SHARP-INTERFACE LIMIT OF A GINZBURG-LANDAU FUNCTIONAL WITH A
RANDOM EXTERNAL FIELD.

NICOLAS DIRR AND ENZA ORLANDI

ABSTRACT. We add a random bulk term, modeling the interaction with the impurities of the medium,
to a standard functional in the gradient theory of phase transitions consisting of a gradient term with
a double well potential. For the resulting functional we study the asymptotic properties of minimizers
and minimal energy under a rescaling in space, i.e. on the macroscopic scale. By bounding the energy
from below by a coarse-grained, discrete functional, we show that for a suitable strength of the random
field the random energy functional has two types of random global minimizers, corresponding to two
phases. Then we derive the macroscopic cost of low-energy “excited” states that correspond to a
bubble of one phase surrounded by the opposite phase.

1. INTRODUCTION

Models where a stochastic contribution is added to the energy of the system naturally arise in
condensed matter physics where the presence of the impurities causes the microscopic structure to vary
from point to point. The starting point is a random functional which models the free energy of a two
phases material on a so-called mesoscopic scale, i.e. a scale which is much larger than the atomistic scale
so that the adequate description of the state of the material is by a continuous scalar order parameter
m : D C R? — R. The free energy functional consists of three competing parts: An ”interaction
term” penalizing spatial changes in m, a double-well potential W (m), i.e. a nonconvex function which
has exactly two minimizers, for simplicity +1 and —1, modeling a two-phase material, and a term
which couples m to a random field with mean zero, variance 62 and unit correlation length, i.e. a term
which prefers at each point in space one of the two minimizers of W (-) and breaks the translational
invariance, but is "neutral” in the mean. This random term models the interaction with “impurities”
that are randomly distributed in the material. A standard choice with the aforementioned properties is

G(m,w) == /D (IVm(y)? + W(m(y)) + 69(y,w)m(y)) dy.

We are, however, interested in a so-called macroscopic scale, which is coarse than the mesoscopic scale.
Therefore we rescale space with a small parameter €. If A = €D and u(r) = m(e 'z), we obtain
G(m,w) = €' 79G(u,w), where

Gutuww)i= [ (AVat@) + T m(o) + Lot ohm(a) ) ax

where g. has now correlation length e. First, we are interested in the asymptotic behavior of the
minimizers, which, unlike in the case § = 0, will not be the constant functions u(z) = 1 and u(z) = —1,
but functions varying in x and w, and the minimal energy will be strictly negative. Second, we would like
to know how functions which are not minimizers, but have energy of the same order as the minimizer,
behave as € — 0. This can be used to obtain information on the asymptotic of minimizers with a
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constraint, like requiring the spatial mean of u to equal a fixed value. The appropriate mathematical
set-up for the second question is as follows. First we “renormalize,” i.e. we subtract the energy of the
minimizers (which exists by standard arguments) to obtain

Fs(uaw) = Ge(uaw) - Hllrgx) Ge('vw)a

and then we consider the I-limit of the functionals F, defined in L'(A) (with respect to the L'(A)
convergence). A functional Fy is the I'-limit of the family (F.)._o with respect to the L!-topology, if
for all uw € L*(A)

o for all {u.} € L'(A) with u. — u in L'(A),
liminf F,(ue) > Fy(u),

e and there exists a sequence {v.} € L*(A), ve — u in L' (recovery sequence (1.1)
or I'-realizing sequence) such that
limsup F,(ve) < Fp(u).
€

The I'-limit, a notion invented by E. De Giorgi, means heuristically that Fy(u) is the limit energy of the
“lowest-energy approximations” to u. In the the case § = 0 the minimizers are obviously the constants
+1 with minimum energy zero, and the second question, the I'-limit, was answered by Modica and
Mortola, see [14, 15], who found that

Fo(u) — { fAT (%) |VU| iﬁ u e BV(A), |u‘ =1 a.e. (1.2)
0 else

1
7(n) = Cy = 2/ VW(s)ds forall ne St (1.3)
-1

where S971 := {z € R?: |z| = 1}. If the “jump set” of u, i.e. the set separating the region where
u = +1 from the region where u = —1, is sufficiently regular, then Vu(|Vu|)~! = n, the outward
unit normal to the set {u < 0}. For the generalization to BV-functions, i.e. functions such that the
distributional derivative is a (vector-valued) Radon measure, see e.g. [9]. The weight 7(n) = 7(—n)
is the surface tension in the language of statistical mechanics. While it is constant for 8 = 0, it is
nonconstant (anisotropic) for g periodic (see [6, 7]) or for the gradient term being replaced by a bilinear
form with periodic coefficients, see [1].

Note that the investigation of the limit behavior of F,(u,w) requires simultaneously the homoge-
nization of a random structure and the performing of a limit of “singular” nature. Moreover, due to
the non-convexity of the double-well potential, the Euler-Lagrange equation does not have an unique
solution.

The g-dependent bulk term, can, because of the scaling with e !, force a sequence u. to “follow” the
oscillations of g. This always happens in the form of bounded oscillations around the two wells of the
double well potential. In such a situation there are still two distinct minimizers, also called “phases,”
adopting the language of statistical mechanics. But in principle the g-dependent term could be strong
enough to enforce large oscillations, so that the minimizers will “change well.” In the periodic case it
is possible to check on a deterministic volume with a diameter of the order of the period whether the
minimizer “changes well,” i.e. creates a “bubble” of the other phase. The random case is quite different,
because there is no deterministic subset of A such that the integral of the random field over this subset
equals zero for almost all realizations of the random field - there are always fluctuations around the
zero mean. A set A becomes the support of a bubble of the other phase if the cost of switching to the
other well, which can be estimated by the Modica-Mortola result as proportional to the boundary of A,
is smaller than the integral of the random field part over A. As the correlation length is €, a set A C A
contains roughly |Ale~¢ independent random variables, where | - | denotes the d— dimensional Lebesgue
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measure of a set. By the central limit theorem, fluctuations of order 6,/|A €%/2 are highly likely, but
the probability of larger fluctuations vanishes exponentially fast. Therefore, using the isoperimetric
inequality, the probability of A being the support of a bubble is exponentially small if

Cd|A|(d—1)/d > ‘A|1/26(d_2)/29,

where ¢4 is the isoperimetric constant. In d > 3 this is asymptotically always the case for sets of
diameter of order larger €, or for sets of any size, provided § — 0. When determining properties of the
minimizers we are, however, not interested in whether a single given set A becomes the support of a
bubble, but whether there ezist “bubbles” of the other phase. In order to estimate the latter probability,
we have to find a way to count subsets, which requires a coarse-graining on the scale of the correlation
length.

We define a phase-indicator which is +1 if the average of u over a cube of side € is close to £1, the
minimizers of the “unperturbed” (# = 0) functional. (See 2.15.) Then we prove that the energy of
a function is bounded from below by an energy that can be expressed as a function of the so-called
contours of the coarse-grained “representative” of the function. The proof of this bound does not
require probabilistic arguments. The basic idea behind contours is to make explicit the region in space
where the order parameter u deviates from the minimizer, which is, of course, unknown. However, one
may guess that for sufficiently weak disorder (6 small) the minimizers should look almost like the ones
without random field. It is thus natural to build the contour model on the basis of the ideal minimizers
and to let the contours themselves keep track of the deviations of the true minimizers from these ideal
minimizers. Our use of contours for functions v : A — R, i.e. functions in continuum, has been strongly
inspired by the series of papers done for Ising spin systems with Kac type interaction by Errico Presutti
and his collaborators, see the book [18].

However, we do not impose any boundary conditions on the cube A, because we are interested in
global minimizers. This kind of free boundary condition corresponds to Neumann boundary condi-
tions for smooth solutions of the Euler-Lagrange equations. In the “discretized” setting after “coarse-
graining”, the free boundary conditions will make the definition of contours more complicated than in
the standard setting, where usually some type of “Dirichlet” boundary conditions are used. In addition
the energy in [18] contains convolution terms instead of gradients, so our approach is quite different as
far as the more technical parts are concerned.

These contour reduction techniques will have further applications in the analysis of random func-
tionals which are related to a deterministic reference functional with multiple ground states (phases).
The contour reduction allows us to use probabilistic techniques developed in the 1980’s for the (dis-
crete) random-field Ising model: The central question heatedly discussed in the 1980’s in the physics
community was whether the Random Field Ising model would show spontaneous magnetization at low
temperature and weak disorder in dimension 3, or not. This is closely related to the question whether
there are at least two distinct minimizers, one predominantly 4+ and one predominantly —. The problem
was solved by Bricmont and Kupiainen, [5], who proved the existence of phase transition in d > 3 for
small magnitude of the random field, and Aizenman and Wehr, [2], who proved that there is no phase
transition in d = 2 for all temperatures.

We prove that in d > 3 and for a set of random realizations of overwhelming probability, see Theorem
2.1, there are two functions uJ (-,w) and u_ (-,w), close in L* respectively to +1 and —1, on which the
value of the functional is close to its minimum value, and one of them is the global minimizer. The
energy of these minimizers diverges as € — 0, but the minimal energy is close to a deterministic sequence
¢ up to an error which vanishes as ¢ — 0, see Theorem 2.2, i.e. the energy becomes deterministic in
the limit by a law of large numbers. The I'-convergence of the renormalized energy F, is the content
of Theorem 2.3. We show I'-convergence with respect to the L!(A)-topology with probability 1. The
realization w of the random field is treated as parameter for P almost all such w.

Both Theorem 2.1 and 2.3 hold only in the case § = (log(e~!))~! — 0, while the analytic result
which is crucial in obtaining these estimates, the contour reduction Theorem 2.7 and Theorem 2.9,
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hold for 6 small but strictly positive as € | 0. The assumption § — 0 is important because by analogy
with the aforementioned Ising models with random field we expect that for 6 small but finite two
(almost) minimizers exist, but they do not stay in a single well: The 4+ minimizer, for example, will be
predominantly near +1, but there will be many small (diameter ~ €) “bubbles” where it is close to —1.
In the case of “weak” disorder treated here, i.e. 8 — 0, we show that the surface tension 7 = Cy (see
(1.2)) as in the case § = 0.

This does not mean that the disorder is too weak to have any effect: First note that the minimizers
are not constants but functions depending on space and on the realization of the random field. Their
energy is not zero, hence the presence of the renormalization.

Second, in Appendix III, we present a (partly heuristic) computation that indicates that minimizers
in d = 3 are not microscopically flat, i.e. even if the jump set of u is a plane, the recovery sequence u,
has the property that for some 6 > 0 the set S(ue) = {—1+ 9 < u < 1 — 4§} fluctuates around the limit
plane on any scale smaller than €2/3. This is clearly not the case for § = 0, where the global minimizer
has planar level sets, and in the periodic case recent results by Novaga and Valdinoci, see [16], indicate
that S(u.) oscillates on the scale e.

This paper is organized as follows. In Section 2 we state the main results, define the phase indicator
and our notion of contours. In Section 3 we show that we can associate to each function a representative
which gives rise to essentially the same coarse grained function, but has smaller energy and is uniformly
bounded and uniformly Lipschitz. This allows to derive that such a function must be pointwise close
to the minimizers if the coarse-grained function is. In Section 4 we estimate the cost of a contour, i.e.
a deviation of the coarse-grained function from local equilibrium. In Section 5 we show the already
mentioned lower bound on the energy in terms of a functional depending only on the contours of the
coarse-graining. As consequence, we prove that a minimizer stays in one single well of the double-well
potential. In Section 6, finally, we use the information obtained so far to show the I'-convergence
of the renormalized functionals. We collect, in the appendix, for convenience of the reader, standard
results and computations about properties of the solution to the Euler-Lagrange equation of our random
functional under the condition that the solution stays in one single well and probabilistic estimates used
in this paper.

Acknowledgments. We would like to thank Stephan Luckhaus and Errico Presutti for helpful discus-
sions. EO acknowledges the hospitality of the Max-Planck-Institute for Mathematics in the Sciences
Leipzig, and ND acknowledges the hospitality of the University Roma Tre.

2. NOTATIONS AND RESULTS

2.1. The functional. The “macroscopic” space is given by A := [f%, %]d, the d— dimensional unit

cube centered at the origin. The ratio between the macroscopic and the “mesoscopic” scale is given
by the small parameter € > 0. Hence for any e the mesoscopic space is defined as A, := [—%, %}d. We
require € to be in a countable set, e.g. € = %, n € N. This choice avoids irrelevant technical difficulties.!
The disorder or random field is constructed with the help of a family {g(z,w)}.cze of independent,
identically distributed Bernoulli random variables. The law of this family of random variables will be

denoted by P, in particular
1
P({g(zw) =+1}) =45 z€ 7. (2.1)
Different choices of g could be handled by minor modifications provided g is still a random field with

finite correlation length, invariant under (integer) translations and such that g(z,w) has a symmetric
distribution with compact support. The disorder or random field in the functional will be obtained by

1Tt will become soon clear that this assumption simplifies some definitions, see for example the definition of contours
given next, avoiding to deal with boundary layer problems.
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a rescaling of g such that the correlation length is order € and the amplitude grows as e — 0. To this
end define for x € A a function g.(-,w) € L*(A) by

ge(z7w) = Z g(zaw)]le(z—&-[—%,%]d)ﬂ/&(x)’ (22)
z€Z?

where for any Borel-measurable set A

a(z) Lifxe A
xXr) =
4 0if v & A.

