SPECTRAL PROPERTIES OF INTEGRAL OPERATORS IN PROBLEMS OF
INTERFACE DYNAMICS

ENZA ORLANDI

ABSTRACT. We consider a family of integral operators which appears when analyzing layered equilibria
and front dynamics of a phase kinetics equation with a conservation law. We study the spectra of
these operators in L2 and derive a lower bound for the associated quadratic forms in terms of the H~1
norm.

1. INTRODUCTION

The purpose of this paper is to derive spectral estimates for a family of integral operators which
appear when analyzing layered equilibria and front dynamics of a phase kinetics equation with a con-
servation law. We start by recalling some background.

Consider in the torus T¢ the nonlocal and nonlinear evolution equation

%m(x,t) =V (Vm(z,t) — B(1 — m(z,t)%)(J * Vm)(z, 1)) (1.1)
where 8 > 1, » denotes convolution and J is a smooth, spherically symmetric probability density with
compact support. This equation first appeared in the literature in a paper [13] on the dynamics of Ising
systems with a long-range interaction and so—called “Kawasaki” or “exchange” dynamics and later it
was rigorously derived in [10]. In this physical context, m(x,t) € [—1, 1] is the magnetization density
at x at time ¢, viewed on the length scale of the interaction, and £ is the inverse temperature. This
introduction is not the place to fully explain the physical origins of the equation (1.1), and familiarity
with them is not needed to understand our results or their proofs. We refer to the previous quoted
paper for more physical insight. The equation (1.1) can be written in a gradient flow form. To do this,
we introduce the free energy functional F(m):

1 2
Fm) = | V@) ~Vimalde+ 5 [ | I lm@) - m)Pdeds, (2

where V (m) is
o= [ (S5

For 8 > 1, this potential function V is a symmetric double well potential on [—1,1]. We denote the
positive minimizer of V' on [—1,1] by mg. It is easy to see that mg is the positive solution of the
equation

mg = tanh(8Bmg). (1.4)
Then equation (1.1) can be written as
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where the mobility o(m) is given by

Formally one derives
2

a(m) = B(1 —m?). (1.6)
gf(m(t)) = —J o(m(t))dx (1.7)

v (i)
dt om

thus F is a Lyapunov function for (1.1). This suggests that the free energy should want to tend locally to
one of the two minimizing values, £mg, and that the interface between a region of +mg magnetization
and a region of —mg magnetization should have a “profile” — in the direction orthogonal to the interface
— that makes the transition from one local equilibrium to the other in a way that minimizes the free
energy. This is indeed the case, as it has been shown in [3], [4] in dimension d = 1 and in [6] in
dimension d < 3. Also clearly, the minimizers of the free energy +mg represent the “pure phases” of
the system. However, unless the initial data mo happens to satisfy §,mo(z)dz = +mg|T|, these “pure
phases” cannot be reached because of the conservation law. Instead, what will eventually be produced
is a region in which m(z) ~ +mg, with m(z) ~ —mg in its complement, and with a smooth transition
across its boundary. This is referred to a phase segregation, and the boundary is the interface between
the two phases. If we “stand far enough back” from T, all we see is the interface, and we do not see any
structure across the interface — the structure now being on an invisibly small scale. The evolution of m
under the (1.1), or another evolution equation of this type, drives an evolution of the interface. To see
any evolution of the interface, one must wait a long time. More specifically, let A be a small parameter,
and introduce new variables 7 and & through

=Xt and f=)\z.

Then of course

9 _ul 9_,0
a- Vo MM %™ E
Hence if m(z,t) is a solution of (1.1), and we define m*(¢,7) by m* (€, 7) = m(x(€),t(7)), we obtain
K _ 1 A 1 A (A,
5. &7 = \ <a(m A% [ﬂarctanhm (JrY*m?™)| ) (& 7) (1.8)

where we denoted J*(£) = A"4J(A71¢). One should just bear in mind that now we are looking at the
evolution over a very long time scale when A is small.

One might hope that for small values of A, all information about the evolution on m” is contained in
the evolution of the interface I'. This is indeed the case. The sharp interface limit of equations tipyfied
by (1.8) has been investigated by Giacomin and Lebowitz, see [11], where it is heuristically proven that
the limit motion is driven by the Mullins—Sekerka flow. They applied asymptotic analysis in the same
spirit of the heuristic work of Pego [15] who derived the sharp interfaces limit for the Cahn-Hilliard
equation.

The heuristic analysis of Pego has been rigorously proven for the Cahn-Hilliard equation by [1] in
the 1994 and later on, applying a different method, in [5]. In both the papers the proof is based on
two steps. The first step is to construct approximate solutions to the Cahn-Hilliard equation, which
are, in the limit, close to the the Mullins—Sekerka flow. The second step is to show that the family of
approximate solutions is indeed suitably close to the solution of the Cahn-Hilliard equation. To show
this second step spectral estimates are needed. These were proven in [2], in dimensions d = 2, and [7]
in any dimensions.

In [1] the family of the approximate solutions to Cahn-Hilliard equations are constructed by matched
asymptotic expansions. In [5], the approximate solutions are constructed by an alternative method. The
method based on the Hilbert expansion used in kinetic theory besides its relative simplicity, it leads to
calculable higher order corrections to the interface motion. More important in this context is that the
above approach allows to construct approximate solutions to the non local evolution equation (1.8).

A
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Hence, to prove rigorously the heuristic analysis done by Giacomin and Lebowitz in [11], one might
first construct approximate solutions and this can be done applying the same method as in [5]. Then
one needs to derive spectral estimates to show that the constructed approximate solutions are close in
some convenient norm to the solution of (1.8). In this paper we prove such spectral estimates. We set
the problem in a bounded domain © < R?. The restriction at dimension d = 2 is purely technical. In
d = 2 we still can use global set of coordinates to represent the operator when close to the interface,
I'. Namely in such a case any simple, smooth, closed, one dimensional curve can be mapped into a
one dimensional circle. This allows to use Fourier series by going to the universal cover. In dimension
d > 3 this would not be possible and one needs to deal with local coordinates and, possibly, Fourier
transforms. Indeed, we believe that the result holds in any dimension and we leave this problem to
further investigation.

We consider a family m? of smooth functions which as A\ — 0 approach a step function with values
+mg which is discontinuous along a smooth curve I' = €. This family consists of approximate solutions
to (1.8), which can be constructed as in [5]. The functions m’ have a very specific behaviour in the
direction orthogonal to I', as A — 0. The specific form of m?, is given in (2.9). To simplify notations
from now on we drop the index A. The linear equation obtaining linearising (1.8) at m.4, is !

o) = 37 (otmav-|

mA)

— (J* *q U)D (&,71), e, (1.9)

where (J* xqv)(€) = So JMNE—ENw(€)dE', v =m> —my and we assume that v(€,0) = 0, € € Q. By the
conservation law, §, d€v(&,7) = 0 for all 7 > 0. To simplify the explanation let us first pretend that
o(ma) =11in V-o(ma)V. Let us then denote

Lo v 2 e
)\(AmA )(€) Iy {a(mA(f))

Accordingly, to lower bound the spectrum of the linear operator on the right hand side of (1.9) in
H~1(Q) it suffices to show that

— (J* *q v)(E)}, £eq. (1.10)

1
1w AR, 0) = =Clol ), (1.11)

where (v, g) = {,v(£)g(£)d¢ and C > 0 does not depend on A. In the general case, when o(m,) # 1,
one can argue in the same manner by using a weighted H ! norm, the weigh being o(m,). Because
0 <a < o(ma) < B the weighted H~! norm is equivalent to the H~!. So we will prove (1.11), with
ve HY(Q).

As in Alikakos and Fusco, [2], or in X. Chen, [7], we first prove a lower bound of the spectrum of the
operator in (1.10) in the L? norm, see Theorem 2.4, i.e

(o, 43,00 = =CX*|[v]72(q)- (1.12)
Then, when
(v, A, ,v) <0 (1.13)
we show that
Mola ) < Tvlf-1q) (1.14)

see Theorem 2.5. In this way we prove the lower bound (1.11).

We are now considering (1.8) in © € R? with non flux boundary conditions and with the convolution operator
“restricted” in €.



4 ENZA ORLANDI

1.1. Sketch of the proof. The proof of (1.11) presents some similarities with the one given in [2] and
in [7] for the Cahn-Hilliard (C-H) case. Nevertheless, the implementation of each single step requires
different technique due to the non locality of the operator. In particular, we cannot follow the method
in [2] and in [7], as we cannot split the integral kernel in (1.10) into a tangential and in normal part,
whereas expressions like |[Vv||? split in such a way naturally.

Now we sommarize how we proceed in proving (1.11). We consider a neighborhood of T', N (T).
We map the curve I' in a circle T having perimeter equal to the length of the curve L and each point
¢ € N(T') is mapped to (s,7) € T = T x [—dp,dp] in a diffeomorphic way. We denote by «a(s,r) the
Jacobian of the map. We take a subset N (I') < N(I') and we assume that

. *
e (1) o(ma() @t (115)
To take advantage of (1.15) we split the quadratic form (1.12) in two integrals: one over Ni(T') the
other in Q\N7(T'). To this end we introduce the indicator function of the set N7 (T'), 71 (£) = 1 when
&e Ni(D), m(&) = 0 in QW4 (T) and n2(8) = 1 — m1(§). Because of the non locality of the operator,
taking into account that 7y(&)n1(€) = 0 for € € Q and the symmetry of J*(-) we obtain that

f (A, 0)(€)v(€)dE = f (AD o) (€)ma (€)u(€)de

Q Q
+ L(Azmmv)(f)nz(f)v(f)de (1.16)
o [ e (©o(e)(7 « o) ©).

Q
Condition (1.15) implies

L(A?nﬂzv)(f)m(i)v(ﬁ)dﬁ > (€ = D)ol > 0.
Even if we show that
L(A;Amvxf)mv(s)df > o j R (€)de, (1.17)

the last term of (1.16) might create problems for getting estimate (1.12). The first task in proving
estimate (1.12) is therefore to show that there exists A (T') so that

[ den@ve - 77211)(6)‘ < OXJulagay. (L.18)

This is proven at the beginning of the proof of Theorem 2.4. The following step is to show (1.17). We
write the quadratic form on the left hand side of (1.17) in local variables. Notice that the integrals are
on the set N(T'). In these local variables the convolution operator (J*  11v)(€) becomes equal, up to
order A2, to an operator which is not a convolution anymore but it is still self-adjoint with respect to a
weighed Lebesgue measure on 7, see Lemma 4.1. In this way we show, see Lemma 4.2, that setting

0(s,r) =/ a(s,r)v(s,r)

| ) ©@me©de = | dsar(L2o)s, (s, ) — Colaqa (1.19)
Q T

It turns out that the operator L is conjugate to the operator T —P*, where P? is an integral operator,
positivity improving. Therefore L* and T — P have the same spectrum. By the Perron -Frobenius
Theorem we know that the principal eigenfunction is point wise positive. To estimate the principal
eigenvalue we still need other ingredients. We show that when the operator L* acts on functions
depending only on the signed distance r from I', becomes equal, up to order A%, to a one dimensional
operator L**, s € T. The knowledge of the spectrum of L** (obtained using the results of [14]) together

with the properties of the eigenfunctions associated to the principal eigenvalues of Li\’s and P* allows to
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upper and lower bound the principal eigenvalue pg of L*. In this way we show that —CA2 < g < CA2.
Hence (1.17) follows. To prove the H~1(2) lower bound, see (1.11), we cannot proceed as in [2] and in
[7]. For the non local operator (1.10) a bound on its quadratic form does not imply any bound on the
gradient of the function. Nevertheless, we are still able to show that when

| (b mo)@mutpe < Rl (1.20)
then v in local variables enjoys the following decomposition, see Theorem 6.1,
1 T
v(s, 1) = Z(s)—=v3(=) + vfi(s,r 1.21
(5,7 = 2(5) U (5) + 07 (o) (1.21)

where | Z| 2y ~ 1, [VZ]| 2y < C, HUR||2Lz(N(F)) < OX? and 9§(+) is a strictly positive, even, smooth
function, exponential decreasing. In such a way we obtain a decomposition similar to the one in [2] and
[7] and we can proceed as in [7] to prove (1.14). To prove the decomposition (1.21) a more complete
analysis of the spectrum of the operator L’\ is needed. Let {uy}ren be the eigenvalues of L» in L%(T).
Essentially we prove that —CA?+cok?A? < pi, < OA?+¢1k%A?, for k < %2, and, for k > 22y, > 1/ >0,
where C, ¢, ¢1, hg and v are positive, real numbers independent on A. In addition, when k < )\ , we
also need, and establish, a precise knowledge of the shape of the associated eigenfunctions. To obtain
such informations on the spectrum of the operator L* we make a judicious use of Fourier analysis.

Acknowledgements I am indebted to Sao Carvalho and Eric Carlen for discussions on this and related
problems, discussions which started many years ago when visiting Georgia Tech and never stopped. I
also benefited from suggestions by Carlangelo Liverani.

2. NOTATIONS AND RESULTS

Let Q be a bounded domain in R? with sufficiently smooth boundary and let I' — © be a simple,
smooth, closed curve, boundary of an open set Q~. We denote by QT = Q\(2~ u T'). We denote by C
a constant which might change from one occurrence to the other, independent on A.

