Typical configurations for one dimensional

random field Kac model *

Marzio Cassandro ! Enza Orlandi 2 Pierre Picco 3

Abstract. In this paper we study the typical profiles of a random field Kac model. We
give upper and lower bounds of the space scale where the profiles are constant. The results
hold almost surely with respect to the realizations of the random field. The analysis is based
on a bloc—spin construction, deviation techniques for the local empirical order parameters
and concentration inequalities for the realizations of the random magnetic field. For the
upper bound, we exhibit a scale related to the Law of the iterated logarithm, where the
random field makes an almost sure fluctuation that obliges the system to break its rigidity.
For the lower bound, we prove that on a smaller scale the fluctuations are not strong
enough to allow this transition.

1 Introduction

In this paper we consider a one dimensional spin system with a ferromagnetic two
body Kac potential and a stochastic external magnetic field. Problems where a stochastic
contribution is added to the energy of the system naturally arise in condensed matter
physics where the presence of impurities causes the microscopic structure to vary from
point to point. A lot of work was dedicated to the subject of spin system with random
magnetic field, let us mention [2], [3], [4], [5], [6],[8], [10], [12], [14], [15], [16],[17], [20],[24],
[29].

The Kac potentials are functions .J,(r) which depend on the scaling parameter v as
Jy(r) = vJ(7yr). The equilibrium statistical mechanics of these systems in absence of
stochastic external field is well known. In the limit + | 0, it is possible to explicitly derive
the thermodynamic potentials, prove the existence of a critical temperature and give a very
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natural and transparent explanation of the phenomenon of spontaneous magnetization in
ferromagnetic systems [18], [21]. It is also possible to analyze the limit Gibbs states, but
since the direct interaction between any two given spins vanishes when v | 0, in order
to get non trivial limit distributions, it is useful to introduce the so called block-spins,
that are space average of spins over regions whose size diverges as v | 0 and describe the
configurations of the system in term of these magnetization profiles. In the one dimensional
case, this analysis [11] for Ising spin and [7] for more general spin, allows to get a satisfactory
description of the typical profiles. The results can be summarized in the following way.
The empirical spin average in blocks of size ¢/, for any positive §, converges as v | 0, to
one of the two thermodynamic magnetizations, uniformly in intervals of size 1/+?, for any
given p > 1. Furthermore the intervals where the magnetization is approximately constant
have lengths of the order e(®f)/7 where Af is the activation energy of the corresponding
Curie-Weiss model.

In this paper we add a stochastic magnetic field and study how the previous picture is
modified. This is a particular case of the general problem of stochastic perturbation of
random systems. Random walk in random environment is another famous example, [30].
The general theory of such systems is far from being complete, therefore it is important to
have examples that can be rigorously treated where the behavior of the perturbed system is
radically different from the unperturbed one. The first step in the analysis of such systems
is to find the right scale where new phenomena occur. The rigorous analysis is in general
delicate even if the heuristic arguments are simple.

In our case, if we consider the system in a volume of order 1/ and let v | 0, the model
is equivalent to the random field Curie-Weiss model [2], [4], [5], [6], [8], [20],[24], [29]. Tt is
possible to define a critical temperature and if the variance of the magnetic fields is small
enough, only two distinct magnetization profiles occur, the relative weight of each one
being a random variable. When we take first the infinite volume limit and then the limit
~v | 0, new phenomena occur that depend on the scale we are considering. If we consider
what happens in a large interval, say centered at the origin and of length v~2[log1/7)?]
for some p > 1, we start seeing new effects of the random magnetic field. The profiles
that were approximatively constant on a scale el1=92f1/7 and made a transition between
the two equilibria on a scale el1t92f1/7 when the random magnetic field was switched
off, now make a transition on a scale at most v~2[(log 1/)(loglog 1/7)?] and are constant

on a scale at least £(y) = v 2[loglog1/~]7.

To be a little more precise, for almost all
the realizations of the random magnetic fields, for all but a finite number of indices n, if
~v = 27", up to a translation of at most ¢(y), we meet a constant profile which is constant
on an interval which is at least £(y). Note that for a given interval of scale £(~y), say centered
at the origin, the system can be approximatively constant around one of the two equilibria

or make just one transition between the two equilibria. That is there is at most one
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transition in such a fixed interval. Let us note that in a recent paper [9], the Kac-Hopfield
model was considered and it was proved that the system made at most one transition in
an interval of scale y~2[log1/+]~! which is smaller that ¢(v). Here it is possible to get
results on a scale ¢() mainly because the system we consider is simpler and this allows
us to make more accurate estimates. Moreover to get the scale v~ 2[(log 1/7)(loglog 1/7)?]
a very special representation of the system is used. It is possible to get similar results
for the Kac-Hopfield model in the regime where the number of patterns is bounded by
(log1/v)/log?2. This is just a tedious modification of what is done in this work and no
new ideas are needed.

The plan of the paper is the following. In section 2 we introduce notations and state
the main results. In section 3 we perform the block—spin representation, giving an explicit
representation of the random part. A large deviation principle in the strong form that is
with estimates of the subexponential terms, for Hypergeometric random variable is given
there. In section 4 we prove the upper bound and in section 5 we prove the lower bound
for the typical length of profiles.
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2 The model and the main results

Let (2, F,IP) be a probability space. Let h = {h;}icz be a family of independent,
identically distributed Bernoulli random variables defined on this space, that is IP[h; =
+1] = IPlh; = —1] = 1/2. We denote by o a function ZZ — {—1,+1} and call 0;,i € Z
the spin at site i. S is the space of such functions, equipped with the product topology.
Given A C Z, we denote by o, a function A — {—1,+1} and the space of such functions
is denoted by Sy. We choose a Kac potential of the form J, (i — j) = vJ(v]i — j|),7 > 0,
where J(x) = I|;<1/2. Note that more general ferromagnetic potentials could be used
without changing the behavior of the model. The relevant conditions are (1) J(z) > 0
(i.e. ferromagnetism) (2) J(z) = J(—=z) (symmetry) (3) fast decay at infinity, that could
be short range or exponential J(x) = e~2? as in the original Kac model. We assume that
[ J(z)dz = 1.
The Hamiltonian in a finite volume A C ZZ with free boundary conditions is the random

variable ]

Hy(on)lw) = - Y Jyli—foio; =0 hilw] (2.1)

(i,J)EAXA i€EA

where 0 is a strictly positive parameter. The interaction between the spins in A and those
outside A will be denoted by

Wy (op,00e) = Z Z Jy (i —j)oio; (2.2)

1EA JEAC

We will usually drop the w dependence for all quantities we consider.
The Gibbs measure at inverse temperature 8 > 0 in the finite region A with free bound-

ary conditions is the probability measure valued random variable g4 .4 on {—1, +1}A
defined by

L exp{-BH,(0n)) (2.3)

;957

Here Zg 9.~ is the partition function, i.e., the normalization factor to make p3 ¢~ A(0a)
into a probability measure on Sy.

If ¢ is a spin configuration in S, the Gibbs measure with boundary condition & is the
probability measure valued random variable MZ?@C, 4.A 01 {—1,+1}" defined by

1 a(0n) = L exp (B, (o) + Wy (0r,5e))} (2.4)

O'Ac
Zﬁ 0,7, A

Here ZgAe ~.A» the partition function in the volume A with the boundary condition &, is

the normalization factor to make uZ%ﬂ A into a probability measure on Sj.
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Given a realization of h, Vy > 0, the infinite volume Gibbs measure pg ¢ is obtained
as the unique weak-limit of pg,9.~ 4 along a family of volumes Ay = [-L,+L],L € IN.
It is also the unique weak-limit of N;fec,’y, A for any ¢ that could depend on h. Note that
different realizations of h give different infinite volume Gibbs measures.

The free energy in the volume A, with free boundary conditions, is defined by

1
Fa(B,0,v) = “BIA] log Z5,6,~,A (2.5)

The infinite volume limit F'(3,60,) of the free energy with free boundary conditions,
for fixed ~, exists IP-almost surely by standard sub-additive argument, see [33, 19]. Being
measurable with respect to the tail o-algebra of F, F(3,6,~) is a non random quantity
and it is equal to the limit of the average of Fj(f3,6,~) with respect to IP.

