tp x By). The equation (4.7) has an unique solution
in the space M(Tp x By) if o € M(Tp X By). Furthermore, take two solutions of (4.7),
W Starting at o = o and vy starting at vy = v then in the bounded Lipschitz distance

dbﬁ(”ﬂ ,U/t) S GCtdbE(:ua V) ’ (436)

where ¢ is a constant which depends on the Lipschitz constant of M(-,-,v) and on
inf,er, Ur(z) =:a > 0.3

The proof is obtained adapting the method explained in Chapter 5 of [S] to our context.
The main difference between the case considered here and the one presented in Section 5
of [S] is that, in our case, the dependence of M(-, -, v) from v is not linear. To overcome
this problem we assume that the interaction Ug is such that inf,c7, Ug(z) = a > 0. This
is the case for interactions as in Lemma 4.1 but defined on 7p x B via periodization
or as in Lemma 4.3. To facilitate the reader we report the proof of Theorem 4.5 in the
Appendix.

Remark 4.6. Theorem 4.5 does not hold in R? x By when Ug satisfies Lemma 4.1.
Although in this case Ug is globally Lipschitz continuous in R, we are not able to show
that M(x,v,-) when © € RY, is Lipschitz continuous with respect to v € M in the dy,
metric. The theorem applies with obvious modification if we take an interaction Ug with
compact support and define M€ as in (4.16). In such case the theorem holds either for

3Notice that for Ur as in Lemma 4.1 or as in Lemma 4.3 (Ug % v)(z) > a for all z € Tp, where
a = infyer;, Ur(x) > 0.
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the system defined on Tp x By or on R?x By. The constant c in the statement of Theorem
4.5 will then depend on €, the lower bound of the denominator of M*€.

Corollary 4.7. Let p € M and (q%,p%) € (Tp x B1)N be a sequences of particle
configurations, so that

lim dye (™, 1) =0, (4.37)
N—o00

where p™ is the empirical measure. Let (qn(t),pn(t)) € (Tp x By)Y be the solution of
(2.1) with initial datum (g%, p%) and with Ug chosen as in Lemma 4.1 in Tp x By or
as in Lemma 4.3. Then there exists py; € M such that

lim dye (i, 1) =0, (4.38)
N—r00

and p; solves equation (4.7).

The proof is immediate from (4.36). The validity of Corollary 4.7 for smooth compact
potential Ug and for the local mean velocity increment M€ is immediate as well.

Theorem 4.8. Let M(-,-, i) be as in (4.15) and assume that M (-, -, u) € C*(X x By) for
we M. If po(de, dv) = fo(z,v)dzdv, then p(de,dv) = fi(zx,v)dzdv and f; is the weak
solution of (4.10). Furthermore, if fo € C*(X x By),k > 1, and M(-,-, ) € C*(X x By)
for € M, then f; € C*(X x By).

Proof. We start showing that for any given weakly continuous curve t — p; € M,

if vo(dz,dv) = qo(x,v)dzdv, i.e. absolutely continuous with respect to the Lebesgue
measure, then v (dz, dv) = ¢(x,v)dzdv, where

2 a(e,0) + Va(e,0) 0+ Vo MG wade, 0] =0, (439)
and, if ¢gg € C*(X x By) and M(-,v,u) € C*(X x By) for any u € M, then ¢ €
Ck(X x By). Note that (4.39) corresponds to a linearization of (4.10) since M (x, v, i)
does not depend on ¢. once p; is given. In Theorem 4.5 we proved that the fixed point
equation p; = pio 0 To[pe.] holds. Therefore, by this result and the validity of (4.39), one
immediately obtains that p; has density and the thesis of the theorem is proven. We are
then left with the proof of (4.39). Let us set w = (x,v) € X x B;. For any test function
g we obtain

vi(g) = o 0 Tox[](9) = (g © Tipolp.]) (4.40)

—/XXB vo(dw)(g o Ty o[p.]) (w) _/X ., qo(w) (g o Tyolp.]) (w)dw

B /X B qo(w) o (Tyolp)) T (w, 1) g(w)dw

where J (w, ) = Det [0.(T;0)[1.]) " (w)] is the Jacobian of the flow (T} [x.]) ™ computed
in w. Since the divergence of the vector field (v(s), M (z,v, us)) is given by

i [81},» + M] - —d, (4.41)

i1 8!@ Gvi
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by Liouville Theorem (see [A1] or [A2]) for any weakly continuous curve t — p; € M,
we have