2.1. The interaction J*. Let J be a smooth spherically symmetric, translation invariant, probability
density on R? with compact support, {£ € R? : [¢| < 1}. We assume J € C}(R?). We say that ¢ € R?
and ¢ € R? interact each other if J(& —¢’) > 0. For £ = (€1, &) we denote

J(&) - fR J(€)de, 2.1)

and for X € (0,1]

§

&1
3), L),

>/\>—ﬂ

JNE) =
The scaling is such that for all A € (0, 1]

)\2 J( (51)

TE)de = 1, f ey = 1.
R

R2

2.2. Interaction in bounded domain. In a bounded domain () we require the interaction to act
only when £ and ¢’ are in Q. Let v be a function having support Q. We denote for £ € Q

(J % 0)(€) = (J =g v)(¢ fJg £ Yo(E)de'. (2.2)

We do not add the suffix @, unless confusion arises. Same notation when J is replaced by J*.
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2.3. Local variables in a neighborhood of I'. We parametrize I' by arc length. Let L be the length
of I and let T be a circle of length L. Let v : T — I" be the map parametrizing I" so that for s € T,
|v'(s)| = 1. We assume v € C°(T). We denote by v(s) a smoothly varying unit vector normal to I" at
the point y(s). We denote by k(s) the signed curvature defined by v/(s) = —k(s)v'(s) . We therefore
have

w(s)l =1, W(s)l=1, V(s)=—k(s)7'(s), "(s) =k(s)v(s),  ~(s)-v(s) =0, (2.3)
where for two vectors w; and wy in R?, w; - wy is the scalar product. Let d(¢,T) be the euclidean

distance of the point £ from I' and r = r(£,T') be the signed distance of a point £ from I' with the
convention that r < 0 when £ € Q~ and r > 0 when £ € Q1. Let dg > 0 be so that

N(do) = (€€ R+ d(,T) < do} < .
We require dy to be small enough so that the map p: T x [—dg, do] — N(dp),
E=(s) +v(s)r=p(s,r), (2.4)

is a diffeomorphism. We denote I = [—dy,dy], T =T x I and «(s,r) for (s,r) € T the Jacobian of the
local change of variables

a(s,r) = det ((Zp(is,;;)) =1—rk(s). (2.5)

We further require dy to be small enough so that

. (2.6)

N | =

sup [k(s)|do <
seT
This implies 3 > a(s,r) > 3 for all (s,r) € T.
A function u(§) for £ € N(dy) becomes by the change of coordinates v(s,r) = u(p(s,7)), (s,7) € T.
In the sequel we identify functions of variable ¢ and functions of variable (s,r) in the domain N (dp).
We often lift the function v on the universal cover of T without mentioning. We write

J u(§)d¢ = J u(s,r)a(s,r)dsdr (2.7)
N (do) T

and for v and w in L?(T)
(v, wy = J v(s, r)w(s,r)dsdr. (2.8)
T

2.4. The approximate solution ma(-). Let § > 1, mg be the strictly positive solution of m =
tanh Sm and m be the unique antisymmetric solution of

m(z) = tanh(8J *m)(z) in R, m(0) =0, Zkréloc m(z) = £mg. (2.9)

Notice that mg < 1 and it can be proven that m € C*(R), it is strictly increasing, and there exist
a>0,a>ay>0and c> 0 so that
0<m? —m?(z) < ce @l
g (2.10)
|/ (2) — ace™®#l| < cem0l?l,
A proof of these estimates and related results can be found in [16, Chapter 8, Section 8.2]. We assume
that ma(-) in N'(dp) has the expansion

r(&T)

ma(@) = m("EE) o CED g0 0]+ XP@ cen@) @)

We assume that hy € C'(R) n L®(R), limy,|_o h1(z) = 0 exponentially fast and that h; is an even
function. Hence if v is an odd function

f hi(z)v(z)dz = 0. (2.12)
R
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In particular, since m is an odd function,

m(z) SN2,
fR UQ(m(z))hl(Z)(m (2))*dz =10 (2.13)
where o(m) = (1 — m?), see Remark 2.2. We assume that g and ¢ are smooth functions, at leact C?,
sup sup (g(s(€)) + ¢(€) + ¢*(€)) < C, (2.14)
Ae(0,1] £eN(do)
IVima(€)| <Cx, e N(do), (2.15)

where V! is the tangential derivative to I'. The function ¢(-) has a Lipschitz norm bounded uniformly
with respect to A:

We assume that away of the interface,

ma(§) ~ tmg €€ QF [N (do)]

where ~ means up to correction of order A\. We require that there exist C* > 1, a > 0 and )y > 0 so

that for A < Ay
1
inf ———— > C*, (2.17)
ccaw(da)y o(ma(§))
and

a<ao(ma(f)) <8, Ee . (2.18)

Remark 2.1. The assumptions regarding ma are suggested by the preliminary results obtained by
applying the method of [5] to the construction of approximate solutions of (1.8). The condition (2.15) is
stronger than the corresponding requirement used in proving the spectral estimates in the Cahn-Hilliard
case. In [7), it is required |V ma(€)| < C, for € € N(dy), although the function approzimating the
solution of the Cahn-Hilliard case constructed in [1] satisfies condition (2.15), see [1, formula (5.2)].

Remark 2.2. Condition (2.13) corresponds to the condition required by Alikakos, Fusco and Chen in
the Cahn-Hilliard case, see for example |7, formula (1.12)]. In the Chen notation one needs

fR I (m(2))ha (2) (M (2))%dz = 0, (2.19)

where f”(-) is the third derivative of a double well potential. Let V (m) be the double well potential defined
in (1.3). We have f(m) = V'(m) = —m + %ln%f—z, "(m) = =1+ %ﬁ, f’(m) = 25y
Inserting this into (2.19) gives condition (2.13).

2.5. Main Results. Denote by A7,  the operator acting on functions v € L?(£):
a0 = 28
) = s )

For A < Ao, o(ma(§)) is strictly positive for £ € Q, see (2.18), therefore the operator (2.20) is well
defined. Denote

— (P *qv)(§) €. (2.20)

X = {veHl(Q): Aw—v,fv—O}.
We have the following main result.
Theorem 2.3. Set 8> 1. There exists A1 > 0 such that for A € (0, \]

in 1§ (AR, v(9) v(©ds _
{veX} A SQ|VU)(§)|2df > —C. (2.21)

The proof of Theorem 2.3 is based on two important intermediate results.
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Theorem 2.4. Set 8 > 1. There exists Ay such that for X € (0, Az2]

f A;Av@nm@df>-—cx2j A (€)de.
Q

Q

Theorem 2.5. Set § > 1. There exists Ay such that if for A < Ay, veE X

[ w@ueas <ox [ e (2.22)
Q Q
then

||V7UH%2(Q) = C)\HUH2L2(Q)~ (2.23)

where w solves Aw = v in Q with Neumann boundary conditions on 0f2.

Theorem 2.4 and Theorem 2.5 imply the thesis of Theorem 2.3. Preliminary to our analysis is the
study of the spectra of one dimensional linear operators. This is done in Section 3. In Section 4 we
prove Theorem 2.4. In Section 5 we study the spectrum of a two dimensional convolution operator.
The knowledge of it allows to prove in Section 6 the representation theorem for function v so that (1.21)
holds. This is the main ingredient to show Theorem 2.5 which is proven in Section 7. In the Appendix,
Section 8, we collect some estimates needed to prove the results.

3. ONE DIMENSIONAL CONVOLUTION OPERATORS IN ENLARGED INTERVALS.

Denote by z = { the stretched variable and by I\ = [de“, dy(’] the stretched interval. Also we denote
by v the generic function of (s,7) and by V the generic function of (s, z). Define for V € L?(I,) the
following operator

V(z)
o(m(z))
Preliminary to the analysis of the spectrum of LY is the knowledge of the spectrum of the following
operator £ defined on the space L*(R).

(LOV)(2) = (T, V)(2),  zel. (3.1)

(LV)(2) = ——~ — (J* V)(2), zeR. (3.2)

Spectral properties of £ are given in [8]. The spectrum of L is positive, the lower bound of the spectrum
is 0 which is an eigenvalue of multiplicity one and the corresponding eigenvalue is 7m/(+), i.e
L' = 0. (3-3)

The remaining part of the spectrum is strictly bigger then some positive number. The operator £ is
the “restriction” of the operator £ in the bounded interval I. The spectrum of £° is studied in [14].
We collect in Theorem 3.1 stated below the main results. Denote

(V,W) = ) V(2)W(z)dz, V|? = ) V(2)%dz.

Theorem 3.1 ([14]). For any B > 1 there exists A\o(8) so that for A < Ao(B) the following holds.
(0)The operator L° is a bounded, self adjoint operator on L*(Iy).
(1) There exist u§ € R and ¥ € L*(1)), ¥ strictly positive in I so that

LG = pgdhy- (34)

The eigenvalue uY has multiplicity one.
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where a > 0 is given in (2.10). Further ¢§ € C*(Iy), ¥3(2) = ¢¥3(—=2) for z € I. The spectrum of L°
is discrete and any other eigenvalue is strictly bigger than ug.
(2) Let 13 be the second eigenvalue of L° and D > 0 independent on X. We have that

0 . 0
= inf V.LV) = D. 3.6
K2 = S ) (36)
3) Let 0 be the normalized eigenfunction corresponding to ud we have
0 g g to g

ml

[ — —| < Ce™ % (3.7)

||

The point (0) it is easy to prove. To show point (1) one first notes that the Perron-Frobenius Theorem
holds for the operator (P%)(z) = p(2)(J *1, g)(2), g € L*(I,), since J is a positivity improving integral
kernel. The operator £° is conjugate to the operator I — PY. This implies immediately the result
stated in point (1). Estimate (3.6) is obtained by applying the operator to a convenient trial function
and using (2.13). The most difficult part is to show point (2). This has been obtained by applying
a generalization of Cheeger’s inequality. For more details see [14]. Next we introduce a family of one
dimensional operators. For any s € T and for m 4 given in (2.11), let

Vs, z) -
s = T NN z ) ) I M
(EV)(5.0) = s S = (T V)(s2), 2l (38)
be the operator acting on L?(I,) where
(J*1,.2V)(8,2) = f J(z— 2V (s, 2)dz. (3.9)
Ix
We stress that £° acts for any fixed s only on the z variable of V. We denote

VW, =f

. Vs, 2)W (s, z)dz, 1V =L V(s,2)%dz.
By the definition of m 4 given in (2.11) we have
1 1 2m(z)
BI—m3(s,22)) ~ B(L—m2(2)) (1—m?(2))
By the point wise bound (2.14) we have that
1 1
B(1—m3(s,A2)) B —m(z))

Therefore the operator £° is for each s € T, a A—perturbation of the operator £°, i.e.

sup  [{(L° =LYV, V)| < CA
{IVIs=1}

[1 +A [h1(2)g(s) + P(s, )\z)]] + ¢ (s, 22)A%. (3.10)

ISO)\.

Nevertheless, by (2.13), it is possible to show that the perturbation on the principal eigenvalue of £° is
of order A2. We have the following result.

Theorem 3.2. For any B > 1 there exists A\g = Ao(B8) so that for X < \g the following holds.

(1) For all s € T, the operator L° is a bounded, selfadjoint operator on L2(Iy). There exist yy(s) € R
and V1 (s,-) € L?(I), V(s,-) strictly positive in Iy so that

L (s,) = p1(s)Tq(s,-). (3.11)

The eigenvalue py(s) has multiplicity one and any other point of the spectrum is strictly bigger
than pi(s).
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(2) We have that for all se T

cm2>uﬂgzuﬁﬂ55%nos>—cv, (3.12)
Wl@r):‘wgﬂm%J4-@§@7J (3.13)
where
sup | U, < O (3.14)
seT

Moreover, there exist z1 > 0 and (1 > 0 independent on A so that
Uy (s, 2) = (1, |2| < 21, seT. (3.15)
(8) There exists v > 0 such for every X € (0,X\g] and s €T

- inf U, LT, > . 3.16
pa(s) <m,w1>slfo;uws:1< LA =y (3.16)
(4)
sup IVsWi[s < CIVemal Lo (do)- (3.17)
se

Proof. By the symmetry of J and (2.18), immediately one gets that £° is a bounded, self-adjoint
operator on L2(Iy), for s € T. Point (1) of the theorem follows by the positivity improving property of
the integral kernel J, similarly as done in proving point (1) of Theorem 3.1. As a consequence we have
that the principal eigenvalue of the spectrum of £%, u1(s), has multiplicity one and any other point of
the spectrum of £* is strictly bigger than pq(s). Further the associated eigenfunction Wy (s,-) does not
change sign and we assume that it is positive.

(2) We show (3.12). Taking into account (3.10), we split the operator £? as following
LV, Vs =LV Vs +([L° = LUV, V)s, (3.18)
where £ is the operator defined in (3.1). We write
(L5 =LV, Vs =L s(V) + I3 4(V) + 11 5(V) (3.19)

where

I s(V)=X2¢(s)B | dz

#m > P 5. 2 2
. 02(m(z)) (2)ha(2)V (s, 2)°, (3.20)

1 _
Ig,S(V) = )\Qﬁ N dzmm(z)(b(s, )\Z)VY(S7 Z)Z, (321)
1 _
L(V)=)\p . dzmm(z)q/\(s, \2)V (s, 2)2. (3.22)
Take as trial function
. _ m'(2)
Vs, z) = LAPnR seT, zel,. (3.23)

By the variational form for the eigenvalues

pa(s) <AV, L5V = (LOV, Vs + ([L° — LOV, Vs (3.24)
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Next we compute the right hand side of (3.24). We have

(V, LoV, = b LA dz {m’(z) — (J *1, m’)(z)} m'(2)

Hmlﬂiz(h) o(m)

L ) L d {m/(z) (T« m’)(z)} ' (2) 1) L dem (2) i} T(z — 2y () d2!

= [, o(m) T,
_ 7%J dzm'(z)f T(z — )yl () d7,
[ HL2(1A) Iy <
(3.25)
since, see (3.3), (Lm/)(z) = Ufj;fé))) — (J*»m)(2) = 0. By (2.10) we have that
KV, LOV),| < %J dzm’(z)f J(z = 2")ym/(2)d7 < Ce~20%, (3.26)
Hm”L2(1A) Iy If\
We split, as in (3.19), the second term in (3.24)
(L5 = LV, Vg = Lo (V) + I3,(V) + Lo (V). (3.27)
By condition (2.13)
I s(V) =0.
Applying again (2.13)
_ 1 1
I35(V) = AQB%J dz—5——=1m(2)[(5, A2) — ¢(s,0)] (1 (2)). (3.28)
Hm/H%z(]A) no o2(m(2))
By (2.16) and the exponentially decreasing of m/, see (2.10), we have
_ 1 1
I (V)| < A2B-— f dz————m(2)|¢(s,\2) — ¢(s,0)|(m/(2))?]| < \2C.
S Ty | BTy
By (2.14) and (2.10), we have that
Lo (V)| < CX2
Therefore, recalling (3.26) we get
p1(s) <V, L5V ), < CN2. (3.29)

We need to show p1(s) = —CA% Let ¥y(s,-) be the normalized positive eigenfunction associated to
pi(s). Since p1(s) < CA?, by Lemma 8.1 stated in the Appendix, for A small enough, W;(s,-) as
function of z decays to zero exponentially fast for z large enough. Set

Wi(s,-) = a(s)vg() + (¥9) " (s, ), (3.30)

where 1] (+) is the normalized eigenfunction associated to the principal eigenvalue of £°, see (3.7),
a(s) = J Uy (s, z)wg(z)dz7 wg(z)(@bg)l(s, z)dz =0 seT.
I>\ IA

By (3.18) we have that
pa(s) = (WU, L3V ), = (U, LOT), + (L5 — L0V, ¥y, (3.31)
By (3.30) we obtain
(W1, L0 = a® ()0, L%g)s + ((0) ™", L) s

(3.32)
> a®(s)pg + w3l (V) 13,
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where pd and pd are, respectively, the first and second eigenvalue of £°. We split the second term on
the right hand side of (3.31) as in (3.27) obtaining

L5 — LoV, Uy )y = In (U1) + I3, (Uy) + Iy (). (3.33)
By the L® bounds on o, ¢* and m we have
|14.5(T1)] < CN2. (3.34)
Taking into account (3.30) we get
L. (1) = Ag(s)Ba(s) J dzmm(z)hl(z)wg(z)z
. Iy (3.35)
+Ag(s)B . dzmm(@hl(@ [(0)* (s,2)% + 2a(s)yg (2)(40) " (5, 2)] -
By (3.7) and (2.13) we have
71 m(z 2)(3(2))? e >
|, #mmmymem @ wiEr| < oot (3.36)
By the L® bounds on o, h; and m we have
|| om0 5.7 + 20 0. ))| < U (337
Therefore, by (3.36) and (3.37),
[ 2,5 (@1)] < AC(6) - (3.38)
For the third term in the right hand side of (3.31), we have
a(02) =33 | oy ()0 (0.8) (01 (5.2)
A de L me) e Ams) — 610, )] (1 (s, 2))° (3-39)

o o(m(z))
< AC[(W0)* s + CA%.