For u € H'(A) and any open set A C A consider the following random functional

Go(A u,w) = /A (6|Vu(x)|2 + 1W(u(x))) dz + %a(e)Q /A gz, w)u()dx (2.3)

where § > 0 and 0 < a(e) < 1 is a function of € to be specified later. If A = A, we simply write
G<(u,w). The potential W is a so-called “double-well potential:”

Assumption (H1) W € C*(R), W > 0, W(s) = 0 iff s € {-1,1}, W(s) = W(—s) and W(s) is
strictly decreasing in [0, 1]. Moreover there exists §p and Cy > 0 so that

1
= 50, ¢

These assumptions could be relaxed, but in order to keep the exposition reasonably short, we prefer
to use stronger assumptions. The functional (2.3) can be extended to a lower semicontinuous functional
G.: LY(A) — RU {+00} by defining G.(v,w) = +oo for any v ¢ H'(A) and w € Q. For € > 0 fixed
and w € Q it follows in the same way as in the case without random perturbation that the functional
G.(-,w) is coercive and weakly lower semicontinuous in H*(A), so there exists at least one minimizer,
see [8], which is here a random functions in H'(A), i.e. different realizations of w will give different
minimizers.

W (s) s—1)? Vs € (1 — dp,00). (2.4)

2.2. Minimizers and I'-limit. Our first main result is the existence of two minimizing random func-
tions uF and their properties.

Theorem 2.1. Let d >3, 0 < 0, a(e) = It. There exists eg > 0 and a = a(a(eo)d,d) > 0 so that for
1442
_ema(in)TH , 2, s0 that for all w € Q. the following

1
all € < €, there exists a set Q. C Q, P[Q] > 1
) € HY(A) such that

holds: There exist two functions uF (-,w
Hllr%f/l\) G (,w) = Gc(ul ,w), where T = —sign (/A ge> (2.5)
|Ge(uf,w) — Ge(u, ,w)| <4, (2.6)
where d. is a deterministic function with d¢ — 0 as e — 0,
luf (- w) = 1llo < Chale);  lug (w) + 1o < Clale) w € Q,

Euf(r,-)]=1 VreA
and (decay of correlations)

1

|
|E[ug (r, Jug (r',-)] = Elug (r, )|E[u ()] | < C(d)6?a?(e)e V3% (2.7)
2The exponent g—g is just a possible choice. The relevant issue is that for e = %, >on ef() is finite, where here

F(n) = —a(lnn)'*+50.
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In the unperturbed case 8 = 0 the minimum value is zero and there are two minimizers, the constant
functions identical equal to 1 or to —1. When 6 > 0 the infimum over H!(A) can be negative or even
diverge to —oo as € | 0. Hence we shall introduce an additive renormalization for the functional and
denote for u € H'(A)

FE(U,UJ) - Ge(u7w) - Hl}l(g) Ge('vw)' (28)
Denote
_—E[ inf G.(--). 2.
o= El jut. G.(-) (2.9

We have the following result.
Theorem 2.2. For d >3 and a(e) = (In(1/€))~ %, 6 > 0,
Ce = ]E[GE(U:_» ) =E[Ge(u,, )] (2.10)

2
E |c. — Hlln(g\) Ge(,)| — 0, 0<liminfea(e) ?|c| < limsupea(e) ?|c| < oc. (2.11)

Next theorem states that the renormalized functionals have a I'-limit.

Theorem 2.3. Ford >3, e=21 neN, a(e) = (In(1/e))~" and 6 > 0, F.(-,w) — Fy(-) in the sense
of T'-convergence (with respect to the L' topology) P-almost surely, where Fy is as in (1.2) and Cy is
as in (1.3).

Theorem 2.2 corresponds to the highest order term of a so-called “I'-expansion” of our functional.
Its proof is given in Section 5. Theorem 2.3 characterizes the next order term. Its proof is given in
Section 6.

Remark 2.4 (Minimizers with Constraints). As a direct consequence we obtain that a sequence ue (-, w)
with

Ge(ue,w) =

= min Ge(v,w),
{veH!: [, v=m}

form € (=1,1), converges a.e. to a deterministic function u(-) such that

FO(U N {veBV: [, UIEng, [v]=1 a.e.}FO(rU)’ P=1
2.3. Contours and Contour reduction. The proof of Theorem 2.1 and Theorem 2.3 is based on an
extension of Peierls, [17], argument to the present context, using three steps: First, a reformulation of
the problem in term of contours, then an estimate of their energy and finally an estimate of their number.
As we are interested in global minimizers, we consider free boundary conditions, which corresponds to
Neumann boundary conditions for smooth solutions of the Euler-Lagrange equations. This makes the
definition of contours in the “discretized” setting more complicated. It is convenient to reformulate the
problem in the mesoscopic coordinates. We consider v € H*(A.) and denote in mesoscopic coordinates

G1(v,w) ::/ (IVo(@)[? + W (v(x))) dx—i—a(e)@/A g1 (x, w)v(x)dx. (2.12)

€

The relation between (2.3) and (2.12) is
G (A u,w) = €71G (A, v, w), (2.13)

where v(x) = u(ex) for z € A..



SHARP-INTERFACE LIMIT WITH RANDOM FIELD 7

2.3.1. Coarse-graining. We introduce notations for the partition of R%. We denote by D) = {C(O)}
the partition of R? into cubes of side 1, with one of them having center 0, and we denote by C©(y)
for y € R% the block of the partition D) which contains y. Two cubes of D) are connected if their

closures have non empty intersection. Given m € Li (R?%) we denote for each cube C®) € D)

m©(y) = / m(z)dz (2.14)

CO(y)
and by
1 it mO(y)>1-¢
n(m,y) = n¢(m,y) = ¢ —1 it mO(y) < -1+¢ (2.15)
0 if  —14+¢<m®(y) <1-¢,

the block variable with tolerance (, where 1 > ¢ > 0. We omit to write the superscript in notation
(2.15) when no confusion arises.

2.3.2. Islands and Contours.

e Correct points. The point y is (— correct, or, equivalently C'(©) (y), the block of D) containing
y, is (— correct, if 7¢(m,y) # 0 and n¢(m,y) = n°(m,y’) on the cubes of D(©) which are connected to
CO)(y). The point y, or equivalently C©)(y), is (— incorrect if it is not ¢— correct. When no confusion
arises we drop the (— in the previous definition and we denote a point or a block only by correct or
incorrect.

eslands and signs of Islands. The maximal connected components of the correct set are called
islands. We denote them by the capital letter I. In an island 7(m,y) is constantly equal either to 1 or
to —1, accordingly we define the sign of the island sign(I) = £1.

e Boundaries. The boundary 0°*'I of an island I is the set of cubes C(©) not in I but at distance 0
from I, &™7 is the set of cubes C©) in I and at distance 0 from 9°**I. The topological boundary is
denoted 1. The definition of island ensures that 9°<*I is a kind of “safety zone” around I, in which
n(m,y) has still a definite sign, equal to the sign of the island.

e C'ontours. Each maximal connected component of the incorrect set is the support of a contour. The
contour is the pair I' = (sp(I"), nr) where sp(I") is the spatial support of T, i.e. the maximal connected
component of the incorrect set and nr is the restriction to sp(T') of n(m, ). See also Figure 1.

e Boundary of a contour. The boundary 9™ (sp(I')) of the contour T' is the union of 9**I N sp(T")
over the islands. The + boundary, % (sp(T')), is the union of cubes in 3°**I N (sp(I')) over the =+ islands
I

e Contours in finite regions. When m € H'(A.) the block variable, see (2.15) can be defined only
for those C(©) ¢ A, since m has support in A.. The notion of correctness for a block C(©) needs the
knowledge of the block variables of the cubes connected to C'°). We make the following convention:

e Neumann Boundary on A.. A cube C(© C A, is correct if 7¢(m,y) # 0 for y € C© and
n¢(m,y) = n¢(m,y’) on the cubes of D) C A, connected to C(?)(y). Contours are defined consequently
and their support is contained in A..

e Dirichlet Boundary on A C A.. Let A C A. be a bounded, D® — measurable region. We say
that A has boundary conditions + (or —1) when n(m,y) = +1 (or —) for all y € A, d(y, A) < 1. We
then use the convection that all the blocks in A€ are considered positive (negative) correct and define
those inside A according to the previous rules. Contours are defined consequently and their support is
contained in A.

e Collection of contours and islands. Given m € H(A.), ¢ > 0 we associate G(m) = G(m,() =
{T'y,..., Ty} for k € N, the collection of contours according to the previous construction. This defines
also the collection of islands Z(m) = Z(m, () = {I1,...,I,} for n € N. Tt is possible that there are no
islands, Z(m) = 0, for example when G(m) = {I'} and sp(I') = A.. Since islands and their signs are
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FIGURE 1. Possible types of contours and Inner/Outer Complement.

determined by the knowledge of the contours, I' = (sp(I"), nr), it is convenient to fix a way to associate
to each contour T' the corresponding islands, i.e. to define a mapping I' € G(m) — Ir C Z(m). Note
that each contour may have several islands, i.e. Ir is a set of islands. By abuse of notation we will
denote islands, i.e. elements in I, by It as well, if no confusion arises.

e OQuter complement of a contour T'. For a contour T', consider all connected components of A\ sp(T'),
which are connected to the boundary 0A.. Denote them by C4,...,Ck.. We can associate a sign with
each connected component by defining sign(C;) := n(x) for some « € C; with dist(z,sp(I')) < 1/2. We
form the union over the positive and negative connected components, i.e.

Al—t = U Cj AE = U Cj.

sign(Cj)=+1 sign(Cj)=-1

Note that due to the possible presence of other contours, this does not imply that 7 is constant on A%.
We denote by Or, the outer complement of a contour I'; the set
o= { AF2 M= Az
Ap, if |Af] <JApl.

e Inner complement of a contour I'. The inner complement of a contour I' is denoted by int(I") :=
A\ [sp(T) U Or].

e The islands of a contour I'. The islands I, together with their sign, are defined as follows: For
each connected component of the inner complement the island associated with this connected component
is the union of all cubes in the considered connected component, connected to 07 (sp(I')), 7 = %1, so
that n(m,y) = 7 for all y € It and the sign of I is 7. Note that the number of islands associated to T
is equal to the number of the connected components of the inner complement and their signs can be +
or —.

e Virtual contour. Further we denote

Iy == A\ Ureg@m) (Sp(r) Ulp).
The coarse-grained phase indicator 7 is constant on I, see Lemma 5.1 and we define
sign(m) := n°(m, ) i1s- (2.16)
This means that Iy shares this important property with the islands associated with real contours,

therefore it is justified to call it an island associated with a virtual contour I\

Remark 2.5. Note that in a finite volume with Neumann or Dirichlet boundary conditions it is always
possible to divide the complement of the support of a collection of contours {T'1,..., Ty} into connected
regions I; fori=1,...,n so that n is constant and not zero on O°'I; (the boundary of an island).

The definitions (2.14) and (2.15) distinguish functions in L{ (R?) according to their mean over unit

cubes of the partition D©. We would like to have some control on their pointwise behavior on correct
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cubes. In the next theorem we show that, given ¢ > 0 and mo € H*(A.), we can associate a function
which decreases the energy functional, has “almost” the same phase indicator 7¢ as the original function
and for which positive (negative rep.) mean over correct cubes implies pointwise positivity (negativity).
We will refer to such a function as the (— representative of mg. We denote by R¢(A.) C H'(A.) the set
of the (— representatives of functions in H!(A.). We will drop the suffix ¢ when no confusion arises.

Remark 2.6. Theorem 2.7 and Theorem?2.9 are stated for 6 small and a(e) = 1. In the case a(e) — 0
they hold for € sufficiently small.

Theorem 2.7. [Representation] There exists 6y > 0 and 0 < (o < do/4, 3, such that P-almost surely the
following holds: For all0 < 0 < 6y, 0 < ¢ < (o and for all mg € HY(A.) we can associate mi; € H*(A,),
my = mq(w, mo, () so that
G1(my,w) < Gy(mo,w). (2.17)
Further let T = {x € A d(z,I) < 1} for I € I(my,(), and let Cy = 2Co||g||os. Then
(1) If T' € G(mo, () then sp(I") C sp(IV) with I € G(my, ().