Det [0.(Ty0)[1])] (w) =e ™, Ywe X x By, (4.42)
hence,
Jw, ) =e?, YweXxDB . (4.43)
Then, from (4.40) and (4.43), we obtain
wlo) = [ e (o Taln) ™) iglwhdo = [ auigte)de . (44)

where we denote by

ai(w) == e (qo o (Tooi]) ™) (w) - (1.45)
Notice that ¢ (w) is weakly continuous in time, since p. is weakly continuous. Fur-
thermore, if, for k > 1, M(-,-,u) € C*(X x By),;p € M and ¢y € C*(X x By), then
¢ € C*(X x By). Writing e=%(g; o Ty o[p.]) (w) = qo(w) and differentiating with respect
to t we get

o (e7"q1 o (Tholp])(w)) = —de™"(qr 0 Tyolp])(w)+ (4.46)

dt%(% o Tyolp])(w) + eV (g o Tyolp])(w) - v o Tyolp]+

+e7 "V, (g0 0 Tholp])(w)) - (M-, pe) © T[] ) (w) =0 .

Multiplying both members of the previous identity for e? and applying to (T} [u.]) " w
we obtain

+e

0
—dg(z,v) + aqt(x, v) + Vaeqi(z,v) - v + Vyg(z,v) - M(z,0,0) =0 . (4.47)

Notice that this last equation is linear in ¢. since p. is given. Therefore, the equation for

Jiis

0
aft(x, v) —dfy(x,v) + Vi fi(x,v) - v+ M(z,v, f;) - Vo fi(z,0) =0 (4.48)
which corresponds to (4.10). O

Remark 4.9. Theorem 4.8 can be proven when Ug is a smooth function with compact
support and the local mean velocity increment is M€ for e > 0 as defined in (4.16). In
this case the theorem holds either in RY x By or in Tp x By. The only difference in the
computations done in Theorem 4.8 1s that

(U * p15) (2)
(Up* ps)(x) + €

Then, for any weakly continuous curve t — p; € M and any w € X X By, by Liouville
Theorem, we have

V- M (z,v,ps) = —d

= —dhs(z) = —dh(us)(z) . (4.49)

Det [0.(Ti 1)) (w) = e~ o dshcTrolu) (4.50)
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therefore
T (w, ) = Det [[(Tpolpe]) ] = etho dstheeTuclulw) (4.51)
Then, from (4.40) and (4.51), we obtain
v(g) = / o ds(hsSTualiD@) (o o (T []) 1) (w)g(w)duw (4.52)
TDXBl
:/ qt(w)g(w)dw |
TDXBl

where we denoted by

gi(w) = o dsheoTetlikD@) (oo (T, o[n]) ™) (w) - (4.53)

Notice that q(w) is weakly continuous in time, since u. is weakly continuous. Further-
more, if M(-,-,p) € CK(X x By),;p € M and qy € C*(X x By), then ¢, € C*(X x By).
Writing

e o Tk D) (g, o T3 g[j0]) (w) = go(w) (4.54)

and differentiating with respect to t we get

0 ¢
o7 (7o Tl (g o (T3 g []) (w) ) = —d(heo T glpe] () o=l D) gy T o [1]) ()

— ¢ S o w a S ()
R Tl DD (g 0T, 1) 1) 4 s TN g, 10) o Tl ] w0 T ol
+ eidf()z dS(hs(OTs,O[U’-])(w)vv ((Qt 0o E’O[u])(w)) . (M(’ Y Mt) o) E’O[u])(w) — O .

ds(hso(Ts,o[p-])(w 1

Multiplying by e%lo ) and applying to (Tyo[p.]) " w we obtain

—dh(p)(x)qe(z,v) + gtqt(:v v) + Vg (x,v) v+ Vg (z,v) - M (2,0, 1) =0, (4.55)

which is linear in q. since p. is given. Therefore the equation for f; is

0

aft(l", v) = dh(f)(@) fe(z,v) + Vi filz,v) - v+ M(z,v, fi) - Vo fe(z,0) =0, (4.56)
which corresponds to (4.10) taking into account the definition of h in (4.49).