We bound the first term on the right hand side of (3.39), as in (3.35), by splitting ¥y, see (3.30),
taking into account that (2.13) hold. The bound for the second term on the right hand side of (3.39)
is a consequence of the Lipschitz bound (2.16) for ¢ and the exponentially decay to zero of ¥y(s,-).
Therefore, see (3.31),(3.32), (3.35) and (3.39) and (3.34) we obtain

(W1, LW > a? () + 3| (V0) 2 = A (¥6) s — CA*. (3.40)
By Theorem 3.1 we have that uJ > 0, u3 > D. This, together with the upper bound (3.29), implies
(W) s < CA. (3.41)

Further, writing ¥, as in (3.30) we have

1= W12 = a®(s)[eol + 1) 2 = a*(s) + (w0) [
Then
a®(s)=1— (WO |P=1-CN\,  seT. (3.42)
From (3.40) and (3.41) we get therefore
(U, L5 ) = —CON2 (3.43)
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@

Next we show (3.13). By (3.7) there exists a function R(z), z € I, |R| < Ce™% so that ¥3(:) =

Tﬁ/%("H) + R(-). Therefore by (3.30) we have

35 = a6 30) + ()45 = als) | Tod + RO+ (0B 6.0,
Denote by
Wi (s, ) = a()RO) + () (5.
By (3.41)

1O < |(W0) |s + Ce™5 <CX seT

and (3.13) is proven. The (3.15) is a consequence of exponential decay of Wy(s,-), see Lemma 8.1.
Further

f Uy (s,2)%dz =1, VseT.
Iy
Therefore we must have that there exists z; > 0 independent on A so that

zZ1 1
J Uy (s,2)%dz = 5 (3.44)
This implies that there exists (; > 0, independent on A so that

Uy(s, z) = (1, |2 < z1,Vs€eT.

Namely, if this is false, there exists z € [—21,21] so that Wy (s, z) = 0. Since J is positivity improving
and ¥; is an eigenfunction one can easily show that ¥1(s,z) = 0 for z € [—21, 21]. This is impossible
since (3.44) holds.

—21

(3) Let Wa(s,-) be one of the normalized eigenfunctions corresponding to the second eigenvalue ps(s)
of L%, then

J Uy (s, 2)Ua(s, z)dz =0, VseT.
Ix
Split ¥y (s,-) as in (3.30). We obtain

0= (U1, W)y = a(s)(¥, Tays +{(¥0) ", Pa)s.
Therefore, taking into account (3.42),

(0.0, = —%S)«wgﬂm.
Hence, by (3.41),

Further we assume that po(s) satisfies the hypothesw of Lemma 8.1. In fact either it is small and
therefore satisfies the hypothesis of Lemma 8.1, either it is large, than there is nothing to prove. Then
we can argue as in Lemma 8.1 and show that s (s, -), as function of z decays exponentially fast to zero.
So we can decompose Us(s,-) as

Wy(s,-) = (Wa, st () + [Wals, ) — (Ua, st (-)] - (3.46)
We therefore obtain
p2(s) = (L5, Wo)y = (LOWs, Wo)g + ([L5 — LO]W, Us)s.

By (3.19)
K[L® — LO1Ws, sy, | < ON
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Then inserting (3.46) we have that

p2(s) = pgWa, Y32 + pd [1 — (Wa, 0)2] — CA

3.47
> D[1 —CN\*]—-CA (3.47)

where D > 0 is the lower bound in (3.6) and we applied estimate (3.45). For A small enough, there
exists v > 0 so that (3.16) holds.

(4) To prove (3.17) we differentiate the eigenvalue equation for ¥y with respect to s. We obtain

[,CS — 1 (5)]\1113 = Mls(s)\lll — % (0(7)11A)) ‘lfl. (348)
Since
J\Ills(z)\lll(z)dz =0 (3.49)
1 = 610, V1) = =i W), (350)
Therefore,

IK[L* — pa(8)]W1s, Vis)s| < CllWaslls [Vsmalle wvdy)-
On the other hand, by (3.16)

<[£s ! (S)]‘Ills; \Ills>s = (’7 - Ml(s))H‘I’lst

Then
C
Uiglls € ————| Vs » < C|Vs » . 3.51
1]l (W—Ml(s))H mal Lo w(do) < CIVsmal e av(dy) (3.51)
This completes the proof of the theorem. O

In the following we deal with functions defined in I = [—dp,dp]. To this end, for u(s,-) € L?(I),
s €T, denote

/\’su S, 1) = 7’&(8,7‘) —(J*x uw)(s,r
(Ll )( ; ) O'(mA(S,?”)) (J I,r )( ; )7 (352)
where
(J* %1 u)(s,r) = J JNr — 1 Yu(s, r')dr'. (3.53)
I

The subscript 1 in (3.52) is to remind the reader that Li"s acts only only on functions of the r— variable.
We immediately have the following.

Proposition 3.3. The spectrum ofLi"S on L2(I) is equal to the spectrum of L* on L?(Iy). In particular
the principal eigenvalue of Li"s is

<

1
P1(s,r) = \—F)\\Ill(s, X)’ (3.54)

where U1 (s,-) is the principal eigenvalue of L.

Proof. The operator L5 : L*(I,) — L?(I,) and the operator L§ : L?(I) — L*(I) are conjugate. Namely,
let T : L?(I,) — L*(I) be the map so that (TU)(s,7) = 5<U(s, %). The map T is an isometry:

VX
[@oenpar = [ 5o S = | v

and Li"s = TL5T~!. Therefore the spectrum of L3 is equal to the spectrum of £* and (3.54) holds [J
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4. L? ESTIMATES

This section is devoted to the proof of Theorem 2.4. Let 7n(:) be the indicator function of the set
N(dp), n(€) = 1 when £ € N(dp), n(¢) = 0 when £ ¢ N(dp). In Subsection 4.1 we bound from below
SN(dO)(A%Anu)(f)n(g)u(g)dg in term of the quadratic form of the local operator L* defined in (4.6).

Then, in Subsection 4.2 we bound from below the quadratic form of the local operator L*. Finally in
Subsection 4.3 we show Theorem 2.4.

4.1. Bound from below of SN(dO)(AA L) (E)n(§)u(§)dE. We start writing in local coordinates when

m

§ € N(do) the integral §.., | JMNE — ENu(E)dE'.

Lemma 4.1. Let £ € N(dy), € = p(s,r), (s,7) € T be the change of variables defined in (2.4),
u(s,r) = u(p(s,r)) and a(s,r) as in (2.5). We have that

| Pe-enera = [ Psnru als s
N (do) T
+ L_ R} (s, s, mru(s', r) (s, v )ds dr’! (4.1)
+ L_ Ry(s, s, r, 7 u(s',r)a(s', 7' )ds dr’,

s+s’
2 b

where, for s* = r* = TJET/ and a(s*,r*) =1 — k(s*)r*

JMs, 8 rr’) = T ((s — s)a(s*, %), (r — ), (4.2)

Ry is defined in (8.17) and Ry in (8.18). Further we have that

U Ry (s, 8',r,r)a(s',r')ds'dr'| < CN\?, (4.3)
-

U R} (s, 8',r, " )a(s',r')ds'dr'| < O\ (4.4)
-

For the proof of the lemma it is enough that T' is a C? curve. The proof is simple although lengthy
and it is reported in the appendix. The decomposition obtained in Lemma 4.1 turns out to be very
useful. Set for ue L?(T)

(B Mu)(s,1) = J JAN(s, 8" ) a(s* r*)u(s’, r')ds'dr (4.5)
T
and
) (s, r :711(5,7’) — (BMi)(s,r
Pa(sur) =~ 2D (s, (45)

The operator L is selfadjoint in L? (7). We have the following result.
Lemma 4.2. Let n(-) be the indicator function of the set N'(dp). Set

(s, ) = v/ a(s,r)u(s,r). (4.7)
We get that

j (AN, ) (En(E(E)dE = <1, L) — NCuly ). (48)
N (do)
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Proof. By changing variables we have that

A = sdra(s,r)u(s,r _usr) A xnu) (s, r
[ (A ©n€yutere = [ asarats, s ) { T (s .
Taking into account Lemma 4.1 we have
u(s,r) N,
JT dsdra(s,r)u(s,r) {U(mA(s,r)) — (J* * nu)(s, r)}
u(87 T‘) / /! / / !/ / !/ / 2 2
= J;/_ dsdra(s,r)u(s,r) {O’(?TLA(S,T)) - J:I_ J/\(S7 s’y u(s’, r")a(s’, r')ds'dr } —A CHU‘HLZ(N(do))'

(4.9)
By (4.3) and (4.4) one obtains

U dsdrdra(s,r)u(s,r)f ds'dr' Ry (s, s,y u(s', 7' )a(s, ')
T T

< CAQHUH%Z(T,Q(S,r)der) = C)‘2HHH%2(N(CZO))’

U dsdrdra(s,r)u(s,r)J ds'dr'R) (s, s, m, 7" )u(s', 7 )a(s', 1) < C’)\4\|u\|iz(7—’a(s’r)dsdr) = C)‘4H“H%2(N(d0))-
T T

Set @ as in (4.7) and

(D i) (s, ) = /s, T) L’ JA(s, 8, ) s r)a(s' ) ds'dr. (4.10)

We have immediately that

L dsdra(s, ryu(s, ) {

u(s,r)
o(mal(s,r))

= JT dsdri(s,r) {(mjés,)r)) - (ZA?’\Q)(S,T)}

— f T, 8, u(s', ) a(s, r’)ds’dr’}
-

o) (4.11)
a(s,r
= | dsdr{——"-— — (B i)(s,r }
Jy ot iy~ )
+J dsdri(s,)(C M) (s, r)
T
where
(C i) (s,7) = J JA(s, 8, r, 1) [ a(s,r)a(s,r) — a(s*,r*)] a(s’,r')ds'dr'. (4.12)
T
By Lemma 4.3 given below we have that
i, CAay| < X2 - (4.13)
Taking into account definition (4.6), from (4.11) we get (4.8). |
Lemma 4.3. Take |s — s'| < X and |[r —1'| < X\. We have
a(s,r)a(s,r) = a(s*,r*)\/1 + b(s, s',r,1") (4.14)
where b(s,s',r,r") is defined in (4.17) and
b(s, s, r,7")| < CN2. (4.15)

Proof. Adding and subtracting k(s*)r* we have
a(s,r)a(s',r') = a(s*,r*)? + a(s*,r*) [Qk( BpE — k(s — k‘(s)r]
+ [k(s™)r* — k(s")r'][k(s*)r* — k(s)r] (4.16)
= a(s*,r*)? [1+0(s,s",r,1")]
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where

[2k(s*)r* — k(s )r" — Kk(s)r] N [E(s*)r* — k(s )r'|[k(s*)r* — k(s)r].

b(s, s, r,r') =
(5,8%m.1) a(s®,r*) a(s*, r*)2

(4.17)

Next we show (4.15). We have
[Zk(s*)r* — k(s — k(s)r] = [k(s*) — k(s)]r + [k(s™) — k(s')]r". (4.18)
Taylor expanding k(-) we have

k(s') = k(s*) + k' (s*)[s — s*] + %k"(s*)[s' —s*? + ék”’(é)[s' —s*]3, (4.19)

where § € (s,s'). Similarly we proceed for k(s). By (4.18), taking into account (4.19) and that

r_ s* = [s"—s] % _ [s—s']
- 2 - 2

s and s — s we obtain

[[k(s¥) = k()" + [k(s*) — K(s)]r]

r_ 1 1 4.20
< k'(s*)%[rfr’] + Zk”(s*)[slfs]zr* + @k’”(é)[s’fs]?’[rfr’] < CN2. (4.20)
By similar computations
|k(s*)r* — k(s")r'1[k(s*)r* — k(s)r]| < CA%.
O

4.2. Properties of L*. The operator L* acts on function of (s,r). In Corollary 4.5, stated below, we
show that when the operator L* acts on functions depending only on the variable r, it is, in the L2
norm, A2 close to the one dimensional operator Li"s, defined in (3.52). Preliminarily we need to see
how the operator B*, defined in (4.5), acts on functions depending only on r. This is the content of
the next lemma. The symmetry of J is essential to obtain the estimate (4.22).

Lemma 4.4. Let B* be the operator defined in (4.5) and v a function depending only on the r variable.
For any s € T we have

(BM)(r) = (J* xr ) (r) + (TM0)(r), rel (4.21)
where T™* is the operator defined in (4.26),
TS0 (r)| < CN2(J> 1 |v])(r), rel. (4.22)
When v e L*(I),
HF'\’SUHL?(I) < C/\ZHUHH(I)- (4.23)

Proof. Taking into account that the support of J*, see the definition of the operator B?, is the ball of
radius A centred in (s,r) € T we make the following local change of variable: For each (s,r) € T and
rel,

w= f(s') = —(s =& )a(s*r*), |s — 8’| < A\ (4.24)
Notice that we are not explicitly writing the dependence on (s,r,7’). Denoting by f’ the derivative
with respect to s’ of f, we have

1
(") = a(s*,r*) + 5(3 — K (s%)r*.
By (2.6) and for A small enough, f/(s’) > 0 when |s — s’'| < A. By the inverse function theorem we have
1 1
ds' = gromsdw, [(sw) = als*(w). 1) + 5K (5 (),

5@(3*(11}),7“*)
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where by an abuse of notation we set s*(w) = s+ 3 f~!(w). We have

(B*v)(r) = J JMN(s — s)a(s*,r*), (r — ")) a(s*, 7*)v(r')ds dr’

-
1
[ TN, = 1) (), ) (s 425
L F1(s—s' 1<) Jo(s™( f'(s'(w)) (4.25)
= f dr’ J JMw,r —ro(rdw + (T5v)(r)
I
where
1
(T 50)(r) = f dr' dwJ* (w,r — 1) o — 1| o). (4.26)
14+ (s*(w))r
T a(Fw),rH)?