Given a volume A C Z, we define the sample magnetization in A by

Z o; (2.6)

zGA

A relevant order parameter of this system is the limit, when A T Z, of the infinite volume
Gibbs average of ma. Note that ma can be written as ma (o) = ma(+,0) + ma(—,0)

ma(+,0) = IAIZ (1“) (2.7)

is the local sample magnetization on the random subset of A where the magnetic field is

where

positive (resp. negative).
Given € > 0 and (mq,msa) € [—1,+1]?, we define the constrained partition function

_ 1
_ —BH. (o) ~
Zooan(m1,me,€) = oy zj; Vs (o) —mil<a Lima (o) -mai<e (28
OAEOA

and the constrained finite volume free energy
~ 1
FA(nga’y’mlquae) - |A| ]OgZﬁ 0,v,A (m17m27€) (29)

Using as before standard sub-additive arguments, [33,19], IP-almost surely,
lim, | limptz F\A(ﬁ,ﬁ,%ml,mg,e) = ﬁ(ﬂ,@,%ml,mg) exists and it is non random .
Moreover, it follows from general arguments, see [32], that it is a convex function of
(mq1,mg) and F(5,0,v) = inf,,, m, ﬁ(ﬁ, 0,7y, m1,ms).
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We want to give a precise description of the typical configurations in term of profiles
of local magnetizations in a given scale. This leads naturally to the notion of block spin
transformations that will be defined later. Similar analysis was done in the one dimensional
ferromagnetic Kac model without external magnetic field in [11], [7].

We will not use ma(+,0) to transform our system into a block— spin system. We will
use an equivalent set of two local averages. The main reason is that the cardinality of
the subset of A where h is positive is a random number with mean A/2. The random
fluctuations of this cardinality govern the stochastic fluctuations of the system. We use
another representation of the system in term of a priori less physical quantities. They are
the empirical magnetizations over random sets with fized length equal to A/2. However
the local magnetization in a block is just one half the sum of these two empirical magne-
tizations. This allows us to extract from the random terms a volume term A/2 which is
deterministic. Moreover with this choice some important quantities, as the logarithm of
(4.8), are symmetric random variables.

The effect of the block spin transformation is to transform our microscopic system on

L we consider the

ZZ into a macroscopic system on IR. Since the interaction length is v~
system in a macroscopic scale where the interaction length becomes one. The volumes we
consider will always be expressed in this macroscopic scale, that is a macroscopic volume
V C IR corresponds to a microscopic volume A = A(V) = vV N Z. Now, given
0 < 6* < 1, we partition IR into blocks of length §*. This will induce a partition of Z into
blocks of length 6*y~!. We assume for convenience that v = 2" for some integer n and
§* is a function of n such that 6*y~! is an integer.

We denote by A(x) a block of length 6* centered at x. This corresponds in a microscopic
scale to a block of length §*y~1, A(x) = {i € Z,v 1% (x —1/2) <i <y 15*(z +1/2)}.
We denote by a™ (z) = inf{i: i € A(x)} and a™(z) = sup{i:i € A(z)}.

Given a realization of h : hjw] = (h;|w])icz, let us call AT (z) = {i € A(z), h;jw] = +1}
and A~ (z) = {i € A(z), hi|w] = —1}. We denote by A(z) = sgn(|AT(z)| — (2y)716*),
where sgn is the sign function, with the convention that sgn(0) = 0. Note that if §*y~! is
odd, A\(z) is a Bernoulli symmetric random variable. However for convenience we assume

5*y~! even. In this case the distribution of A(z) have the following mass at zero:
—6* —1 5*7_1
IP\Nz)=0]=27°"7 (2.10)

We define, for a given realization of h such that A(x) = £1,

!
Ma) = P@ () =inf{l > a" (2) : Z Tg Ao (093 (J) = §*y~1/2} (2.11)

j=a~(x)
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We denote the corresponding subset B*(z) = {i € AM®)(2),i <1*z)} and B~*(z) =
A(z) \ BMxz). If AM(z) = 0 we take BT (z) = A" (x) and B~ (z) = A= (z). Let us call
A*z) \ B*(xz) = D (z). Note that with this construction, since we have assumed §*v~*
even, we have always |BT(z)| = |B~ (z)| = §*y~1/2.

We define, for A = +1

o — .
m® (A, z,0) = 5 E o; (2.12)
1€BX(x)

Notice that we have still 5& >, 4, 0 = $(m® (+,2,0) + m® (—,z,0)) but now

gl _ 1o s 5 2y
5 Z hio; = i(m (+,z,0) —m° (—,z,0)) + /\(ac)é—* | Z op (2.13)
t€A(x) i€DX(x)

Given a microscopic volume A, we denote by

4 8 4 2
M (A) = H {—1,—1+5—Z,—1+5—Z,...,1—5—Z,1} (2.14)
:reC(;*(A)

where Cs+(A) is the set of the centers of the blocks of length §*y~! that we get making a
partition of A into such blocks. Namely, Ms«(A) is the set of possible configurations of
the pair m® (z,0) = (m® (+,z,0),m® (—,z,0)) for z € Cs-(A) . We denote by

* * *

m® (A) = (m® (2))aecs. (a) = (M7 (2),m5 ())zecs. () (2.15)

an element of Mg« (A).
We call a block spin transformation the random map:

{1, 41} = M;s-(A)
(2.16)

*

(= 20))

oA — <(m5*(+,x,0),m
x€Csx (N)
By abuse of notations, we denote by 13,9 ,,4 the probability measure induced by the Gibbs
measure through this map. The infinite volume limit lima+z 118,0,4,4 Will be denoted 13,9 ~-
If limy o 6*(7) = 0, the induced Gibbs measure ps ¢, will have a support in the subset
7T of L*°(IR,dx) x L (IR, dx) of all measurable functions (mq(x), ms(x)),z € IR such that
max(|m1(z)|,|mz(x)|) < 1. 7 is a compact convex set with respect to the weak L?-loc
topology.
We want to study the block spin profiles which are typical with respect to the Gibbs
measure pg,9~ when v | 0. However since the Gibbs measure is a random variable defined
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on (), we have also to specify in what IP-probabilistic sense this is true. In this paper we
consider results that are true IP-almost surely.

These typical configurations will have a spatial structure that will critically depend on
the values of the parameters 3,60 and on the length scale we are considering. As in all
Kac models, the local behavior is related to the one of the corresponding Curie-Weiss
model. In our case it is the Random Field Curie-Weiss model (RFCW). This model is
well studied [2], [5], [20], [24], [29] for various distributions of the random field h[w]. The
Bernoulli and the Gaussian distributions are the most commonly used. Note that even
if parameters similar to the m(4, z) were already introduced in [29], in all the previous
mentioned references, the results were given for the measure induced by the Gibbs measure
through the magnetization.

Since our approach is slightly different, let us state some results for the RFCW model
in term of the parameters m(+, x).

The Random Field Curie-Weiss Model.

This is the case where we assume A = % = N; so that the thermodynamic limit and

the limit v | 0 are not independent. The Hamiltonian of the Random Field Curie-Weiss

model is given by
N

Hion)[w] = —% S vioy— 03 hil'lo (2.17)

i,5=1 i=1

where 0 is a strictly positive parameter.

The partition function is Zn(53,0) = > cs. e B#H(N) and the finite volume free en-
ergy is fn(8,0) = —ﬁiN log Zn(8,0). We make the partition of {1,..., N} into two ran-
dom blocks of equal length N/2 exactly as we did between formula (2.11) and (2.12).
Considering the empirical pair of magnetization over the previous blocks, we denote by
Zn(B,0,m1, ma,€) the constrained partition function defined is a similar way as in (2.8)
and by fn (8,0, m1,ma,€) = —ﬁLN log Zn (3,0, m1,ma, €) the associated free energy.

It is easy to check that IP-almost surely, uniformly with respect to (my,mo) € [—1, +1]?,

we have
o —(mq1+mo)%2 6 1
i Y J(5,0,ms,m, €) = By ) - 3 ([(m) + I(ma))

= fﬁ,@(mla m2)
(2.18)
here I(m) = — (1J;m) log(1£m) — (1—2m) log(15™). The function fg¢(m1, ms) is called the
canonical free energy. Moreover, it can be checked that, IP almost surely,

Jm N (B.0)=J(8.0)= il fag(mim) (2.19)

(m17m2)€[715+1]2
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Our first result relates the free energy of the random field Kac model to the one of the
random field Curie-Weiss model.
Theorem 2.1 For all positive 3, for all positive 8, IP-almost surely we have

lwi?&}\i%% FA(B,0,7) = f(8,0) (2.20)

The proof of this result being straightforward however lengthy, will not be given here. It
is a consequence of the block spin representation made in section 3 and modification of
classical arguments that can be found for example in [32].