4.1. Qualitative behaviour of the solution of (4.7).

Lemma 4.10. Let t — puy € M be the solution of (4.7) with initial datum py. We have
t

ple) = o) + [ pfods (4.57)
0

/ 0] i (de, dv) < / 0] o (daz, dv) . (4.58)
X xB1 X xBq
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Proof. By (4.7) we have
d

zip(dx, dv) = p(v;) i=1,.,d, (4.59)
dt XXBl

which imply (4.57). To obtain (4.58), again from equation (4.7) we get
d 2 d 2
a de.do) = & 4.60
G | e i) = Gl (4.60)
ZMt( Vo |0]") + (M s 1) - Vo [0])

_QZMt i 77,utvz)§0-

Namely, for : = 1, ..,d, when M;(-,-, iy) # 0, we obtain

M i)o) = [ pudn,do) M, v (461)

XXB1

fX><B1 Ur(z —y) (viw; — vF) pe(dy, du)
B /XX31 plde, dv) < fX><B1 Ur(z — y)ps(dy, du) )

UR(*T - y)viui 2
= e (dx, do) g (dy, du) — pe(dx, dv)v; <0,
/(XxBl)2 t( ) t( fXXB UR(37_ );ut(dyvdu) X xB1 t( )

by Schwartz inequality. O

Jensen inequality and (4.58) imply the boundedness of ‘ Jx By U,ut(da:,dv)‘. Any-
way, we are not able to show more interesting estimates about the mean velocity
Jxwn, v(de, dv).

Lemma 4.11. Take M as in (4.15). The equation (4.10) is not time reversible, i.e.
ivariant under simultaneous reflection t — —t and v — —v.

Proof. Let us set by(z,v) := f_(z, —v). We have that 2b,(z,v) = —£ f_(x,—v) and
Oi(ww) . _9/=t(®.2) herefore, by (4.10),

v, v,
9 0 d o7 J(z.—
abt(fE,U) T iz, —v) = =0V f(x,—v)—df _(z, —v)+ ;Mz(x, —, f_t)%
(4.62)
and
_ _ fRded Ur(z —y) (u+ U) w)dydu
M(z,—v, f) = < Tewn Unl — 97 dydu (4.63)

M(z,v,b) .

_ <fXxBl Ur(z —y) (—u+v) be(y, u dydu)

S, Ur(z = 9)be(y, u)dydu

v)
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Thus, the equation for b;(z,v) is

d

0 Oby(z,v)
abt("f, ’U) +v- bet(l', 'U) + dbt(l', ’U) — ; MZ(ZE, v, bt)a—’ul =0
which differs from equation (4.10). O

Remark 4.12. Lemma 4.11 also holds when Ugr has compact support and M is replaced
by M¢€.

Let f; be the solution at time ¢ of the equation (4.10). We denote by H(f;) the
Boltzmann-Vlasov entropy

H(f) = — /X B o) (e, 0)dody (4.64)

In the next lemma we show that H(f;) is a decreasing function of the time.

Lemma 4.13. Let f. be the solution of (4.10) with M chosen as in (4.15), then
d

—H =—d . 4.65
Let f¢ be the solution of (4.10) with M replaced by M€ chosen as in (4.16), then
d
GHUD == [ o) file,o)dndo (4.66)
dt XXBl

where, as in (4.49), hy = (((]Zi;f)tiﬁ

Proof. We start showing (4.65). The proof of (4.66) is similar and we will only outline
the differences.

d Of:

EH(ft) =— /XXB1 E(m,v) In(fi(x,v)) + 1] dzdv (4.67)

= / n fi(z,v) + 1] [v- Vo fi(z,v) + V, - M(z,0,t) fi(x,v)] dedo .
X xBy

Integrating by part the last term in (4.67) we get
d

CH(f) = - /X Vel filr ) 1] )y (4.68)

_ /X . Voo fi(z,v) + 1] - [M(z,v, f) fi(z,v)] dedv

= —/ V. fi(z,v) - vdxdv — / Vo fi(x,v) - [M(z,v, f)] dedo .
XxB1

XXB1
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The first integral gives zero contribution since fXXBl fi(z,v)dzdv =1 for all t > 0, i.e.
fi € LY(X x By). For the second term notice that V, - [M(z,v, f;)] = —d, therefore

/X . Vofi(z,v) - [M(z,v, f)] dedv = —/ filz,0)V, - [M(z,v, fi)] dedv  (4.69)

XXBl
= d/ fi(z,v)dxdv =d .
XXB1

We then obtain (4.65). To get (4.66) we proceed in the same way. We need only to
modify (4.69) as

/X B} Vofi(z,v) - [M(x,v, fi)] dedv = —/ fi(@, )V, - [M(x,v, f)] dedv  (4.70)

XXBl

= d/XXB1 hi(z) fi (z,v)dzdv .

By the above lemma, if h;(-) # 0 for ¢ large enough then
tlg& H(fi) = —oo.
From this we can deduce that even starting at time ¢t = 0 from a measure which is
absolutely continuous with respect to Lebesgue measure in X x Bj, having therefore

finite Boltzmann-Vlasov entropy, at infinity the asymptotic measure is singular with
respect to the Lebesgue one.

