Lattice gas model in random medium and open boundaries:

hydrodynamic and relaxation to the steady state. *

Mustapha Mourragui ' and Enza Orlandi 2

Abstract We consider a lattice gas interacting by the exclusion rule in the presence of a random field
given by i.i.d. bounded random variables in a bounded domain in contact with particles reservoir at different
densities. We show, in dimensions d > 3, that the rescaled empirical density field almost surely, with respect
to the random field, converges to the unique weak solution of a quasilinear parabolic equation having the
diffusion matrix determined by the statistical properties of the external random field and boundary conditions
determined by the density of the reservoir. Further we show that the rescaled empirical density field, in the
stationary regime, almost surely with respect to the random field, converges to the solution of the associated

stationary transport equation.

1 Introduction

In the last years there has been several papers devoted in understanding macroscopic properties of non
equilibrium systems. Typical examples are systems in contact with two thermostats at different temperature
or with two reservoirs at different densities. A mathematical model of open boundary systems is provided
by stochastic models of interacting particles systems performing a local reversible dynamics (for example
a reversible hopping dynamics) in a domain and some external mechanism of creation and annihilation of
particles on the boundary of the domain, modeling the reservoirs, which makes the full process non reversible.
There has been important classes of models, see for example [Sp|, [ELS1,2] , [DFIP], [KLO] in which it has
been proved the law of large numbers for the empirical density in the stationary regime. Typical generic
feature of these systems is that they exhibit long range correlation in their steady state. More recently
breakthroughs were achieved analyzing the large deviations principle for the stationary measure. We refer
to [BSGJL1] and [BSGJL2] for a review of works on the statistical mechanics of non equilibrium processes
based on the analysis of large deviations properties of microscopic systems.

In this paper we consider a particles system evolving according to local conservative dynamics (Kawasaki)
with hard core exclusion rule and with rates depending on a quenched random field in a cylinder domain d > 3
in which the basis, denoted I', are kept at different densities. The rates of the interaction are chosen so that
the system satisfies a detailed balance condition with respect to a family of random Bernoulli measures (the
random field Ising model at infinite temperature). To model the presence of the reservoirs, we superimpose
at the boundary, to the local-conservative dynamics, a birth and death process. The rates of this birth and

death process depend on the realizations of the random field and are chosen so that a random Bernoulli
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measure with a suitable choice of the chemical potential is reversible for it. This latter dynamic is of course
not conservative and keeps the fixed value of the density at the boundary. There is a flow of density through

the full system and the full dynamic is not reversible.

We derive for such a model the hydrodynamic limit dealing simultaneously both with the randomness
of the rates and with the open boundaries conditions. The rescaled empirical density field almost surely,
with respect to the random field, converges to the unique weak solution of the quasilinear parabolic equation
(2.15). In addition to this we prove the hydrostatics, i.e. the rescaled empirical density field almost surely,
with respect to the random field, converges under the unique stationary measure of the evolution process to
the stationary solution of (2.15). This is obtained deriving first the hydrodynamic for the empirical density
field distributed according to the stationary measure. Then we exploit that the stationary solution of (2.15)
is unique and is a global attractor for the macroscopic evolution. These two ingredients, together with the
weak compactness of the space of measures allow to conclude. Similar strategy for proving the hydrostatic

is used in the paper by Farfan Vargas, Landim and Mourragui, [FLM].

The bulk dynamic models electron transport in doped crystals. In this case the exclusion rule is given by
the Pauli principle and the presence of impurities in the crystals is the origin of the presence of quenched
random field, see [KW]. The transport properties of such systems in the case of periodic boundary condition
on I' has been studied by Faggionato and Martinelli, [FM]. They derived in d > 3, the hydrodynamic limit
and gave a variational formula for the bulk diffusion. Later, Quastel [Q] derived in all dimensions for the
same model investigated by [FM] the hydrodynamic limit for the local empirical density and proved some

regularity properties for the bulk diffusion, see for further comments Subsection 2.2.

Applying the method proposed by Quastel, we could extend our results in all dimensions. Since our aim
is to understand the role of the randomness in the non stationary and stationary regime and not the role of
dimensions in the bulk dynamics we state and prove our results in d > 3. Dynamical Large deviations for
the same model and always with periodic boundary conditions have been derived in [MO] as special case of
a more general system discussed there. The bulk dynamics is of the so-called nongradient type. Roughly
speaking, the gradient condition says that the microscopic current is already the gradient of a function
of the density field. Further it is not translation invariant, for a given disorder configuration. To prove
the hydrodynamic behavior of the system, we follow the entropy method introduced by Guo, Papanicolaou
and Varadhan [GPV] toghether with the results of [FM]. The entropy method relies on an estimate of the
entropy of the states of process with respect to a reference invariant state. By the general theory of Markov
Processes the entropy of the state of a process with respect to an invariant state decreases in time. The main
problem is that in the model considered the reference invariant state is not explicitly known. To overcome
this difficulty we compute the entropy of the state of the process with respect to a product measure with
slowly varying profile. Since this measure is not invariant, the entropy does not need to decrease and we need
to estimate the rate at which it increases. This type of strategy has been used in previous papers dealing
with the same type of problems, see [KLO] and [LMS], which considered generalized exclusion process of non
gradient type. The main difference with the previous mentioned papers is the presence of the randomness
in the model considered here. This forces to consider on the boundary jump processes with rates depending
on the external random field. Important step to derive the final result is then a convenient application of

the ergodic theorem, see Proposition 3.4.
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2 The model and the main results

2.1. The model

We consider the d— dimensional lattice ZZ¢ with sites z = (21, ...,24) and canonical basis £ = {e1,...,eq}
and we assume in all the paper that d > 3. We denote by A := [—1,1] x T, where T?"! is the (d—1)-
dimensional torus of diameter 1 and by I' the boundary of A.

Fix an integer N > 1. Denote by Ay = {—N,---, N} x T% ! the cylinder in Z¢ of length 2N + 1 with
basis the (d — 1)-dimensional discrete torus T4 * and by I'y = {z € Ay |z; = £N} the boundary of Ay.
The elements of Ay will be denoted by letters z, v, ... and the elements of A by u,v,....

The disorder configuration is stochastically chosen by a translational invariant product measure IP on
Xp = [—A,A]Zd7 where A is a fixed positive number. We denote by IE the expectation with respect to
IP, and by a = {a(z), © € Z*}, a(zx) € [-A, A], a disorder configuration in Xp. A configuration o € ¥ p
induces in a natural way a disorder configuration ay on Ay, by identifying a cube centered at the origin
of side 2N + 1 with Ay. By a slight abuse of notation whenever in the following we refer to a disorder
configuration either on Ay or on Z% we denote it by a. We denote by Sy = {0,1}*~ and S = {0, I}Zd
the configuration spaces, both equipped with the product topology; elements of Sy or S are denoted by 7,
so that n(x) = 1, resp 0, if the site = is occupied, resp empty, for the configuration 7. Given o € Xp, we

consider the random Hamiltonian H* : Sy — IR,

HYn) == Y a(z)n(x). (2.1)

€A N

We denote by ,uo](,’A the grand canonical random Gibbs measure on Sy associated to the Hamiltonian (2.1)

with chemical potential A € IR, i.e the random Bernoulli product measure

[a(z)+A]n(z)
a,\ _ €
HN (n) - H {e[a(z)Jr)\} +1 }

€A N

(2.2)

When \ = 0, we simply write u%. We denote by p®*(-) and when A = 0, u(-) the measure (2.2) on the
infinite product space S. Moreover, for a probability measure p and a bounded function f, both defined
on S or Sy, we denote by E¥(f) the expectation of f with respect to u. We need to introduce also the

canonical measures VS“N ,

veN () = M LD ne = plAn)
r€EAN
for p € [0, ﬁ, ..., 1]. It is well known that the canonical and the grand canonical measures are closely
related if the chemical potential A is chosen canonical conjugate to the density p, in the sense that the average
density with respect to p?\,’)‘ is equal to p. As in [FM] one can define the random empirical chemical potential
and the annealed chemical potential Ag(p). To our aim it is enough to consider Ag(p). For p € [0, 1], the
function Ag(p) is defined as the unique A so that

[ [0 = m [0 <. 23)
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We will consider as reference measure the random Bernoulli product measure Vg(’.])v on Sy defined for positive
profile p: A — (0,1) by

(2.4)

l/oz,N(n) _ H { ela(@)+Xo(p(@/N))In(x) }
£0 ela(@)+xo(p(@/N)] 1 1)

xEAN

a,N _

if p(-) = p is constant, we shall denote simply Voly = v®N We denote by ™V the configuration obtained

P
from 7 by interchanging the values at x and y:

Further, for f: Sy — IR, z,y € Ay, we denote

(Ve £)n) = (™) = f(n).