(2) my is Lipschitz continuous on I with Lipschitz constant Ly = Lo(d, Cy,80p).
(8) There exists 0 < ( < 8o/2, ¢ =((d,(,0p), see (3.4), so that

[1—6714'019], zeT and sign(I) = +1,
S N ~
i) { [-1-C10,-1+(] =z €I and sign(J) = —1

(4) mi(x,w) = sign(I) +{/(X,w,f) forxz e f, where 0(~,w,f) is the solution of
—Av + %v + %a(e)@gl(o,w) =0 in I, v=my—sign(l) on dL (2.18)
0

Remark 2.8. The previous theorem holds for 0 < { < (g, but it becomes meaningless for 0 fixed and ¢
small: In such a situation n® = 0 on too many cubes, because the random field will create deviations from
+1 which are typically larger than . Theorem 2.9, stated below, holds only for an accuracy parameter
¢(0), not for a range reaching up to zero.

For this “representative” m; we can bound the energy from below in terms of contours. First we need
to define two functions ul (-,w) and u_ (-,w) which for § < 1 are the minimizers under the point-wise
constraints u > 0 and u < 0 respectively.

Definition 1. Let v} (-,w) be the solution of the following equation
—eAv(r) + ———= + —a(€)fgc(r,w) =0 in A, % =0 on OA. (2.19)
Let uF = £1 + v}, and set for x € A, v*(x,w) = v} (ex,w), vt := 1+ v*. Note that v* depends on
€ only through «(e).
The relevant properties of v} are summarized in Proposition 7.2.

Theorem 2.9. [Reduction] Let (o and 0y be as in Theorem 2.7. There exists 61 > 0 with 61 < 6y such
that P-almost surely the following holds: There exists 0 < ¢ := ((0g) < (o such that for all 0 < 6 < 6,
there exists a deterministic constant ¢(0) with liminfg_qc(6) > 0 such that

G1(m,w) — Gl(usign(m),w) > Z (29 /Ii g1 (;mw)dx + C(@)Nr) ,

reg(mi.g) r

where my is a (— representative of m, see Theorem 2.7, Np = ’Upeg(ml,c)sp(l"ﬂ , and Il? denotes those
islands associated with T' where n¢ = £1.

3The upper bound (o < 80/4 is an immediate consequence of (3.5).
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Remark 2.10. Since we apply Theorem 2.7 and Theorem 2.9 to prove Theorems 2.1, 2.2 and 2.3,
which hold only in d > 3, we prove Theorem 2.7 and Theorem 2.9 only for d > 3. The proof extends
to d > 1 with minor modifications mainly due to the explicit representation of the solution of (2.19) in
term of the associated Green function.

‘We show Theorem 2.9 in Section 5.

3. PROPERTIES OF LOW ENERGY STATES

3.1. Existence and properties of global minimizers. In this section we prove properties of function
with energy close to the minimal one. The statements hold either for a(¢) = 1 and 6 sufficiently small,
or for 6 arbitrary, a(e) — 0 and e sufficiently small. We first show that to determine the minimizers of
the functional G, it is sufficient to consider functions in H*(A) which satisfy a uniform L°-bound:

Lemma 3.1. Assume (H1). We have with P =1 that for all v € H(A) and all t > 1+ Cofc(€)] gl 00,

Ge(tAvV (=t),w) = Ge(v,w) > 1/A (Co'(t—1) = ale)fllgllsc) (lo(y)| = 1), (3.1)

€

where Cy is the constant in (2.4) and Ay = {y € A : |v(y)| > t}. In particular G.(t Av V (—t),w) <
Ge(v,w) unless Ay = 0.

Proof.
1
Gulv.w) = Gult A0V (<)) = 1 [ (W(wla) W) dy
+2a(08 [ dyg.ly.) o) - sin(ulu)),
Ay
and from (H1) and the L*°-bound on g we derive (3.1). O

This L* bound on the global minimizer implies Lipschitz-regularity. In order to see this, note that
a global minimizer of G¢(-,w) in H!(A) is for all w € Q a weak solution of the Euler-Lagrange equation

eAv = %E[W/(v) + 0a(e)g] in A, (3.2)

with homogeneous Neumann boundary conditions.

Proposition 3.2. Let

Lo=C(d)[ sup  [W(s)|+0llgllo]- (3-3)
{s:s=v(r),reA}

With P =1 it holds that the solution v of the Fuler-Lagrange equation 3.2 satisfies
/ LO / /
lv(r,w) —v(r,w)| < —|r—7'], r7r" €A
€

Proof. By Lemma 3.1, a global minimizer v satisfies the bound |v(r,w)| < 1+ Cyf||g|lcccx(€) for r € A
and w € Q. Since [g.(-,w)| < 1 for all w € Q, any minimizer will be a bounded solution of Poisson’s
equation with a bounded right hand side.

By changing variables y = Z one writes (3.2) in A.. Denote u(y,w) = v(ey,w). By the regularity
theory for the Laplacian (see [12]) the solution u is Lipschitz in A, with a Lipschitz constant bounded
by Lo = Sup{gs—u(a)zen.} IW'(8)] + 0]lgllcc and independent of e. Transforming back the solution in

the old set of coordinates one immediately obtains the result. |
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3.2. Pointwise properties. Once the Lipschitz-continuity is established, it is easy to derive pointwise
properties from information about integral averages over cubes by standard estimates.

Proposition 3.3. Let fy >0 and 1 > (> 0, Q € DO and let
k(d) = inf liminfr=¢B,.(x)N][0,1]¢.

z€[0,1]¢ T—0

Suppose that u is Lipschitz continuous in Q with Lipschitz constant Lg, and |ul]|e < 1+ C16, for
0<#6 < 00. Let

£(d, Lo, Coy o) i= 2 (ﬁ(jﬁ) T Lyyt, (3.4)
Then for 0 < ¢ < (o
[1-¢ 1+ 048], if n(u,x) = +1,
u(z) € { [—1—019,—1—|—é] if n¢(u, ) = —1.

Proof. Suppose 7¢(u,x) = 1 for z € Q. Let ¢ be as in (3.4) and assume there exists a point xg € Q
such that u(zg) < 1 — . We will show that this assumption leads to a contradiction. Let 0 < r < 1.
Then since u has Lipschitz constant bounded by Lg

u(r) <1-— C+ Lor forallz e By (o).
Moreover we have the bound |u| < 1+ C16. Let v, := |B,(z0) N Q|, then since ¢ < (o

(1-¢)<(1-¢< /QU < (1= C+ Lor)or + (1 — v,)(1 + Ch6y),

and consequently R
vy (¢ — Lor + C16p) < o + C1bo.
Choose r so small that Lyr < (1/2)6, and let k(d) be such that v, > k(d)r? for r < 1. Then we derive

a contradiction if ¢ is as in (3.4). Therefore o cannot exist and u(x) > 1 — C for all z € Q. The case
n¢ = —1 is proven similarly. O

Remark 3.4. To exploit the properties of the double well potential near the points +1 it is essential
to require u(xz) > 1 — 8y for © € Q, where §y is the quantity defined in (2.4). Keeping in mind that by
Lemma 3.1 we may assume ||u]loo < 1+ 2Ch||glc0, we require

@D .
2<WQISEW)> (2Lo) @0 < % (3.5)

This forces a condition on (o and 6y (when a(e) =1).
3.3. Minimizers with constraints.
Definition 2. Denote for m € H'(A.), |m| <1+ Ci6y, I C A., a D measurable set, 7 = +
Xim={YeH(A,R):y=m on (IUI*I)°}, (3.6)
Tm =Y E€Ximin,x)=7 on IU oty (3.7)
A generic function in A7, e.g. an element of a recovery sequence for the I'-convergence result in
Theorem 2.3, does not need satisfy the hypothesis of Proposition 3.3. However, it will turn out that
we do not need to prove that the constraint given by the mean, see (2.15), implies a strictly pointwise
constraint for a generic function in A7, but only for those functions minimizing the energy under the
constraint to be in A7, (the integral constraint) and the pointwise constraint [1)| < 1+ C16y. So we
dedicate the next subsection to the proof that the minimizers of the functional (2.12), subject to the

integral and the pointwise constraint just described, are, on correct cubes, Lipschitz continuous with a
Lipschitz constant depending only on W, 6y and ||g||-
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Definition 3. Given mg € H(A.), ||mollr~ <1+ C10, 8 >0, 1 > ¢ > 0 we define Sc(mg) = S¢(myo)
as follows:
Sc(mo) :=={m € H'(A.) : [|m|r~ <1+ C10}
fc<o>(m) m21-C if fC(O)(z) mo > 1 -,
Neme HY(A,): ‘fc(o)(x)m‘gl—g if ‘fQ(O)(w)mo‘Sl—C,
Joo@mm < =1+C if  [ow@mo < -1+

(3.8)

Since weak convergence in H' implies strong convergence in L2, the integral constraints are preserved
under weak H' convergence. Moreover any strongly L?-converging sequence has a subsequence which
converges almost everywhere, so that also the L™ constraint is preserved under weak H'-convergence.
Hence for any fixed € > 0 the set Se(myg) is weakly H'-closed and ming_(,,,,) G1(u, w) exists with P = 1.
Note that mg € Se(my), so

min G1(u,w) < G1(mo,w). (3.9)
Se(mo)

Choose any m; € argming_ (mo)Gl(% w). We denote m; = my(w, mg, () a representative of mg. Define,
as before, the block indicator n¢(mi,z), * € A, and the set of the associated contours G(m;) and
islands. Note that if n¢(mg,z) = 0 then 1¢(my,z) = 0 but it might happen that n¢(my,z) = 0 even
though 7¢(mg, z) # 0. Next Lemma shows that on correct cubes the pointwise constraint is not active
for the minimizer my, while the integral constraint is not active by definition, see (2.15). This is not
obvious due to the simultaneous presence of both types of constraints: The one-sided integral constraint
“pushes the minimizer up.”

Lemma 3.5. Let mq € argminse(mO)Gl(u,w), Qo a {— correct cube formy and U := {z : dist(z, Qo) <
1/2}. There exists for any & € Cg°(U) a d¢ > 0 such that

mi + 0§ € Se(my) for all § < 6.

As a simple consequence we have that the minimizer with the constraints satisfies the FEuler-Lagrange
equation in a weak sense:

Corollary 3.6. For m; and £ as in Lemma 3.5 we have that
9 / Vi, Ve = / (W' (m1) + Ba(e)g1] €.

Lemma 3.5 follows from Lemma 3.7 and 3.8 stated below in the case n¢(my,z) = 1, x € Qo, and the
obvious version of them when 7¢(my,z) = —1, z € Qp. We need the following definition.

Definition 4. Let Q C R% be connected, DO -measurable, i.e. a union of translated unit cubes, and
such that the topological interior int(Q) is connected, 5 > 0 and C > 0. We denote by \Ilg 5 the unique
element of

argming, e g1(Q): v (1+CO)EHL(Q)} /Q(VUZ + Bu), (3.10)
i.e. the minimizer with boundary condition £(1 + C6).
To shorten notation we specialized next lemmas to the case 7%(mi,z) = 1, # € Qo and denote
\I/aﬁ = Vg 3.
Lemma 3.7. Let W 5 be as in Def. 4. Then

(1) —2A%q s+ =0 onint(Q), Yo =1+ C0 on 0Q.
(2) 1+C0—-C(Q)B<Tgp <1+ CH onint(Q) where C(Q) depends only on the diameter of Q.
(3) fQ |\I/Q7[3 — (1 + C@)| —0as B —0.
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Proof. The point (1) is obvious, (2) is an immediate consequence of the strong maximum principle
applied to ¥ g (upper bound) and the maximum principle applied to ¢ = U 5 — [gm’ — xo]? + col,
where xy is the center of the smallest ball containing @@ and cg is the largest constant such that
4%@ — 20|+ ¢co £ 1+ CO on 9Q. Namely ¢ is harmonic function in @ and on the boundary of Q
it is bigger or equal of zero. So ¢(z) > 1+ CO — [%(diam@)2 +co] > 0 for x € Q. We choose
co=1+C0- %(diamQ)Q. This implies the lower bound in (2), setting C(Q) = (dla4+Q)2_ Finally (3)
follows from (2). O

Lemma 3.8. Let Q be connected and DV -measurable. Let Wg 5 be as in Def. 4 with C > 2Co|\g|l 1o,
where Cy is the constant in (2.4). Let uw € HY(Q) so that ||ul]loc < 1+ CO. There exists 0y =
O(W, lglloc) > 0 and for all 6 < 6y By = Bo(0, W,diamQ), see (3.14), so that for 0 < [ < [y the
function g = u A Vg gsatisfies

(1) G1(Q,ug,w) < G1(Q,u,w), with strict inequality if Ug # u, P = 1.