5. APPENDIX

5.1. Proof of Lemma 3.10. We remark that (3.15) and (3.18) imply

me (qt)=0, i=1,.,N. (5.1)
We write a; ;(q(t)) defined in (3.16) as
cis(alt) = assla’)+ [ ds (1= 9)a +salt) (5.2

We can therefore decompose A(q(t)) as
Ala(t)) = A(d") + B(q(?)) . (53)
where B(a(t)) = {bis(a(t)la},_,_y and

balt) = [ ds (1 = s)al + sav(t) (5.4
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Making use of the isomorphism F introduced in (3.23), it is enough to consider the
matrix B (q(t)) : RY — R since

1Bl < |Ba®)| = max > lbsa®)] - (5.5)
Therefore, setting
zij(s,t) == (1= s)(q) — qj) + s (@:(t) —q;(t)) , 4,j=1,..,N, (5.6)
we have
d

—a;;((1—5)q" + sq(t)) =

. d( Un((1 = 8)(¢® — ¢°) + s(as(t) — ;1)) ) (57)

ds \ 30, Un((1 = 5)(a? — a2) + s(a:(t) — (1))
_d ( Un(wi4(s,1)) )
ds \ 3731, Un(win(s,t))
_ VUn(xi(s,1) - [~ (&) — @) + a:(t) — ;)]
S o Urlxin(s, 1))
Ur(2ij(s,t)) Yaey VUR(Tik(s, 1) - [= (¢ — ) + qi(t) — qu(1)] .
(Z]kvzl Ur(wix(s, t))>2

Hence, since by definition of Ug,sup,cra |[Ur(z)| < Ug (0),Vi=1,.., N,

al S [ VUR(i (s, )| |~ (a2 = ¢9) + ai(t) — g;(t)]|
bi <9 . 8
j21| )] < SN Dnwa(ot)) (5.8)
<2 sup [VUg(x)]  max |—(q} — ¢7) + (t) —q;(t)] -

UR (O> z€R4 iajE{L"7N}

5.2. Proof of Theorem 4.5. We follow [S] Theorem 5.1 and divide the proof in two
steps.

Step 1 We start proving (4.36). Assume that v, and p; solve (5.28). We have, by the
triangular inequality, that

doc (Ve pi) = dpe(vo © Tog[v], pro © To[se.]) (5.9)
< dye (o © To V], o © Tox[pe.]) + dpe(p1o © Tox[v], vo o Toy(v]) -

Denote by w = (z,v), V(u.)s(w) = (v(s), A(z(s), us) —v(s)) the vector field on the right
hand side of (4.32). The second term can be bounded as
" sup

€D /T 5 [dpo — dug] (e*Ltf o ﬂ@[l/_]) (5.10)

< eMdyr (1o, o)

dp (1o © To V], vo 0 Tos[v]) = e
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where L is the Lipschitz constant of V'(u.)s(+). Notice that the Lipschitz bound of
V(p.)s(+) can be easily derived from the Lipschitz bound of A(-, u.). We get (5.10) if
we can show, since f € D, that e ™ f o T}o[v] is Lipschitz continuous with constant
one and therefore it belongs to D. Let w(t) = (x(t),v(t)) be the solution of (4.32) with
initial condition wy = (g, vo) and let w(t) be the solution of (4.32) with initial condition

Wy = (&g, Vo), then we need to show that

[f (w(t)) = f(w(t)] < Ct)|wo — wol

with C'(t) < . Writing

and

since f € D, we have

Furthermore,

lt) = (0)] < = o] + V) (()) = V). () s
< |wo — 1Wo| + L/O [w(s) —w(s)|ds .
By the Gronwall’s inequality

lw(t) — w(t)| < e"|wo — 1ol

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

proving e X f o Ty o[v.] € D and so (5.10). We are then left with the estimate the other

term in (5.9) which, since f € D,

dir (10 © Tox[v.], po © Toe[p.]) = sup
feD

< [r o () Tyl = ThofpJul =2 A1)

tL BWmUOﬂMH—foﬂWM} (5.17)



30 MICHELE GIANFELICE AND ENZA ORLANDI

where T;o[v.] and Tio[p.] are both solutions of the equation (4.32) with the same initial
conditions but with different vector fields. We have