For r and ' in I, the support of J*(w,r — ') is the ball of radius A centered in the point (0,7) € 7.
Hence we have for re I and v’ € I

JJ/\(’LU, r—1dw = JNr — 1), (4.27)

where J? is defined in Subsection 2.1. Therefore from (4.25), (4.26) and (4.27) we have (4.21). Denote

shortly by a = % Since [w| < A we have that [a| < CX. Writing == = >}, ((—a)* we have

that
1 & L
1| == —a)k.
[1+a ] a+k§2( a)

Therefore from (4.25) we obtain

)"51} r) = — ! A w.r — 7' Wk,(S*(w))r*v Ndw
o)) = = [ dr' [ P wr =) ZLE o0
© (4.28)
| JMNw,r— 1! —a) () dw.
*Ld [ 7w PIEORIEL

For the second term we have

Ldr’JJ’\(w,r -7’ I:Q(a)kv(r’)dw

(4.29)
< C')\QJ dr'fj)‘(w,r — 1 o(r")|dw = CN? J dr' J*(r — ") |u(r")].
I I

For the first term of (4.28) develop in Taylor expansion around w = 0
k/ * * k/ * O *

(@) RO
a(s*(w),r*)*  a(s*(0),r*)?

where we denote by g the derivative of % with respect to w. We have that

wk!(s*(w))r*

/ A o wk (s*(w)r*
-[[—dmdo] o JJ o T)a(s*(w)m*)QU(T Jdw

= T,fk'(s*(O))r* v(r’ Mw,r — ) wdw
f[_dm]d S )fJ( - )wd (4.30)
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By the symmetry of J*
JJ)‘(w, r—r)wdw = 0.
Since |g(w)|w? < CA?, from (4.30), (4.29) and (4.28) we obtain
[(TA0) ()| < CA2 (> * |v]) (7). (4.31)

Corollary 4.5. Let v e L*(I) we have that
(Lr0)(r) = (Ly™v)(r) + (D 0)(r), (4.32)
where T is the operator defined in (4.26) and
TS0 (r)] < ON2(J> = [v])(r). (4.33)
The proof is immediate by recalling the definition of L* given in (4.6) and L}** given in (3.52).
Corollary 4.6.
L’ JN(s, 8 ) a(s*, r¥)ds'dr’ = 1+ (TM)(r) (4.34)

where we denote by (T*%)(r) the quantity defined in (4.26) when applied to the function v(r) = 1 for
allr eI and

(M) ()] < OA2.
Further
f JA(s, 8 ) a(s*, r¥)ds' = TN — 1) + (T)°) (r, ), (4.35)
T

where T7° is defined in (4.38),
(D) ()| < ON2 T — 7). (4.36)

Proof. The proof of (4.34) is straightforward. Take v(r) = 1 in Lemma 4.4 and the thesis follows. To
show (4.35), we proceed similarly as in Lemma 4.4. For r and 7’ in I, we have as in (4.25)

f JM(s — SHa(s*, r*),r —ra(s*,r*)ds’

T

= Mw,r —ra(s* (w r*;w .
= | P =l 0.7 g (437
_ fﬁ(w, r— 1 )dw + (TN () = TP — 1) + (O (1)

where

1
(Fi\’s)(r, ’I"/) = J)\(’UJ, T — 7‘/) T ok (sF () E 1 dw (438)
| SR E
a(s* (w),r¥)?

Similarly as done in (4.28) and (4.29), (4.30) and (4.31) we have
(D2°) ()| < CA2TA(r = 7). (4.39)
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4.3. Two dimensional integral operators in enlarged bounded domains. Let 7, be the enlarged
cylinder

dy d
Ta=Tx1I, I,= [—70,70]. (4.40)
Notice that the circle T is kept unchanged. Denote z* = %Zl, s* = %S, and, see (2.5),
a(s*, 2*) =1 — Mk(s™)2*%, (4.41)
1 _ o
J(s,8',2,2") = XJ ((S )\S )a(s*,z*), (2 — z)) a(s*, 2%), (4.42)
and
(BV)(s,z) = | Js,s,2,2)\V(s,2")ds'dZ. (4.43)

Tx
The J¢ is obtained by rescaling only the r—variable of the integral kernel defining the operator B*, see
(4.5). Denote for V e L?(Ty)

1
o(ma(s, z))
where J€¢ is defined in (4.42). We avoid to write explicitly the dependence on A on the previous notations,
but the reader should bear in mind that if not explicitly written, there is almost always an hidden
dependence on \. In this section we study the spectrum of the integral operator A : L?(7) — L?(Ty),
defined in (4.44). The operator A is conjugate to L* : L?(T) — L?(T), hence the spectrum of A and
L are the same, see Theorem 4.8 We have the following result.

(AV)(s,2) = Vs, z) — L’ J(s, 82,2V (s, 2 )ds'dz’, (4.44)

Theorem 4.7. (0)The operator A is a bounded, self adjoint operator on L*(Ty) with discrete spectrum.
(1) There exist i € R and ®g € L*(Ty), ®¢ strictly positive in Ty so that

A(DO = ,[LO(I)(). (445)

The eigenvalue g has multiplicity one and any other point of the spectrum is strictly bigger than .
2) There exists (1 > 0 and z1 > 0 independent on X\ so that

Do(s,2) = G |z| = 21. (4.46)
(8) There exists C > 0 independent on X\ so that
—CN < pg < ON°. (4.47)

The proof is given at the end of the subsection. This result immediately implies the following.

Theorem 4.8. Let L* be the operator defined in (4.6). The spectrum of L is equal to spectrum of A.
In particular we have
@ L) > piolulacry = —NClular.

The thesis immediately follows by Theorem 4.7 and noticing that L* and A are conjugate. The proof
is similar to the one given in Proposition 3.3. The following results are straightforward consequences of
Lemma 4.4 and Corollary 4.6.

Proposition 4.9. Let V e L?(Iy). For any s € T we have

(BV)(2) = (J +1, V)(2) + (I*V)(2), (4.48)
J ds'dz' J°(s,s',z,2") = 1+ (I'*)(2), (4.49)
Tx
ds'J%(s,s',2,2") = J(z — 2') + (T%)(2, 7)), (4.50)

Tx
(D5V)(2)| < CN2 (T *1, [V])(2), |T5(2)] < CA?, [D5(2,2)| < ON?J(z — 7). (4.51)
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Proof. Taking into account the definition of J¢, see (4.42), applying similar argument as in Lemma 4.4
and Corollary 4.6 one gets the statements. O

Denote
p(s,2) = a(mal(s, 2)), (s,2) € Ty, (4.52)

— . 2 1
H = {u : JTA u(s, 2) 267 dzds < oo},

Uy = L V(s,z)U(s,z)@dzds,

1
V|3 = V(s, 2)? ———dzds,
H ”H T ( ) p(S,Z)

and P the linear integral operator acting on functions V e H

(PV)(s,2) = p(s,2) N J(s,8', 2,2V (s, 2")ds'dz'. (4.53)
A

By the property of m 4 stated in Subsection 2.4, 8 = p(s,2) > a > 0 and p € C}(Ty).

Theorem 4.10. The operator P is a compact, self-adjoint operator on H, positivity improving. Further,
there exist vg > 0 and Vy € H, Vi strictly positive function, so that

PVO = Vo‘/o. (454)

The eigenvalue vy has multiplicity one and any other point of the spectrum is strictly inside the ball of
radius vy. The eigenfunction Vo € CY(Ty). Further there exists 21 > 0 and ( > 0 independent on X so
that

Vo(s, z) = ¢, |z| < 21,Ys€eT. (4.55)

Proof. 1t is immediate to see that
PV, W) =KV, PW).

The compactness can be shown by proving that any bounded set of H is mapped by P in a relatively
compact set. To show the positivity improving we take V' = 0 in 7, V # 0, and show that for all
(s,2) € Ty,

(PV)(s,z) > 0. (4.56)
Namely, assume that there exists (5,z) € T so that (PV)(5,zZ) = 0. Since J° > 0 we have that
V(s,z) =0forall (s,z) € Qx(5,2) = {(s,2) € Tr : |s—3| < A, |z—Z| < 1}. Repeating the same argument
for points (s,z) in @Qx(5,2) we end up that V(s,z) = 0 for (s,z) € T, obtaining a contradiction.
Therefore the positivity improving property is proven. From the positivity hypothesis on J¢, there
exists an integer ny such that for n = ny, there is ¢ > 0 so that for any z = (s,2) and Z = (5, 2) in Ty

Jdgldgz....dgnf@,gl)JC(gl,QQ)...Jc(gn,@ > (. (4.57)
Denote forx € T and z e T

K(z,z) = p(z) Jd§1d§2""d£np(£1)ufc(§; 21)p(29) (21, 29)...0(2,) I (2,,, T). (4.58)

Then one can apply the classical Perron Frobenius Theorem to the kernel K (-,-). As a consequence we
have that the maximum eigenvalue of the spectrum of P, which we denote v, has multiplicity one and
any other point of the spectrum of P is strictly smaller than vq. Let Vj be the eigenfunction associated
to 9. Then it does not change sign and we assume that it is positive. Differentiating the eigenvalue
equation, taking into account that p € C1(7,) we get that Vy € C1(T,). Next we show (4.55). From
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(4.61) of Lemma 4.11, stated below, we have that . Vo(s, z)?ds is exponentially decreasing for |z| > z.
Further

1
fT m%(S,Z)QdeZ =1.
N )

Therefore we must have that there exists z; > 0 independent on A so that
F LJ Vo(s, 2)%dsdz > 1 (4.59)
., p(s,2) Jr 2
This implies that there exists ( > 0, independent on A so that
Vo(s,z) = ¢, |2| < z1,VseT.

Namely, if this is false, there exists (5,2Z) € T x [—z1,21] so that V5(5,2) = 0. Since P is positiv-
ity improving and Vj is an eigenfunction, repeating the argument done after formula (4.56), we get
Vo(s,2) =0in T x [—z1, 21]. This is impossible since (4.59) holds. O

Lemma 4.11. For any e € (0, %) there exists Ao = Ao(eo) > 0 so that for A < Ao the following
holds. Let v > 1 — €y be an eigenvalue of the operator P on H and ¥ be any of the corresponding
normalized eigenfunctions. There exists zo = zo(€g) € I independent on \ so that

C
(s, z)| < —=e )2l p z| =29, VseT, 4.60
|¥(s,2)| 7 1l 2] =20 (4.60)
where a(eg) is given in (4.67). Further
j 0 (s, 2)Pds < Ce w2, || > 2. (4.61)
T
Proof. For any €, choose Ao = A\g(eg) > 0, z0 = 2z9(€p) > 0, such that for for A < Ao

p(s,z) <1 — 2¢, |2| = 20, (s,2) € Tx. (4.62)

This is possible since [p(s, 2) —o(m(2))| < CA, lim|;|,o 0(m(2)) = o(mg) and 1—2¢9 < o(mg). Further
v > 1 — e, hence, by (4.62), we have for |z| > 2z,

1 1— 2¢
—p(s,2) <
v

: 4.63

Take Ag = Ag(€p) small enough so that 2z9 € Iy. Take z = 2y + n where n is any integer so that
zo + 2n € Ty. By the eigenvalue equation we have

1
U(s,zo +n) = ;(P\I/)(s, 20 +n). (4.64)
Iterating n times (4.64) and by (4.63) we obtain
1—26\" 1—26\"
s+l < (F20) 0w bl € (S0 ) (e 0es)

By Proposition 4.9 we have that
17 = | ds'd (oo 2, ) = 14 T,
T

where |[[*(z)| < CA%. Hence, by Jensen inequality we get
1

JO < Je Je nfl\I] <
1T " Wlo < ([T 2] () 2 7

Cl T2 (71" [ < 1+ CX)" 7 T2 @ e,

1
Al
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where we estimated ||J¢||s < %HJHQ Take A small enough so that % In (11__25600) > In(1 + C\?). Hence,
by (4.65), we have

1
[T (s, z0 +n)| < \TACe_”a(EO)HJHQH\IIHH, (4.66)
where
1 1-— €0
=-1 0. 4.67
aleo) = 5 n<1—260) - (4.67)
To get (4.61) we proceed as above obtaining
2 1-2¢ 2 c\n 2
ds|U(s,zo + n)|* < ds|(J)" W (s, zg + n)|*. (4.68)
T 1-— €0 T

By Proposition 4.9 we have that
J ds'J¢(s,8',2,2') = J(z — 2') + T5(2,7)
T
where |T5(z,2")| < ON2J(z — 2'). Set Z = 2z + n, by Jensen inequality we have

2
J ds|(J) "W (s, 29 + n)|? =J ds <J ds'dz' J¢(s, s, z,2") ‘(JC)"lllf(s',z')’)
T Tx

T

<1+ C)\2)J ds'dz’' (J dsJC(s,s',E,z')> ’(JC)”A\IJ(S',Z')|2
T

Tx
<S(U+0N) | ds'dz'J(z—2)|(JO)" (s, )+ ON2 | ds'd2 T(z — ) |(JO) (s, )
Tx Tx
= (1+20)\?) J ds'dz' J(z — ') |(JO)" 1 (s, z’)‘Q < (14 2CA\?*)sup j(z)f ds'dz" |(JO)" (s, z’)|2
Tx z Tx

< (1+20X%)"sup J(2)|¥[3, < O(1 + 2C\*)"|¥|3,.
(4.69)
Therefore by (4.68), (4.69) and (4.67)

1—260
1760

2n
f ds|¥(s, 20 +n)> < C ( ) (14 20X2)"| |2, < Ce4naleo)nn(+20X7) g2 (4.70)
T

Take A small enough so that 3a(ep) = In (1 + 2C\?), we then obtain (4.61).
]

Proof of Theorem 4.7 The points (0), (1) and (2) are an immediate consequence of Theorem
4.10. Namely, let T : H — L*(T,) so that TV = %. The map T is an isometry and the operator

I—7P :H — H is therefore conjugate to the operator A : L?(7,) — L*(7,). This means that
the spectrum of the two operators are equal, moreover if V' is an eigenfunction of P, then TV is an
eigenfunction of A. Next we show the upper bound in (4.47). By the variational form for the eigenvalues

= inf AV, V) <AV, V),
0= Vera AV S AV

where V = ”mﬁ‘ﬂ% Since V is a function of only the z—variable, by Proposition 4.9,
L=(TX

AV = L5V + T5V.
Hence

m<Mﬁ@zL%W@%ﬁW&M+L%W@%FWwM-
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By (3.29)

| asvs.). e < ox
and by (4.51)

L ds(V (5,), T*V (5, ))s < CA2.