(2) ug <1+ C0 in int(Q), ug = u on IQ.

(3) ‘fQi@g—fQiu‘HO as B —0, forallQ; CQ, Q; € DO,

Proof. The point (2) follows from (2) of Lemma 3.7, the L bound on w and that, by construction,
Vo s(-) =1+ C0 on the boundary of ). The point (3) follows from the point (3) of Lemma 3.7 and
the bound u(z) <1+ C0 a.e..

It remains to show (1). The main idea is to consider T = Vo3V u as a (compactly supported)
perturbation of ¥ := Wg g, thus obtaining bounds on f{u(m)>‘ll(m)} |Vu|?. These bounds, in turn, are

used to obtain (1), considering tig = ¥ g A u as a perturbation of u. As ¥ is a minimizer, see (3.10),
we obtain

0< [ [UVER - [FUP) 4 8@ -w)] = [ [V - [VOP) + 5 - v)].
Q {u>"}
and therefore
| vz s -, (311)
{u>w} {u>v}
Then, since by (2) of Lemma 3.7, ¥(-) € [14+C0 —C(Q)8,1+ CH] and u(-) € (14+C0—C(Q)3,1+ CH]
for all x € {u > ¥}, we have

G1(Q, u,w) — G1(Q, ug, w)
- (vup — v+ (L= g w0)) @—w)
/{u>\I/} { ( u—w

(3.12)
>c@.o) [ w-w),
{u>"}
where
0) = inf "(s) — 6 o~ — f3. .1
CE0 = |t W) Ol (3.13)
Take 5 S % so that 1—(50 < 1+C€—C(Q)ﬁ By (24) inf[1+cefc(Q)ﬁ,1+cg] W’(S) = C%][CQ—C(Q),B],
then, since by assumption C > 2Cy||g|| =, we obtain that
B
C(B,0) = OllgllL= — 50[00 +C(Q)].
Take 6y and 3y so that
8 1, Collg|lL=
0 <2——, [p=-0—-""rA—, 3.14
N P MoreIo) (314
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then C(3,0) > 10]|g|~ for all B < Bo. * O

Remark 3.9. Foru as in Lemma 3.8 we can find 8 = f(u) < [y such that fQi ug >1-C ifoi u>1-(
for all unit cubes Q; contained in Q = U;Q;.

As consequence we have that for such 3, @g strictly satisfies the integral and the L constraints in
Q, G1(Q,u,w) > G1(Q, tg,w), with strict inequality unless u = 4g a.e..

Proof of Lemma 3.5. Let m; be a minimizer in the set Se(mo), see (3.8) and (3.9). Let Q be the
union of @y and the cubes @;, which are the connected neighbors of Q)g. By assumption (g is (— correct
and we assume that n¢(mq,z) = 1 for z € @ Similar argument holds when 1 (my,x) = —1 for z € @
By Lemma 3.8 (and its version for the negative well) there exists a 3 > 0 such that [m, (z)| < ¥ 5 4(2) in
Q. This implies, see point (2) of (3.8), that there exists a ¢y = ¢o(8, d) such that |my ()] < co < 1+C0
in the set U CC @, see the statement of the Lemma. Since §& € C§°(U), there exists d¢ so that
for all § < ¢, my + 0§ does not violate the pointwise constrain, i.e ||mq + 6&||r~ < 14 CO. (Take
dsup, |£(z)| < 14+CO—cy.) We may require in addition that 0 < J] fQi ¢ < minQig@(‘fQi my1)—(1-¢),
then my + 0 € Sc(myg). O

After having established that the constraint minimizer m; satisfies the same Euler-Lagrange as the
unconstraint minimizer, we obtain Lipschitz regularity on correct cubes.

Lemma 3.10. WithP = 1 the following holds: Let 0y > 0, there exists a constant Lo = Lo(d, Cy, 0o, ||9/c0)
(Co as in (2.4),) such that for 0 < 6 < 6y, 0 < { < %0 the representatives my € argminsg(mo)G1(~,W)
of any mo € H*(A.) satisfy on any correct cube Qo for x,y € U := {x : dist(z, Qo) < 1/2}

[ma(x) —ma(y)| < Lolz —yl.

Remark 3.11. Note that Ly does not depend on . This will enable us to apply Lemma 3.3 to (, 0
that satisfy (3.5)

Proof. Let @ be the union of Qg and the cubes ();, which are the Connectqi neighbors of @y, and let
V= {x: dist(z,Qo) < 3/4}. Then there exists a cutoff function x € C§°(Q) such that ||x|wz~ < K
for some K (d) independent of 6 and ¢, x(z) = 1 for all z € U, while x(z) = 0 for z € Q \ V, and

0 < x(z) <1 for x € Q. Then by Cor.3.6 we obtain that (xm1) is a weak solution of the linear PDE
Av = f on @; v=0on 8@, (3.15)
1
[ = miAx+VxVm; + B (W'(m1) + 0a(e)g1] x (3.16)

As the proof proceeds by standard arguments (see e.g. [8]), we sketch it. First we show that there
exists a constant depending only on W, d, K the bound on the W?> norm of the cutoff function and
0o so that for all 6 < 6,

/ V]2 < COW, glloos d, 6)- (3.17)
%4

Now we know that f in (3.16) can be written as f = f1 + fo, ||f1||Loo@) + ||f2||L2(@) < C(W,d, 0y).
By the regularity theory for weak solutions of (3.15), we obtain v € W22 hence Vm; € LP(V') for a
slightly smaller set V/ and p < 2d/(d — 2). This improves the regularity of fo to || f2||r < C'(W,d, 6)).
This standard bootstrap procedure can be repeated until, after a number of steps depending only on the
dimension, ||fa|/zr < Cp(W,8) for p > d. Then v € WP by LP-regularity theory for elliptic equations
and by Sobolev embedding v € C! with constants depending only on W, 6, ||g||o and the dimension. [J

4The choices done enforce 8 < C(E(EQ) since C(Q) > 1.
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We are now able to prove Theorem 2.7.

Proof of Theorem 2.7 Let ¢ < (y and S¢(myg) the set defined in (3.8). The existence of a minimizer
of G1(m,w) for m € S.(my) is a consequence of the fact that there exist a constant C' and C¢(6, ||g]|co)
so that

1
Gi(u,w) > ol (IIVull® + ||lu]®) — C. P=1.

G is weakly lower semicontinuous on H*(A.) and, as pointed out before Lemma 3.5, the set Sc(myg) is
weakly H'— closed. Point (1) is obvious because of the definitions of S.(myg), the block variable, see
(2.15), and the definition of contours. The Lipschitz property in point (2) is a consequence of Lemma
3.10 applied to each block in any island associated to mj. Recall that, by definition, each island is
the union of correct blocks. The positivity is a consequence of point (1) and Proposition 3.3. Further
assume without loss of generality that signl = 1. Set m; = 1+ 0. The functional restricted to T can be
written as following:

Gﬂﬁ1+&w%=A<VW@N”+i%@wﬁﬂdY+a@WAﬁ%ﬂ%wﬂl+Ww)

The equality holds since m; () > 1 —( for z € I, see point (3), ¢ < 8y by assumptions, see remark 3.4,
and the assumption on the double well potential, see (2.4). Further we proved that the constraints on
my are not active in 1. Thus % solves the Euler-Lagrange equation (2.18). As a simple consequence of
the convexity of the potential W(s) when s > §p, see (H1), this solution is unique. |

4. DEVIATIONS FROM EQUILIBRIUM

In this section we estimate the cost associated with the support of a contour. We will need several
lemmas for estimating the cost of a single cube which is not correct, and then conclude by a covering
argument. Let Q be a cube of sidelength £. Given m € H*(Q) and t > 0 define
Definition 5.

i@y = { mEIVE i m >0} > 31Q) W
¢ ~(Im(@)|ve) i |{m> 0} <3Ql

Lemma 4.1. Set 0y be the quantity defined in (2.4). There exists max{%7 1—380} <tog <1 so that

8au(€)0
toCo

where @ is a cube of sidelength £, Cs is a positive constant associate to the unitary cube, to < t <
1 —2Coa(e)f|gl|oc and Dy = inf| <1 V2(W(s) — Wi(to)).

G1(Q.m,w) G (Qumlp,w) > (Dl— ) / ZP<{m < s},Q)ds (4.2)

The proof goes as in Proposition 3.6 of [6]. We will apply Lemma 4.1 together with the following
isoperimetric inequality, see Section 5/6 of [9],

P({m <s},@Q) = (min(|Q N {m(z) < s}, |Q N {m(x) > s}))

Next we show the following lemma:

d—1
d

(4.3)

Lemma 4.2. Let 0 < ( < %. There ezist increasing and near O strictly increasing continuous functions
5(¢) >0, 8(¢) > 0 with 5(0) = 6(0) = 0 which depend only on the double-well potential, the L*°-norm
of g, the sidelength of the cube and the dimension, such that for 0 < 6 < 6(¢) on any cube Q with

1
—1+C<—/m<1—§, ||m||Loo(Q)<1+2HC’0
Rl Jo
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it holds that

G1(Q,m,w) — G1(Q,u*,w) > 5(¢)|Q)- (4.4)
Proof. Assume w.l.o.g. that
max(|Q N {m(z) > 0}/, |Q N {m(z) < 0}|) =|Q N{m(x) = 0}|. (4.5)
Let 6 >0, p >0, so that 0 < d < p < (. Denote by
A={z€Q:-1+(—p<m(z)<1-C+p} (4.6)
We distinguish two cases.
Case 1: QN Al >6|Q)| (4.7)
Case 2 : QN Al <6|Q| (4.8)

Case 1: Recall that u* = 414 v* and, similarly to Proposition 3.2, one estimates ﬁ fQ |Vo*|? < 002
where C'= C(W,d, ||g|loc)- We have

1@ m,w) — Gr(Qu ) > —/Q Vo2
+/QW( /W +9/91[m¢1)]—9 giv” (4.9)

>—-Cf — (-
> ~C01Q| +1Ql 50 (¢ - )"
since the assumption on the double-well potential (H1)

W (™) < 0?lglI3.C35 W(m) > (C p)*.

1Ql Jona
Then

1@y m,w) — Cr(Qu ) > ( € - 9>Q|~ (4.10)

Case 2: Assume (4.8). We apply Lemma 4.1 to the cube Q. Recall that, see (4.5), |Q N {m(z) > 0}| >
1/2|Q]. So from Lemma 4.1, adding and subtracting we have for {%, 1—dp}<t<1l-¢(:

Gl(Q7m7W)7G1(Q7uiaw) Z[Gl(Q7mZ)7w) - Gl(Qvuiaw)]
3 4.11
+ (Dl—(:gg>/ P({m < s},Q)ds. (4.1)

Taking in account the assumption (H1) for the potential, we estimate the first term in a straightforward
manner, obtaining
[Gl(Q, thvw) - Gl(Q, ui>w)] > _CQ|Q‘7

where C = C(W,d, ||g||co). For the second term, by the isoperimetric inequality (4.3), it is enough to
show that there exists a subinterval [a,b] C [—t/2,t/2], with |b—a| bounded below and a o3 := o5(p, (, J)
so that B N

(min(|Q N {m(z) < s}, |Q N {m(z) > 8}\)) T 20,7 |Ql for s € [a,b). (4.12)

>

The existence of o3 > 0 and of an subinterval with [b—a| > §

>
oo (51 22) Lo, (3¢ - o)), a

Fix to ;= Hmaxdl/21200} 1 < ¢ < 1/4 such that 1 -ty < 1 —¢, 6 = 1¢ and p = 1¢. Then take (¢) so
that & := &(C) of (4.13) is strictly positive. O

o
% will be shown in Lemma 4.3. Take
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Lemma 4.3. Assume |m(z)] < 1+C10, 0 <6 < p < (< 1/4, {3,1 -8} <t <1—(. There
exists o3 = o3(p,(,0) > 0, given in (4.19), which is uniform in 0 < 1 such that for any Q, so that
n(m,r) =0 x € Q, satisfying (4.8), (4.6), on Q there exists [a,b] with |b— a| > t/2 such that

min(|Q N{m(z) > s}|,|Q N {m(x) < s}|) > 03]Q)| for a < s < b. (4.14)
Proof. We show the lemma in the case (4.5), the remaining case is shown similarly. By assumption
{3,1-60} <to<t<1—(andse€0,t/2]. We distinguish two cases:
¢ () QN {m(z) > s}| <[QN{m(z) < s},
o (b) lQN{m(z) <s}| <[QN{m(z) > s}
We start discussing the case (a). As s < % < 1—¢, we have
{0 <m(z) < s} < {0 <m(z) <1-C(+pl, (4.15)
for any p > 0 and by (4.8)
QN {0 <m(z) < s} <d|Q| (4.16)
We have
QN {m(z) > s}| = Q] = |Q@ N {m(z) <0} — QN {0 <m(z) < s}
As |Q N {m(x) < 0}| <1/2|Q| by assumption (4.5) and (4.16),we obtain

QA {m(x) > 5} > (5 — D)@l (417)

Take § < % so that (4.17) is strictly positive. In the (b) case we estimate with the help of the a-priori
bound |m| <14+ Cifand 0 <s<1—(:

> 4 +

~/Q " ~/Qﬁ{m(a:)<s} " /Qﬂ{s<m(ac)<1—4+p} " /Qﬂ{m($)>1—4+0} !
> (-1-a9)Qn{m(z) < s} + (1 —-C+p)(|QoN{m(z) >1—C+p})
> —(1+aG0)QNn{m(z) < s}

+(1=¢+p) [|QI-1Q N {m(z) < s}—|Q N {1+{—p <m(x) <1-C+p}]
By ¢ = 0 on @ and inequality (4.8) we obtain
QI(1=C) =2 =2 = ¢+ p+Cr0)|QN{m(z) < s} + (1 -C+p)(1-9)[Q],
which implies for 6 < p < (< 1/4
Qnim@) <s} _ p—d(1—C4p) _ p—0

> 0. 4.18
QA 2 (i35G (4.18)
Denote
o = min{(% — 5), 2=2} (4.19)
5 2 3+ 0y '
[a,b) = [0, %) and we obtain (4.14). O

Lemma 4.4. Set 0 < ( < (o < 1/2. Let C*F be two cubes of sidelength 1 and let 2’ € Z be such that
C~UCT CQ for Q=2 +2[-1,3]% Suppose that

m>(1-0), / m < (“140), mllz~@) <1+ C16.