To state our next results, we need some results on the RFCW model. The critical
points of fg ¢(m1, mz) are the 2-dimensional vectors m = (my, mz) solutions of the system

of equations

my = tanh (ﬁ(mLQmZ) + 60)
(2.21)
ms = tanh (ﬁw — 59)
We assume throughout this paper that 3 > 1 and (0 satisfies
tanh 40 < min(1/V/3, (1 — 8~1)/?) (2.22)

This implies that the system (2.21) has only three solutions, two of them being abso-
lute minima and one the local maximum of fz(mq,m2). This can be proved easily by
considering the equation

m = %tanh Bm+6)+ %tanh B(m —6) (2.23)

The previous condition implies that the derivative at the origin of the function on the right
hand side of (2.23) is bigger than one, and the function is concave on the positive real,
convex on the negative real number. Moreover if mg is the largest positive solution of
(2.23), then the two absolute minima of fgg(mi, mg) are of the form mg = (mg 1, mgz2)
and Tmg = (—mg,2, —mg,1) where mg, = tanh §(mg + 0) and mg o = tanh G(msz — 6)

It is easy to see that the function f3 g(m1, m2) is quadratic around its minima. Moreover,
there exists a constant ¢(3,60) such that for all m = (mq, ms)

fa.0(m) = fao(mg) > c(B3,0) min(||m — mgll3, |[m — Tmg|3) (2.24)

here ||.||2 is the Euclidean norm in IR*.
Our second result is the analogue of the Lebowitz- Penrose theorem [21], [25]. It relates
the canonical free energy of the Random Field Kac model to the convex envelope of the

29/june/2005; 14:27 9



canonical free energy of the Random Field Curie-Weiss model. Recall that the convex
envelope of a function f is the largest convex function that is smaller than f. It will be
denoted by Conv(f).
Theorem 2.2 For all positive 3, for all positive 6, IP-almost surely, uniformly with respect
to (m1,ms) € [—1,+1] we have

leiﬁ)llyi% /1\1% FA(B,6,7,m1,ma,€) = Conv(fg,e)(m1, ma) (2.25)
The proof of this theorem will not be given here. It is a consequence of the block spin
representation of the chapter 3 and can be done following step by step the usual proof of
the Lebowitz & Penrose theorem, see [21].

To describe the asymptotic properties of the support of the measure pg g ~, we need to
introduce another scale. To avoid possible confusion, we emphasize that we do not make a
block spin transformation on this scale. Given § > §* and assuming that § = kd* for some
positive integer k > 2, for [ € Z, we denote by Cj(l) the set of centers of those blocks of
length § that are in the macroscopic interval [ — %,l + %[ and given r € Cs(l) we denote
by Cjs«/s5(r) the set of centers of those blocks of length * that are in the interval of length
0 indexed by r. We define the notion of being near an equilibrium with tolerance (. We
impose that 0 < ¢ < mg 2 to separate the two equilibria and define for [ € ZZ, the random
variable

- 1 if Vuecs (1) % Zmecé*/(;(u) Hmé* () —mg|l1 < ¢
"t (D) = -1 if vueca(l) % ercg*/s(u) HWL(S (z) — Tmﬁ”l < ¢ (2.26)
0 otherwise.

where || - ||; is the ¢! norm in IR?. In analogy with [11], we expect that when v | 0, the
typical profiles will be described by runs of n%¢ = 1 followed by runs of n%¢ = —1. It was
proved in [11] that, for the ferromagnetic Kac model, the profiles make runs of n>¢ = 1 on
a scale which is of order exp(Af/v) where Af is the activation energy of the Curie-Weiss
model that is the difference between the value of the canonical free energy at its saddle
point and at its minima. Roughly speaking this means that on a scale e((1T)AF/7) the
profiles are non constant if ¢ > 0 and are constant if € < 0.

As we will see, the presence of the random magnetic field makes the profiles non constant
on a much smaller scale. To be more precise, given 7 € {—1,+1}, {1 € Z, {5 € Z with
{1 < f5 we define

ROC(by, by, 7) = {mé* PS(0) = TV 0 <O < 62} (2.27)

and
R(S’C(fl, 62) = Ré’cwl,fg, +) U R(S’C(El, ls, —) (2.28)
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that is the set of profiles that between ¢; and /9, are near the equilibrium mg, T'mg,
respectively for 7 = +1, with tolerance (.
Given positive constants ¢, ¢, p > 1, L1, we denote by N., = [£(log %)p(log log %)], where

[x] is the integer part of z, by ls(y) = W and by
il
é(log L)P N
R*(L1, ¢, %) = U RO (kla(y), L1 + kla(v)) (2.29)
k=—N,

¢(log 1)P
v
have at least one interval of length L, that it is rigid. We have the following result.

That is the set of profiles that in an interval of length 2

, centered at the origin,

Theorem 2.3 Given ¢ > 0, 8 > 1, p > 1, p > 0, ¢g > 0, B0 small enough, for all
x>0,6>0" =coylog log% there exist an absolute constant ¢ > 0 and a positive constant
¢ =¢(B,0,x) such that if v = 27", IP-almost surely, for all but a finite number of indices

n, if

1 1\2+
L > (log ;)(log log 5) P { c(z,p,7) :| (2.30)
2 y (G072 (mps + mpa)?
where c(x, p,v) = 2(4+1;)120g e T then
1+(2+%)10ngJ
c log 1yp _
6.0, [R&C(Ll,é,u) <P (2:31)
8l

provided that for some function g2(1/¢), with lim¢ o g2(1/¢) = oo, slowly varying at infin-
ity, lim¢ 1o v/Cga(1/¢) = 0 and Cg2(1/C) < BO(mp 1 +mp )55

To make the previous theorem meaningful, we need a result in the opposite direction.
That is to prove that the system is rigid with the same tolerance ( on a scale smaller than
Lq. As we will see later, this will give a constraint from below on (. We introduce two
different tolerance parameters that we call (4 and (; and the corresponding d4 and ;. The
parameter (4 plays the role of ¢ in the previous theorem.

Given ¢ € Z, Uy € Z with {1 < ly, 64 > 0, (4 > 0,07 >0, (4 > 0, Ry € IR,
x € [l1 + 2Ry + 1,00 — 3Ry — 1] and 7 € {—1,+1}, we define a front starting at the
equilibrium 7 at the point x by

VOLC1048a (0 fy T 1) = {m‘;* V0 e [0y 4 Ry, z], n®0%(0) =7 = n°0% (2),

S ; (2.32)
VY e [SL’ -+ Rl —+ 1,62 — Rl[, n 4’<4<£) = —T=n 1’C1($—|—R1)}
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and the set of fronts in all possible starting point

V51a<17647<-4 (Ela 627 7—) — U V617C17547<4 (61,£27 7-, l.)
61+2R1+1§$§£2—3R1—1

Let us note that we do not specify the configurations in a block of length R; at the
beginning and at the end of the interval [¢1,f5]. Moreover we specify the front by a
starting point x and by a final point « + R, where the other equilibrium is reached with a
tolerance (1. We do not specify what happens in the interval of length R; in between. This
length Ry = R1((1,071) is the longest interval where the system can stay out of equilibrium
with a tolerance (3. A fact that will be proved in Corollary 5.2.

We denote the set of fronts that occur within [¢1, fs] by

V61’Cl’64’C4 (gl,gg) = UT€{+1’,1}V61’C1’647C4 (6176277) (233)
Moreover, to short notation we set, see (2.28),
RO (01,4, Ry) = R4 (6 + 2Ry, by — 2Ry) (2.34)

Let us note that on this set, since we have not specified what happens in the first two
blocks of length Rq, we could have a configuration that looks like a front with a transition
that occurs in these two first blocks and stay rigid after. These events are not in the set
defined in (2.32).

We have the following result.

Theorem 2.4 Given 3 > 1, p > 0 and ¢ there exists an €y such that if 36 < €y, we can
find o >0, co > 0 and constants ¢; = ¢;(3,60) fori=1,2,3, such that for all v < g, for
all ¢4 > (1 >0, 64 > 61 > 0" = coylog log% that satisfy

1
6405 > 1 ( loglog L \ Cl) (2.35)
\ v

-~

for Ry = c2(6:C3)7 1, for any interval I = [f1,0s] such that 4Ry < |l — lo] < m,
there exists Q1 = Q1(0,0,41,02,7) such that IP[Q2;] > 1 — ¢~ (oglog 2)(1420) (i o O

0354C2

13,0, <R54’<4 (fl,fg, Rl) UV51’<1’64’C4 (El,fz)) >1—e (236)

in particular, if v = 27", IP-almost surely, (2.36) occurs for all but a finite number of
indices n.
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Roughly speaking, inside an interval of length ¢(y log log %)_1 centered, say at the origin,
the typical profiles are rigid with a tolerance (4 around one of the two equilibria or make
only one transition between the two equilibria. Note also that we have allowed a fuzzy
region of length 2R, around the extremes of the intervals considered and also a region R;
around the front. However, using Corollary 5.4, it can be proved that in a fuzzy zone there
is at most one transition from one equilibrium to the other. Note that Ry = c2(61¢3) 1,
the length of the fuzzy zones, is very small with respect to ¢(yloglog %)*1 . As it will
be proved in the section 5, this R; corresponds to the longest runs of n°¢1 = 0 which
is typical with respect to the Gibbs measure. Note that it is possible to take (4 in the
Theorem 2.4 and ¢ in the Theorem 2.3 equal.