The disordered exclusion process on Ay with random reservoirs at its boundary I'y is the Markov process

on Sy whose generator Ly can be decomposed as
Ly =LY +Lh, (2.7)
where the generators L3, £4 act on function f: Sy — IR as

(‘C(])Vf) (77) = Z Z C(mv T+ e 77) [(va:,w+ef)(n)] ’ (28)

ecf z€AN,x+eEAN

where e is a generic element of &, the rate

Ol yim) = 07 (o) = exp { — Vza DY (2.9
and
(LX) ()= D Cx/N.n)[f(n") = f(n)] - (2.10)
zel'n

To define the rate C*(x/N, 1) we fix a function b(-) on T, representing the density of the reservoirs. We assume

that b(-) is the restriction on T' of a smooth function 7(-) defined on a neighborhood V of A, v: V — (0, 1),

v € C?(V) and y(u) = b(u) for u € I'. The rate C” is chosen so that £4; is reversible with respect to Vs(];]

a(z) + A (b(5))

. (2.11)

o)+ o0E)Y

C"(w/N.m) = n(x) exp { - b+ (1= (@) exp { =25
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The first term in (2.11) is the creation rate, the second one is the annihilation rate. Next we recall the
relevant properties of C'(x,y;n):
a) detailed balance condition with respect to the measure (2.2),

b) positivity and boundedness: there exists a > 0 such that
a”' < C(z,y;n) < a, (2.12)
¢) translation covariant:
C*z,y;m) =C™=%x — 2,y — z;7.m) = 7.C¥x — 2,y — z;m) , (2.13)

where for z in Z%, 7, denotes the space shift by z units on § X Xp defined for all p € S, @ € ¥p and
g:SxXp — IR by

(7277)(33) = Tl(fU + Z)v (Tza) (l‘) = Oé(l‘ + Z)7 (ng)(n’ Oé) = g(TzU, Tza) : (2'14)

We omit to write in the notation the explicit dependence on the randomness «, unless there is an ambiguity.
The process arising from the full generator (2.7) is then a superposition of a dynamics with a conservation
law (the Kawasaki random dynamics) acting on the whole Ay and a birth and death process acting on I
Remark that if b(-) = by for some positive constant by, then the generator Ly, see (2.7), is self-adjoint in
LQ(VI?; ’N) and the measure l/g; N is the stationary measure for the full dynamics L. In the general case,
when b(+) is not constant, since the Markov process on Sy with generator (2.7), is irreducible for all N > 1,

there exists always an unique invariant measure but in general cannot be written in an explicit form.

2.2. The macroscopic equation

The macroscopic evolution of the local particles density p is described by the quasi linear parabolic
equation
oup = V- (D(p)Vp),
p(0,-) = po, (2.15)
p(t,-){r = b(-) for t>0,
where D(p) is the diffusion matrix given in (2.17), b(-) € C?(T') and pg : A — [0,1] is the initial profile. The
diffusion matrix D(+) is the one derived in [FM]. To define it, let *

G ={g:S xAp — IR; local and bounded } , (2.16)

and for g € &, Ty(n) = 3, c za (729) (0, @). The T'y(n) is a formal expression, but the difference Vo I'g(n) =
Ly(n%€) — Ty(n) for e € € is meaningful. For each p € (0,1), let D(p) = {D; ;j(p), 1 < i,j < d} be the

symmetric matrix defined, for every a € IR?, by the variational formula

d

(a-D(p)a) = %(p) girel(g 2 IE [E“QAO(‘)) (C(O,ei;n){aiVO,em(O) + (V(),eifg)(n)r)} (2.17)

*

A function g : S X Ap — IR is local if the support of g, Ag, i.e. the smallest subset of Zd such that g depends only

on {(77(33), Oé(.I)) HARS Ag}, is finite. The function g is bounded if Sup,, sup,, |g(777 Ot)‘ < 0Q.
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where Ag(p) is defined in (2.3), x(p) is the static compressibility given by
2
xwzﬂﬂ/mm%ﬂM@w—(/wmeWWO], (218)

for a,b € IR?, (a - b) is the scalar vector product of a and b and, recall, D (+) is the expectation with
respect to u®*o() see after (2.2), the random Bernoulli product measure on S with annealed chemical
potential Ag(p). In Theorem 2.1 of [FM] it has been proved, for d > 3 and for p € (0,1), the existence of
the symmetric diffusion matrix defined in (2.17). Further it has been proved that the coefficients D; ;(-) are
nonlinear continuous functions in the open interval (0,1) and there exists a constant C' > 1, depending on

dimensions and bound on the random field, such that
I
S<DESCT pe(), (2.19)

where T is the d x d identity matrix. Quastel [Q], proved that the bulk diffusion is continuous on [0, 1] and
#—Holder continuous on the open interval. One expects the matrix D(-) to be a smooth function of p, [KW].
Methods has been developed to prove higher regularity for the bulk diffusion, see [B] and [LOV], but their
application to this model looks rather difficult.

We will assume all through the paper that D(-) is continuous in [0, 1] and Lipschitz in the open interval.

By weak solution of (2.15) we mean a function p(-,-) : [0,7] x A — IR satisfying
(IB1) p € L2 ((0,T); H'(A)) :

/ons(/A | Vo(s, ) H2du) <0 (2.20)

(IB2) For every function G(t,u) = Gy(u) in C22([0, T]x A ), where A=] = 1,1[xT%"! and ch2([0,T)x A )
is the space of functions from [0,77]x A to IR twice continuously differentiable in A with continuous time

derivative and having compact support in A we have

/Adu{GT(u)p(T, u) — Go(u)p(0,u) } — /OT ds/Adu (0:sGs)(u)p(s,u)
= —/OTds{/AduD(p(s,u))Vp(&u)~VGS(u)} ;

(IB3) For any t € (0,T], Tr(p(t,-)) = b(-), a.e., where the trace operator Tr(-) is the linear operator
from H'(A) to L?*(T") defined as the continuous extension of the operator which associates to any function
G € C(A) its boundary value: Tr(G) = G|r, see [EG].
(IB4) p(0,u) = po(u). a.e.

Notice that, since the original particle model cannot have more than one particle at a lattice site any

solution p of (2.15) is between 0 and 1. The existence and uniqueness of the weak solution of (2.15) when
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(2.19) holds and D(-) is Lipschitz continuous for p € (0,1), can be done using standard analysis tools, see
[LSU]. In the appendix a proof of the existence and of uniqueness is provided as consequence of the existence

of the hydrodynamic limit and the comparison theorem proved for solutions of (2.15).
Stationary solution We denote by p the stationary solution of (2.15), i.e. a function from A — [0, 1] so that

p € HY(A), for G e C2(A ) we have

/A du D(p(u)) V() - VG(u) =0,

Tr(5()) = b(-), a.e.

(2.21)

Existence of the weak solution of (2.21) when (2.19) holds, D(:) Lipschitz continuous and b(-) smooth is
obtained applying standard analysis tools, see for example [GT]. We sketch it in Proposition 5.9.

2.3. The main results

For any T' > 0, we denote by (7:):e[0,7] the Markov process on Sy with generator N2Ly starting from
no = 1 and by P, := P} its distribution when the initial configuration is 1. We remind that we omit to write
explicitly the dependence on «. The P,, is a probability measure on the path space D([0,T],Sn), which we
consider endowed with the Skorohod topology and the corresponding Borel o—algebra Expectation with
respect to P,, is denoted by E,,. If u” is a probability measure on Sy we denote P,~ f SN N(dn)
and by E,~ the expectation with respect to P,~. For n € Sy, denote by N =z (du,n) the empmcal

measure defined by

e b 3 et 22
EAN

where 0, (+) stands for the Dirac measure on A concentrated on u. Since n(z) € {0, 1}, relation (2.22) induces
from P~ a distribution Q,~ on the Skorohod space D([0,T], M1(A)), where M;(A) is the set of positive
Borel measures on A with total mass bounded by 1, endowed with the weak topology. Denote by MY(A) the
subset of M1(A) of all absolutely continuous measures w.r.t. the Lebesgue measure with density bounded
by 1:

MOA) = {r € Mi(A) : 7(du) = p(u)du and 0<p(u)<1 ae },

MQY(A) is a closed subset of M1 (A) endowed with the weak topology and D([0, 7], M?(A)) is a closed subset
of D([0,T], M1(A)) for the Skorohod topology. The space M;(A) is compact under the topology of weak
convergence. For a measure 7 € Mj(A) and a continuous function G : A — IR denote by < 7,G > the

integral of G with respect to =

<G >= / duG(u)m(du).
A
To state next theorem we need the following definition.