Cy c_

There exists 6y > 0 independent of ¢ and a constant o9 := 02((o,60,d) > 0 given in (4.23) so that for
all 9 < 6

Gl(Q,WL,W)*Gl(Q’ui’w) 20'2|Q| P=1.
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Proof. Let
Gl(Qamaw) - G](Q,Ui,w) = [Gl(Q7maw) - Gl(Qamtaw)] + GI(Q7mtaw) - G]_(Q,’U/i,u}).

We estimate the second addend as in Lemma 4.2, G1(Q,m!,w) — G1(Q,u*,w) > —CH|Q|, where
C =C(W,d,|lgllc) > 0. For the first addend we apply Lemma 4.1 and the isoperimetric inequality, see
(4.3). Note that here @ is not an unitary cube but the union of 2 unitary cubes, so Lemma 4.1 holds
with ¢ = 2. Next we show that for any s € [—t/2,1/2]

1o

min|Q N {m > s}, 1Q N {m < s} > gar—ary

1QI. (4.20)
We obtain with the L* bound on m.

(1-¢) < ; m < (14 C16)|C+ N {m > s}|, for —t/2<s<0 (4.21)
+
and
(1-¢) < ; m < s|Cin{m < s} + (1+ C18)|Cy N{m > s}, for 0<5<%. (4.22)
+
Since t < 1 — ¢p, we have for (4.22)

4 4 1-—
(1-¢) < 5|C+ N{m < 5}| +(1+C0)|ICn{m > s} < ( 2@) + 1+ C8)|C N {m > s}
Then both (4.21) and (4.22) imply
(1 —¢o)
> .
A similar estimate can be obtained for |C_ N {m < s}|. Hence, we obtain (4.20) when —% < s < L. Set
200 1—¢ K8
=ty D1— 4 — — Cy. 4.23
72 °< ! tOCg) <2£d(1+0190)> 0 (4.23)
Since (y < % we can take 6y independent on (y and small enough so that o5 > 0. O

Given m € H'(R%,R), ¢ > 0 and a D(©) measurable region .J define
By (m) = {w € J : 9 (m,z) = 0},
Bf’“’) (m)={zeJ: n°(m,z) = £1 and there is 2’ € J with
nS(m, 2" \n* (m, z) = —1,C© (') connected to C* (x)} : (424

We will show the following result:

(R4, R), sp(T') a bounded D) -
measurable -connected subset of (— incorrect cubes there exists o1(¢) > 0 so that for all 6 < 0((), 0 as
in Lemma 4.2,

Theorem 4.5. Assume the conditions of Lemma 4.2. Given m € H]

G1(J,m,w) — G1(J,u*,w) > a1 |sp(I)] P=1. (4.25)

Proof. If Q + zg is an incorrect cube, then it either is a zero cube, or it has a connected neighbor which
is a zero cube, or it has a connected neighbor of opposite sign. In each of the cases it holds that the
cube 3@ + zp of sidelength 3 centered at the same center contains

(a) a zero cube, or

[ )
e (b) a pair Cy, C_ of connected cubes with opposite sign such that C;. or C_ is centered at zg.
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In case (a), by Lemma 4.2,
G1(3Q + 20, m) — G1(3Q + 20, u™) > 3796(¢)|3Q + 20|
while in case (b), by Lemma 4.4,
G1(3Q + 20, m) — G1(3Q + 20, u™) > (3/2)"%02|3Q + 20|

for @ sufficiently small. Hence we have shown the following: Let zg € Z¢ the center of a cube which is
incorrect for m with accuracy ¢. Then for 6 < 6y(¢) there exists o3(¢) such that

G1(3Q + 2z0,m) — G1(3Q + 20, u™) > 03(C)|3Q + 20|
Therefore, if {z1,...,2n} is a collection of lattice points such that
zi+Q Csp(l), (2 +3Q)N(z;+3Q)=0for j #4i, i,j=1,...,N (4.26)
then

N
G1(sp(T),m) — Gi(sp(T),u*) > (Gl(zi +3Q,m) — Gi(z + 3Q7Ui))
i=1

+G1(sp(T) \ ULy (2 + 3Q),m) — G1(I') \ UL, (2 + 3Q), u™)
> 3(Q)N = 0]|glloo[sp(I)]-

The claim of Theorem 4.5 follows by choosing 6 sufficiently small, provided we can show that there
exists a constant C(d) depending only on the dimension such that for any contour I' there exists a
collection of lattice sites {z1,...,zn)} satisfying (4.26) such that N(I') > C(d)~!|sp(T")|. We claim
that C(d)~! > 6=, which is sufficient but not optimal. This is done by induction on |sp(I')| € N. For
the induction proof we will not assume that sp(T") is connected, the claim holds for any D) _measurable
set. The claim is obvious with C(d) = 5¢ for 0 < |sp(I")| < 5. Assume that the claim is shown for
0 < |sp(I")] < n, and suppose that |sp(I')] = n + 1. Choose a cube zp + @ in I' and consider the set
T= sp(T') \ (5Q + zp). Clearly any cube of sidelength 3 centered at any cube in T does not intersect
zo + 3Q. Therefore

NI) > 1+NI)>1+C n-5%
Cln+1)+1-C 1A +5Y > (n+1)C,
provided 1+ 5% < C. |

5. CONTOUR REDUCTION AND PROOF OF THEOREM 2.1, 2.2 AND 2.9.

Take ¢ < (o A i, where (p is chosen according to Theorem 2.7. Let G(m, () be the collection of
contours associated to m. Next we show that the sign(m) := n°(m,-)|s., defined in (2.16) is well

defined.
Lemma 5.1. The function n(m,-) is constant on
If = A, \ Upeg(m) (Sp(r) U IF) .

Proof. By construction, I+ Nint(I") = @ for all I' € G(m), hence each cube in If is connected to the
boundary of A.. The function 7(m,-) is constant over each connected component of Ix. Assume that
there exist two connected components with different signs. As they are connected to the boundary of
A, there exist two cubes QT € Iz and Q@ € I of different sign, which touch the boundary. Hence
there must be a contour 'y € G(m) intersecting the boundary such that Q* and Q™ are in different
connected components of Or,. According to our definition, either @ or @~ must be contained in I,
which contradicts that both are contained in If. (]
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Next we estimated the difference between the energy of m € R¢(A¢) and the one of ut in each ¢(—
Island of m.

Lemma 5.2. Let u™ = £1 + v* where v* solves (2.19) rescaled in A.. Let m = sign(I) + o for xz € I,
I cc I, see Theorem 2.7, and let 0, ¢ be as in Theorem 2.7. Then there exists ¢ = c(d, W, ||gloc) such
that

G1(I,m,w) — G1(I,us9"D w) > —cVB|o™)|. (5.1)

Remark 5.3. Note that for those islands that touch OA, in particular for Iz, the external boundary
91 consists of cubes contained in the support of a contour and is therefore very different from the
topological boundary.

Proof. For the sake of simplifying the presentation we prove the case I # Ix. The case I = Iy is proven
similarly, replacing &1 with 9***I. To take advantage of the boundary influence decay, we separate a
strip near the boundary from the rest of the island. For this purpose, let

I, :={x eI: dist(z,0I) < u},
and choose p = /2C log (0’1) . We split
Gi1(I,m,w) — Gy (I, USig“I,w) = [Gl(Iﬂ,m,w) -Gy (IM,uSig“I,w)]
+ [Gi(I\ I,,m,w) — Gy (I\ I, v | w)] .
By the Lipschitz estimate in Lemma 3.2 and the L*°-bound (7.14) we obtain that
Gy (I, we! W) < ef|1,| < cflog (071) (|01)),

where we denoted by ¢ := ¢(d, W, ||¢||s) a constant which may change from one occurrence to the other.
Moreover

Gi1(I,,m,w) > / Ogm > —2||g|l L=0|1,| > —2||g||~+/2Coblog (6~ ") (|01]),
Iu
hence

[G1(1,m,w) — Gy (1, u¥ w)] > —chlog (671) (|01]).

The remaining term in (5.2) is estimated applying the estimate (7.22), which in mesoscopic coordinates

becomes
signl 7¢+Td15t(m’81) signl
Im() — a0 (2)] < C(d)e V2 I = w8 | o o1 < C(d)0 (5.3)

for all z € I\ I,,. Denote by xg a C*(A., [0, 1]) cut-off function so that

1 when xEI\(IM+\/§),
Xo(z) = 0 when z€l,

and ||VxellL= < C(d)#~/2. Suppose that sign(I) = +1. Let
he == xem + (1 — xg)u™.
Then hgla(\1,) = u', hence, recalling that u* is a minimizer in its well,
Gi(I\1,,hg,w) — G1(I\ I,,u™,w) > 0. (5.4)

Moreover by Theorem 2.7 and Proposition 3.2 there exists ¢ = c(d, W, ||g]|) so that |[Vu™|+|Vm| < c.
Hence, recalling (5.3),

|Vhe — Vm| < [Vxe|lm — u™| + [Vm| + [Vut| < VO +c.
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Ashg=mon I\ I, /g, we can combine this, with (5.4) and the gradient bounds above obtaining
Gi(I\I,,mw) — Gy (I\I,,ut,w) > G (I\I,,mw)—Gi(I\ I, ho,w)
> —c/ ([Vho — Vm| + [m — he|) > —cV/8/01].
I\/§+u\l“

|
Proof of Theorem 2.9 As the proof holds for all realizations of the random field provided ||g(-, w)||oco <
1, we will suppress the explicit dependence on w. Thanks to Theorem 2.7 it is enough to show the theorem
for a (—representative of m € H'(A.), ¢ < (o, with (p as in Theorem 2.7. To simplify the presentation

we take ( = (p. Further, to shorten notation, we denote the representative always by m, we assume
a(e) = 1. We have

Gi(m) = Gi(u"™) = Gy (I, m) — G1 (g, u™s™™)
+ Z {[ (Ir,m) — Gl(]r’u&gn(m))} + [G1(Sp(r),m)—G1(Sp(l—‘),u51gn(m))}}. (5.5)

reg(m)

From now on, we assume w.l.o.g that the sign of I is positive. We estimate each addend in the sum.

Gr(Ir,m) — Gy (Ir, u*) = [Gl (Ir,m) — G4 (Ip u*lgn(lﬂ)}
+ [Gl(Ip, usien(in))y _ Gl(Ip,qu)]
> [Gl(lp,uSign(IF)) — G(Ir, u+,w)} — eVB|o Iy|
= 20[sign(Iz) — sign(Ip)] /I g1 (x, w)dx — ¢ V0|8 .

The last equality is a consequence on the hypothesis (2.4), |[u™ — +1| < §, and Lemma 5.2. Note that
the contributions of the random field on islands having the same sign as m cancel. The last term in
(5.5) is estimated as

Gy (Iz,m) — Gy (Iz,u™) > —c V0|0 ;).