The Theorem 2.4 suggests that the good notion of rigidity is not to fix the whole
intervals where the profiles are at equilibrium with a given tolerance but to allow those
intervals of rigidity to have a fuzzy zone of length 2R; at the extremes. To describe the
typical profiles, we combine the results of the two previous Theorems. We can expect
to give an upper and lower bound on the distance between two fronts for the typical
profiles in an interval of length, say v~ !(log1/7)? for some p > 1. Namely this is the
scale where we know from Theorem 2.3 that such fronts exist. This corresponds to give
an upper and lower bound on the number of transitions from one equilibrium to the
other in such an interval. To be more precise, we need some more definitions. Given
an interval J = [—j1,J1], centered at the origin, and positives integers k and L, we
define, for ¢1,0y € Z, 7 € {—1,+1}, RO ({1,065, Ry, 7) = R°*% ({1 + 2Ry, 0y — 2Ry, T),
To4%4(L, 1,7, T) = RO (=41, 41, R1,7) and

TS (L k7, J) =

J1 J1 J1 k 2.37
U U c. U ﬂ R54’C4 (£k17£k1+17 R17 (_1)k1+17—) ( . )

bi=—j1 £2>4y p>lp—1 k=1
lo—01>L b —Lr_1>L
that is the profiles in 7°%+%(L,k,7,J) change exactly & — 1 times equilibrium, starting
from 7 somewhere within [—ji, —j1 + 2R;] and remaining in a given equilibrium for a
length at least L. We define also

k
T (L, <k T) = | T (L ks, 7, ) (2.38)
ko=1

and To4%(L, < k,J) = To(L, < k,+,J) UT*%“(L, < k,—,J). The profiles in
To4%4(L, < k, J) change equilibrium at most k& — 1 times, starting from one equilibrium
somewhere within [—j1, —j1 + 2R;] and remaining in a given equilibrium for a length at
least L.
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Theorem 2.5 Given 3 > 1 and p > 0 there exists g > 0 such that for all 50 < €y, we can
find p = p(BO) > 1, (4(B) >0, 49 >0, cog > 0, & > 0 and constants c; = c;(3,0) fori =
1,2,3, such that for all v < 7y, for all (4(B6) > (4 > ¢ >0, 84 > §; > 0% = coyloglog 1/~
that satisfy (2.35), Ly that satisfies (2.30) and for Ry = c2(5:¢3) ™1, for all given interval
J of length ¢(log %)p’y_l, for some positive constant ¢, if v = 27", IP-almost surely, for
all but a finite number of indices n,

c o1 1 é(log 2)P~1
7‘547@1 05 , < E log =P loo 1 -, 7‘547C4 L , < 8 7
Nﬁﬁﬁ( (fe(7), < 7 (log )" loglog =, 7) \ (L1, < (loglog 127 J)
035442
>1l—e

(2.39)

Our estimates give the scaling relation p(86) = €2/(860)?. Following a typical profile
starting from the left end of the interval 7, we meet at least one transition, within a scale
Ly ~ %[(log 1/7)(loglog 1/7)?**], then after this transition, we are near an equilibrium on
a scale which is at least %[log log1/4]~! and at most L;, then we meet another transition
within a scale L; and so on. This implies that the number of oscillations between the
equilibria in the interval 7 is bounded from above by (log1/v)P loglog 1/~ and from below
by (log1/7)P~*(loglog1/~) =+,
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3 The analysis of the block spin representation

In this section we perform the block spin transformation on the scale 6* mentioned in
the previous chapter and we make a rather precise analysis of the stochastic contribution
in order to prove our theorems.

Given a macroscopic interval I = [i~,it[C IR with i* € Z, we denote by Cs-(I)
the set of centers of blocks of length 6* that we get making a partition of I into such
blocks. Note that we are making a little abuse of notation since a similar quantity was
defined for a microscopic interval see after (2.14) and there the partition was done into
blocks of length §*(v)~!. However we consider the two sets equivalent. In particular we
identify Mg-(I) with Ms(y~1I). Let us denote by ¥J the o-algebra of S generated
by the variables (m? (x,a))xecé*(l) where m® (z,0) = (m® (+,2,0),m® (—,z,0)) and
that . For such an interval I we denote by 011 = {z € IR,i" < x < iT + 1} and
O I={xelIR,i- —1 <z < i} the two macroscopic intervals of length 1, that are on
the right and on the left of I. We call 91 = 9TTUO™ 1.

If FO" is a Z‘}*—measurable bounded function, we define the conditional expectation

of F® | given the o-algebra E‘g}, as the real Zg*[—measurable function that associates to
m® (0I) = {m% (z),z € Cs-(0I)} the value

w0 (F7 | S57) (m® (01)) =
1 . —B[H(o, -1 )+ W (o, -1, |m®" (21))] (3.1)
- F5(U_1)eﬁ[ yl1 y=1r
Zp.0,0(m* (0I)) 1126; o ”I
where 5+
W(orim? ( ;7 o> Li—y w)em’ () (3.2)

1€y~ 1T zeCs+(0I)

with Mm% (z) = (m$ () +m$ ())/2 and Zs .9.1(m° (8I)) is the normalization factor that

gives f15,0,7 (1/35;) = 1.
Given (mJ ,md. ;) in Ms-(I UOTIUO~I) let us denote by

* 5* o~ 5% o~ 8%
Emi)=-% 3 Jew—yin® @’ (y) (33)
(2.)€C2, (1)

and

E(m{ ,mys;) = —6° Z Z Js= (@ —y)m® (z)m® (y) (3.4)

z€Csx (I) yECsx (9+1I)
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On the set M® (m?% (I)) = {oc € v :m% (z,0) = m® (x)Vz € Cs-(I)}, we have

1 «
sup ‘H(O—WI) +0°Y hioy — —E(m] )] < oy 1| (3.5)
o1, €M (m¥* (1)) ier11 Y

here |I] is the length of the macroscopic interval I. Moreover we have also

* 1 * *
sup \W@Am& (0%1) - LB(S" mis )
Gy—11EMS* (mS* (1)) Y

< 6yt (3.6)

The two estimates (3.5) and (3.6) follow from the fact that [T ji—jj<1/2} —T{s+|a—y|<1/2}| <
3T _s+41/2<5 |a—y|<5++1/2} and an easy computation. Therefore, using (2.13), we can write

o(£6"y 1 I])

za]> (m® (91)) =

Fo = -
180 ( Z.0.,1(m% (91))

_B ms” md md"y_ 88" mé (z)—mS” (z
S 2 (Bng 4 Bnd ) 5, Loy et (@) @) o

mo™ (1) €M (I)

280X(z) Y . .. T
Z ]I{m5*(m,o’):mé*(m)’vxecé*(l)} H e €D ()

e xE€Cs+ (I)

where, this equality has to be interpreted as an upper bound for + = 1 and a lower bound
for & = —1 and the first sum is over m® (2),cc,. (1) € Ms-(I).
Note that the random terms appear only in the last product H:cecé* (1) and that the last
sum in (3.7) factors into a product over the intervals of length §*y~! indexed by Cs«(I).
For all # € Cs(I), we introduce on {—1,+1}97 " = Ss+~-1 the measure denoted the
canonical measure in physics literature
lEiTma*(x)(SO) = 20635*7—1 PO L ins* (2,0)=m#” ()}

(3.8)
2 €Sy, -1 Hms® (w.0)=m?" (2)}

The denominator in (3.8) is

< | B ) ( B~ ) (3.9)
1+m5* x 1+m5* x _ :
s 8 g\ = B g

where |B¥| = |B| = §*(2y)~!. We set

f * 5*

F(mg  myy) =E(m] ) + E(m§ ,mj;)

SO (@) md (@)

x€Cs+ (I) (3.10)
+ —
v |BT| B~ |
- 6* A log (1+m5* x ) <1+m5* x
meg;(f) po pmt W g ) \ B 9 g
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We introduce the moment generating function

L8 sy (@) 36, D () = IED e (77 2iepr@ 7Y (3.11)
and the cumulant generating function

G () (A(z)) = —log LS (\(z)B9, D*(z)) (3.12)

x,md" (x)

then (3.7) becomes

w0 (F* | Sor) (m (91)
RETIal )
 Zpo,1(m®(91))

(3.13)

S B ) H{PEmE mE et}

m®* (I)EMx (1)

where

G(mj)

Z gw,m‘s* () ()\(.CE)) (314)

:L‘GC5* (I)

. * —1
1.e up to the error terms e(Fed™y |I|),

we have been able to describe our system in
term of the block spin variables giving a rather explicit form to the deterministic and the
stochastic part.

Note that the stochastic dependence is given only by the fluctuations of the magnetic
fields on each block, A(x) = sgn (3_;c 4, hs) and by |D*(z)] = @ > icA(x) M-

Coming back to (3.11), if A(z) = +1, then D*(z) is a subset of B~ and therefore the
sum over the sites in BT factors out and it is cancelled by the first combinatorial factor
in (3.9), (if A(z) = —1 it is the second term in (3.9)). In particular this means that if

A(z) = +1, we have

L5 s () (80, D% (2) = IED oo (€7 2ient 7 (3.15)
’ ]
which depends only on the second coordinate of m® (z); while if A(z) = —1,
5 - 5 —280% o
Lx,m‘s* (z) (/807D (IL’)) = Em,mi* (gg)(e b~ (=) ) (316)

which depends only on the first coordinate of mo (z).