Therefore

po < CA2.

(4.71)

Let ®( be the normalized positive eigenfunction associated to ug. Multiply the eigenvalue equation by

Uy, see (3.11) the principal eigenvalue of £°, defined in (3.8). We have, since A is self-adjoint

pol®Po, 1) = (AP, ¥1) = (Do, A1 ).

By Taylor formula Uy (s',2) = Uy(s,2) + (s — 8')VsP1(5, 2), where 5 € (s, s). By Proposition 4.9

L4
AV, = L J(s, 8,2, 2 )Wy (8, 2 )ds d2
o(ma) T
v

= o J JC(s,8 2,2 )W (s,2")ds'dz" — J J(s,8,2,2") (s — 8" )VsWUy(3,2")ds' dz’

a(ma) Jn T3
= (L°TUy)(s,2) + 0 — J J(s,8,2,2')(s — 8" )VsVUy(3,2")ds'dz".

Tx
Therefore

pol®Po, 1) = (Do, LSV 1) + (P, [*¥y)

+f dsdzq)o(s,z)f J(s,8',2,2") (s — §')VsWUy(5,2')ds'dz".
Tx Tx

By (3.17) and (2.15) we estimate

U dsdz@o(s,z)f JC(s,8", 2,2 ) (s — 8" )V U (8, 2')ds'd2'| < CA|®g||[VsP1]| < CA|[Vsmal <
Tx

Tx

(Bg, 750,y < CA2
Therefore, we have

p1o{®o, W1 = inf 1i5(Po, ¥1) — ON*.

We need to show that
<<I>0, \111> = C.

By (3.15) and (4.46) there exist z; > 0 and ¢; > 0 independent on A so that ®g(s, z)¥y(s,z) =

|2| < 21 and for all s € T. Therefore (4.74) holds and we obtain

Mo = —C ).

(4.72)

(4.73)

CN\?,

(4.74)
¢y for
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4.4. Proof of Theorem 2.4. As explained in the introduction, we would like to take advantage of
(2.17), splitting the quadratic form associated to the operator A , in two integrals. One integral is
over the region Q\N (dQ—O) and because of (2.17) is positive. The second integral is over the region A/ (%),
i.e near the surface I' and we can estimate it from below by applying Lemma 4.2 and Lemma 4.8. But
because of the non locality of the operator this argument does not work. Namely when splitting the
integral of the quadratic form there is an extra term which might spoil the estimate. Here, we show
that it is always possible to find a way to split the integral of the quadratic form associated to the
operator A, , to obtain the desired estimate.

Define for any integer k € {0,...,N}, for N = [1] where for € R, [z] is the integer part of z, a
sequences of cut off functions

1 when §GN( (1+ Xk))

0 otherwise,

n(€) = (4.75)

nk(€) =1 — k(&) and set
=2 [ aet(OuO I« rfu)(©).

Let k = 0. We have, taking into account that 79(£)n{(€) = 0 for £ € Q and the symmetry of J*(-)

| o0 = [ (ot

(4.76)
+ | (A w0 OB©vEd s
Because of (2.17)
[ A mr@ms©nee > € - DiolEa >0
By Lemma 4.2 and Lemma 4.8 we have that
| bty @mto©de = 0o
But the last term of (4.76) might create problems. Obviously if
s0<0 (4.77)
or if
s0 < 0% HUSUH%?(Q) (4.78)
for §* > 0 so that (C* —1—0%*) > 0 or if

then the theorem would be proven. But this might not be the case. We proceed recursively as following.
Assume that no one of the three conditions (4.77), (4.78), (4.79) hold. Take § > 0 so that 2% < 6*
Notice that since we are assuming that (4.77) does not hold, sp > 0. We must have

59> 0 [80 + 2\\773@“%2(9)] . (4.80)
Namely if the reverse inequality holds in (4.80) then
)
S0 < 217_6H773U”2L2(Q) < 5% [n3v]32(q)» (4.81)

which is (4.78). But we are assuming that (4.78) does not hold. Notice that the integral defining s
has support in a stripe of width 2\ around I' 4y = {{ € Q: (£, T) = i%} So we might try to split
- 2
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the integral of the quadratic form moving by A from I' 4,
T2
of the following conditions holds
s1 <0,
s1 < 0¥ myvle ),

S1 S )‘2HU”%2(Q)7

we can conclude the proof of the theorem. If not then
s$1>0 [31 + 2\\77%1)\&2(9)] .

By (4.80),
1 1
s1= Y s;—Sp < Z 5;—0 [So + 2||773UHi2(Q)] .
i=0 i=0

Notice that

51 =2 [ denl(@u@ U ) <2 | dEBOWOI o)) < 2Anols oy

Therefore

1
51<(175) ZSZ‘.
i=0

i.e applying the cut off function n{. If one

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

Next we show that there exists k € {0,..., N} so that if for j € {0,...,k — 1} no one of the following

conditions is satisfied
S < 0

55 < 6*[mu[7a()
55 < X?|v)22(q)

then
st < A?[v]Z2 (0

Namely, reiterating the argument done in the case of s; we have that for k € {0,..., N}

k
k< (1_5)k23i-
i=0

(4.87)

Denote §p = —log(1 —4§) > 0. Take A small enough so that % log 3 < [§] = N and set k = [% log 3=

With such a choice k < N. We have

E
Sp < e~ %k Z S;
=0
k
<N D s SON e
i=0
We then split

j (A2, 0)(E)u(€)de = j (A2, o) () (€)u(€)de
Q Q
n fﬂ(AbnAn§v><f>n§<f>v<s>df s

Because of (2.17)
L(A?nAn§v)(£)n§(£)v(£)d§ > (C* — Dol sz > 0.

(4.88)

(4.89)
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By Lemma 4.2 and Lemma 4.8 we have that

| b koo = ool
and
st < ON*[0]2(q)-

Theorem is proved. O

5. TWwO DIMENSIONAL CONVOLUTION OPERATORS IN ENLARGED BOUNDED DOMAINS.

Essential ingredient to show the H~!— estimate, stated in Theorem 2.5, is the knowledge of the
spectrum of the operator defined below, see (5.1). For V e L%(T,), where T, is the the enlarged
cylinder defined in (4.40), denote

(G V)(s,2) = m - JT %J((S ;\SI),Z -2 V(,2)dds, (5.1)

where J is the symmetric probability density on R? defined in Subsection 2.1. We study the spectrum
of the operator G* on L?(T,) by Fourier analysis. For h € R, let J"(-) be the h component of the
Fourier transform of J(s,-), s € R:

hiz) = s, z)e"ds = s,z)cos(hs)ds. .
) = [ T2t ds = | 35,2 costha)d (5.2

The last identity holds because J is an even function of s. This implies that J* = J~". Since J € C1(R?)
we have that

M < o 65:)
where C/(2) = 0 when |2| > 1 and
Clz) = fds\%J(s,z)\, for |2 <1 (5.4)
Further
JO(z2) = JJ(S, 2)ds = J(z), (5.5)
see Subsection 2.1. For w € L?(I,) denote
(@)(e) = | L ). (56)

Proposition 5.1. The operator L", h € R, is a bounded, self-adjoint operator on L?(Iy). The spectrum
of LM is discrete.

Proof. The proof is straightforward. One needs to exploit that P"w = o (m).J" *w is a bounded integral
operator in L?(Iy) and that £" is conjugate to T — P". O

By general arguments one can deduce informations about the spectrum of G* by the knowledge of
the spectrum of £L". Any V € L?(7,) can be expanded in Fourier complex series as the following

Vs, z) = Z ey (2) (5.7)
kEZL
where Zp, = 227 and ug(2) = 1§ V(s,z)e"**ds. Let F : L*(Tx) = @z, Hr, Hr = L*(I)), be the
isometry induced by the Fourier expansion. We denote by W = (uy)kez, an element of @keZL H;,.
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Theorem 5.2. Let 0(G) be the spectrum of G* in L*(Ty) and o(L") the spectrum of L™ in L?(I,).
Then
o(Gh) = U o (L),
{keZr}

Proof. Let G = @Ppez, L be the operator defined on @, Hy, so that W = (L up) ez, . We
have that

g)\ _ f*lg)\‘/—_:
Being conjugate G* and G* have the same spectrum. By [9], ¢(G*) = Uskezr) o(L ). The thesis of
theorem follows. O

The aim is then to study the spectrum of £", h € R. It turns out that when |h| > hg, where hq is
a positive real number, conveniently chosen, the spectrum of £ is strictly positive and can be lower
bounded by a positive constant depending on hg but not on h. For |h| < hg the spectrum of £ is
still positive but the lower bound does depend on h. In this case, we are able to give upper and lower
bound of the principal eigenvalue of £ which turns out to be very useful. We analyse these type of
behaviour in Proposition 5.6 and Proposition 5.7. Next, we show that eigenfunctions associated to
small eigenvalues decay exponentially for |z| large enough. This result is valid for all {£"};,.

Proposition 5.3. For any ¢y € (0, %M), there exists zg > 0, Ag = Ao(€0) and a(ey) > 0 so that
for X < Ao the following holds. Let p < % be an eigenvalue of LM and 1) be any of the corresponding
eigenfunctions. There is a(ey) > 0 and zo = zo(€o) independent on h and X\ so that

[9(2)] < Cem @l 2] > 2. (5.8)
The proof is similar to the one given in [14][ Lemma 3.5] and it is therefore omitted.

Remark 5.4. Notice that zo and a(ep) depend only on ey and not on h. Applying the argument
as in [14][ Lemma 3.5] one ends up with [(2)] < B|J" |2~ But it is immediate to see that
[ T2 < T2

The spectrum of the operator £°, i.e. when h = 0 has been studied in [14]. When |h| < Z the integral
kernel J” is positivity improving, i.e if v(z) = 0 and v(z) # 0 for z € I, then SIA dz' J"(z—2")v(2') > 0.
Hence we could apply the same type of arguments used in [14] to study the spectrum of the operator
L" when |h| < Z. In Proposition 5.6 we summarise the results for the spectrum of £", |h| < ho, where
ho < % is suitable chosen. To prove a uniform (in |h| < hg and A > 0) lower bound for the gap of £"
we apply perturbation theory.

Proposition 5.5. Let J", |h| < T, be the integral kernel defined in (5.2). We have that there evists

2
ho > 0 so that for |h| < hg,
- 1.,- - 1 5=
J(z) — §h2Jtan(z) <JM2) < J(2) - ztht),‘m(z)7 (5.9)
where Jyqn(-) is defined in (5.10),

0 < Jian(2) < J(2).
Proof. By Taylor expanding cos h{ we have
1-— %h2§2 + %h‘* > coshé > 1 — %iﬂg?.
Denote
Tune) = [ J(6. 20620 (5.10)
We have )

J(z) - %thmn(z) + %/ﬁ f T 2)EE > TM2) 2 T(2) = 5huan(2).
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Since
f J(f, Z)£4d§ < jtan(z)

taking ho > 0 so that when || < hg, 4;2* < 1 we obtain
_ 1 .. _ _
J(z) — ithmﬂ(z) <JMz2) < J(2) - Zfﬂjgm(z).

Therefore we get (5.9).
(|

Proposition 5.6. There exists ho € (0,%) so that for |h| < ho, the following holds for £L" defined in
(5.6) on L%(Iy).
(1) There exists b € R and Y} strictly positive in I, Y8 even function, so that
LM = pgas-
The eigenvalue pf has multiplicity one and any other eigenvalue is strictly bigger that uf.
(2) Let 3 be the principal eigenvalue of the operator LO. We have that

1
1o < 1o < pg+ %
(8) There exists D > 0 independent on X and h so that

inf (LMp,py =D,  Yh:|h| < he. (5.11)
I l=1,(¥,95>=0
(4) The principal eigenvector Y% is such that
lvg —wol* < Ch?. (5.12)
(5) There exists zo > 0 and (p > 0 independent on h and A so that
Uo(2) = Co, |2l < 20
(6) There exists Cy > 0, independent on A and h, so that
ph = pld + Coh?. (5.13)

Proof. For |h| < Z, for |s| < 1, the integral kernel J", in the definition of £", is non negative for
z € I. Applying the Perron Frobenius Theorem to the operator (A"g)(z) = a(m)(J" * g)(2), z € I,
and proceeding as in [14] [Theorem 2.1] we prove point (1). To show (2) and (3) we apply standard
perturbation theory for bounded selfadjoint operators, see [12]. Define the following family of operators
indexed by v:

A, =L +vB, ve[0,1]
where

B=r"—r

The family A, connects in a smooth way the unperturbed operator £° to £". We have that

Bw(z) = [£" = L% w(z) = JJ(Q 2z — 2|1 — cos(h&)]déw(Z")dz'.
Notice that for |h| < hg, B leaves invariant the cone of the positive functions. Further, by (5.9),

1
|B| = sup }<w, [£" = £0]w) < Sh*. (5.14)

lwll=1

Since £° has an isolated simple eigenvalue and a spectral gap D, independent on ), see Theorem 3.1,

the £" for all
D
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will have an isolated simple eigenvalue and a spectral gap bigger or equal of D/4. Moreover the principal
eigenvalue uf and eigenvector 1§ of A, are analytic in v. By Perron Frobenius Theorem g > 0 and
we assume (g, 15> = 1. Next we would like to show that that uf) > u. We derive with respect to v
the eigenvalue equation

Ay = pgig -

We have
By + A0, (¥5) = 0w (6)¥0 + 160w (¥5)
Wy, [BYg + Avdu (V5)]) = 6, [00 (1) V6 + 160 (¥5))])-
Therefore
@G BYE) + puglis 0u (V6)) = 0w (16)¥5 - 45 ) + o< s 00 (¥5))-
We have
(Wi, Bg) = ou(p)-
Hence

Ho = W+ | Wt B (5.15)
Since ¥4 > 0 and B is a positive operator ¥ > ud. By (5.14),
ph < pg + u%h?
When v =1, Ay, = LM py = ph and we have
py < pg + %hQ.