Definition  Given p(u)du € MS(A), a sequence of probability measures (u™)n>o on Sy is said to

correspond to the macroscopic profile p if, for any smooth function G and § > 0

lim u {‘Nd Z G(z/N)n /G du >§} (2.23)

N—oo
TEAN
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Theorem 2.1 Let d > 3 and assume that D(p) can be continuously extended to the closed interval [0,1].
Let iV be a sequence of probability measures on Sy corresponding to the initial profile pg. Then, IP a.s. the
sequence of probability measures (Q,~)n>o is tight and all its limit points Q* are concentrated on p(t,u)du,
whose densities are weak solutions of the equation (2.15). Moreover if D(-) is Lipschitz continuous for

€ (0,1), then (Q,~)n>0 converges weakly, as N T oo, to Q*. This limit point is concentrated on the

unique weak solution of equation (2.15).

Denote by %" the unique invariant measure of the Markov process (nt)tefo,m) With generator N 2Ly. We

have the following;:

Theorem 2.2 Let d > 3, assume that D(p) can be continuously extended to the closed interval [0,1] and

Lipschitz continuous for p € (0,1). For every continuous function G : A — IR and every ¢ > 0,
1
lim V?’N{‘W Z (x/N)n /G du > 5} IP — a.e., (2.24)
N

where p(-) is the unique solution of (2.21).

3. Strategy of proof and basic estimates

3.1. The steps to prove Theorem 2.1

To prove the hydrodynamic behavior of the system we follow the non gradient method developed by
[FM] for this model, based on the Varadhan paper, [V], and the entropy method introduced by [GPV]. As
explained in the introduction, since the reference invariant state is not explicitly known, we compute the
entropy of the state of the process with respect to a product measure with slowly varying profile y(-). We
prove in Lemma 3.8 that, provided ~(+) is smooth enough and takes the prescribed value b(-) at the boundary,
the rate to which the entropy increases is of the order of the volume, N¢, and for finite time T this implies
only a modification of the constant multiplying N¢.

We divide the proof of the hydrodynamic behavior in three steps: tightness of the measures (Q,~)n>1,
energy estimates and identification of the support of @* as weak solution of (2.15) with fixed boundary
conditions. We then refer to [KL], Chapter IV, that presents arguments, by now standard, to deduce the
hydrodynamic behavior of the empirical measures from the preceding results and the uniqueness of the
weak solution of (2.15). We state without proving the first two steps, tightness of the measures and energy
estimates. The proof of them can be easily derived from results already in the literature, which we refer to,
see [FM] and [LMS].

Proposition 3.1 (Tightness) For almost any disorder configuration o € ¥p, the sequence (Q,~)n>1 is
tight and all its limit points Q* are concentrated on absolutely continuous paths w(t,du) = p(t,u)du whose

density p is positive and bounded above by 1 :

Q*{ﬂ' it du) = p(t,u)du} =1, Q*{ﬂ' 10 < p(tu) < 1} =1. (3.1)
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Tightness for non gradient systems in contact with reservoirs is proven in a way similar to the one for non
gradient systems with periodic boundary conditions, see [KL], Chapter 7, Section 6. The main difference
relies on the fact that for systems in contact with reservoirs the invariant states are not product probability

measures and some additional argument is required. This can be proven as in [LMS], Section 6.

In the next step we prove that IP— a.s. every limit point Q* of the sequence (Q,,)n>1 is concentrated

on paths whose densities p satisfy (2.20).

Proposition 3.2 IP— a.s., every limit points Q* of the sequence (Q,~)N>1 is concentrated on the trajec-

tories that satisfies (IB1).

The proof can be done applying arguments as in Proposition A.1.1. of [KLO]. However the latter proof

requires an application of Feynman-Kac formula, for which we have to replace our dynamic (2.7) (cf. [FM]).

We then show that [P— a.s. any limit point Q* is supported on densities p satisfying (2.15) in the weak
sense. This is proven in Proposition 3.3 and in Proposition 3.4 stated below. Proposition 3.3 takes in account
only the bulk dynamics and it is based on the [FM] results. The main step to prove it consists in replacing
the empirical current defined in (3.21) by a function of the density gradient. The proof of this important
point, following [FM], is given in Theorem 3.10. Proposition 3.4 takes in account the boundary dynamics.
For £ € IN, z € Ay, with —N + ¢ < x; < N — £ denote by n’(z) the average density of 7 in a cube of width
20 41 centered at z

@)= G L ). (32

yily—z| <L

For a function G on A, e € £, 9N G denotes the discrete (space) derivative in the direction e
(0NG)(x/N) = N[G((z+¢€)/N)—G(z/N)] with z and =z+e€ Ay, (3.3)

and to short notation we denote by 95 G := 92\ G for 1 < k < d.
Proposition 3.3 Assume that D(p) defined in (2.17) can be continuously extended in [0,1]. Then, IP—

a.s., for any function G in C1%(]0, T]x /o\) and any § > 0, we have

lim sup lim sup lim sup P, ~ (|B§’CN| > 5) =0, (3.4)
c—0 a—0 N—o0

where

BEN = N“1 S G(T,a/N)r(s) = N~ S G(0,2/N)no(x) dz/ 0,G (s, 2/N)ps(x)ds

rEAN rEAN zEAN

+ Z / dsN1—d Z 8 G)( sm/N){ (TlgaN](x))

1<k,m<d TzEAN

x{ @) [V (@ + eNew) = i@ — eNew) | 1
(3.5)
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The proof is given in Subsection 3.3. Note that in the statement of Proposition 3.3 the function G has

compact support, so the boundary terms do not enter.

The last step states that I[P— a.s., any limit points Q* of the sequence (Q,~)n>1 is concentrated on the

trajectories with fixed density at the boundary and equal to b(-):

Proposition 3.4 IP— a.s., any limit point Q™ of the sequence (QNN)Nzl s concentrated on the trajectories
that satisfy (IB3).

The proof is given in Subsection 3.4.
3.2. Basic estimates

Lemma 3.5 (Ergodic lemma) Let V : ¥p x A — IR be a bounded function, local with respect to the first

variable and continuous with respect to the second variable, that is for any a € Xp the function u — V(a, u)

is continuous and there exists an integer £ > 1 such that for all u € A the support of V(-,u) C {—£,---, £},

Then

lim N4 7.V (o, z/N) = / E[V(-,u)|du IP as.. (3.6)
A

N —o0
Tz€EAN

Proof. We decompose the left hand side of the limit (3.6) in two parts

NS mV(aa/N) = NS (nV(a,a/N) — E[V(,2/N)] )

TEAN TEAN

+ NN E[V(,2/N)] / E[V
TEAN
By the stationary of IP and the continuity of v — ZE[V(~7 u)]7 the second term of the the right hand side of

the last equality converges to 0 as N — co. The first term converges to 0, from Chebychef inequality and

the classical method of moments usually used in the proof of strong law of large numbers. O

We start recalling the definition of relative entropy, which is the main tool in the [GPV] approach. Let
V;‘(’_])V be the product measure defined in (2 4) and p a probability measure on Sy. Denote by (u|1/ O ) the

7

relative entropy of p with respect to Vp( )

H(ulvgtY) = sup /f log/ Ty (dn)}

where the supremum is carried over all bounded functions on Sy. Since 1/;(’.1)\[ gives a positive probability to

each configuration, p is absolutely continuous with respect to VZ‘(’,J)V and we have an explicit formula for the

entropy:

a dp
H(,u|yp("])v) = /log { dya(’J)V } du . (3.7)
o(-

Further, since there is at most one particle per site, there exists a constant C, that depends only on p(-),

such that for all « € ¥p
H(plvo)) < oN* (3.8)
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for all probability measures p on Sy (cf. comments following Remark V.5.6 in [KL]). To estimate the entropy
of the states of the process with respect to the reference measure we define the following functionals from
L?*(v) to IR™:

D(hr) =33 3 [ Claatem) (b =) = hiw) i),

668 z,x+e€EAN

CAVEEDS / (/N m) (h(n®) — hn))? du(n).

xEFN

Lemma 3.6 Letv: A — (0,1) be a smooth function such that 'y|F = b(:). For any o € ¥p and a >0

there exists a positive constant Coy = Co(A, |[V7|ls) so that for any f € L? (1/3‘(1;[),
P S ) £ ~(1 = DR (L)) 4 N a4 Dl (310
/S FCh f vy () = Db (£.0Y) - (3.11)

Proof. By (3.9) ,
) F)LXFmdvS () = =D (£, 5
1 (a7
t30 2 [ Clortan) (Vom0 ) Rale 4 e ).
ecf x,xt+ecAn

where

Ri(z,x+ e;m) = (Vaasen(z)) (e 10X 0G/N) 1)

By the elementary inequality 2uv < au? + a~'v? which holds for any a > 0, for any =,z +e € Ay
[ Gt e (Tase D) Ra -+ em)dvy) )

1 a
< — [ Cla, o+ en)(Vaased)2dvSN () +

< 5 [ Claa v eamfr= o (Rateo + o) o).