We will need in the next section very precise estimates when vy small, of G, .5+ () (A(%)),
see (3.12), which is the cumulant generating function of an Hypergeometric. However from
the beginning we know that 6 is small and to simplify the estimates, we will take (560 as
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small as we need. However what we need is a precise dependence in term of the volume
of D(z) and the result we need has to be valid for all the possible values of m® (z),
even those ones very close to 1. Moreover we cannot impose any conditions on the size
of D. We use large deviation estimates in the strong form with a good control of the
polynomial prefactors. We have to consider all the possible behaviors of the fluctuations of
an Hypergeometric. It is well known in classical probability that there are three possible
regimes, namely a gaussian one, a binomial and a poissonian one. Classical results are
usually given in terms of convergence in distribution. Since we are interested in controlling
the error terms, we need some extra work. We give a short proof of the estimates we
need. The statements of them are given in Proposition 3.4, for the gaussian regime, and in
Proposition 3.5 for the binomial and poissonian regimes. Since it could be of independent
interest we set the result in a general form. To do it we set m? (z) = m, D(z) = D,
2A(z)50 = z. We keep in mind that m € {—-1+2/B,—-1+4/B,...,1—2/B,1}. Denoting
IE,,, the normalized symmetric Bernoulli measure on {—1, +1}Bl we want to estimate

Ty [¢ 200 T Wiy )2y
L., (z,D,B) = (3.17)
Eop Limp(o)=m)]
where D is a subset of B, with a little abuse of notation we will denote |B| = B and

|D| = D when no confusion is possible. Moreover we set a = |D|/|B|. There are, roughly
speaking two regimes to consider depending whether or not |m| is bounded away from
1. To be able to separate these two possible cases we introduce a real function g(z) such
that lim,1eo g(x) = 0o but lim,10 g(x)/x = 0. Here we will not specify more than this
since the choice of g(x) will be done at the end of the next chapter for reasons that will
become clear at that moment. The first case we consider is when |m| < 1 — %f). It is
the gaussian regime. We introduce [F, be the grand canonical measure with chemical
potential v, defined on {1, +1}/5I

IE,(p) = _ (3.18)

Note that in classical probability theory and in large deviation theory (o;);cp under the
law IE, are called associated random variables, see [13]. Following H.T. Yau ![34], we
introduce two different chemical potentials and we write the following identity, for all

1 We thank Enzo Olivieri for bringing the results of [34] to our attention.
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v, € IR,
B, [622@ Giﬂ{mw):m}] 1

Lon(z,D, B) =
B, ¢ 2ien ] By, [T g (0)=m}]

(3.19)

B\D D
Gy (c0sh(02)) P (cosh(vg + 2))!”
(COSh(Vl))IB|
We choose 11 = vq(m) such that m = tanh vy, in which case the mean value of mp(o)
under IF,, is m. Then vy = v9(m, o, z) is chosen such that
m = atanh(vs + 2) + (1 — ) tanh vy (3.20)
in which case
o o B
lEyg |:€Z ZiED Ui:|
Then writing simply {mp(c) = m} = {(|B|)~/23,c5(ci —m) = 0}, the two first ra-

tios in (3.19) can be estimated by a Local Central Limit Theorem (LCLT), exactly as in
H.T. Yau [34]. Therefore denoting

m =

S
IE,, {6 <P H{(|B|)71/22i65(0i_m):0}

U, = (3.21)
lEl/Q [ez ZiED Ji]
and
B\D D
*DIm+p(m.z,0)] — o{m(v1—v2)|Bl} (cosh(v2)) "\ (cosh(vs + 2))™ (3.22)
= |B| '
(cosh(vy))
we have o =R
Lin(z, D, B) = 20 =Dl Zm. ) (3.23)

Vo.0,m
The result in the gaussian regime is the following:

Proposition 3.1 There exist an € > 0 and positive constants c1,co such that if |z] < e,
for allme {-1,-1+2/B,—-1+4+4/B,...,1—2/B,1} such that |m| < 1, then

\Ijz o,m
log L., (z, D, B) = z|D|[m + ¢(m, z,a)] + log —= (3.24)
0,0,m

With SUD,,. | <1 |P(M, 2, )| < [2[(1+c1l|z]). Moreover, for all g(n) such that lim,je g(n) =

00 but limy, oo @ =0, for all m such that |m| <1 — %5"')7
v 25
Yeam gl o2y 2 595
g - st 2 (825)
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In the Poissonian and Binomial regime we have
Proposition 3.2 There exist an € > 0 and a positive constant ¢y such that if 0 < |z| < e,
2
for all g(n) such that limp;00 g(n) = 00 but limy, e £ 7(1 ") — 0, for all m € {-1,-1+

2/B,—1+4/B,...,1—2/B,1} such that |m| > 1 — g(||B||), we have

log Ly, (2, D, B) = z|D|[m + ¢1(m, 2, )] (3.26)

with

sup |21(m, 2, )| < ¢ ( (|B|)| | + 2(|BD> (3.27)

m:|m\21—% |B| ’ZHB|

Te remaining part of this section is devoted to the proofs of the last two propositions
and is quite technical. At first reading, this part could be skipped. However some of the
estimates below will be used in a crucial way in the next section.

We start proving the Proposition 3.1.

First we give a lower bound for the variance of mpg(o) under IE,,.

Lemma 3.3 Let v, be a solution of (3.20), and o, given by
1 1
2
o, =a————+ (1l —a)—— 3.28
® cosh?(vy + 2) ( )coshQ(yg) (3.28)
then for all m such that |m| < 1, for all B > 1, for all z such that |z| < €, for some € > 0
small enough, for all a € [0,1]

o2 > (1 -m?)(1 —cz?) (3.29)

for some positive constant c.
Proof:

We have 02 =1 —m? — a(l — a)(tanh(vs + 2) — tanh(1))2. Now calling vs — 11 = A,
using m = tanh v, it is easy to see that

(1 — m?)(tanh(z + A) — tanh(A))

tanh — tanh = .30
anh(vz +2) = tanh(ve) = 4= A + m tanh(A) (3:30)
On the other hand, since v = v5(2) and v2(0) = v, and see (3.20),
d _
2 -~ (3.31)
dz  02cosh®(vy + 2)
after an easy computation, we get
d z h2 /
vy — 1y = / 2 gy = —/ __ acosh (=) iz (3.32)
0 acosh”(r2(2")) + (1 — a) cosh?(z + vo(2'))
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From which it is easy to get
lva — 11| < |7 (3.33)

Therefore, we have |tanh(z + A) — tanh(A)] < [1 — tanh®(z)]~!|tanh(z)| and
|1 +mtanh(z + A)| > 1 — | tanh(2z)|. Collecting we get the lemma. W

Proposition 3.4 (LCLT)There exists an € > 0 such that if |z|e, for all given m such
that |m| < 1, a = |D|/|B| and o, given by (3.28)

1 3
U, om=—77—7—1—1+ —— 3.34
m = Bl ( \B\a§> (3:34)

provided |B| is large enough. Moreover, for all m, such that lm| <1 — % for some g

—

that satisfies limg1oo g(x) = 00 but limy1oo % =0, we have

1 c
Yeam = /27| Blo, (1 * g(\B|)> (3.35)

for some positive constant c.
Remark:

The only reason to prove this proposition is to get in the error term the explicit depen-
dence on «a through o, and the g(|B]|) dependence in (3.35). The proof is rather standard
and follows the usual strategy to get asymptotic expansions in the LCLT. We have been
influenced by Yau [34], see also the Renyi’s book [26], pg 460-466.

Proof: We start with the following simple

1T ke, sinmx [ 1, if x=0;
o) O k= _{0, if v £ 0,0 € Z. (3:36)
which implies after some algebra,
L (" ikm|B|
U, am = — e O(z,a, k) dk (3.37)
2 J_,
where
cosh(z + vo + ik) 1Dl cosh(vg + ik) | BADI
O(z, 0 k) = O T ) (3.38)
cosh(z + 1) cosh(vg)

Introducing the variable e*(2coshx)™!, using 1 —y < e, Vy € IR and 1 — cosk > k?/2,
Vk € IR, it is easy to check that for all (z, k) € IR?,

]{32

cosh(x + ik) B )
2 cosh? ()

cosh(z)

’ < exp{ (3.39)
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Then, we easily get
2
1D(2, 0, k)| < e 1BIT 0% (3.40)
If we denote

1 [ .
5,,(m)z%/ Ty penj<m @ (2, v, k)e*™Bl g (3.41)

—Tr

then, after some standard tail gaussian estimates, we get, for all p > 0

1 8

Ep(m)| < ( e‘%"fﬂ)
V27 |Blo, \ 3v2r(1 + po.+/|B])

The equation (3.42) suggests to take p = (o,+/|B|)"1f(|B]|) for some f(|B|) that di-
verges with |B| but it is such that

(3.42)

. f(Bl)
lim ———= =0 (3.43)
[Blteo \/g(|B])
and we get
1 8 £2UBD
g < e 2 3.44
&l /27| Blo <3\/27r(1+f(|3\)) > (3:44)
It remains to estimate
1 L
U, 0m(p) = —/ e*mBlD (. o, k) dk (3.45)
Y 27 —p

Since we restricted the domain of |k| < p and p goes to zero when |B| T oo, using the
Taylor formula with an integral rest for the term in k%, cancelling the linear term in k, we
get

1 K202 k3

Veomo) =5 [ P R Ral) g (3.46)

Y —p

with [Ra(4,k)| < (1 + 16pe?)o? and |Ra(3)] < 02 Therefore if lim|p(jo0 % =0, f
g

satisfies (3.43) as well and the terms of order k3 and k% in the exponent in (3.46) go to
zero.