Next we show (5.12). For h # 0, split

Po = ag + (Yg) " (5.16)
Then
a®+ [(wh) P =1 (5.17)
D
Lhpg, 96y = a?pg + (L (o) ", (V) ™) = g + | (We)[1* (5.18)
Further
LMY, gy = (Lo, 8y + (L — LO)g, vy
o 1., (5.19)
By (5.17), (5.18) and p! > 0 we have that
1 D D
Ho + 5h? = a’ug + L1We) T I* = L 1we) |

By [14] [Theorem 2.2, formula (2.8)], 0 < pd < Ce 2. It follows that there exists C' > 0 independent
on A and h so that

I(pg) " |? < Ch2. (5.20)
By (5.17) a®> = 1 — ||(x#)*|?. This, together with decomposition (5.16) and (5.20) implies (5.12).

The proof of the point (5) can be done as in [14] [Lemma 3.6, formula (3.22)]. The proof is similar
to the one given in Theorem 3.2 when proving (3.15).

To show (6) we need to lower bound, see (5.15), S;@;B,, By?,5dv'. First of all we note that the same
type of argument of point (5) applies to ¥0 the principal eigenvalue of A,. Namely ¥9(2), z € I, is
positive and exponentially decaying when |z| large enough. Hence, as in point (5), there exists zp > 0
and (p > 0 so that

V() =C, |zl <z,  Wrel0,1], (5.21)
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where (p > 0 and 2y > 0 are independent on A. Hence, by Proposition 5.5 we have that

W, BYS) = f a0, (2) f (2 — ') — (2 — 22 ()
. I I (5.22)
> QCSZOZhQ ijn(z’)dz' = Oph?.

The statement follows. ]

Proposition 5.7. Let L" be the operator defined in (5.6) on L%(Iy). Let hy be as in Proposition 5.6.
There exists v = v(hg) > 0 independent on h and X so that for |h| > hg

(w, LM = vl|w|?. (5.23)
The proof of Proposition 5.7 follows from Proposition 5.8 and Proposition 5.9.

Proposition 5.8. Let L be the operator defined in (5.6) on L%(I\). There exists hy = hy(B,J) > 0
independent on A so that for |h| > hy

1
(w, L) > 587 wl. (5.24)
Proof. By (5.3)
Ty € s [ delua)] a0 - )] < sl
(L +|A]) Jr, (1+1Al)
where
Cy — f C(2)dz = J dzf ds|-L g (s, ). (5.25)
I, I T ds
Hence, by definition of £" and (5.4), we get
1 Oy ,
sup  (w, L wy=  sup (= — ——)|w]?. (5.26)
{wiw]=1} (wiwj=13 B (L +[h])
Choosing hy = hy(8,J) > 0, so that %B‘l > % we get (5.27). O

Proposition 5.9. Let L be the operator defined in (5.6) over functions L?(Iy). For any given hy >
and hy > 0, there exists v = v(hg,h1) > 0 so that for hg < |h| < hy

(w, LMYy = vl|w|?. (5.27)
Proof. We first show that there exists ¢; = ¢1(ho, h1) > 0 so that
|J"(2)| < J(2)(1 —c1),  ho<|h|<hi, ze(—1,1). (5.28)

To show this we argue by contradiction. Assume that there exists z € (—1,1) and h so that |Jh(z)| =
J(%). Then J"(2) = ¢.J(2) for some # € R, and therefore

J(2) = e ()
which means
J J(€,7) [1 - e*“’eiﬁﬁ] d¢ = 0. (5.29)
R

This implies that the real part of (5.29), i.e

fR J(€,2) [1 — cos(8 — he)] de = 0.
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This forces J(€,%) = 0 for all £ € R, which is a contradiction. Since for any given z the set {J"(z), ho <
|h| < h1} is a compact subset of R, and |J"(z)| < J(z), then (5.28) follows. Hence, by definition of £"
and (5.28), we get, for 1 > a > 0,

(w, LMy = (1 — a) fdsz(Z)) +a Udzwz(z) —wl|(J w|>]

o(m(z) o(m(z)) (5.30)
+ adw|(J * |w]) = (w, J* * w).
By (5.28),
[Cw, T x w)| < (Jw], |77 * w]) < (1 = ex){wl, ] * [w]).
Then, taking a = 1 — ¢; we have that
al|w|, J * |w]) = (w, J" % w) = 0.
Further, since
inf w], L2w)y =  inf (w,Lw) =0, 5.31
{wil\w\|=1}<‘ b L7l {w:\le=1}< ’ ( )
and o(m(z)) < B
. C1
in w, LMy > = = 5.32
{wzuwn:n< % B (5:52)
|

6. REPRESENTATION FORMULA FOR FUNCTIONS WITH SMALL ENERGY.

In this section, we show a representation theorem for functions having small energy, see (6.1) below.
The representation stated in Theorem 6.1 is reminiscent of the one obtained by X.Chen, see [7, Lemma
2.4] in the C-H case. The proof, as explained in the introduction, is different.

Theorem 6.1. Take f € H'(N(do)) such that | f|r2(ar(ay)) = 1. and
[ ) ree< o 6.1)
N (do)
Then, there exists Ao > 0, so that for any X\ € (0,\g) we can construct Z(-) € HY(T), f2(-,) €
L*(N(do)) such that
1 1 r
= 7(8)——— —9(~ R 2
f<577') (S)W\/XwO(A) + f (5,7"), (6 )

where ¥Q(-) is the first eigenvalue of LY, see Theorem 3.1,

1-CN < | Z|72ry < 1, IVZ| 2y < C (6.3)
17172 (v gag)) < O (6.4)

Set, f(s,r) = \/a(s,r)f(s,r). By Lemma 4.2, (6.1) implies
OX2 > fN(d A SO > (41D = O ia (6.5)

Since by assumption HfH%Z(N(dO)) = 1 we have
NC = (f, L ). (6.6)
Further setting

A 1 r
f(s,r) = ﬁV(s, X)

N2C =V, AV, (6.7)

we have that (6.6) is equivalent to
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where A is the operator defined in (4.44) Therefore Theorem 6.1 follows once we show the following
theorem.

Theorem 6.2. Take V e H'(T,), |V] =1,
(V,AV) < CN2, (6.8)

where A is the operator defined in (4.44). Let ¥3(-) be the first eigenvalue of L°, see Theorem 3.1, we
have

V(s,2) = Z(s)95(2) + VT(s, 2), (6.9)

=X < |2 <1, VZI<C, VR <ON. (6.10)

The proof of Theorem 6.2 is based on a deeper knowledge of the spectrum of the operator A in L?(7y).
We explain in Subsection 6.1 how to prove (6.9) when the operator A is replaced by the operator G

defined in (5.1). Then in Subsection 6.2 we write the operator A in term of G plus extra terms. In
Subsection 6.3 we show Theorem 6.2.

6.1. Toy model. We explain the method for proving Theorem 6.2 in a simpler context. Replace the
operator A with the operator G* defined in (5.1). Notice that G* defined in (5.1) is different from the
A defined in (4.44). Namely m replaces m4 and the convolution term replaces J¢. Assume

(V,G V) < CA2. (6.11)
We would like to prove that (6.9) and (6.10) follow. Write V'(s,2) = > 5 2" 5y, (2), see (5.7). By

(6.11) and simple computations
CN = (V,G V) = 3 (L ug, u). (6.12)
keZy,

We then apply the spectral results for {£"}; obtained above. Let hy > 0 be as in Proposition 5.6.
When |k| < % split
up = Rt + ui

where 95 is the principal eigenvalue of £** and

[ a2 Gt 2) = o
By Proposition 5.6 and Proposition 5.7 we have

Z(C“uk,u@Z Z LR up,uy + v Z Jlug?

hetn Ikl< e Ik|> o

= 3 (e} + b L] v Y (6.13)
k<52 k> o

> 3 [uhrod + Dlur Pl +v Y Jukl®

|| <50 k| > 10

Therefore, see (6.12),
N> Y [l DlutP] +v Y il (6.14)
k< B [k|> 0

Since pk* > 0, see (5.13), the three terms on the right hand side of (6.14) are positive, hence
D1 ougtai < CN, (6.15)

Ik| <52
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C

DU fup? < A% (6.16)
k<52
C
O el < —a% (6.17)
LESS
By Proposition 5.6, since u3 > 0,
Z oo = (6™ — 1 + polag = (16> = ulog,
k kl<ho k<t
[k|< || ; [kl< = (6.18)
> co 1k ?]ag.
k<52
Hence, by (6.15)
C
kai < —. (6.19)
} Co
[kl< =
Define
Z(s) = e ay,, (6.20)
k<42
VE(s,2) = Va(s, 2) + Va(s, 2), (6.21)
where
2 et + Z e ug(2), (6.22)
|k|< 2o [k|> o
Va(s,2) = ) e®ag[yf — 4] (6.23)
|kl<he
Then
V(s,2) = Z(s)9(2) + VE(s, 2). (6.24)
By (6.16) and (6.17)
[Va]* < O
By (5.12) and (6.19)
Vsl = D) adles* —gl> <X ), ajh® < X°C.
|kl< 52 || <52
Hence |[VE|2 < ON2, 1 -0ON < ||Z)? < 1,
IV.Z|? = Z k2a? (6.25)

k|<

In this way we get the decomposition (6.9), (6.10) in the toy model. The proof of Theorem 6.2 is more
complicated because terms outside diagonal are present.



SPECTRAL PROPERTIES 35

6.2. Expansion of A in term of G. In this subsection we decompose A = G+R, but the L? norm of R
is not of order A%2. Nevertheless we show that when V satisfies (6.8) then (AV, V) ~ (GV, V) +CN?|V|?.

We start writing the operator B defined in (4.43) in term of a convolution operator plus an operator
involving the first derivative with respect to the s— variable of V', plus a remainder. The remainder for
general L?(7T,) functions is of order 1 in L?(7y), so it is not small. To get the remainder small we need
to require decay properties of V. They hold when V satisfies (6.8).

Lemma 6.3. Let V € HY(T,) and B be the operator defined in (4.43). We have

(BV)(s,z2) = L} %J ((8_>\S/), (z — z’)) V(s',2')ds'dz’

(6.26)

>

N JTA o <(5 =) (- z’)> [(3 - ) k(s*)2*als*, 7DV (s, z’)] ds'dz’
)

where R is defined in (6.33).

Proof. Set xg = @ and z = (S;Asl)a(s*, z*). We expand J in Taylor formula, up to second order, at

the point ¢ and for any given z € I,. We obtain
J(z,2) =J (x9, 2) + D1J (20, 2) (x — x0)

1(” 6.27
+ §f D J (2, 2) (wg — 2')da’. (6.27)

We denoted by D;J and by Dq1J the first derivative and respectively the second derivative of J with
respect to the first argument. Recalling that the support of J is the ball of radius 1 we have that
|s —&'| <A |z— 2| <1and (z —20) = —5(s — &) Ak(s*)2* ~ Mk(s*)2*. We set

1 T
M(s,s',2,2") = §J- Dy J (2, 2) (wg — 2')da’. (6.28)
xo
By the properties of J and the boundness of the curvature
(M (s, s, 2,2")] < N2C(2*)* L5y r o<1 (6.29)

By (6.27), taking into account that a(s*, z*) =1 — Ak(s*)z*, we have
1 (5 — S/) k% ’ k% P NTS T
(BV)(s,2) = XJ 3 a(s*,2%),(z = 2') | a(s*, 2*)V (s, 2")ds'dz
Tx
o
= J lJ ((s i ),(z — z')) V(s 2")ds'dz’
A A

- A J’& %J <(s j\ il (2 — z’)) k(s*)2*V (s, 2")ds'dz’ (6.30)

- )‘ﬁﬂ %(Dlj) ((S ;\s’) (22— Z')) %(S — k(s*)z*a(s*, 2*)V (s, 2 )ds'd’

1
+ = | M(s, 8, 2,2 )a(s* 2*)V (s, 2)ds'dz’.
A7
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we obtain

__ LA (D) (‘5 _As/), (z— z/)> (s — $)k(s*)2*a(s*, 25)V (s, 2)ds'd2’

_ fﬂ J ((S - ) (- z')> Dy [(s — s)k(s")2*a(s*, 25V (s', /)] ds'd2’

__ fﬂ J ((S ;SI) (s z’>> k(s%) 251 — Mk(s%) 251V (8", ) ds'd2’
+ fﬂ J ((S_SI), (z — z’)) (s — kg (s*)2*a(s*, 2*)V (s, 2")ds'dz’

>

+ fﬂ J ((S ;\SI) (2 — z')) (s — 8" )k(s™)z*a(s*, 2*) Dy V (s, 2" )ds' 2’

+ fﬂ J ((S ;\SI) (2 — z')) (s — 8" )k(s™)z* Dy [a(s*, 2*)|V (s, 2')ds'd?’.

(6.31)

We replaced a(s*,z*) =1 — Mk(s*)z* in the first term of the last equality of (6.31). We insert (6.31)

into the third term of the last equality in (6.30). Notice that we must multiply (6.31) by —A%.

obtain
c / / o [ 1 (S_S/) 2 — 2 s’ 2Nds'dz'
J-TAJ (s,8',2,2)V(s,2")ds'dz _L} )\J( 3 ) ( )> V(s 2")ds'd
—)\J;_A }\J((S;\S),(z—z’)> [(s — §)k(s*)2*a(s*, 2*) Dy V (s, 2")| ds'd2’
+ (RM)(s, 2),
where
V) (s, 2) = — A2 (s =) z—2 s%)2%)2 s'dz
@V)(s) == [ 37 (E5T =) [kt 2V v

—\3

|
>
[V}
A
N S N S e
<
/7~
@
s
V2
\_>
:\
N
|
N
\_)
~ — ~—_

5
>
<
S
—
[
|
o
\_>
—
\_:
| —
—
[
s
CIJ\
S~—
™
—~
*
SN—
ol
CIJ\
—
"
*
N
—
w
*
SN—
[\v)
<
—~
SN—
| S
IS
&
IS
)

+ | ~M(s, s, 2,2 (s, 2*)V (s, 2 )ds'dZ,

Tx
with M defined in (6.28). The term

-2 L& %J ((8 ;\81) (2 — z)) k(s*)2*V (s',2")ds'dz’'

> =

‘We

(6.32)

appearing in the third lines of (6.30) cancels with the first addend of the last equality of (6.31) when

multiplied by —A%.
We have the following
Lemma 6.4. Let V e L?(Ty) with the property that there exists zy and a > 0 so that

f dsV (s,2)% < e |V |? for|z| = 2o

O

(6.34)
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Let R* be the quantity defined in (6.33), there exists C = C(z) > 0 so that
RV < 220V

Proof. Denote

(RYV)(s,2) = —\? fT %J <(S j\s,) (2 — z’)) [k(s*)2*)]2V (s, 2/)ds'd?’,

(R)V)(s,2) = —A2f 1y ((S _Asl) (2 — z')) [<S _AS/) ;ksr(s*)z*a(s*,z*)V(s’,z’)] ds'd?,

7 A

(R3V)(s,2) = =A° Jn %J <(S;S) (z — z/)> [(‘S_/\‘S/)k(s*)ks/(s*)(z*)z‘/(s’, z’)] ds'dz.