2

To conclude the proof it remains to use Taylor expansion and an integration by part in the second term of
the right hand side of the last inequality. On the other hand, since 7’1, = b(-) the measure V;X(l;[ is reversible

with respect to L% . A simple computation shows that

Ty F)dve (n) = ~DR (v

SN

Lemma 3.7 Let p,py : A — (0,1) be two smooth functions. There exists a positive constant C},

CH(A, |V pollsos I Vplleo) such that for any probability measure pN on Sy and for any a € ¥p,

du™N duN

0 a,N 0 a,N d— 2

D ( | o)) < 2ok o Vi) ) + CoN (3.12)
p() po()
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dv N
Proof. Denote by £(n) = 4% (1) and h(n) = 25 (3). Since f(n) = h(n) 52297 we obtain for ¢ € £
Vol Yoo () o)

and z,z + e € Ay the following

[ Caten (Ve are /T v )

= Clz,x+e;m) [\/ﬁ(ﬂr’$+e)R2($v T +e3m) + Vm,z+e‘/ﬁ( )] d’/séoév)( )
SN

2
<2 Clz,z+em) {Vmﬂﬁ(n)} dvoi ()

+2/S Cla,x + e;n)h(n™* ) [Re(z, 2 + es) | "dv: Y (1)

po()\
where
Ra(w, 2 + ;) = exp { (1/2)N 205 Po(p(2/N)) — Ao(po(@/N ) Vaaen(@)} 1.
We conclude the proof using Taylor expansion and integration by parts. O

Denote by S} the semigroup associated to the generator N2Ly. Given a probability measures u~ on Sy
denote by u™(t) the state of the process at time ¢ : p™(t) = pVSN. Recall that v: A — (0,1) is a smooth
profile equal to b at the boundary of A. Let h be the density of u¥(¢) with respect to Va(’) Let L7 y be
the adjoint of Ly in L2(v Voiy M. Tt is easy to check that

Ohy = N2L% yhi . (3.13)

Notice that L7 y is not a generator because Vf;‘(") is not an invariant measure for the Markov process with

generator £y. We denote by Hy (t) the entropy of u'¥(t) with respect to v (];[, see (3.7),

Hy () = HN 0)). (3.14)
Lemma 3.8 There exists positive constant C = C(||V7|wo) such that for any a > 0 and for any a € ¥p

o C
OHN(t) < =2(1—a)N*DR (/1 vi) = 2N DR (1l vs)) + Nd

Proof. By (3.13) and the explicit formula for the entropy we have that

OHN(t) = N* | b)Y Lylog (hY)dvSy) .
S~

Using the basic inequality a(logb —loga) < —(y/a — \/5)2 + (b — a) for positive a and b, we obtain

OHN(t) < —2N?DY(\/AY,v5)) = 2N (/A v5)

+ N[ LRy + N2/ Lyny v
Sn K

(3.15)
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Since v(u) = b(u) for u € T, V;Y(];I is reversible with respect to £% . This implies that

a, N
g E’}\,hi"dz/y(.) =0.
N

Next we bound fSN E?Vhfvduj(’_])v in terms of DY. Denote by R : IR — IR the function defined by R(u) =

e* —1 —wu . A standard computation shows that

2 0 LN ;. a,N
N SNcNht v

N / Cla + eshd (NR(N 1O Ny @/ N) Ve @)Y ) (516

ecf x,x+e€An

ANY Y @) [ Wasrd il ) ).

ecf x,x+e€An

where W, ,4.(n) is the current over the bond (z,z +e) :

Woase(n) = Cla,a + esm) [n(z) — nlx + )] - (3.17)

We will often omit to write the dependence of Wy, ,4.(1) on 1. By Taylor expansion and the elementary
inequality |R(u)| < %e'“h we obtain using the fact that v is smooth and hY is a probability density with
respect to 1/3(’.];[, that the first term of the right hand side of the (3.16) is bounded by C' N¢ for some positive
constant C'. On the other hand integrating by part, applying the same computations as in Lemma 5.1 of

[LMS], we obtain that there exists a constant Cy = C(||V7| o) so that for any a > 0

1 2
/Wz,m%hivdu;l(’_])v < E/C’(x,x—ke;n) (Vz,xﬂ\/hf\[) duwa(’_];]—l—co{a—i-Nﬂ}

forx,x +e€ Apn. O

For z € Ay, M € IN denote by Aps(z) the intersection of a cube centered at z € Ay of edge 2M + 1 with
AN7 i.e
For probability measure vV on Sy, denote by D?w,z(' ,v™) the Dirichlet form corresponding to jumps in
AM(Z)
1
D) =5 S [ Clr ) (Ve f)a ) (3.19)

z,x+e€Ap(z)

Similarly, for z € I'y define DMZ(-J/N ) the Dirichlet form corresponding to creation and destruction of

particles at sites in Iy which are at distance less than M from z :

2

Dho(f) = 5 S [ N () Fon) () (3.20)

z€NNAM(2)
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Fix any z € I'y denote by f; N the Radon-Nikodym derivative of u” (t) with respect to u;f(g\/[N), the random
Bernoulli measure on Sy with constant parameter equal to b(%;). Recall that we denoted by hY the Radon-
Nikodym derivative of u'¥(t) with respect to 1/3([;] and that b(%) = v(%) for z € I'. We have the following

result.

Lemma 3.9 Take M € IN, M < N. There exists a positive constant Cy = C(||V7| o) depending only on
~v(+) such that for any z € T'y

z a o M?
Dir,- (Vi ’N’Vb(’zj\/’N)) < QD?M,Z(\/Ev VV(’.I;[) + COW .
/ ¢z a o Mat?
Dis t’N»Vb(’zA/’N)) < 2D%,z(ﬁ? VA,(’.];[) +COW.

The proof is similar to the proof of Lemma 3.7.
3.3. Proof of Proposition 3.3
We prove in this section Proposition 3.3. Let Q* be a limit point of the sequence (Q,~)n>1 and assume,

without loss of generality, that IP— a.s., Q,~ converges to Q*. Fix a function G in ch2(]0, T)x 1§) For
a € YXp consider the P,~ martingales with respect to the natural filtration associated with (1¢)¢cjo,77s
ME = MEN* and NC = NEN ¢ € [0,T], defined by

M

t
<7riV,Gt>—<7réV,G0>—/ (<7, 0,Gs > +N?Ly <7l Gy > ) ds,
t 0 (3.21)
NE = (MtG)2— / {NQLN(<7TQ’,G5>)2—2<7T;V,G8>N2,CN<7r§’,G5 >}ds.
0

A computation of the integral term of N shows that the expectation of the quadratic variation of MY
vanishes as N T 0. Therefore, by Doob’s inequality, for every § > 0, IP—a.s.,

lim P#N{ sup |ME| >5} = 0. (3.22)
N—oo 0<t<T

By (2.13) and since for any s € [0,7] the function G, has compact support in 1§, a summation by parts

permits to rewrite the integral term of M as

/Ot < 7N, 0,Gy > ds + /Ot {Nl_dzd: S (O Ca) @/NWa e, (1) s, (3.23)

k=1z€AN

where the current Wy, .., is defined in (3.17). To localize the dynamics define for any 0 < r < 1

Ay = [—r,r] x T, Ay ={(z1, - ,2q) €Ay : —rN <z <rN},
oy ={z€eAn : x1=+rN} (3.24)
Set,for0<a<c<1l,k=1,...,d,
d
VYt (,0) = NWoe, + - Dim (02¥10) {207 [#¥) (eNep) — l#¥ (=eNen)| }. - (3.25)

m=1
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Next theorem is the main step in the proof of Proposition 3.3.

Theorem 3.10 Assume that D(-) defined in (2.17) can be continuously extended in [0,1]. Then, IP—a.s.,
for any G € CH*(]0, T]x Ji),

limsup limsuplimsup E,, ‘N / Z Gs(z/N)m,V Nca(’l]sa )dsH = (3.26)

c—0 a—0 N—o00 zE€EAN

fork=1,...,d.

Proof. As in in the proof of Theorem 3.2, Section 4, of [FM], by the regularity of the test function G, we
first replace the current Wy, ;.. appearing in vag’c’a(ns,a) by its local mean around x. More precisely

for any ¢ > 1 we have

Jim EHNHN d“/ 3 Gyl x/N)[ i, — W Hek} ds

TEAN

o

where W*

r.ate, 15 the local mean of the current

s 944
W$73«‘+€k = (%1 +1 | zqu Wyy+ex
Yy—x 1

and ¢, = ¢ — /2.