Therefore, using |e?® — 1 — ix| < 22/2 for all x € IR for the term of order three in k,
and |e® — 1| < |z|el*! for the term of order 4 in (3.46), we get after gaussian estimates

1 [° 252 k3| B
‘@Z,a,m(p)——/ el [1—Z 3' |Ra(3)] dk'

27 —p

< 1 ((1+32pep))
~ \/27|Blo, |BloZ
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The point is that the term in k2 in the left hand side of (3.47) cancel by symmetry. It
is now easy to get (3.34) by taking for example f(|B|) = |B|® with s as small as we want.
To get (3.35), we just take f(|B]) = \/2log g(|B]|) and we have

) 8
)
[€pl < V27| Blo. 3v2rg(|B|)(1 + \/2log ¢(|B))

and (3.35) is immediate. W

(3.48)

We come back to (3.23) and we estimate the second factor. We have from (3.22)

cosh(vy + 2)

¢(m, z,a) = | B ((m — v2)m + alog cosh (v

cosh(vs)

+ (1 —«)log m) (3.49)
From (3.17) it is evident that |¢(m, «)|/|D| is bounded from above by 236. Therefore there
are some important cancellations that occur in (3.49) in order to make it proportional to
|D| instead of |B| as it looks at first sight. To achieve this we first prove

Lemma 3.5 Let vy be a solution of (3.20), v1 a solution of m = tanh vy, and o, given by
(3.28), then there exists a constant ¢ such that for all m such that |m| < 1, for all z such
that |z| < € for some € > 0 small enough

lva —v1| < 2(2)%a(l + clz]) (3.50)

for some positive constant c

Proof: The proof is easy starting from (3.31), using the estimate (3.33) we get

tanh(vy + 2) = m + (1 — m?)p(m, A) (3.51)

with [p(m, A)| < 2|z|(1 + ¢|z|) for some positive constant c. Therefore,
using (3.31) and (3.29) we have

dl/2

< .
| < |z|a(1 + c|z]) (3.52)

from which we get (3.50). B

With this result, using Taylor formula with an integral rest, we expand around v; the
last two terms in (3.49). Using m = tanh(v1), we get,

gb(m, Oz) B B 2 ! (1 — 6)
|B] = zam +a(vs =1+ 2) /0 cosh® (v + &(va — 11 + 2)) “

+ (1 —a)(re — Vl)z/o COSh2(V1(1+_§(£32 —11)) *
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The only term which is not evidently proportional to « is the last one, but using (3.50)
and defining b(z, a) = 22 we have |b(z, a)| < |2|(1 + c|z])).
We denote by

1
_ 1-¢)
m,z,a) = (1 + ab(z, 2/ ( d
&( ) = ( (2, @) ) o2t (v — o1 3 7)) §
(3.54)
1 (1-¢)
+ za(l — a)b?(z, a) / 5 d¢
o cosh”(vq +&(ve —11))
and we have |p(m, z,a)| < a|z|(1 + ¢|z|), for some positive constant c.
At last ¢(m, z, ) = z|D| [m + @(m, 2, a)].
Therefore, the formula (3.17) takes the form
V. am z|D|[m+A(m z a)]
L, (z,D,B) = —=——¢ pLmE (3.55)

0,0,m

Collecting what we have done, recalling (3.12) and (3.23), we end the proof of Proposition
3.1.%

Next we prove proposition 3.2. It is simpler to start directly from the explicit expression
of L,,(z,|D|,B) given by (3.17). By symmetry, it is enough to consider the case where
m>1— g(||T§"|). To simplify the formulae, it is better to set m = 1— % and use the variable
k instead of m. We set L(l_%)(z,D,B) = Li(z,|D|). We assume that 1 < k < g(|B|). It

is easy to check that

—1 kA|D|

Ly(z,D) = &P (i) > e <i:f) (?) (3.56)

{=0

The first case to consider is when k& < D. We are in the binomial regime. We use the

following standard estimates

(B—D —k)k* B-D (B — D)F*
< < 3.57
(k—20)! “\k—-¢) = (k=20 ( )
On the one hand, using the right part of (3.57) and some easy algebra, we get
B*(B —k)! k
Li(z,D) < %edm <(1 —a)+ ae*2|z|> (3.58)

where as before « = D/B. Using (1 — )71 < er(1+2) if 0 < 2 < 1/2, we get

BH(B )l _ (1 (k- 1))_‘“+1 . (’f_2(1 N E)> (3.59)

B! B B B
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and this entails

k g*(B) ., 9(B)
Li(z,D) < e*IP! ((1 —a)+ ae_2|z|> e B 7B (3.60)

On the other hand, using the left part of (3.57) and calling pr, = k/B, we get

k

B*(B — k)! k 14 e2l
S BXB-R)! by (4 22| _ .
Li(z,D) = === ((1 a) + ae ) L (3.61)

Using 1 — x > e *(42) if 0 < || < 1/2, the left part of (3.59) and some easy estimates,
we get

ko g?(B)(1+e? )
Liy(z,D) > e*P ((1 —a)+ ae_2lz|> e B (3.62)

After some computations, we get

k .
e*P <(1 —a)+ Oze_2|z‘) = #P[m+1-m)f(za)] (3.63)
with |(1=m)f(z,0)| < 92|zl (1 + ).
Collecting (3.60), (3.62) and (3.63), we get
Lon(z, D) = #P[m+es(mz.)] (3.64)
with
—~ (B
sup |©p(m, 2, )| gcl( 9(B )| ]—l— g )) (3.65)
m:\m|21—@ | ‘B

It remains to consider the case where D < k < g(B). This is the poissonian regime. It
can be checked that

1-a Dk \*
L.(z.D) < e*P e 2zl [
< e#Deiae ™! (l_o‘)k
- 1 —pr

The last factor in (3.66) is here to make a nice cancellation that will give the correct

(1—a>k k2B
<e e B
L= pg
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(3.66)

behavior when z | 0. We have

(3.67)



Therefore after some computations, we get

L, (z,D) <exp[zD (m+ ¢p(z,m, a))]

) R 292 (B B
with @ (2, m,a)| < 2B 4 |59lB),

For the lower bound, we have

B-D-k\"& 1 (D — 0)f(k — 0)*
> 2D = —2|z|¢
Li(z,D)>e (—B > ;6!6 (B-D_ ko)

Keeping the first two terms in the previous sum gives

Ly(z,D) > *P (#) ' (1 + e 2l (l(?B—_lgk_—k)l)>

After some computations we get
Lk(Z,D) > ezD[m-l—@p(%m,a)]

2
with |9, (z,m, a)| < c%e‘”z'. [
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(3.70)

(3.71)



4 Proof of the Theorem 2.3 and some probability estimates

In this section we prove the Theorem 2.3. To study the properties of the system,
uniformly on an interval V of length &lcgl/21)"
Vi € V of scale L; ~ %(log 1/7)(loglog 1/4)***, with p > 0, and divide it in smaller

intervals of scale £(vy) =

, p > 1, we start considering a region

m. We reduce the proof to the estimate of the upper bound
of the ratio of two constrained partition functions over one of these intervals. We then
write this ratio as the product of two stochastic contributions and with IP-probability one,
we prove the following

i) there is at least one interval of scale ¢(7y) such that the first factor of the stochastic
part is smaller than e*%, c>0.

ii) for all above mentioned intervals the contribution of the second factor is negligible

iii) this can be done uniformly with respect to the choices of V; in V.

The choice of the relative sizes of the intervals involved is suggested by two conflicting
conditions: the existence of a large enough fluctuation of the magnetic field, in at least
one small interval, for the first factor and the uniform control of the second factor over
all intervals contained in V. In step (ii) we need a deviation inequality for a Lipschitz
function of symmetric Bernoulli random variables, but our construction of the stochastic
part, in section 3, does not allow to check the convexity hypothesis assumed in [22] or in
[31]. Therefore we give a simple proof of such deviation inequality without any convexity
hypothesis.