By Jensen inequality, (6.34) and taking into account that |z — 2’| < 1, we have

v =3 asae{ [ 50 (85 e -2) 6" PV |
(s -

1 .
< Mo J dsdzj 3 < all (2 — z’)) [(z' + 1)V (s, z')]2 ds'dz’ (6.35)
Tx
< MO0V
We estimate similarly the term R3V and R3V. By (6.29) and (6.34) we have
1 2
|RAV|? = J dsdz { M(s, sz, 2" Ya(s*, 2*)V (s, z')ds'dz'} <
T A
2
1
< C’)\4J dsdz {f (¥ gan <1 [V (S, z’)|ds’dz’}
- ﬂ N lsmsIsA <1 (6.36)
< C’XLJ dsdz )\]I‘s siealloma<1 (Z*)V(S, 21)2ds'de
Tx Tx
< Clzo) XV
Since RMV = Y} | RV, the thesis follows. O

Lemma 6.5. Set V(s,2) =3,z ey (2), see (5.7). We have

J dsdzV (s, z)(BV)(s, z)
Tx

- 2 {(5;1,;C LA dzup(2) . TN (2 = 2 up(2)d2 + F)Mun, uk)} + JTA dsdzV (s,2)(R*V) (s, 2)

heZr, ,kely,
(6.37)

where J* is defined in (5.2), F{(up,ux) in (6.41).
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Proof. From (6.26) we have

dsdzV (s, z)(BV)(s, z)

Tx
: 1 -5 .
:Z deZBZh‘guh(Z)f J((S S),(Z—Z/)) ciks uk(z')ds’dz’
hk Y Tx Tx A A
, 1 (s—4s") (s—5") - (6.38)
—\? ;C L& dsdze™ "y, (2) JTA XJ < T (z — z’)> [ 5 k(s*)z*ike'™ uk(z’)] ds'dz’
+f dsdzV (s,2)(RMV)(s, 2).
Tx
We have that
_ < o
f deZB?ihSUh(Z)J lJ <(S i ), (z — Z/)) e uy,(2)ds'dz'
T 7 A A
(6.39)

= | dsdze” " uy (2)e I (2 — 2 )ug(2) = S dzuh(z)f JMN (2 — 2 ug(2))dz'
Tx Iz Ix

where, see (5.2),

TN (2 — ) = L 1y <<5 —) (o z/)) T g — J T (w, (2 — 2)) e *du. (6.40)

A A
Set
, , 1 — — s (s
Ff\(uhyuk):_ik)\gf dsdze_lhsuh(z)e’ksf J<(S S),(Z—Z/)> (S S)k(s*)ezk)\( = )Z*uk(z/)ds/dz/
T 7 A A A
) X 1
= —ik\? j dzup(z) J 2*up(2)d2 f J (w, (z — 2")) we™ v J dse’FM3 k(s + ZAw)dw
I I T 2
= —ik\? dzuh(z)J z*uk(z')dz’JJ (w,(z—2)) we_i%(%_h))‘wf ds'e' M5 ()
I Ix T
1 ' /
= —kX\? f dzup(2) f 2*ug(2")dz J J(w,(z—2"))w sin(§(3k — h) w) J ds'e' k=M (5.
I I T
" ’ (6.41)
We use that s* = %‘“‘/ =s+ S/;S and therefore k(s*(w)) = k(s + 3 w). O
Remark 6.6. Notice that when v and w are even function
F)v,w) = 0.
Lemma 6.7. Take |V| =1, V(s,2) = ¥, ; e ug(2), see (5.7),
(V,AV) < CN?, (6.42)
where the operator A is defined in (4.44). Then
VAV =V, RgVy = Y1 {Onrun, L) + FM(un, ur) + F (un, ug) + F (up,ur) b, (6.43)
kEZL,hEZL
(V,RyV) < ON?, (6.44)

see (6.60), where F} is given in (6.41), Fs in (6.56) and F3 in (6.57). Further we have for u and v
even function
F{(u,v) = Fp(u,0) = F3'(u,0) = 0, (6.45)

1 1
) )| < N2k|C , 6.46
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1
A A
| F5 (un, wn) + F5 (un, wi)| < C/\Huh””UkHC(l PRI (6.47)
Proof. From (6.42) it follows that V satisfies (6.34), i.e there exists zp and a > 0 so that
f dsV(s,z)2 <e V|2 for |z] = 2. (6.48)
T

Namely, by Lemma 4.11, one deduces that the eigenfunctions {¥,}; associated to eigenvalues of .4 smaller

than some ¢y decay as (6.48). Therefore we can write for some positive integer N, V' = va a;V;(s, z)
where a; = ST dsdz¥,(s, 2)V(s,z). We get

f dsV (s, 2)? Z f ds¥2(s,z) < e™* ‘C’ZaZH\I’ 1> = cem V|2 for |z| = 2. (6.49)

By (3.10) and definitions (3.20), (3.21) and (3.22) we obtain
V(s,2)? J V (s, 2)?
dsdz————~ = | dsdz—"F—
Jn o(ma(s,A2)) Jgr B(1—m?(2))

(6.50)
+ J dS [1275(‘/) + I37S(V) + I47S(V)] .
T
We write
I3 s (V) = A dsdz%m(z)(b(sﬂ)
PR (e E) 65)
+ )\ZJ dsdsz(z)[d)(s z) — ¢(s,0] .
no Bll-m?(z))? ’ o
By (2.16) and (6.48) we get
S ZMT_TL z s$,z) — (s 2
[ aste g oo =) - o0 < IV (652
Hence by (6.50) and (6.51)
W [ V(s )
Jr St rey = ] ey .
Mm z z)g(s s 2 saz S,z 5,2))? .
P20 [ dsde g TR m I 2)o(s) + 00,0+ X7 [ dsdzR s, 2)(V (5,9
where we denoted by
1 _
Ri(s,z) = mm(z)[¢(5a 2) = ¢(5,0] + ¢ (5, A2).
By (6.52) and (2.14) we have that
(V,RV) < C|V|>. (6.54)
Set V(s,z) = X eiksuk(z) Taking into account (6. 53) we have
( Uk
+ )\2J dsdzRq(s,2)(V (s, z))2,
Tx
where (2)un(2)
Mup, ug) = zwm z2)hi(z set(F=h)s g (g .
B o) =22 | de st RS min(2) [ dse () (6:56)
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F (up, uy) = ZAL dsz(z) fT dse'* Mg (s 0). (6.57)

Then by Lemma 6.5
(V,IAVY =V, RAV) + AV, Ry V)
= Z {SnkCun, L5y + FMup, ug) + F3 (un, ug) + Fi (up, uy)} . (6.58)
k,h
Since V satisfies the decay property (4.61) we can apply Lemma 6.4 obtaining
(V,RMV) < CN|V|2. (6.59)
Denote
(V,RyVy = ANV, Ry V) + (V, R*V). (6.60)

By (6.54) and (6.59) we get (6.44). By inspection one realises that when v and v are even (6.45) holds.
Further, since

= JV(S, z)ethsds
then, see (4.61),

lun (2 J|V 5, 2)|ds < <fV(s,z)|2ds> < Ce V], 12| > 2, (6.61)

where a > 0 and zg > 0 do not depend on A. To estimate F;, i = 1,2,3 we use the smoothness of J, "
and m 4. We therefore use estimate (5.3),

C
(k—h)s
f s’ k()| < e (6.62)
1
i(k— h)e
J st < 0=
. 1
i(k—h)s <
dese d(s,0) \C(1+\k—h|)3'

To estimate F} we bound |z*| < |z + 1| since J has support in the ball of radius 1. The exponential
decay of the up, see (6.61), is essential to control the growing of |z + 1|. We get

1 1
FMup, ur)| < N?[k|C Jd +1JC—’ "|dz'
1 1
< Mk|C ;
M = a0 e 12k mypy ]
(6.63)
1
N A
| F5 (un, wr) + F (un, ur)| < CAJua| Hukﬂm- (6.64)
O

Proof of Theorem 6.2 By assumption, (V, AV) < CA2, see (6.8), hence Lemma (6.7) holds. Take
V(s,z) as in (5.7) and consider the representation of (V, AV’ given in (6.43). We start considering the
diagonal term, i.e when h = k. We need to lower bound the following quantity.

Z {<uk,ﬁk>‘uk> + FMug, ug) + Fo (g, ug) + Fg\(uk,uk)} ) (6.65)
k
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Split >3y, = Dl xk|<he + 2nk|>ho WhETe ho is as in Proposition 5.6. When |Ak| < ho split
up = i + uj (6.66)

where 95 is the principal eigenvalue of £ and

szwg/\(z)ui (z) =0.

By (5.11)
Cug, L) = pgtag + Cuip, L2502 petai + D ||,
By Proposition 5.6 the principal eigenvalue of the operator £F* is even, hence for i = {1,2,3}
Fz‘)\( (})L/\v (’)f)\) =0, |>‘h‘ < ho, |)‘k‘ < ho, (6'67)
and
FMug, un) = FMapyg, uy) + FM g, angg™) + F (uy, ugy). (6.68)
Property (6.67) is essential to obtain the final estimate. Taking into account (6.46), (6.47) and (6.67)

we have

1
(1 +[k[A)

|5 (s ure) + 3 (e, un) | < AC (2o g | + Jlu 7). (6.70)

| F{ (uk, un)| < A[R|C [2lenllur | + lur [°] < ACTanlfu | + Jur ], (6.69)

Therefore
{(uk, Ek/\uk> + Ff‘(uk, ug) + Fz)‘(uk, ug) + Fg\(uk, uk)}

|k< 52
Z {u5*ad + Dluge|* = ACTuic | + Juic |*1} (6.71)
70
A
> {u6*ad, + [D = CAJJui|* = AClay|[[ui; [} -
|kl<%2
When |k| > 22, taking advantage that )‘QW A, and by (6.46), (6.47) we get
> B (g, )| < ACux .
Hence
Z {<uk, Ck/\uk> + Fl’\(uk, ug) + FQ’\(uk, ug) + Fg’\(uk, uk)}
k| > 52 (6.72)
> > [v=ACT|u]?.
k| > 52
Next we estimate the therms outside diagonal, i.e h # k:
Z [F}un, ug) + F (up, ug) + F3 (un, ug)]
k,hsk#h
(6.73)

ol PR D NP I SD VD YLD YD I DI 2 TR

[kX|<ho |hA|<ho,h#k  |kX|<ho |hA|>ho  |[kX|>ho |hA|<ho  |kX|>ho |hA|>ho,h#k i

We estimate each term of (6.73). We control the double sums using that

1 1
WY e <0, Y e <
(11 [k — h])? (1 + [k — h])?



42 ENZA ORLANDI

When |kA| < hg we decompose uy as in (6.66). When |kA| < ho and |hA| < hg we take advantage of
(6.67) and (6.68). By (6.46) we obtain

> 0 1 (un, )

|EX|<ho |hA|<ho,h#k

D M Y T (e e T A E |

|kA|<ho |hA|<ho,h#k

1 L Lz Lyoage
< Aho Z Z (1_|_|k_h|)3[|04k||uh|+2uh| +§Huk I

|kA|<ho |hA|<ho,h#k

(6.74)
1
< AhC Z gy |* + Z Z A+ lk=n)? vk |y |
|hA[<ho [kAI<ho [hA|<To,hk

Taking into account (6.67) and (6.68), applying estimate (6.47) and proceeding as above we get

2, D E s wn) + F3 (un,un)

[kX[<ho [hA|<ho,h#k

' (6.75)
2, L
\h>\|<ho [kA|<ho [hA|<ho,hk
Next we consider the case when |kA| < hg and |hA| > hg. By (6.46), we get
| (un, un )| < N2 : : [z | + o]
(1+1]k— h|)3 (1+ 133k —h)[A)
X : (6.76)
< MNMyg——3 | 24 2 .
o |3l + plt + ol
y (6.47), proceeding as above,
A A 1 1 2 L, 19
| F5 (un, un) + F5 (wn, wi)| < )\m lunl® + Sl I + laklfual | - (6.77)

Therefore

D0 2 DIFMunw)

|kA|<ho |hA|>ho i

ot 2 Lo10
< ¥ g gl + gl + el 675)

|kA|<ho |hA|>ho

1
<A 2 Jug | + AC 2 Jun[? + XC 2 Z mhﬂnuhw

|| <ho |hA|>ho lkA|<ho |hA|>ho
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When |kA| > hg and |h\| < hg the estimate of | F3 (up, ug) + Fy (up, u )| gives similar terms as in (6.77),
with h replacing k. To estimate F}* we note that |k| < |k — h| + |h|. Therefore by (6.46)

ST RN unug)]

[kX|>ho |hX|<ho

<X 5 MR A TIEE R
[EAI>ho [FAI<ho (1+[3(3k = h)[N)

Z Z m“uhwukﬂ (6.79)

[EA|>ho |hA|<ho

[EA|>ho [hA|<ho

2 —_—
RRLNPIEPY 1+w mpWﬂww+A DI 1+w sl

[EA|>ho |hA|<hg [kA|>ho |hA|<ho

[

Since |hA| < ho, we split up as in (6.66). Insert this decomposition into (6.79) we get

>0 2 IFMun,uy)l

[kA[>ho [hA[<ho

<A P+ Y A Y Z 1+|k hD?,IOéhIHUkH

|| >ho |hA|<ho [kA|>ho [RA|<ho

(6.80)

Next we consider the case when |kA| > ho and |hA| > hg, h # k. The main point is to control the |k| in
the estimate of F;'. When k and h have opposite sign, then

K|

M < 6.81
1+ |k —h| (6:81)
When k and h have the same sign it might be that % > 1. But if this is case, then for these values
of h and k
kA

(1+ 3(3k — h)X) <2 (6.82)

This statement can be easily verified. Take k > 0 the case with k£ < 0 can be treated in the same way.
Assume that (6.81) does not hold. This means that, for given k, |k — h| < k — 1. This inequality is
satisfied for h € {1,...,2k —1}. For such value of h we have that 3k — h > k and therefore (6.82) holds.
Hence

Z Z FMup,ug) = Z Z FMun,ug) + Z Z F)un,ug), (6.83)

|kA|>ho |RA|>ho,hek |kA|>ho [RA|>ho,h#k |kA|>ho [RA|>ho,hek

where Y’ is a sum restricted to the h and k so that (6.81) holds, and >.” is a sum restricted to the h
and & so that (6.81) does not hold. By (6.46) and (6.81) we get

/ /

> F(unu)

[kA|>ho |RA|>ho,hk

1

/ /

1 kX

<xc Y Y lunllunl <A*C 30 3 G pmeluallud

_ 3 1 _ _ 2 ¢
|kA|>ho |hA|>ho,h#k (L+ [k —hD)? (1 + 3(3k = h)A) [EA[>ho |hA[>ho,h#k (L+ [k = k)

1 1 1
<NC D > S unl® + S lukT < X°C DT us]
(1+ |k —h|)2"2 2
|kA|>ho |hA|>ho,h+#k |kA|>ho

(6.84)
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By (6.46) and (6.82) we get

" "

> FMunu)

‘k?/\|>h() ‘h/\|>h0,h#kﬁ

" " 1 kA 1
< N0 k <AC

1+|k—h
|kA|>ho |hA|>ho,hk |kA|>ho |hA|>ho,h#k ( | |

SR LY SRR 2

[kX|>ho [RA|>ho,h#k |kA|>ho

(6.85)

By the previous estimates we have

Z [F}un, ug) + F (up, ug) + F3 (un, ug)]
k,hik#h

<A D) lalP Y wl?

|kA|<ho || >ho

£ N ¥ kel (6:56)

[kA|<ho |hA|<ho,h#k

1

AC E E —=

+ (1 + |k — h|)3|ak‘”|uhH
[kA|<ho [RA|>ho

1
e YN — L el
[EA|>ho [hA|<ho (1 + [k —hl)

b Huh I, [hAl < ho
h =
lunll,  [RA] > ho.