To estimate from below the energy of a contour we apply Theorem 4.5. Let 6; := é(CO) be as in Theorem
4.5, then for all 8 < #; we have

Gi(sp(I'),m) — G1(sp(T'),u") > o1 NT, (5.7)
where
Nr = |sp(T")| = number of D(®) measurable cubes in sp(I")

and o1 = 01((p) is the quantity defined in Theorem 4.5. The r.h.s. of (5.7) is the ”gain term” and
the energy of a contour I' is at least the gain term. If there are more contours in A., each one will
contribute by its volume. Therefore from (5.5) we obtain

Gi(m) = Gi(u") > > <29/_ g1(z)dx + o Np cx/éaextm) — cV0|0™ |

Tel’'(m)

=Y < / )dX—|—2Np>

Tel(m)

(5.8)

To prove the last inequality use that Np > |0**Ir| and choose 6 small enough. O



22 NICOLAS DIRR AND ENZA ORLANDI

5.1. Proof of Theorem 2.1. Applying Lemma 3.1 we get immediately that the global minimizer u,
fulfills |u(r,w)] <1+ Coa(e)d for r € A. Set uf =1+ v¥ and u; = —1 + v¥ where v} solves (2.19) in
A. Choose €y > 0 so that Coba(eg) < dg, then for all € < ey, by the symmetry assumption on W, see
(2.4), we obtain for w € Q

G (uf,w)— G (u, ,w) = %a(e)@//\ge(r, w)dr. (5.9)

L*> bound on v}, Cobale) < &y and the symmetry assumption on W, see (2.4). By the Markov
exponential inequality one has for any ¢ > 0

2 2
P [w : fa(e)H/ ge(r,w)dr| > t} < 2e teT202a2(e), (5.10)
€ A

In dimension d > 3, for any choice a(e) ( a(e) = 1 suffices) we can take t = ¢(¢), lim_,o t(€) = 0 so that

_ t2(e)
Plw:|Ge(uf,w) = Ge(ug,w)| S t(e)] > 1—2¢ #7773,

which concludes the proof of (2.6). To show

Hllr%f G.(-,w) = min{G,(ul,w), G (u.,w)}, w € Qe, (5.11)
we first prove that any @ such that

G(a, f Ge
(U, w) = Ak (w)
does not change sign, so it is in one well of the potential W. The assumption on W, see (H1) and the
L bound on ¢ imply that if € is small enough
inf G (,w) = inf G(-,w).

u€EH(A): u>0 a.e. u€H'(A): u>1—4g a.e.
The functional G, is convex on {u € H'(A) : u > 1— Jy a.e.}, hence it has a unique minimizer over
that set. It follows easily that the constraint is not active for e sufficiently small, so the minimizer solves
the linear Euler-Lagrange equation. Thanks to the symmetry assumptions on W, see (2.4), it is enough
to solve the Euler-Lagrange equation in one well. In this way one obtains immediately that the two
minimizers are indeed u} = +1 + v}, being v} solution of (2.19). To prove (5.11) we apply Theorem
2.9, i.e. we use the notion of contours and Theorem 2.7. It is convenient to reformulate the problem
in mesoscopic coordinates and therefore study the functional (2.12) in A.. The idea of the proof is
to show that each contour costs more than the possible gain obtained from the random field, hence a
minimizer cannot have contours. Note that It need not be connected. Denote by (Ir)i,..., (IT) k. its
connected components, and denote by 9°“*(Ir); the exterior boundary of (Ir);, see also 2 3 2. As all

connected components of the islands as well their exterior boundaries are D(©) measurable there exists
a 0 :=0(d,{) > 0 such that

+ ENF,

Kr
6)0/ g1(z,w)dx + IINy ZZ lZa(e)& g1(x,w)dx + 8]0 (Ir); N sp(I)|
Iy 2 = 4

(Ip);

where all sets (I ); are connected. Note that they need not be simply connected, because there may
be contours within contours. Recall that 66“(1}) C sp(T") then we obtain

Gi(m,w) — Gy (ut,w) Z Z

FEF(m J=1

2c(e)f g1(z, w)dx + 5|8°’“(Ip)j] . (5.12)
(Ir )i
The purely probabilistic Lemma 5.4 implies that with overwhelming probability for any choice of m €

R¢(Ae) the rhis. of (5.12) is nonnegative. Let € s be as in Lemma 5.4 with some 0 < § < 1 to be
determined later. If m is a function which has at most one block different from n = 1, by Theorem
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4.5, there will be a ¢ > 0, independent on ¢, so that one obtains the estimate (5.14). For w € Q. 5, the
minimizer % must have all cubes (— close to the sign(i) phase, i.e n¢(@,x) = sign(@) for all z € A,
i.e all blocks are correct. The theorem holds for w € €2 5 for any fixed choice of §. We strengthen the
result taking 0 = d0(e) | 0 for € | 0 as in (5.15). We can apply Proposition 3.3 to show that |i(x,w)| > 0
for z € A.. From Appendix II (The minimizer in one single well) we have that the minimizer @ equals
either u™ or u™, see Definition 1 in Section 2. The statement (2.5) is now an immediate consequence
of the symmetry of W. Obviously
E[uf(r,)] =1 VreA

and, see (7.18),
|Efug (r, Jug (', )] = Elug (r, )|E[WE (', )] | = [Elv; (r, oz (¢, )l

€ €

) s r—r ‘ (5.13)
< C(d)8%a*(e)e e
O
Lemma 5.4. Let d >3, R C A, a connected, DO region, and let for § >0
0
Qes =3weQ: IRCA,, / dyg1(y,w)| < ——=|0R| ¢ .
’ R a(e)d
There exists g > 0 and a := a(a(€p)d,d) so that for e < ey
P
P\ Qes] <27e o2, (5.14)
€
Further, setting
o(e) = 9(1n(1/e))_ﬁ and Qe 1= Q50 (5.15)
we have w0
P\ Q] < eol () (5.16)

Proof. In the following we consider only region R connected and D(®) measurable, i.e unions of unit
cubes. We have

=P [Elxo €A, FRC A.: 20 €R, / dygl(y,w)‘ > 0 |8R|} (5.17)

R a(e)d

|A| d. 5
< JRCR*:0€R,| [ dyg(y,w)| > |OR]| .
R (0% 6)9
A naive upper bound of (5.17), ignoring the factor LAT‘, is given by
5 —LLWR\%

H/ ol ‘ = fa(e) " '] > T . (5.18)

{R 0€R} {R:0eR}

The last inequality is obtained by the independence of the random field and then applying the isoperi-

PR o 1 _|0R>  _ 1 5p|D
metric inequality® |R| < 2d|OR|7-T 77 then "2 34 7 = 54/OR[@ 0. On the other hand there are
|OR|T-T

eCln see [13], regions R containing the origin, D(0) measurable, of given surface n. One immediately
verifies that (5.18) diverges. So this analysis is inadequate. We need to take advantage of the fact that

5Note that a relative isoperimetric inequality bounds the ratio |R|(d=1)/d||S|=1 < C(d) in the case where R = I and
S = 9¢®Y(T"), and the island I+ associated with a contour is given by our definition. A proof of the relative isoperimetric
inequality can be given adapting the arguments in [19], p.230.
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many regions enclose essentially the same volume. In order to obtain (5.14), we apply then a method
we learned from [11], see also [4], p. 115 fF., reported in the Proposition 7.1 of the appendix. ©

Now take d function of €, so that d(e) — 0 sufficiently slow, e.g. like (5.15). It is immediate to verify
that there exists an ey and a constant a(a(e)d,d) so that for € < €y the right hand side of (5.14) is
smaller than the right hand side of (5.16). O

In the proof of Theorem 2.1 we actually quantified the difference of the energy between a function
and the minimizer. We state this for further use.

Theorem 5.5. There exist § > 0, e¢g > 0, a := a(eph,d) > 0 and there exists for each € < €y a set
49
Qe CQ withP(Qe) > 11— e~ ez (D)™ o oh that for w € Q.
G1(m,w) —min {G; (u",w),G1(u",w)} >0 Z |sp(T)]. (5.20)
reg(m)
Moreover we get the immediate Corollary, see for notation (2.8):
Corollary 5.6. Under the same hypothesis of Theorem 5.5, for w € ()¢, we have
F(m,w) > ™6 Y Jsp(D)].
reg(m)

Next we prove Theorem (2.2).

Proof of Theorem (2.2) Since (2.5) of Theorem 2.1, the symmetry of the wells and the fact that v}
is solution of (2.19) one immediately obtains that

Hm(a) Ge(,w) = min {Ge(u",w),Gc(u,w)} = min {ia(e)ﬂ/ ge(r,w)dr} + Fe(vl,w),
1 € A

where F, is the functional defined in (7.12). Then
E[Ge(ug, )] = E[Fe(v;,")]

and (2.10) follows immediately. Since (7.15) we have that

1 2
Fe(viw) = —a(e)ﬁ/ ge(r,w)v! (ryw)dr = o (€) 02/ ge(r,w)Ge(r, 2)ge (2, w)dzdr
26 A 463 AXA

where G.(r, z) in the integrand is the Green function solution of (7.16). Then, using the construction
of g with the help of i.i.d. random variables, see (2.1) and (2.2) and the bounds on the Green function
in the appendix, see (7.19), we have that there exists C'(d) > 0 such that in d > 3

G ) < “Lorc@in),  EGuE,) - ef? < Cldja(e2e 2]

€

Moreover, using the exponential decay of the Green function we obtain that for any § > 0 there exists
€(6) > 0 such that G(x,y) > C(d)~! for dist(z,dA) > §, dist(y, OA) > 6§, € < €(5). Therefore we also

obtain
4e

A +
hr?l%)nf (e [E[Gc(ur, )] > 0.
6In d = 2 we have )
5 %
P [ ] o) > g |aR|} < 2¢” P, (5.19)

Therefore in d = 2, when a(e) = 1 the upper bound in (5.19) depends only on 6. By the Borel Cantelli Lemma one sees
immediately that with probability one, the event |fR dyge (y,w)| > §e|BR|, for any § > 0 occurs for a number of regions

in A going to co as € | 0. In d = 2, when a(e) = (In %)71 for a fixed region, the upper bound in (5.19) is small for €
small. Nevertheless even in this case, see Proposition 7.1, the entropic factor spoils the estimate and we are not able to
show the absence of contours.
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6. I'-CONVERGENCE WHEN a(e) = [In 2]~!

We first show that passing to the representative leaves the L!-limit of a sequence of bounded renor-
malized energy unchanged. Although the representative depends on the realization of the random field,
we will suppress this dependence in the notation when no confusion arises. Likewise we will not denote
explicitly the dependence on w of the energy.

Definition 6. For m € HY(A) define m : A — R by m(y) := m(ey). Let my be any (— representative
of m as in Theorem 2.7. Then

mye(x,w) :=my(e ‘o, w), x € A.

Theorem 6.1. Let 61 and ¢ be as in Theorem 2.9, and let § < 6,. With P =1 the following holds: Let
(Mme)ewo € HY(A), and let the associated representatives (m¢)1,c be as in Definition 6. Then

if  limsup Fe(me,w) < C < 0o, then / [me(x) — (Mme)1,e(x,w)| — 0.
e—0 A

Proof. Because of the quadratic growth of the potential and the L°°-bound on the random field g it
is easy to show that there exists a sequence C. — 0 such that for M, =1+ C.

Fo((me V (=M0) A M,) < F.(m,); /|m6 _M)) A M, — me|dr — 0.

Therefore we can assume that ||me]l.c < M by any constant M > 1 provided € < €y(M). To simplify

notations we work on the rescaled cube A, and let, see Definition 6, Theorem 2.7,
m(z) :=me(ex), mi(z) = (me)1e(ex), =z € A..

Take a smooth cut-off function r: Ac — [0,1] such that [|Vr|le < C, r(z) =1 for x € Upegm,)sp(l),
and r(z) = 0 for z € 9™, and let

m:=m(l —r?) +myr?.

This functions is equal to m; on the contours of m;. We obtain immediately
Fy(m) =Fi(m)+ Y [Gi(sp(I') Ud™Ir,m) — Gy (sp(I) U™ Ir,m)] .
reg(mi)
Since r < 1, m and m; are bounded in L*>° and Theorem 4.5 we can estimate as follows

Z [G1 ((sp(T) U 8intlr) ,m) — Gy ((spT') U Bmtlp) ,m)]

reg(my)

< > {emwr+ [ vk - wme}.

reg(my)
We have
Vi = (1 —r*)Vm +r[2Vr(m; —m) +rVmy].
From the bound on |Vr| and the bound on the Lipschitz constant of m; we immediately get that there
exists a constant C so that
|Vinl? < (1 —72)2|Vm|? + C 4 r|Vm|C.