We start the proof of the Theorem 2.3. Given ¢ > 0, p > 1, it is enough to prove that

1.0 [R¥([Ka(7), Ly + kte(v)],7)] < e=P7 (4.1)
simultaneously for 7 = 1 and 7 = —1, and for any k such that |k| < $(log 1/7)P loglog 1/,
where ¢ is a constant to be determined later. We take I1o = [(1,0s] C [kla(7y), L1 +
kl:(7)] and we start estimating pg,0,, [R%¢(¢1, €2, 7)], with ¢1 and ¢5 such that |[¢; — o] =
Toglogt/y = Le(7):

The first remark is that if A; and Ay are two blocks of macroscopic length 1, then
SUD,, L, IWr oAy 0m,)| < y~1, this follows from [.J(z)dz = 1. Therefore, cutting all
the interactions between [¢1, /5] and its complementary, we have the estimate

5.0 [ROC (1, 62,7)] < e g g, (ROC(1, b2, 7) | Sor,,) (0) (4.2)

We bound from below the partition function Zg, g (¢, ¢,1(0), see (3.1), by restricting the
sum over all the spin configurations in R%¢(fy, £y, —7). Taking into account that the two

normalization factors cancel, we have

o gyt 180 (ROl 6, 7) | Yonz) (0)

3,¢
13,0~ [R (6176277)] = 145.0.~ (R&C(@l,g% —7') ‘ 28112) (0) (43)
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For simplicity, let us denote R(7) = R (f1, o, T).
Performing a block spin transformation on the scale §*y~! and using (3.13) we get

.0 (R(F)) < 8718 I2=a144) _ZZ_(&Z)) (4.4)
where R
Ze(ha) _ 2w (1) My (Ina) Ty T V700900 (4.5)
Z-r(hz) 2" (112)€Mse (I12) e G A ) |
We denote by T', the linear bijection on Mg« (I12) defined by
T(my(z), me(x)) = (—ma(z), —mi(x)) Va € Cs«(I12) (4.6)

then TR(7) = R(—7). Moreover from (3.10), it is immediate to check that ]?(Tmﬁ;, 0) =

~

F (m?fz,()) by using the symmetry properties of the combinatorial factors. Therefore,
performing the change of variables induced by T in the denominator in (4.5), we get

~LLBF(m3,.0)+7G(m3),)
Z(112) D ms* (Ia)EMis (I2) L{R(7)}E { a9 m) }

= — (4.7)
Z_(I —LIBF(mS* 0)+vG(Tms* )
(I12) Zmé*(Ilz)eMg*(Im) ]I{R(T}e v{ Y Iio }

T2

By construction we note that changing h; into —h; makes the following changes: A(z) —
—X(z), Bt — B~ while |D(z)] is left invariant. Therefore we get the following

Z:(Ls) , ,\  Z_.(L12)
Z—T(112)( h) - ZT(112> (h> (48)
Z.(112)

which implies the non trivial fact that log m(h) is a symmetric random variable and
therefore has mean zero. The next step is to extract what we expect to be the leading
term of the stochastic part coming in (4.7). Recalling (3.14), we introduce

AG(mY ., 7) =7 |G(mY ) — G(TmY ) (4.9)

where m‘gjhzis the configuration of m? (z) = m%* Vo € I3 and m%* is any point in
[—1,—1+4v(6*)~1,...,1]? which is among the nearest to mg defined before (2.24).
We write:

Zr(h2) _ agmf,,m Zrolhz) (4.10)
Z_+(I2) Z—r0(12)
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where

7% ﬁﬁ(m(}'* ,O)+’YATg(m6* )
Zoo(Tis) _ Soms ety i rerpe 317 0ha 0107808105, )

Z—r0(12) — 1 {BF(m3", 0)41A76(TmsT )}

I12 I12

(4.11)
D om* (1) eMan (Ia) TR (1)}€

and

AFG(mS ) = G(T = md,) —G(T T m ) (4.12)

with 70 = 1, the identity.

Recalling that mg; and mgs which are defined before (2.24) are bounded away from
1. For B > 1 and (6 small enough, we can use the Proposition 3.1 to control Ag(m‘gjlm).
Recall that this term has mean zero. Using (3.24) and the definition of T'mg given before
(2.24), we can write Ag(mgthzn—) = =T X reCse (Inp) X (%) with

* * qjﬁ@,a(m),mé* \IIO,O,m‘S*
X(x) = ~200A(@)|D(@)| [mfy, +mfy, +Z(@, 40, 0)| - A(x)log na
’ ’ W9 a(x),m?” Wo.0,ms*
’ 7B, 7,2
(4.13)
and
=(w, 40, 0) = | B 1 A(2)30, 0) — Fmi o, Aw) 0, 0)] (414)

The next step is to get a lower bound for the probability of {77>_, cc.. (1,,) X (z) > u}.
We follow De Acosta [1] and write this sum as a sum over |Cs«(I12)|/N blocks, each block
having N elements, 1 < N < |151—f|.

Calling V?(N) = V3(N(w)) = e N (w) IE[X?%(x)] for 1 < w < |I12|/(6*N), we require
that N satisfies also

[Cs+ (I12)]

Y X(m):wé*L % S X() (4.15)

I
z€Csx (112) ( 12)'

w=1
Assuming that such N can be found, then we have

[Csx (I12)]

{T’}/ Z X(:c)>u}3 rNj {V(TN) Z X(:c)>u} (4.16)

x€Csx (I12) €N (w)

Using the fact that the events in the right hand side are independent we apply the Central
Limit Theorem to estimate their individual probabilities.
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To check that we can find an 1 < N < % such that (4.15) is true, we use proposition
3.1. On the one hand we have

* * 2 5*
) 5 2l
E[X%(x)] > (ﬁe)(mﬁ,l +md, — cﬁ@)) = (1 — ¢, /5—*) (4.17)
and on the other hand we get if g(|B|) is large enough
N " 2 §* y
IE[X%(z)] < (ﬁe)(mg,l +ml, + cﬁ@)) = (1 + 0, /5—*) (4.18)

for some positive constant c. Therefore using (4.15), it is easy to check that N must satisfy

2 2
5" 5" 7\ a2
(B0(mfy, +my, = cB6)) (1 - e8| 4) T2 <

2 (4.19)
* * I
N < (ﬁe(mg,l +md, + cﬁG)) (1 + ¢330 _57) 7|51*2!
Therefore, N < |I12|/6* provided
1 _2 B
el =5 (ﬂe(mgyl +ma+ Cﬁ@)) (1 + ¢ ;) (4.20)

Obviously N > 1 provided

-1

o 1/2
(11| > (%) (ﬁ@(mgjl + m%fz —cf0)(1 — 669\/55*)) (4.21)

Thefore, since |11 5| = £a(y) = ¢(yloglogy~1) ™1, (4.20) and (4.21) are satisfied if v is small
enough. To continue, using (4.17) and (4.19) we have

2
VE(N) = (800, +mbs — 059))4 (1 - cﬁe\/;;) 2|2 = (80a(8,0))?| 1a|?  (4.22)

Therefore, since limy o |[12] = oo, it is clear that we are in the domain of application of
the Central Limit Theorem and we have, for all € > 0 and u > 0

T

V(N)

V(N)

w2 (148)
- 2

P Y X(@)>u| =P |u(l+é) >

zEN (w)

Z X(x)>u| >e

zEN (w)
(4.23)
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using the lower bound for N, see (4.19), and for V(N), see (4.22), together with (4.16),
we get

u?(1+ €)
P mmec;[u) X(z) >u| >exp <_2(60a(ﬁ, 9))27|112|> (4.24)

Now to end the proof of the Theorem 2.3, first we use (4.24), for M consecutive blocks
of length £z(7), that we denote by L(1),...L(M). Using independence over disjoint blocks
and 1 —z < e~ ", considering the two cases 7 = 1 and 7 = —1 separately, we get

_ w2 (148)
IP inf sup Ty Z X(z)>u| >1—2exp {—Me 2(39“<5<9>)2Wé<7>] (4.25)
re{-1,+1} 1<4<M veCon (L(0))

Moreover it follows from the next proposition, see (4.28), that for all e > 0, provided
g2(1/¢) is a diverging, slowly varying function at infinity, lim¢ o 1/Cg2(1/¢) = 0, then

€ 62
o Li’E?M‘lOg %‘ = ?] = 1o 2Mex <_212wa(v)69c92<1/<>> (426)

Given p > 0 and =z > 0 we make the following choice of parameters.