Adding to the (6.86) the terms on the diagonal, i.e F{ (u,us), for i = 1,2,3, we get

Define

Z[Ff(uh,uk) + F3 (un, ug) + F3 (up, up))
keoh

<SAC ) P+ Y el (6.87)

[kX|<ho \k>\|>h0

b
+AC Z Z 1+|k Mg 5|k |bp.
|kX|<ho h

By Schwartz

2 Z 1+\k iy clon < 2 Z 1+|k !’ 2 Z 1+|k h|)3 Ak hE

|kX|<ho h |kX|<ho h |kX|<ho h

(6.88)
<C | D el Dinz<C >0k
[EX|<ho h h
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Taking into account (6.43) and (6.44) and estimates (6.71), (6.72) and (6.86) we have

V,AVY —(V,R)V) = Z {0nkCun, L5y + FM (un, we) + F3 (wn, ue) + F3 (wn, uk) }
.k

(6.89)
2 peran +[D=CAl Y P+ v =ACT Y ul® = A, D02
h

h h
|k|< Ikl <32 k|>=

Since (V, AV) < CA2, see (6.8), and [{V, R)V)| < CA?, see (6.44), taking C < min{[D — C\], [v — \C]}
we get

CN = Y ugtai +C Y0 =\ > 02
k<t ¢ g

>C) b =AYb
k k

In the last inequality we use that ,u]{j/\ > ud > 0, see Proposition 5.6 and Theorem 3.1. Therefore

CA? + A /Zk] b > c; b3 (6.91)

b2 <O (6.92)
k
Lower bounding (6.89) by (6.92) we get

ez Y el 40N Y JufP+v—acl Y ful?. (6.93)

|k|< 2o |k|< 2o [k|> 2o

(6.90)

This inequality immediately implies

We get similar estimates as in Subsection 6.1 (Toy model). This implies

Z perad < CN2, (6.94)

lk|< 52
D lulP<on, (6.95)

[kA|<ho,
D1l < X2 (6.96)

|kA|>ho,

We therefore define
Z(s) = ey, (6.97)
k<52
VE(s, 2) = et (2) + Z eFsug(2) + e ap[YEM(2) — 8 (2)]. (6.98)
|k <52 k] > 52 k<0
Then

V(s,2) = Z(s)¥3(2) + VE(s, 2) (6.99)

and, proceeding as in Subsection 6.1, the requirements (6.10) hold. (Il



46 ENZA ORLANDI
7. PROOF OF THEOREM 2.5

Proof. If v = 0 then the assertion of the theorem holds. So let v be non identically equal to zero and
assume that {, v2(€)d¢ = 1. Proceeding as in the proof of Theorem 2.4 there exists k € {0,... N}, with

N = [L], and cut off functions 71 = ¥ and 7, = 1 — 5¥ so that

A
f (A, 0)(€)u(€)de = f (AN, o) (€)m (E)v(€)de
Q Q

+ f (A, 120) (€2 (€)(€) e (7.1)
Q
9 f dEn (€)0(€) (T % 1) (€),
Q
JQ<A;An2v><e>n2<5>v<£>d§ > (0% — D)navl ey > O, (7.2)
and
]z [ den@ve - nzv)(ﬁ)‘ < X2Clol%a 0, (7.3)

Without loss of generality we keep on denoting by N(dp) the set where n;(§) = 1. The (2.22), (7.2)
and (7.3) imply that

[ @am@ee)mewea<or [ @, mi@miga<or. @y
N (do)

Q\N (do)
By (2.22) and (7.3)

[ @ma@uee<or [ (ameue) mewede (75)
QW (do) N (do)
By Lemma 4.2 and Lemma 4.8 we have that
[ mo@me@as > -oxt [ e = -ox, (76)
N (do) Q
Then, from (7.5), taking into account (7.6) we obtain
| @ mo@ued < ox, (77)
QW (do)
This together with (7.2) implies
| i< on, (78)
QW (do)
hence
J v2(€)dE = 1 — CA\2 (7.9)
N (do)
Therefore, see (7.4) and (7.9), we can apply Theorem 6.1 decomposing v as
1 1 T
v(r,s) = Z(s)—————13(=) + v%(s,7), 7.10
where 99(+) is the first eigenvalue of £°, see Theorem 3.1, with
HURHiz(N(dO) < NG, (7.11)

and
1-CN < |Z|72r) <1, IVZ| 2y < C. (7.12)
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Set
Aw = v. (7.13)
Denote
. 1
W= \—F)\w
Then, from (7.10)
A’LZ)ZL ( )+U (s,7)
\/7 \F
To show (2.23) it is enough to prove that
V|20 = C (7.14)

for some positive C' independent on A. Let § € (0, %] a small constant to be determined and let

X € CF(R) be a cut-off function, such that

x(z) =1 it |z < x(z)y=0 if |z|>1, () <0 in R

(7.15)

| =

Set x°(x) = x(%), with x as in (7.15). We have

X (r(&,T)) A (€)dé
. (7.16)

’ + —ofi(s,7) } a(s,r)drds.
Lx[_mZ(S)X“{ ﬁwom = m} (s, 7)drd

By (3.7), for 6 > A, S [—6.6] FYY(5)dr = 2m(8) + Ce®X > C. This, together with (7.12), allows to
lower bound

J N alr,s)Z2(s ¢0( )drds
Tx[-5,6]

(7.17)
1 r
e VG2 j Lu8(E)dr = CI22 Bagry = €1 - 2.
{(rs)eTX 1A A
By Schwartz inequality
1
— Z(s)X° (r)v®(r, s)a(r, s)drds
VA Jrx[=s,61 (s)
LR f 2 ([ () Prds |
< — v L2 a(r, 8)Z°(s)[x°(r)]*drds (7.18)
\5\” l2 (o)) ( s (r,8)Z7(s)[x"(r)]

(NI

D=
N

1 1
< —HURHLQ N (S sup la(r, s)| [Z]l L2102 < CozA=.
\f/\ (NV(9)) ( [5.6]) (T)

{(r,s)eTx[—

The last inequality is obtained applying (7.11). Then from (7.16), (7.17) and (7.18) we obtain

f Z(s()xX° (r(€, T AD(E)dE = C(1 — A2) — C2 A=, (7.19)
N (do)
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On the other hand we can calculate

|zt maoea

N (do)

—— [ v{zes@pE} (o) de
N (do)

= fmd V2O (61 + 26 TN 6 1)} - Ve (7.20)

< [Vl 22 vy {IVZ|L2(T)<5é o IVX5(7“)|5§|Z||L2(T)}
re[—é,
< [V Lz s)) [5% + 57%] C,
where we estimated |Z| .27y and |V Z|2(1), as in (7.12) and

1
2

(f <VZ<s<s>>2x6<r<«s,r>>d5) < CIVZl 8%,
N (do)

Combining (7.20) with the estimates (7.19) we obtain for § small enough
C(1—X2) — 22

IV L2 Ar(5)) = - - >C>0,
[55 + 5—5]

hence (7.14). The theorem is proved. O

8. APPENDIX

Lemma 8.1. Let u(s) be any eigenvalue of L® such that

1

=——1—-su s) > 0. 8.1
P Sup pi(s) (8.1)

Let (s, ) be one of the normalized eigenfunctions corresponding to u(s). There exists zg = zp(€g) > 0
and Ao = Xo(€9) > 0 such that for X € (0, \o], we have that for |z| = zo, for all se T

[9(s, 2)| < etz |, (8.2)
where a(eg) is given in (8.13).
Proof. Let p(s) and v (s,-) be as in the hypothesis, then
P(s, 2)

o(ma(s,72)) (J *2)(s,2) = pu(s)¥(s, 2) z €Iy (8.3)
By the definition of m 4, see (2.11) and (2.14), there exists C' > 0 so that
sup |o(ma(s,A\z)) — a(m(2))] < AC. (8.4)
seT

Since lim;| o 0(m(2)) = o(mp), there exists z9 = z0(eg) > 0 so that for |z| > 2o

1 €0
—_— Y — 1 > su s)+ —.
o (m(2)) e uls) + 5

Set for |z| = 2o

AO(S,Z) — 1 _ O’(T_YL(Z))

sy — M) 1= u(s)o(m(z))
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By (8.5) there exists €; = €;1(eg) so that for all se T
0< A%s,2) <1—e, |z| = zo. (8.6)

Set for |z| = zo
1 o(ma(s,Az))

s, z) = = )
A%s2) sty — M) 1= pls)a(mals, A2))

By (8.4) we have that

|AN(s,2) — A%(s,2)| S CA, VseT. (8.7)
Choose then A\g = Ag(€g) small enough so that that for A < Ag, 2¢ < % and
1A (s, 2) — A%(s, 2)| < % VseT. (8.8)
By (8.6) and (8.8) we have that
AMs,z) < A%(s,2) + %1 <1l- %1, VseT, V|z] = zo. (8.9)
From (8.3)
U(s,2) = A5, 2)(J *, ¥)(s, 2). (8.10)

Suppose z = zp + n where n is any integer such that zg + 2n < % Same can be done when z < 0 and
by simple interpolation argument for any z € [zg + n, 29 + n + 1). We have, see (8.10),

[W(s, 20 +n)| < ANs, 20 +n)|(J *2 ¥)(s, 20 + n)|. (8.11)

We iterate n times (8.11). The support of n fold convolution is the interval [zo, 29 + 2n]. By (8.9) we
obtain the following estimate

(s, 20 +m)] < [L= FTM(T)" 52 9) (s, 20 + )

€1 n \n €1 ni 7 —TLO/(e) _ (812)
<[1- 5] (D)™ 2l (s5 )2 = [1 = 5] [J]2 = e "< ]2
where, since €; = €1 (€),
1
ale) = log ———— (8.13)
-]
The thesis follows. 0

Proof of Lemma 4.1 Take ¢ and £ in N (dp). Write in local variables & = ~(s) + v(s)r and
& =~(s") +v(s)r’. It is convenient to express the difference

§ =& =) +w(s)r = [1(s) + v(s)']

in term of s* = %S/ and r* = %’J, the middle points between s and s’ and r and r’ respectively. This

allows to get some cancellations. We have

16) = 75" #9675 = 57) 575 = 57 + 5" E) s — 57’

H(8) = V(s%) V(%) (s = 5%) + S0 (8)(s = 8702 4 () (s — )

where § € (s,s') and it might change from one occurrence to the other. Similarly expressions hold for
~(s') and v(s’). Since s — s* =

/ 1% / 1 "~ N3
Y(8) = (") =7 (s%)(s = &) + 57" (8)(s = 5)°.

!’ !
5% and s’ — s* = 2 we have
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Note that the term

%,Y//(s*)(s o s*)? o %7//(8*)(81 o 8*)2 =0.
Further
v(s)r —uv(s)r' = v(s®)[r — '] + /' (s*)(s — s")r*
8.14
+ éu”(s*)(s — )2 (r—1") + iy”’(é)(s —s')3r%, (8.14)
Taking into account that v/(s) = —k(s)v/(s), we have
§ =& =7(s%)(s = )1 = k(s*)r*] + v(s*)(r — ')
(55— 8 r =) (5.15)
4 g (8)(s — )0 + oy ()5 — o)

Denote by a and b the following vectors
a=7"(s*)(s— 81— k(s*)r*] +v(s*)(r—1"),

b= %V”(S*)(S — 5,)2(7" _ 7’/) + i [Vl/l(g)(S _ S) r 4»/_}/l//( )( . 51)3] .

It is important to notice that for |s — s'| < A and |r — /| < X we have |b| < CA3. By Taylor expansion
up to the second order of J*(-) we get that there exists ¢* € R? so that

JANE =€) = TJMNa) + (VN (a) - b+ %b- (D2JM)(c*) - b, (8.16)

where we denote by (V.J*)(a) the gradient of J* computed in a and by D?J*(c*) the matrix of the

second derivatives of J*(-) computed at c¢*. Notice that |[VJ*|, < CA™97L, since A= comes from

the normalization and A~! by differentiating one time, |D?J*||,, < CA727¢, since A% comes from the

normalization and A~2 by differentiating twice. When |s — s’| < X and |r — r’| < A we then obtain
[(VJM)(a) - bl < CA*7

b~ (D2JM)(c*) - b] < ONT4.

Define
s, 1) = @) = (s — L = b5, (= 1)
R)(s,s' ") = (V7)(a) - (817)
1
R} (s,s r,r') = 5b - (D*T)(c*) -, (8.18)
Therefore, see (2.7), we obtain
J JMNE—Eu f J(s, 8, Yu(s', 7 )a(s', ') ds' dr’
N (do) T
+ | Ry(s, 8,1 (s, r)a(s',r')ds dr’ (8.19)
T
+ | RY(s, 8,7 )u(s',7)a(s',)ds' dr,
T
where
U R (s,s',r,r)a(s', 1) ds'dr'| < CA2,
-
T
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