The second step is to note that, since G(-) has compact support in A for all s € [0,T7], we have

> Gu(@/N)me (Lhvg) =0,

TEAN

for any local function g € G, see (2.16). Then, by martingale methods IP-a.s.,

limsupE#N ‘/ ds(N"H ST Gy(e/N)r LY )H (3.27)

N—oo 2EAN

By the regularity of G as done before, we can replace 7,£% g by its local mean.
Let 0 < 6 < 1 such that for any ¢ € [0,7], the support of the function Gy is a subset of A(;_z9). Fix

a smooth function vg: A — (0,1) which coincides with b at the boundary of A and constant inside A(;_g).

Denote by
N,c,a 1
N N——
Vk(q(ns) W06k+ (2£1+1)d|z<:e Ty ;CNQ)
Yy 1
d
+ 3 D (n*M(0)) {20! [N (eNew) = nlN) (—eNen)] |
m=1
and by Z ,iv 11(G,n) the quantity
c,a — N,c,a
Ziiy (Gon) = N=0 Y7 Gla/N)me Vi g (n)
zEAN
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The proof of (3.26) is achieved once we show that

inf lim sup ‘/ Z,ﬁvecga S,ns,)dsH:O
9€E ¢10,a]0,0700, NToo

for k =1,...,d. Since the entropy of u with respect to Vje’éY) is bounded by Cy|A x| for some finite constant
Cy, by the entropy inequality

Ca/ C a,c
E,. ‘/ ZNee( S,ns)dsH <z BNdlogEaf(v)[eXp BNd‘/ zNe (Gs,ns)dsm (3.28)

for any positive B. Since el*! < e* 4+ e~® and limsup N=%log{an + by} < max{limsup N~ ?logay ,
limsup N~?log by }, we may remove the absolute value in the second term of (3.28), provided our estimate

remains in force if we replace G by —G. By the Feynman-Kac formula,

1 d T N,a,c 1 g L,
B B exp { BN /O 225 (Gans)ds | < = / N (G ds
where )\f\’,?c7a(G ) is the largest eigenvalue of the N2{LY™ + BZgZ(’]a(GS, n)} where L™ := J(Ln + L%, )
and L7y is the adjoint of Ly in LQ(VW (,)). By the variational formula for the largest eigenvalue, for
s € [0,T7], we have that

1 c,a « Nzid
BNd A?\}?c,a(Gs) = Sl;;p {/Z]i\,/éé (Gévn)f(n)yyéév)(dn) + T < ‘CN\/?7 \/7 >"/0(') } .

In this formula the supremum is carried over all densities f with respect to z/a’N Since g () coincides with
b(-) on T, LY is reversible with respect to v(:), so that < LY/f,/f >.,() is negative. We then apply

(3.10) of Lemma 3.6 to estimate < Ly+/f,v/f >4, by —(1/2)DY (V/f, Voo )) + C{N9=2 for some constant

C}. To prove the theorem we need to show that

T
c,a (3 1 —
inf lim sup / dssup{/Zﬁé’é (Gs,n)f(n)uw’é\,[)(dn) — ENQ DUV, U%’N)} =0

9€E ¢10,a]0,6T00,NToo f

for every B > 0 and then let B | co. Notice that for N large enough and a,c small enough, the function

Z,i\fé’céa(Gs,n) depends on the configuration 7 only through the variables {n(z), = € Aq_gn}. Since vo(:)

is constant, say equal to 7o in A(;_g), we may replace l/f;eév) in the previous formula by v5 N The vy N s

aN
Voo

Dirichlet form is convex, it remains to show that

reversible for £ and therefore DY (- ) is the Dirichlet form associated to the generator £%;. Since the

T
inf  limsup / dssblcp{/ngé“(Gs,n)f( % WO()(dn)—ENQ PV, U%N)} =0

ge® cl0,a]0,£Toco,NToo

for every B > 0. This result has been proved in [FM], Proposition 4.1. 0
Proof of Proposition 3.3: By (3.21), (3.23) and (3.25), applying Theorem 3.10 we obtain (3.4). O

3.4. Proof of Proposition 3.4
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For a > 0, u € A denote
1

to(u) = — 10 a y(u); (3.29)
I[- a,a]d NA]| {[-aa]"na}
and for A C A define the sets AT as
At ={(u1,...,ug) €A : u; >0}, A ={(uy,...,ug) €A : wu; <0}. (3.30)

We define similarly A%, and Ay when Ay C Ay. Let G(-,-) € CY2([0,T] x A), u € D([0,T], M1(A)) and
for 0 < a < ¢ < 1, define the following functional

ﬁ'(fc(ﬂ(.’ D)) = /T ds/ du{Gs(u) (2¢)7* [(,us *1q) (u+ cer) — (ps * ta) (u — cel)} }
¢ Thamo (3.31)

t [ as [ o)~ [ asf [ smwe.as}

where Gs(u) = G(s,u), n=(ny,...,ny) is the outward unit normal vector to the boundary surface I" and dS

is the surface element of I'. The proof of Proposition 3.4 follows from the next lemma.

Lemma 3.11 For G(-,-) € C12([0,T] x A), IP a.s. we have

EE (™ ()] =0,

lim sup lim sup lim sup E@u [
c—0 a—0 N—o0

Proof. To short notation, denote fs(u) := (15 * tq)(u). Taylor expanding we have that
/ du{Gs(u) (2¢)" [fs(u +cey) — folu— cel)} }
Ai—ey

1 1
=5 Gg(u—cer) fs(u)du — % Gs(u+ cer) fs(u)du (3.32)
CJ(A\A—2e))t CJ(M\AG—20))~

f/ 661G3(u)fs(u)du+c/ R(G, ¢, s,u) fs(u)du,
Aa—2¢)

Aa—2¢)

where |R(G, ¢, s,u)| < sup,ep supsepo,7) 07, Gs(-)]. Since fs(u) <1 uniformly in s and u

<2sup sup |07 Gs(u), (3.33)
ueA s€[0,T]

/ R(G, ¢, s,u) fs(u)du
A(l—c)

and

< 2csup sup |0, Gs(w)l.
uwEA 5€[0,T]

/ aele(U)fs(u)dU*/aele(U)fs(u)du
A(1-2c¢) A

Taking in account (3.32), (3.29) and (3.33) the lemma is then proven once we show that IP— a.s. the
following holds

T
. . . 1 T alN
llmsuphmsuphmsupEﬂN H/o ds{rcNd Z Gs(ﬁ)ns (x)

c—0 a—0 N —o0
z€(A1—a)yN\A(1—a—20)N) T

- 2 MG [ =0,

mGF%

(3.34)
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O

where for 0 < ¢ < 1, A.y and (A.n)" are defined in (3.24) and below (3.30). By adding and subtracting
the same quantity in the expectation of (3.34), it is easy to see that the limit (3.34) follows once the next

two lemmas are proven.
)€ CH2([0,T) x A), IP a.s. we have

Lemma 3.12 For G(-,-

H/ ds{gcivd > Gs(z/N)ng™ (z)
0 z€(Aa—ayn\Aa—a—20)n)F
(3.35)

lim limsup limsup limsup E,,
N—o0

£—=00 ¢—0 a—0
‘% > Gu/Nl@)f|] = 0.

zel’ P
(I-x)N

Lemma 3.13 For G(-,-) € C12([0,T] x A), IP a.s. we have

i By || [Caf G S e/t
i (3.36)
s 3 oG/ ] -

We consider the one

The summation in (3.35) contains two similar terms
the one with signe +). By Taylor

Proof of Lemma 3.12.
corresponding to the summation of the right hand side of Ax (i.e
expansion applied to the function G, the expectation in the statement of the lemma is bounded above by

) N(1-a)
T 1 .
‘/ ds Z Gs( N {QC—N Z n N (21, &) — nt(N — K,x))}H + R(N,a,c,G),
GT}{, 1 z1=N(1—a—2c¢)+1
where for 1 € [-N,N|, & = (9, --,24) € T4 ! the vector (21, ) stands for the element (21,9, -, 2q) €
Ax. We denoted by R(N, a,c,G) a quantity so that for G € C12 ([0, T] x A)
(3.37)

lim sup lim sup lim sup | R(N, a, ¢, G)|

c—0 a—0 N—o0

The next step consists in replacing the density average over a small macroscopic box of length aN by a large
microscopic box. More precisely, for N large enough, the expectation of the last quantity is bounded above

by
(V=) +y) = (N = 63)|| + R(V.a,c,0),  (338)

T 1
EMN {/0 dSW Z

CllGllec  sup
20<|y|<2Nc Ferd—!
SN

where for all £, R(N,a,c,?) satisfy (3.37) and C is a positive constant. Observe that the first term of the

previous formula is not depending on a but only on ¢, N and /¢
18
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In view of the estimate (3.12) and Lemma 3.8 on the Dirichlet form D%, and the entropy, by the usual
two blocks estimate, the first term of (3.38) converges to 0 an N T oo, ¢ | 0 and £ T co. This concludes the
proof of Lemma 3.12. O