Since r < 1,

2

C
[[Vm|]* — |Vm|*] < C+r*[r* = 1]|[Vm|?> + r|Vm|[C — r|Vm|] < =+ C.
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Then we can conclude for some constant C’

Fi(m) < Fr(m)+C" Y Jsp(D)].
reg(mi)

Since Theorem 5.5 we obtain that 3 pcg ) [sp(I)] < €!=4C, hence there exists Cy such that
Fl(ﬁl) § eI*dCl.

Therefore m satisfies a bound on the energy of the same order as m. As m and m are different only
O > reg(m) (sp(I') U™ Ir), the L°°-bound on both functions and the bound on the volume of the
contours implies immediately that | — m|; — 0 as ¢ — 0. The new function m has an important
property: On the topological boundary of an island it equals m; and is therefore pointwise in the well
of W which corresponds to the sign of n(m;). This property will allow us to show that m and m; are
close in the islands. Note that G(m1) > infy1(5.) G1(+), so we can estimate

Glidc’ Z Gl(ﬁl) — Gl(ml) = Gl(ml + (’ﬁl — ml)) — Gl(ml)
- / 2V (17— m2) Vs + (W (my) + a(e)fg) (7 — my)]

+/ |V(m—m1)\2+% IW"(mles(ﬁlfml))ds (m —m1)? ).
/A (f

By Corollary 3.6 we get that the term in the second line equals zero since m — m; is an admissible test
function. We have that

/ (w60 - m+ 3 ( W+ s s ) (i = m)? ) .

1 1

<|V(Th —my)|* + 3 (/ W (my + s(m — ml))ds> (i — m1)2> .
0

We obtain, using the convexity of the wells, and recalling the definition of m that

el=dc > /A C(m —my)? = C"|{z : n(imy, x) # 0} N {n(my, z)m(z) < 1— o}

/{zeA‘,n(ml,r);ﬁO}

where dg is defined in (2.4). It remains to show that
{z :n(my,z) # 0} N {n(my, z)m(z) <1 -8} < Ce' %
For t =1 — 09 and z in the Islands of m; we denote

o { 1Ll =1
~(n(a)| V1), it nlmaz) = 1,

while for m!(z) := m(x) for z € sp(T'), ' € G(m1). Note that m = m; on the topological boundary of
any contour, and that the representative m; stays pointwise in the well associated with n(m;) on this
topological boundary of the contour, see Thm. 2.7. Therefore the function m* is H!, and

Gl(m) — Gl(rht) < G1(7’h) — inf Gl() < Ce' 1.
Since n(my,x) = n(m, x) for x in the islands of my, applying Lemma 4.1 and then (4.3) we obtain
G1(1m) - Gr (") = C > |z + Q) N {n(z;mm < —(1 - 1)/2}| 7.
{z:2+Q€Ir,TeG(m1)}
As (d—1)/d < 1, this implies

U Ir | n{n(m,z)m < —(1 —t)/2}| < Ce' <.
reg(my)
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Note that we can easily bound [{—1 4 dy < m < 1 — dp}|, because on this set the double-well potential
dominates the random field. So we finally obtain

{z :n(mi,z) Z0} N {n(my,x)m(z) <1—=3}H < |{-14+d <m <1—3dp}

1) _
U | nfatmeam< =33+ Y ) <ce,
reg(ma) reg(my)

and the claim is shown. O

6.1. Identification of the I' Limit. The proof of the lower and later of the upper bound is given
in macroscale, but still uses the notion of contours which was introduced in the mesoscale. To avoid
confusion we keep on writing the contours always in mesoscale and rescale by € the sp(I') when we
deal with the support of the contour of the representative m. in macro scale. Hence m(z) := mc(ex)
2 € A denotes the representative in the mesoscopic scale, G(m) := G(m, () the collection of contours
associated to m when the chosen tolerance is (. We suppose 0 < 6 < 6y, with 6; as in Theorem 2.9,
and we avoid to write the explicit dependence on (, where ( is as in Theorem 2.9.

Lemma 6.2. There exists a set Q0 C Q with P(ﬁ) = 1 such that on ) the following holds: For any
u € BV(A,{-1,1}) and for any m. with ||m. — ul|px — 0 we have that

liminf Fi(me,w) > CW/ |Vul for Cw as in (1.3). (6.2)
€ A

Proof. First fix a 6 > 0 independent of w. Recall that € = e(n) = L and let §(e(n)) and () as in
(5.15). We define Q by defining its complement:

Ap = Q\ Qeny, QN Q={w: we A, for infinitely many n € N}.

The first Borel-Cantelli Lemma and the probabilistic estimates in Theorem 2.1 and in Lemma 5.4
imply that P(Q\ Q) = 0. By definition, for any w € € there exists n(w) such that w € Q) for all

n > n(w). From now on we will always assume that w € Q and €(n) < e(n(w)) without stating the
dependence on w explicitly. Moreover we will write € for e(n) in order to simplify notation. Note
that it is sufficient to consider the case sup, Fi(m.,w) < co. By Theorem 6.1 we can replace m, by a
representative, see Definition 6, which we still denote by m. for simplicity. Hence we may assume that
[mellz < 14 Coba(e). By Theorem 2.1 inf 10y {Ge(,w)} = min{Ge(uf,w), Ge(u; ,w)} and without
loss of generality we suppose that the Ge(ul,w) < Ge(u_,w).

Recall that uX = £1+v*, and let v, := m, —sign(m,). Due to the exponential decay of the boundary
influence and the fact that the representative solves a linear PDE in the islands, one can easily show
the following, see Section 7.2 (7.22, 7.23). There exists C' > 0 and K > 0 such that for I" € G(m, ()
in an island It

[ (r) = me(r)] = [} (r) = ve(r)] < Keme € distresp(®) (6.3)

€

IV (uE(r) — me(r)| = |V (E(r) = ve(r)| < e T Eeme Cdistresp), (6.4)

€
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We write > for 3 reg(,,) and define It := {y € Ir : dist(y,dIr) > C~1n(a(e))|}, where C is the
constant in (6.3, 6.4). We estimate

Ge(me)—Ge(uf) > Z/( - (2\/W|Vme|749a(e)671||g||oc)

72/ (Vo2 + W (L +v7))
(supp(T"))

uiign(lr‘)] — ge(l — Slgn(IF))}

D> /. ( (92 = IVeEP) + 5562 = (2 )

For § < §y we get from Theorem 2.7 that me > 1— 0 on Ir. Hence Per({m. < s}) =0 in I, and

1-6
Go(me) — Go(ut) > / 21/ (s)Per({m, < s})ds

146

—Z 0)| In(a(e)) e~ sp(T)|
QSHZ {oe(1 = signin)) + gl — ) (6.5)

w3 (el 19+ g (62 - ). (6:)
First we are going to estimate the term in line (6.6). Denote by
M (u) := €| Vul® + e tu?.
Now we will make use of the splitting Ir = If U (Ir \ I£). On I¥
| M. (ve(z)) — M. (v (2))] < Ce tafe)e=c  Cdist@edUf)) =1y 12, (6.7)

Therefore a computation using the Co-Area formula yields

/ M.(vd) — M.(o})| = / ( / IM.(00) — Mo (@3)|dH g o disux,ealr)_r})dr
612‘ R

< CeMaIR]ale) < C'e'fsp()ale),

where dH?~! is the (d — 1) dimensional Hausdorff measure. Let R. be defined as the argument of the
summation in (6.6). As M(ve) — M.(v}) > —M.(v?) and as M (v?) is of order e~ !(fa(e))?, we can

estimate
Re(Iryme,v?) > /a(...)+/(l )
> —C'eHsp(D)|ale) — [[Mc(v)|| eI \ IF|
> —Ce™sp(D)| [a(e) + [ In(a(e))|(a(e))”

The term in (?7) is bounded on eI¥ by the right hand side of (6.7), while it is of order e~!(fa(e))
on e(Ir \ If), so it can be estimated in a similar way.
In order to estimate the expression in (6.5), recall that w € €2 5(.), hence

ale)e 10

Cadi- sign(fp»\ < 5(0)*Jsp(T).
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So far we have shown that for w € Q and e(n) sufficiently small

1-96
Ge(me) — Ge(u) > / 2/ W (s)Per({m. < s})ds (6.8)

—1+0

- Z ¢ [e(e)|In(e(e))| + 6(€)] e~ {spT, (6.9)
T
and as by Corollary 5.6 for all w € Q)

> e sp(l)| < CF.(me) < C',
reg(m)

we have that the expression in (6.9) vanishes as e(n) — 0 for w € Q.

So it remains to bound (6.8). As m. — u in L'(A) there exists a subsequence, denoted by m. again,
which converges almost everywhere to u, and for this subsequence we have 1y, <51(7) — l{y<s(7), in
LY(A). Further it is easy to prove by applying Lemma 3.1 that |u| = 1 almost everywhere. Then by
lower semicontinuity of the perimeter

limi(r)lfPer({n”LE < s}) > Per(u <0}), for —1<s<1,

and, by Fatou’s lemma,

1-5 1-5
lim inf (2\/W(5)Per({m€ < s})) ds > (/ 2\/W(s)ds> Per({u < 0})

V

€ —146 —1+6

Y

(Chw — 205)/ V.
A
As § > 0 was arbitrary and independent of w, this proves the theorem. |

Lemma 6.3. There exists a set Q C Q with P(Q\ Q) = 0 such that for any w € Q the following holds:
For any w € BV (A, {—1,1}) which has the property that E := {x : u(x) = —1} has a smooth boundary,
there exists me(-,w) with ||me(-,w) — u||pr — 0 and

limsup Fe(me) < CwPer(E)  for Cw as in (1.3).
Proof. We construct a sequence with the required properties. To this end, let m : R — R be the

increasing solution of
m” =W'(m), lim m(r)==+1.

r—+oo

It is well known, [10], that there exist C, A > 0 such that

(1= [m(r))] +m/(r) < Ce (6.10)
Define
| —dist(z, E), ifx e A\E, _d(x)
d(z) := { dist(z,R¢\ E), ifz€E, de(w) = —
and

me(-,w) == vl (-,w) +m(de(:)) Yw € €,

where v} solves (2.19). Obviously ||me(-,w) — uljp1 — 0 for all w € Q. To shorten notation we avoid to
write in the following the dependence on w of m. and v¥. Note that |Vd(x)| = 1, therefore

Ve ()] < e72[m(de(2))]? + 2671 V0; ()| (de()) + Vo7 (),
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and
Gulm) = Gl +4) < [ < (du(w)? + Wl (o)) (6.11)
42 / IVo? () (d (2)) (6.12)
b [ W) + 02 () = W1+ 02 (@) = W ()] (6.13)
+2 [ (@) = Da.(a) (6:14)

+ [ Jave@p + W) + Sa@a+ )] - G
A

Clearly the term in the last line vanishes, and it is well known, see [15], that the expression in (6.11)
converges to CyPer(E). Next, we show that the term in (6.12) vanishes. We obtain from Proposition
7.2 for e sufficiently small |Vv?| < C’a(e)e~!. Hence by the co-area formula and (6.10) we estimate

/ 2Vl (d,) < 20’@ / HL({d(z) = r})e=>Edr < C"Per(E)a(e) — 0.

A —o00

Let pe := —eln(a(e)) = elnln(1/€) > 0, and

Ay = fo s |d@)] < ).

Split the expression in (6.13) in an integral over A, and the rest. Set L := sup,¢_o o) [W/(s)]. On A,
we have

_ _ X 1
(W(m +ve) = W(m)| < L|jvgfloe, W1 +07) < 50y s e 1%
This helps to estimate

-1 _ * * — |Alie‘ 1
; /A (Wom+v2) ~W(+ol) ~Wem) < “elo (La(e) + 200) o(e)

He

IN

IN

we use that for x so that |d(z)| > €| In(a)|

) Per(E).

To estimate the integral over A\ A,

2
W (m(d.))| < —(m(d.) — 1) < ie—zAd(z)/e
2C)
and then

[W(m(de) +vl) — W1 +v)| <

sup W’(s)] Ce™M@/e < C'ae)ed@)/e,
ls—11<Ca(e)

Here the symmetry of the wells was used. The constants depend on the second fundamental form of E.
We obtain

- / (W (i + vf) = WL+ 7)) — W ()
A\A,
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By the co-area formula and a change of variables d/e = r this is bounded by

C (Per(E)) [(a(e) +1) /IOO e dr| < C' (Per(E)) a(e) — 0.

In(ex(e))]
The term in (6.14), which depends on the random field, can be bounded by

C'Per(FE)a(e) JrQOé(;)/Ege.

Note that there exists a constant C'(d) depending only on the dimension, such that the following holds:
There exists for any E as above an ey(E) such that for any € < ¢y(FE) there exists a set E. which is a
union of cubes of sidelength € with centers on €Z? and

C(d)"'Per(E.) < Per(E) < C(d)Per(E,), |E.AE| — 0 as € — 0.