M0 = [ polae) [ Tialvlio = Trale ol (5.15)
[ )| [ asv e - [ 45V () Teal )|
< /T o) /0 ds {V(1)s(Tsol]w) — V(y.)S(TS,O[u.]w)}’
# [ )| [ s Bl = Ve Taalii)|
The first term of (5.18) can be estimated by the Lipschtiz property of the vector field
| ety [ ds (v Taalelu) - V(V-)s(Ts,O[M-]w)}’ (5.19)
TpxB1 0

t
<1 / Jio(dw) / ds | Ty ol Jw — Tyolpeuw]]
TpxB1 0

o[t [ o) Tl - Tlelall = £ [ Aoy

For the second term of (5.18) we have

fio(dw)
TDXBl

Sy s V(). (Teolptw) — V(). (TaolpeJw)

[ s ) Tualilu) = Vi)l 520

But,

[V (p)s(w) = V(w)s(w)| < Az, ps) — Az, vs)] (5.21)
S wm, Ur(x = Y)ups(dy, du) — [ 5 Ur(x — y)uvs(dy, du)
fTDxBl UR<x - y),US(d% du)

Jrxm Ur(x = 9)us(dy, du) — [ p Ur(z — y)vs(dy, du)
Jr w5, Ur(x — y)ps(dy, du)

<

+
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Since for any measure v € M, fTDXBl Ur(x —y)vs(dy, du) > inf,cr, Ur(x) = a, we have

fTDxBl UR(x - y)ﬂ’s(dyv dU) - fTDXB1 UR(x - ?J)Vs(dy, dU,)
I xm, Ur(z — y)ps(dy, du)

SUPzeTp, |VUR(I)| + SUPzeTy, UR(J:)

< d sy Vs
< a0 bz:(u V)

(5.22)

and

fTDXBl UR('T - y>u:u5<dy7 du) - fTDXBl UR(fE - y)w/s(dy, du)
fTD ><B1 UR('T: - y)lu’s(dy7 du)

< i S wm Ur(w = 9uipis(dy, du) — [ p Ur(z = y)uvs(dy, du)

a i=1 fTDxBl Ur(x — y)ps(dy, du)

suPsery, [VUR(T)| + sup,er, Un()
a

(5.23)

S d db[)(,usyys) .

Therefore,

).(aw)] < 20> PreTn [VURE) + Prer, Un()
a

[V (p)s(w) = V(v

¢

dye (s, vs) = Eodb,c(/is, Vs)
(5.24)

where we have set ¢y := 2d(sup,cr, |VUgr(7)|+sup,cr,, Ur(x)). It is essential that a > 0.

This is the case for interactions considered in the Lemmata 4.1 and 4.3 once the system
is confined on the torus 7p* Thus, by (5.18), (5.19), (5.20) and (5.21) we have that

t t
A0 <L [ A+ L [ dielpr)is. (5.25)
0 a Jo
Hence, since by (5.18) A (0) = 0 we obtain
t
) < @ / P, (11, v3)ds (5.26)
a Jo

Taking in account (5.9), (5.10), (5.17) and (5.26) we get

t
G
dbﬁ(yta ;ut) S eLtdbE<,u07 VO) + EO/ eL(tis)dbE(,uL% VS)dS . (527>
0

Applying the Gronwall’s lemma we get bound (4.36).

Step 2 To prove the existence of a solution for the fixed point equation
fe = o © Tolpe] (5.28)

“In the case where Uy is with compact support and M is replaced by M€ we have that
inf (U, > inf U > €.
xng( R*V)(x)—i—e_xlgx r(z)+e>e¢

In this case X can be either R? or Tp.
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we use the Banach fixed point theorem. Let p be the initial condition. To every curve
t — e, o = 1 we obtain the solution curve

t — poTolp] (5.29)
Let us denote this map F : Cyy — Cuy, where Cy, is the space of weakly continuous
function [0, 7] — M with py = p. We equip Cpq with the metric

do(pu(-), V() = sup [e™dype(vi, pur)] (5.30)
t€[0,T)
for some o > 0 which will be suitably chosen. Since (M, d,.) is a complete metric space,
so is (C, d,). Now from Step 1 we have

et 1) = e (FOV O, FE)O) < 2 [ M yelumyds (531

and therefore .
do(F(u(-)) (1), F(v(-)(t)) < a(&—iL)da(u(-)w(-)) (5.32)
for a > L. By a suitable choice of « this proves that F is a contraction. U

We recall the integral form of the Gronwall’s inequality.

Lemma 5.1. Let L and T positive numbers, [ and n in C([0,T],R). If, for allt € [0, T},

t
o) <L [ nts)ds+ ) (53
0
then ,
n(t) < f(t) + L/ e =9 f(5)ds . (5.34)
0
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