Proof of Lemma 3.13. The summation in (3.36) contains two similar terms, we consider the one
corresponding to the summation of the right hand side of Ay . Taylor expanding G4(-) we bound above the

expectation in (3.36) by

ity — ter) /)] + O (3.39)

1 T
(Gl s X B[ [ as

0
+
yGFN

where C' is a positive constant depending on T and ||VG||o. For any fixed positive integer ¢ denote by
6=1{0,2) : #eT4?, |& <€} = ({0} x T4 ) N Ay(0), for notation see (3.18). For u € T, denote

Bha(rw) = 5 3 [ Ctumm (o) - 1) )

‘
zel'y

where

Cl(u,z,n) = n(zx) exp{ - w} + (1 —n(x))exp {w} ) (3.40)

The difference with the rate in (2.11) is that here u is fixed.
Let z/l'f(’i\)[ be the product measure with constant profile b(u). Let f : Sy — IR, denote by f* the conditional
expectation of f with respect to the o-algebra generated by {n(z) : z € A,(0)} :

1) = —p

Tl / ]I{n; n(z)=£(2), zEAe(O)}f(n)dVl?(;i\)[(n) for all § € {07 1}A£(O) ;
Vbw) (5)

where z/(?(’f) is the restriction of I/;l(i\)/ to {0,1}4(0),

Note that ‘774(0) - b(u)’ depends only on coordinates on the box A;(0), then by Fubini’s Theorem,

E#N[/OTds

where f%N = % fOT f¥Nds and for all 0 < s < T, f¥ is the density of Y with respect to the product mea-
o
N

= ter) = Wy/N)|| = T [ [10) = /M| (r-pyren F) G () (340)

. . 7 Y4 o .
sure v,y , with constant profile b(%). The density (7_(y—ge,) f%N) stands for the conditional expectation

b(
of T,(y,gel)f%’]v with respect to the o-algebra generated by {n(z) : z € Ay(0)}.

Remark that, since the Dirichlet form is convex and since the conditional expectation is an average,

N 7y, N\L L 50, % 7N _ a,N
DZ,ON (\/(T—(y—[q)f% ) ’Vb(y/N)) < Dg,oN ( T—(y—éel)f% ’Vb(y/N)>
b y,N o N
=Dy y—te, (\/ I »Vb(y/N)) (3.42)
1 T b N «a,N
ST o Diy—te, (\/ s ’Vb(y/N)>dS .
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Applying Lemma 3.9 we obtain from (3.42)

_d ~b, % FUNYE ot
Nl Z DZ,ON (\/(Tf(y7€€1)f7‘y' ) ’ b(y/N)>
yel'n
d
L[ o (V)

LA (3.43)
a €d+1
<27/ (NN Dy e, (VN5 ) s+ Cor
yel'n
(}F €d+1
s N tORNT

for some constant C that depends on T. By the same argument we obtain the bound on the Dirichlet form
D}

- 7 Cr A
Nl-d Z D?,o(\/(t(yfzel)f;{vN)f, ,;’(;/N)> e +OON2 . (3.44)
yel'n

Therefore, for N large enough, for all positive integer k¥ > 1 we can bound the expectation in (3.39) as

following
o 3 B | [ st ten) i)
u€F+
= {, « 7Y, £,
de 1 Z {/‘ _b(y/N)‘(T—(y—éel)f%N) d”b(’j/zv)(n) _kpg,o<\/(7—(y—€el)f% N) v”b(gf/N))
yery;

0 +1)

).

— kD (V et ) i) b+ 2 (O o

This last expression is bounded above by

% Z sup, /‘77 ) —b(y/N) ‘f dyb(y/N)( n) — kD20<\/J7,Vg’("yZ/N)>

yEl"Jr fEAN (345)

~ b L a k Ed(€*+ 1)
= k Dy (Vv )} + 25 (Cr+ =5 |
where, for u € T,
A}f: fiof>o0, /f (©)dvt (€) 1}.

Further, since the function

u— sup /‘n —b(u ‘f dz/b( kDEO(\/ﬁub(u)— kﬁg:g(ﬁ,yb u))}

feEA}

is continuous on I'; from Lemma 3.5, for all positive integers ¢ and k, the limit when N T oo of the expression
(3.45) is equal to

dulE sup /‘77 ) — b(u ‘fdl/b() szo(\[7 b( )‘ kD?O(\/?’ b(u))H

T+ feAy

18/july/2009; 12:01 20



Since [ ‘775( —b(u ‘fdub Gy (7 n) < Cy for some positive constant Cj, that depends on ||b||, the integral on

I'* in the last expression is bounded by

[l g {flro-wolroain)

where for a positive constant C', A}, - is the following set of densities,

- C C
u b,u
ino={rear, biy(Vivil) <7 (Vi) < T}
We first consider the limit when k£ T co and use the usual technics in the replacement lemma. Since for any

¢>1, any constant C' > 0 and any u € I' the sets A}, ~ are compacts for the weak topology, for all £ > 1
limsup sup {/’n ) — b(u ‘f dz/b(u } sup {/‘77 ) — b(u ’f dub() }
k—oo fEAY, feAo
where
Az ={reay, Dy (Vivig) =0, (Vi) =0}.
By dominated convergence theorem, it is then enough to show that,

limsuplE sup {/’77 ) — b(u ‘f dz/b(u }} =0.

{—o00 fG.Au

Now, it is easy to see that, due to the presence of the jumps of particles in the Dirichlet form Dg,o and the
presence of the creation and destruction of particles in 152:3 the set A}, = {1}. Thus, to conclude the proof

of the lemma, it remains to apply the usual law of large numbers. OJ

Proof of Proposition 3.4 Let Q" be a limit point of the sequence (Q,~)n>1 and let (Q,~,)r>1 be
a sub-sequence converging to Q*. By Lemma 3.2, @Q* is concentrated on the trajectories that are in
L2([0,T); HY(A)). For 0 < ¢ < 1 and for pu(-,-) € D([0,T], M{(A)), such that pu(t,du) = p(t,u)du with
p(+,-) € L2([0,T); HY(A)), denote by F%(u) the functional

/ ds/A (u) (20)_1[p(s,u+061) —p(s,u—cel)}}

(1—e)

+/0Tds/Adu661Gs(u) (s,u) / ds /b u)ny (u )dS}-

From Lemma 3.11 and the continuity of the function p — ch(u), we have

e (1)

lim sup EY [

c—0

} ~0. (3.46)

On the other hand, an integration by parts and Taylor expansion up to the second order of the function

Gs(-) permit to rewrite F& as

) = / / (u)p(s,u)duds —/ / Gs(u)p(s,u)duds
0 (MA@ —20))T 2c (MA@ —20))~
/ ds/ u)ng (u)Gs(w)dS + R(c)
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where R(c) = R(G, ¢) is a function vanishing as ¢ | 0. Further one has, see Theorem 5.3.2. of [EG], that

1
lim ——— p(s,y)dy = Tr(p(s,u)) ae wuel,Vsel0,T], (3.47)
r—0 |B(’U,, T) N A‘ B(u,r)NA

and then by dominated convergence theorem

tim FS (4. ) :/OTds/F(Tr(p(s,u))—b(u))nl(u)Gs(u)dS.

This together with (3.46) implies

EQ*H/OTds/F (Tr(p(s,u))fb(u))nl(u)Gs(u)dSH -0,

which concludes the proof. O

4 Proof of Theorem 2.2

Denote by QN = Qflvf ~ the probability measure on the Skorohod space D([O,T ],./\/l) induced by the
Markov process (7¥) = (7r ~(1¢)), when the initial measure is v,%". The main problem in proving Theorem
2.2 is that we do not know that the empirical initial measure at time zero converges to a macroscopic profile
according to definition (2.23). If this would be the case the result would be a corollary of Theorem 2.1. Taking
this in account we first prove that Q," is a tight sequence and that all its limit points are concentrated
on weak solution of the hydrodynamic equation for some unknown initial profile. This is in contrast with
the usual hydrodynamic limit, in which one associates the initial empirical measure to a profile. Then we
show the uniqueness and the global actractivity of the stationary solution of (2.21) for the evolution (2.15)
to conclude.

Denote by Ar C D([0,T], M) the class of profiles p(-,-) that satisfies conditions (IB1), (IB2) and (IB3).

The first step to show Theorem 2.2 consists in proving that all limit points of the sequence (QSN ) are

concentrated on Ar:

Proposition 4.1 The sequence of probability measures (QSN) is weakly relatively compact and all its
converging subsequences converge to the some limit Q,* that is concentrated on the absolutely continuous
measures w(t,du) = p(t,u)du whose density p satisfying (IB1), (IB2) and (IB3).