This can be shown e.g. by approximating the smooth manifold OF by polygons and then by faces of
cubes with centers on the lattice €Z?. Hence in arguing that the term in the fourth line vanishes we can
use Lemma 5.4 with ¢(n), §(e(n)) as in the proof of Lemma 6.2 to show that

0/,

Hence the Lemma is proven. a

< Cd(e)Per(E).

Proof of Theorem 2.3: From Lemma 3.1 we get immediately that F, — +oo if |u| is different
from 1 on a set of positive Lebesgue measure. By general arguments ([15, Lemma 1]) it is sufficient to
consider the upper bound in the case where F has a smooth boundary. Now the theorem follows from
the Lemmas 6.3 and 6.2 together with Theorem 6.1.

7. APPENDIX

7.1. Appendix I: Probabilistic Estimates. Let R be the set of connected union of cubes of size 1
containing the origin. We denote by R an element of R and by |0R| the surface of R. We have

Proposition 7.1. For d > 3, for any So > 0 there exists ¢ = /(So,d) so that for all S > Sy, we obtain

P|3ReR:0€R, > g(z,w)| > S|OR|| < 257 (7.1)
2€Z4:(2+[0,1]4)NRCR

Proof. We have

P|3IReR:0€R, > g(z,w)| > S|OR|
2€Z%:(2+[0,1]*)NRCR (7 2)

< ZIP’ sup Z g(z,w)| > S|OR|

n>1 |0R|=n:0€R,RER 2€Z4:(2+[0,1]9)NRCR

To estimate each addend we define a sequence of sets Ry € DU, ¢ € N, the partition of R? in cubes
of side 2¢, with one of them having center 0. The R,, ¢ € N, are constructed by a “coarse grained”
procedure from the original connected region Ry = R. We denote by R, : Ry — R, the map which
associate to Ry the set of cubes in D so that

1
€O 1 Ryl = 52%,
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Ry is the union of such cubes. Note that Ry is in general not connected. One can prove, see Proposition
1 of [11], that

ORe| < C(d)|OR], (7.3)
and that the volume of the corridor between Ry, and Ry 1 when R, # (), is estimated by
|R(ARy 1| < |0Rg|2, (7.4)

where for two sets A and B, AAB = (A\ B)U (B\ A). Denote
F(Ro,w) = > 9(z,w).

2€Z%:(2+[0,1]9)NRo CRo
Set z = S|0Ry| = Sn and write, for any choice of k(n) € Z,
F(Ro,w) = F(Ryn),w) + [F(Rpn)-1,w) — F(Rmn),w)] + ....[F(Ro,w) — F(R1,w)].
We have

P sup F(Rp,w) > z| < Z P sup {F(Ry—1,w) — F(Ry,w)} > 2¢
|ORo|=n:0€ Ro |ORo|=n:0€ Ro

=1 (7.5)
+P Sup F(Rk(n)7w) > Zk(n)—i—l]
|0 Ro|=n:0€ Ro
for any sequences z, with Zlgill z¢ < z. Since F' is a sum of i.i.d.r.v. it is immediate to see that
2
Y A
PH{F(Ry,w) — F(Ri—1,w)} > zg] < e Redfeal, (7.6)

The (7.6) represents the probability that a particular coarse grained corridor has a large field. Therefore

2
Ze

< Ap_q A nei SUP(|8Rg|=n:0€Rq} ITeARe—_1] (7.7)

P sup {F(Ryp,w) — F(Ry—1,w)} > 2¢

|ORo|=n:0€ Ro

where Ay ,, is the number of image points in R, that are reached when mapping any of the Ry occurring
in the sup, i.e. those so that |9Ry| = n and containing the origin. In [11], Proposition 2, it has been
shown that there exists a constant C' = C(d) so that

App < e(aH). (7.8)
Therefore we obtain from (7.7) and (7.4)
k(n) 22
P sup F(R07w) > Z] < Z AZ—l,nAK,ne_m
|ORp|=n:0€R =1 (79)
Z%Jrl

~ sup —n: R n [
+ Ag(n)ne {loRg|=n:0€ R} IFk(m)| |

By isoperimetric inequality and (7.3) we have supgp,|=n.0cr, [ Bk(n)| < C(d)nﬁ. By (7.8)

k(n) P
P| sup  F(Row) >z <Y elmm@Sim) ook
|ORo|=n:0€ Rg — (7.10)

2
Ch(n)n —zk%
+ 6(2@*1)’6(") e nd—1
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Choose then k(n), the number of times one repeats the coarse graining procedure, so that the final
coarse-grained volume does not have an anomalous large total field, Ry(,)—1 7# 0 and the sum in the
right hand side of (7.10) is small. Take

1 Sn
2k(’n):n37 26_7727
2/
i k . .

and notice that k(n) ~ logn and s 5 D om (n e% < %[1 — %k(nl)ﬂ] < z. We obtain, since zjn)41 =
s & ~ S n k(n )n ~ nlnn . rd
2 (k(n)+1)%2 — 2 (Inn+1)? and S@-DEm T ind >3,

22 d—2

Ck(n)n e <0n3(4 D nn— 52(1(17:)4) .
(BT ) ¢ — e o 1

For the remaining term in (7.10), when d > 3, one can choose Sy = Sp(d) > 0 so that for S > Sy
Cll—1)n nS* S*(C ({-1) 1
o(d—1)¢ — otpa — "ot \ g2 9(d-2)ty 45
Then, it is possible to find ¢ = ¢(Sp, d) so that for all S > S,
k(n) k(n)

§ 675’2 S § —Szén%c < e—SQn%c.

=

) <0 W>1 (7.11)

—

Summarizing all the estimates one immediately gets (7.1). O

7.2. Appendix II : Global and local minimizers in one single well. Let
Vs e R

and consider for u € H'(A) the functional

Fiw) = [ (dTuP + 2Vt dv-+ Ta(@0 [ dve (o) (1.12)

A
As in Lemma 3.1, one has for all u € H*(A)

FetAuV(—t),w) < Fe(u,w) Vit > Coa(e)b, P=1 (7.13)

The minimizer of F(u,w) is obviously v¥, the solution of the Euler- Lagrange equation (2.19). Next we
report the properties of v} used all along the paper. The proofs use standard computations involving
the Green’s function for (7.16) below, therefore they are omitted. For the required properties of the
Green’s function, see e.g. Dautray- Lions, [3], vol 1, pag 635.

Proposition 7.2. v* the solution of the Euler- Lagrange equation (2.19), is Lipschitz continuous in
A with Lipschitz constant bounded by e 1 Lo = ¢ 1C(||g|loc)x(€)8 and

[vZ(r,w)| < Coa(€)8]g]l oo relA, P=1. (7.14)

It can be represented as

vi(r,w) = (r,r")ge(r', w)dr’ reA, (7.15)

"In d = 2 the choice done of k(n) makes the last term in the sum (7.10) diverging. Namely we have

2
(Cn 3 Inn—

T
e (nn+1) ) — o0 when n — oo.

Further in d = 2 the remaining term in (7.10), independently of the choice of k(n) is always diverging.
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where Ge(-,-) is the Green function solution of the following problem:

_ / li AN o /
ATGS(T7T)+62 2COG€(T’T)_6(T T) r,Tr eA

7.16
0G, , , ( )
(r,)y=0 7" €A, ae forr OA.
on
vl is a Gaussian process with mean
E[v!(r,-)] =0 reAl (7.17)
and covariance for d > 3
B |
E[of (r, J0r (", )] < C(d)62a(e)e *vamm " (7.18)
Proposition 7.3. In d > 3 one can bound
1 1 1
0< Ge(r) < C(d)———e " k=- : 7.19
() < Cd) frmge ™ e (719)

Next we consider local minimizer in one single well with Dirichlet Boundary conditions. Let D C A
and consider the following boundary value problem

11 1
—eAu(r) + ——u(r) + —a(€)fg.(r,w) =0 in D, u=uwg on 0D, (7.20)
€ 2Cy 2¢

where vg € H*(A). We have the following boundary influence decay for the solution of (7.20).
Proposition 7.4. Ford > 3, there exists a positive constant C(d) so that for P = 1 the following holds:
Let v be the solution of (7.20) we have

L__d(r,0D

lv(r,w)| < C(d) sup |vg(y)le V2%
yeodD

'+ Coa(@)llglat 7€ D. (7.21)

For solutions of (7.20) with different boundary conditions we obtain

_ d(r,dD)

[v1(r,w) —ve(r,w)| < C(d) S%}Cj)j lv1(y) — va(y)le V2% 2 e D, (7.22)
ye
a d _ d(r,0D)
Vor(rw) = eatre)] < S sup foa) = enlple (7.23)
Y

for r € D and d(r,0D) > .

7.3. Appendix III. In this section we show for a simplified functional that sequences that approximate
a function with a flat jump set are not microscopically flat. First we give some definitions. From now
ond=3, z=(x1,72,23), A = (—1/2,1/2)3. As a simplification we replace the part of the functional
G which consists of the gradient part and the double well potential directly by its sharp-interface limit
and and we restrict to functions which are BV with values in {+1, —1}

R a(e) ; _
G, w) = IR (\Vu| + = g€u> if we BV(A{-1,1})
400 else

Recall that the Heaviside function H(z) : R — R is defined as H(z) = 1 for x > 0, H(0) = 0, and
H(z) = —1 for z < 0. We will show that perturbations of the “planar” function U(z) := H(z3) decrease
the energy. More precisely we consider “graph-like” perturbations, i.e. functions V : A — {—1,1} for
which there exist functions ¢ : (—1/2,1/2)? — (=1,1) so that {V = -1} = {z : 23 < ¢(21,22)} and
08c((p) 1= SUP(_q/9,1/2)2 ¢ — Inf(_1/21/2)2 p > €.

This indicates that the minimizer under boundary conditions that enforce a “planar” jump are not
planar on small scales. We make another assumption which is not automatic because the g. here is
constant on deterministic cubes:
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H2 There is a § > 0 so that for any measurable set A

IP(/ e >e3/2\/|f> > %]P’ (‘/ e >e3/2\/|A> >5>0
A A

and the random variables [ 4 es / v e are independent and identically distributed for dist(A4, A’) > e.

Theorem 7.5. Let U(z) := H(z3), 0 < 8 < 1, e = 1 and assume H2. There ezists a function
(- w): [=1,1]2 = [0, he), he = a(e)ePBH/3 such that P-almost surely for any i € Z>

lim h,"! ( sup (pe(-yw) — inf (%(-,w))) >0,

=0 B (i+[—1,1]2)C[-1,1]2 A (i+[-1,1]2)C[-1,1]?

Further, denote by V.(-,w) : A — {—1,1} the function so that {V = —1} = {x : x3 < p(z1,22,w)},
then there exists C' > 0 such that

P [G(U) — GV () > 062/3“*%(6)2} 1

Proof. Let r. = €, and divide the square (—1/2,1/2)? in cubes Q,(z;) of sidelength 2r. centered at
z; = é’i € (=1/2,1/2)2, for i € Z*.

We denote by P. C R3 the pyramid with center at the origin, base (—7¢,7¢)? x {3 = 0} and height
he. The excess area (surface of the pyramid minus area of the base) is 7v/r2 + h2 — r2. We translate
the basis of the pyramid on the plane (—1/2,1/2)? and denote it by P. + (z;,0) for all i € Z? so that
z; =i € (—1/2,1/2)%. Next we define a random variable which indicates whether a perturbation is
convenient or not.

1, if ale)e™ [ ge>2r2(\/14 (he/re)? — 1), z € Qp(z),
ni(z,w) = P.+(2:,0)
0 else

Now let ¢, (z1,22) : Qr.(0) — [0, he] be such that ¢, (x1,z2) is the graph of P. and denote
QOTE(.’E,QJ) = Z Ui(x,w)%e (1' _xi)'
i€Z%x,€(—1/2,1/2)2

The theorem follows immediately from a Borel-Cantelli argument if we are able to show that 1 >
P(n(0) = 1) > 0. The upper bound follows from the symmetry of the random field, which yields
P(n(0) = 1) < 1/2. The lower bound is a consequence of (H2): The volume of the pyramid is 1/3r2h2,
i.e. (H2) implies

P (a0 [ > 2a((1/Drer/he) >

and for e sufficiently small

ol /IBro/fe ol 1
221t (hefr? —1) ~ P Pa( . a(f T

]

Remark 7.6. The error in the upper bound, Lemma 6.3, is of order a(e) > €2/3 therefore the error
when replacing G, by the functional G. defined in this appendix is larger than the effect described
here. Hence this is not a proof that minimizing sequences of F. with plane-like constraints are not flat.
However, a careful analysis of the next order for the functional G. would be beyond the scope of this
paper.
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