The proof of Proposition 4.1 follows the same steps needed to show Theorem 2.1. We just have to show
the analogous of Lemmas 3.6, 3.7, 3.8 and 3.9 when the measure p/V in the statements of these lemmas is
replaced by v,%~. The only lemma to be slightly modified is Lemma 3.8, see Lemma 4.2 given next. Recall
that v: A — (0,1) is a smooth profile equal to b at the boundary of A. Let h" be the density of v,*" with

respect to the measure 1/2‘(1;[

Lemma 4.2 There exists positive constant C = C(||V7||s) depending only on () such that for any a > 0

C

(1= a)DX (VAN v + DR (VAN ) < =N92.
a

) »Ty()
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Proof. By the stationary of v,*?%,

0t (0) = [ 1V Llog (1)) = 0.
SN

Recalling that the generator £ has two pieces and applying the inequality a( log b—log a) < - (\/E — \/5)2 +

(b — a) for positive a and b, we obtain

0—/SN WV Ly log (WV)dvS) < —2N*DY (VRN v2 ) — 2N DR (VRN 2 )

+ N7 [ Ly pN v + N / LN v
Sn Sn

We then apply the same computation as in the proof of Lemma 3.8, ((3.15) and (3.16)). O
Proof of Theorem 2.2

Let Q5" be a limit point of (QSN) and (QSN"') be a sub-sequence converging to Q,*. Let p be the stationary
solution of (2.15), see (2.21). We have by Proposition 4.1 the following:

lim QN {|(74,6) - (pw)du. )|}
_ QS*{‘@(T, ),G) — <ﬁ(u)du,G>‘II{.AT}(p)}
< (Gl Qs {07 ) = 70) | T AT} ()}

where ||v||; denotes the L!(A) norm of v. By the stationary of v,®V

QN[ 6) ~ (pwdu,G)| } = QN {[(7™.6) - (p(w)du, )] }.

Denote by p°(-,-) (resp. p'(-,-)) the element of Ay with initial condition p°(0,-) = 0 (resp. p(0,-) = 1).
From Lemma 5.7, each profile p(-,:) € Ar is such that for all t > 0, )\{u €A :0<p%tu) < pltu) <

pt(t,u) < 1} =1 and )\{u €A :pt,u) <plu) < pl(t7u)} = 1, where X is the Lebesgue measure on A.

Therefore

lim QN {|(xN, G) — (p(w)du, G)|} < Gl [|6°(T,) = P, IP—as..

k—oo

Note that the left hand side does not depend on 7T'. To conclude the proof, it is enough to let T' T oo and to
apply Theorem 5.10. O
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5 Appendix

In this section we prove the existence and uniqueness of the weak solution of (2.15) and (2.21). Further
we show, in Theorem 5.10 the global stability of the stationary solution of (2.15). The proof of these results
is based on an extensive use of monotone methods, see [S]. We were not able to find the precise reference in
the literature, so we briefly sketch them for completeness.

We need to introduce some extra notation. Let C*%([0,T] x A) be the space of functions from [0,7] x A

to IR twice continuously differentiable in A with continuous time derivative. Denote by
G:={Gec"?([0,T] x A),G(t,u) = G¢(u) pointwise positive, G(t,u) =0,Yu €T ,Vt € [0,T]}.

It is convenient to reformulate the notion of weak solution of (2.15) as following. A function p(:,-) : [0, 7] X
A — [0,1] is a weak solution of the initial-boundary value problem (2.15) if p € L*(0,T; H'(A)) and for
every G € G

/du{GT p(T,u) — Go(u)po(u }/ds/duaa )p(s, 1)
Z/ ds{ /duA,] su))§2G (u) — AAi7j(b(u))8an(s,u)dS}

]

where A; ;(p) = [ D;;(p')dp’. A function p*(-,-) : [0,T] x A — IR is a weak upper solution of the
1n1t1a1—b0undary value problem (2.15) if p™ € L2(0,T; H*(A)) and for all G € G we have

Z/ ds{ /duA” (s u))§2 Gau) — /FAi7j(p+(s,u))3an(s,u)dS}

2V

/ du{Gr(u) ,u) — Go(u)pd (v) } —/0 ds/Adu (0sGs)(u)pt(s,u) <0, (5.2)

pt(t,))>b() on T
P (O’U)Zpo(u) u€A

A weak lower solution p~(-,-): [0,7] x A — IR is defined reversing the inequalities in (5.2).
By a solution of the stationary problem (2.15) we mean a function p € H'(A) so that for all G € C?(A),

pointwise positive vanishing on I’
> /A du Ar; (5(u)) / Ay (b(1))00, Glu)dS} = 0 (5.3)
]

As before we define upper and lower solutions of the stationary problem (5.3). A function p* is an upper
solution for the stationary problem (5.3) if p* € H'(A) and for all G € C?(A), pointwise positive vanishing

on T,

S /A du A; 5 (5* (1)) gfja@ / 355" (u))Bn, Gu)dS } <0

2%

Tr(pt) >b on T,

(5.4)
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A lower solution of the stationary problem (5.3) is defined reversing the inequality in (5.4).

Denote by H~!(A) the dual of H}(A), i.e. the Banach space equipped with the norm
ol = sup{(on 1) 1 gy < 1} (5.5)

To apply the monotone method we first show the following comparison principle.

Lemma 5.1 Let p* (resp. p?) be a lower solution (resp. upper solution) of (2.15), 0yp* € L*(0,T; H=1(A)),
for i1 =1,2. If there exists s > 0 such that

MueA : p'(s,u) <p*(s,u)} =1,
where X is the Lebesgue measure on A, then for allt > s

MueA : plt,u) <p*(tu)} =1

Proof Take s <t < T and § > 0. Denote by Fj the function defined by

2
a
Fg(a) = %]I{OSG‘SS} + (a — 5/2) ]I{a>5}, a € IR.

Let As := As(T) be the set
As = {(t,u) €0, T] x A : 0<p'(t,u) — p*(t,u) < 5}.

By definition Tr(p! — p?) < 0 a.e. and therefore Tr(Fj(p' — p?)) = 0. Since p* ( p* )is lower (upper) solution
of (2.15), we have that

/St dTaaT/AFg (pl(T7 u) — p*(1, u)) :/Adqu (pl(t,u) - pz(t7u)) — /AduF5 (pl(s,u) - p2(s,u)>
< -5t /: dT/A du¥ (p' = p?) - {D(pl)Vp1 - D(p2)Vp2}
= o [ar [ v ) DT )
s As

¢
- 5‘1/ dT/ du¥ (p' = p?*) - {D(p") = D(p*) } Vp* .
s As
(5.6)
Since D(-) is strictly positive, see (2.19), the third line of (5.6) can be estimated by above

1 [t 1 [t
1 / dr [ auv(ot —p?) DYV - ) < = / dr / au [V (o — )| (5.7)
1) s As oC s As

Further, by the Lipschitz property of D(-) we have on the set As, sup;<; j<q|Dij(p") — Di;(p*)] < M|p' —
p?| < M§ for some positive constant M. By Schartz inequality, the last line of (5.6) is bounded by

t t
5—1MA/ dT/A du ||V (p' = p*)|* + 5MA—1/ dT/A du || Vp?|? (5.8)
s 5 S 5
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for every A > 0. By (5.6), (5.7), (5.8) and choosing A = M ~'C~! to cancel the term in (5.7) and the first

term of (5.8) we have
[ aubs(p ) = () - [ auFs(pt s - o)
A A
T
< 50*1M2/ dT/du||Vp2||2.
0

Letting 6 | 0, we conclude the proof of the lemma because Fs(-) converges to the function F(a) = all;>o as
5lo. O

We immediately obtain the following.
Proposition 5.2 Let mg : A — [0,1] be a measurable function. There is a unique weak solution p(t,mg) of
the equation (2.15) with initial datum mg.
Proof: Existence of weak solution of (2.15) can be deduced by the tightness of the sequence QIIXN where py is
the probability measure associated to the initial profile mg according to (2.23). Uniqueness is a consequence

of Lemma 5.1. O

Corollary 5.3 Let mg be a lower stationary solution of (5.3). Let p(t,mg) be the solution of (5.1) with

ingtial datum mq then p(t,u) > mo(u) a.e in (u,t).

The proof is an immediate consequence of Lemma, 5.1 with p! := my and p? := p. When the initial datum

of solution of (5.9) is an upper stationary solution we have:

Corollary 5.4 Let my be a upper stationary solution of (5.3). Let p(t,m1) be the solution of (5.1) with
ingtial datum my then p(t,u) < mq(u) fort € [0,T] and u € A.
Next we show that when a lower (upper) stationary solution mg (m;) is taken as initial datum, the

corresponding solution p(t,mg) (p(t,m1)) is monotone nondecreasing (nonincreasing) in time.

Lemma 5.5 Under the assumptions of Corollary 5.3 p(t,mo) is a nondecreasing solution of (2.15) on
[0,77.

Proof: Corollary 5.3 implies that p(s,mg) > mg for all s > 0, since mg lower solution. Let p(t; p(s,mo))
be the solution of (5.1) starting at time ¢ = 0 from p(s,mg). Then p(t; p(s,mo)) > p(t,mo) since the initial
datum p(s,mg) > mg. But p(t; p(s,mo)) = p(t + s,mg) by uniqueness of weak solution then p(t + s, mg) >
p(ta mo) = Mmp. UJ
Lemma 5.6 Under the assumptions of Corollary 5.4 p(t,m1) is a nonincreasing solution of (2.15) for

t €10,T).

The proof is similar to the one of Lemma 5.5.
Lemma 5.7 Let mg be a lower solution and my be an upper solution of (5.3), mo(-) < my(:) a.e in A, we
have

mo < p(t;me) < p(t;my) <my YVt € (0,00).

The proof is an immediate consequence of the previous results. O
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Lemma 5.8 Under the assumption of Lemma 5.7 the solutions p(t;mg) and p(t;mq) exist for all t € [0, 00)

and they converge in LP(A) for p € [1,00) to limits pi(-) and p*(-), both solutions of (5.3). Further

px(u) < p*(u) a.e.

Proof: Since p(t;mp) is nondecreasing in ¢ and p(t;mo) < my for any t > 0, p(t;mg) converges almost

everywhere in A as t — oo and p,(-) € L*°(A). By the monotone convergence theorem p(t;mg) — py(-) for

p € [1,00). Next we show that p,(-) solves (5.3). Take as test function in (5.1) the following function

Bt)F(u); F(u)>0; C>p(t)>06>0; F(t)>0,(ut)eAxIRT

B € C?*(RT), F € C*(A) vanishing at the boundary. Then for all ¢ > 0, see (5.1), we have

/ du{ B (w)p(t, ) — BO)F(w)po(u)} — / dsf(s) / duF (w)p(s, u)
A 0 A
2

- Z/ aspe){ [ du (ot ) =P~ [ 0000, Pyis).

Divide by t the left and right side of (5.10) and then let ¢ — co. For the left side we have

1
t

By continuity of A(-) and since by assumption lims_, o, 3(s) = B(c0) > 0

2

Jim 12]:/; dsg(s){/AduAm(p(s,u));jF(u)—AAi,j(b(u))anlp(u)ds}

t—oo

=00 S { [ tu s outa0) P00 = [ 5000000, Fyas)

(2]

By (5.11) we then obtain

500 S [ duisio.(w)

%]

82
5P = [ Ais(bw)o, Fluyis) o.

Therefore p, is a solution of (5.3). The same can be argued for p*.

Proposition 5.9 There exists an unique weak solution of (2.21).

! { [ autaoF @t ) 0 F @} - | s (s [ auPts u)} —0.

(5.10)

(5.11)

(5.12)

Proof: Existence of weak solution of (2.21) is warranted by the tightness of the sequence Q.Y see Proposi-

tion 4.1. Arguing as in Theorem 5.2 page 277 of [LU] and comments pag 276 before Theorem 5.1 we deduce
that maz,ea|Vp(u)| < M and p € H?(A). Further one can show, as in Theorem 6.1 pag 281 of [LU], that

Pu;» © =1,...d are Holder continuous on A. The uniqueness is then a consequence of a comparison principle,

see for example Lemma 10.7, pag 268 of [GT].
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Theorem 5.10 Global stability. Let D(-) in (2.15) be Lipschitz. Let p(t,po) be the solution of (2.15)
with initial datum pg, 0 < po(u) < 1, uw € A, and p the stationary solution of (2.15). We have for all p > 1

tlim / lp(t,u) — p(u)Pdu = 0.
Proof: Apply Lemma 5.8 taking mo(u) = 0 and m;(u) = 1 for u € A. By the uniqueness of the stationary

solution of (2.15), see Proposition 5.9, we deduce that p* = p, and the theorem is proved.

Acknowledgements Enza Orlandi is indebted to Assunta Pozio (La Sapienza, Roma) for helpful discussions
about Section 5. She further thanks the University of Rouen and the Institut Henri Poincaré - Centre Emile
Borel, (workshop Mécanique Statistique, Probabilités et Systémes de Particules 2008) where part of this work
has been done. Both the authors thank Claudio Landim and J. S. Farfan Vargas for suggestions concerning

the hydrostatic.

References
[B] C. Bernardin, Regularity of the diffusion coefficient for lattice gas reversible under Bernouilli measures.
Stoch. Process. Appl. 101, no 1, 43-68 (2002).
[BSGJL1] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, C. Landim, Large deviation approach to non
equilibrium processes in stochastic lattice gases. Bull. Braz. Math. Soc. (N.S.) 37 611-643 (2006).
[BSGJL2] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, C. Landim, Stochastic interacting particle systems
out of equilibrium. J. Statist. Mech. Theory Exp. no. 7 P007014, (2007).
[DFIP] A. De Masi, P. Ferrari, N. Taniro, E.Presutti, Small deviations from local equilibrium for a process which
exhibits hydrodynamical behaviour. II. J. Statist. Phys. 29, 81-93 (1982).
[EG] L.C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, Studies in Advanced
Mathematics, (1992).
[ELS1] G. Eyink, J. L. Lebowitz and H. Spohn, Hydrodynamics of Stationary nonequilibrium states for some
lattice gas models. Comm. Math. Phys. 132, 252-283 (1990).
[ELS2] G. Eyink, J. L. Lebowitz and H. Spohn, Lattice Gas models in contact with stochastic reservoirs: Local
Equilibrium and Relaxation to the Steady State. Comm. Math. Phys. 140, 119-131 (1991).
[FM] A. Faggionato and F. Martinelli, Hydrodynamic limit of a disordered lattice gas. Prob. Th. Rel. Fields
127, (4), 535-608 (2003).
[FLM] J. S. Farfan Vargas, C. Landim and M. Mourragui, Hydrodynamic behavior and large deviations of
boundary driven exclusion processes in dimension d > 1. preprint
[GPV] M.Z. Guo, G. Papanicolau and S.R.S.Varadhan, Nonlinear diffusion limit for a system with nearest neigh-
bor interactions. Comm. Math. Phys. 118, 31-59, (1988).
[GT] D. Gilbarg, N.S. Trudinger Elliptic partial differential equations of second order Springer 2001
[KL] C. Kipnis and C. Landim, Hydrodynamic limit of interacting particle systems. Springer-Verlag, (1999).
[LOV] C. Landim, S.Olla and S.R.S. Varadhan, Symmetric simple exclusions process; regularity of self diffusion
coefficient. Commun. Math. Phys. 224, no 1, 307-321 (2003).

18/july/2009; 12:01 28



ILSU]

[LU]
[KLOJ

[KW]

[LMS]

[MO]

O. A. Ladyzenskaja, V.A. Solonnikov, N.N. Uralceva, Linear and quasi linear equations of parabolic type.
AMS. 23, (1968). 1998.

O. A. Ladyzenskaja, N.N. Uralceva, Linear and quasi linear elliptic equations. Academic Press. (1968).
C. Kipnis, C. Landim and S.Olla, Macroscopic properties of a stationary nonequilibrium distribution for
a non-gradient interacting particle system. Ann. Inst. H. Poincaré. 31, 191-221, (1995).

K.W. Kehr, T. Wichman, Diffusion Processes: experiment, theory of simulations. Lectures Notes In
Physics 438, (1994)

C. Landim, M. Mourragui and S. Sellami, Hydrodynamical limit for a nongradient interacting particle
system with stochastic reservoirs. Theory Probab. Appl., 45, N. 4, 604-623, (2002).

M. Mourragui, E. Orlandi, Large deviations from a macroscopic scaling limit for particle systems with
Kac interaction and random potential. Ann. Inst. H. Poincaré Probab. Statist. 43, 677-715, (2007)

J. Quastel,Bulk diffusion in a system with site disorder. Ann. Probab. 34, no 5, 1990-2036, (2006).

D. H. Sattinger, Monotone methods in nonlinear elliptic and parabolic boundary value problems.. Indiana
University Math. J. . 21, N. 11, 979-1000, (1972).

H. Spohn, Long range correlations for stochastic lattice gases in a non-equilibrium steady state. J. Phys.
A:Math. Gen. 16 4275-4291, (1983)

Varadhan S.R.S.: Nonlinear diffusion limit for a system with nearest neighbor interactions II. in Asymp-
totic Problems in Probability Theory : Stochastic Models and Diffusion on Fractals, edited by K. Elworthy
and N. Ikeda, Pitman Research Notes in Mathematics 283, Wiley (1994).

18/july/2009; 12:01 29