B 2(4 + 2)?6?
C(x;p’f}/) - 1+(2+ 3p)logloglog%
4 loglog%
1 ~
¢= | Lt

@oa 02"

uw=26(4+x + coé) 27

1 1
M = (log —)(loglog —)3**
( ’Y)( 7)

(4+x)8
2

€ =

Cg2(1/¢) <

—8x2m@+2+aﬁmﬂﬂmy

an easy computation shows that the right hand side of (4.25) is bounded below by 1 —

6—(10g log %)1+Z7 and the one of (426) by 1_(logl—§p+2+g By (43), (44) and (410) we obtain

the estimate (4.1). Moreover, it is immediate to see that we have also the uniformity with

29/june/2005; 14:27 3].



respect to the 2%(10g 1/7)Ploglog 1/~ possible choices of k in (2.29). Using the first Borel-
Cantelli lemma and the fact that v = 27", we get the Theorem 2.3.

Proposition 4.1 Given 8 > 1, 30 < ey for some €q, let ( small enough and g2(1/()
be a real function such that lime g g2(1/¢) = oo, slowly varying at infinity that satisfies
lime o v/Cg2(1/¢) =0, then for all € > 0, for all integers {1, s, if v is small enough

Z+70(I12> £:| (_ 62 )
o Ulog Z—,0(112)’ = g = oxp 212761 — £2]|30¢g2(1/C) (4.28)

The proof of this proposition is rather long and technical. We first remark that using
the explicit expression (3.11), (3.12) and the fact that T'(mg1,mpg2) = (—mg2, —mg 1),

we get [E [g(m%}m) - Q(Tmﬁthz)} =0, using (4.8), we have also IE [log gfzgizﬂ =0.

Let us prove the above mentioned deviation inequality.
Lemma 4.2 Let N be a positive integer and F be a real function on Q = {—1,+1}" and
forallie{1,...,N} let

F(h) ~ F(h)

|0iF|co = sup (4.29)

(h,h):hj=h; Vj#i |hi — ilz’|

If IP is the symmetric Bernoulli measure and ||O(F)|%, = Zf\;1 10; (F)||%, then, for all
t>0

t2
IP[F - IE(F)>1t] <e 400I% (4.30)
and also
t2

IP[F — IE(F) < —t] <e 4100I% (4.31)

Proof: We prove (4.30), the proof of (4.31) is exactly the same. As usually in this kind
of estimates, we start with the exponential Markov inequality. For all A > 0, we have

IP[F — [B(F)>1] < e ™MIE [eW—E(F))} (4.32)
To estimate the last term, we introduce the family of increasing o-algebra:
(@,Q) =39 C X = O'(hl) C Yo = O'(hl,hQ) C...CYXN= O'(hl,hg,. . .,h]\]) (433)

and the martingale difference sequences, V1 < k < N, Ay (F) = IE [F|3;] — IE [F|Xk-1].
If we prove that

. [eAEiV:lAk(F)] < Nl (4.34)
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then (4.30) follows from (4.32) by taking A = ¢(2||0(F)||2,)~!. To prove (4.34), we per-
form the integrations in the left hand side of (4.34) starting from hy. The only term
that depends on hy is Ay(F) = F(hen,hn) — [ F(h<n,hn) IP(dhy) where hoy =
(h1,h2,...,hn_1). Therefore, using Jensen inequality, we get

/GAAN(F) lp(th) S/e)‘[F(h<N’hN)F(h<N’BN)]IP(th)IP(dilN) (4.35)

For all fixed h-y the term into the exponential is the symmetrized of F' with respect
to the last variable. Then if we expand the exponential and integrate with respect to the
product measure IP(dhy)IP(dhy), all the odd terms vanish and we get Vhoy

/GAAN(F) P(dhy) < Z ()\)27? / [F(h<N,hN) - F(h<N,;LN)] - IP(dhn )IP(dhy)

< Z ()\|’al(\721;y!00)2n /\hN — hn | IP(dhyn)IP(dhy)

_ i ()‘||31(VF;|OO)2n2(2n—1)+ < Nl ()2
2n)! -

(4.36)
2(27171)Jr 1
@2n)!T = nl
There is a little difference for the successive integrations which is just the way to use

where ()% = max(x,0) and we have used

the Jensen inequality. We perform the next hy_; integration, since the term Ay _q(F) is
the only one that comes into play, we use Jensen inequality as follows

/EAANl(F)IP(th_l)

(4.37)
S /6)\f[F(h<N_1,hN_l,BN)—F(h<N_1,iLN_l,;LN)]P(diLN)lP(th_l)lp(diLN_l)
Now we can make exactly the same computations since for fixed hon_1,
/[F(h<N—1;hN—lailN) — F(hen_1,hn_1,hn)| IP(dhy) (4.38)

is a symmetric random variable under IP(dhy_1)IP(dhy_1) and we can use (4.29) to get

/ ANV P(dhyy) < X OV ) (4.39)
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Iterating we get (4.34). W

It is clear that we have to estimate the corresponding Lipschitzian factors, see (4.29),

Z10(112)
Z_o(I12)

9; log (4.40)

for all i € y~1(I12). Here, there is a difficulty that comes from the fact that the definition
(2.26) of n%¢ is given in term of a Cesaro average of blocks of length §* that are contained
in a block § of /1 norm. So we cannot assume that all the blocks of length §* are near an
5*

equilibrium, some but certainly not all blocks of length §* can have m{ (z) very near one.
On the other hand the correction to the leading behavior of AgG, ,,s+ is dependent on
the values of m® and here we have to estimate a Lipschitz norm which certainly becomes
6*

more and more singular as m{ (z) approaches 1. To solve this problem we localize the
blocks which are near equilibrium (the good ones) and their complementary (the bad ones).
We show that the fraction of the bad blocks can be neglected provided we increase the
"tolerance” (.

We need to introduce some definitions. Given i € v~ 115, let (i) be the index of the
block of length §* that contains the microscopic site i. Let u(z) be the index of the block
of length § that contains x(i), let Cjs/s-(u(i)) = Cs/5- (i) be the set of the centers of blocks
of length 0* that are in the blocks of length § indexed by u(i). We have to estimate

Zrolliz)(h) log Z-o(h2)(h) (4.41)

log Zy 0(I2)(hi) Z-oh2)(hi)

Where the only discrepancy between h and h; is at the site 7. To continue we need a simple
lemma, its proof is similar to Markov inequality
Lemma 4.3 If

* 0
> @) - malh < 3¢ (4.49)
IEEC(;/(;* (Z)

then given g1(C) such that lime o g1(¢) =0 but —C < 14f¢ <1, we have

g1(¢)
0 ¢
> M @ -malzanoy 2 37 (1~ gl(C)) (4.43)
x€Cs 5% (1)
This suggests to make a partition of Cj/s+(7) into two sets,

A(m® ) = C N 5 _ < 5 5* <1-— 9(|Bl)
(m® ) ={z € Csy5(2) : [[m® (x) — mglly < g1(C),sup(Imy (2)],[m3 (2)]) < B h
(4.44)

29/june/2005; 14:27 34:



and B(m%") = Cs )5+ (I)\A(m®"). Let us call A(mg) = 1 —mg 1, recalling that mg o < mg.;.
We assume that the parameters ¢, d,6* and the functions g;(¢) and g(|B|) are all chosen
in such a way that for the given pair (/3,60) we have

9(|BJ)
| B

91(¢) + < A(mp) (4.45)

This will imply that sup(|m¢ (z)|, |m$ (z)]) < g1(¢)+1—A(my) <1— % and therefore
the second condition in the definition of A is automatically satisfied. Let us note that
since the two terms in the left hand side of (4.45) go to zero, we can assume that (4.45) is
satisfied by taking ( and ~ small enough.

Let £(i) be the index of the block of length 1 containing the microscopic site ¢. For all

0 — 0" :
me = me(i) we write

Lscan=uy(m® ) = > Tpazxy(m” ) sxep (m® Mgy a1 (m” ) (4.46)
XCC(;/(;*(’L')

where the sum is over all the subsets of Cj/s5+(i) and X¢ = Cj/5-(i) \ X. Note that it follows
from the previous lemma, that ns¢(¢(i)) = 1 and |X| < &(1 — QIL(C)) are incompatible,

therefore we can impose that | X| > 6%(1 — g%(()) in (4.46).
Let us call

(#)

o
6*
NO= > Txpsa-sn= 2
(1-

X CCs/6+ (1) k= S

91(0)

Then (4.41) is also equivalent to

Zeoth)(h) o Z-o(liz)(h) (4.48)

%N () Zs0(T12) () N(Q)Z—0(I12) (Rs)

The two terms are estimated in the same way. We consider the first one. It is easy to see
that, with self-explanatory notation

Z+’O(112>(h) _ 1 ergfi —Aogzii
N(O)Zy o(l2)(hs)  N(C) Q [ " ”] (4.49)

where Q is the probability measure

* _ 1 = mé* ’;‘i m5*
Zm‘s* (I12)EMsx (I12) \I](m(S )]I{R(+)}€ ”1/{5’7:( 112’0)+7A0g ( 112)}
_%{5?(7"6* 0)+yA0gmi (3" )}

I12?

Q] = (4.50)

D omi* (Iia)eMye (Ia) L{R(+)}E
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Inserting (4.46) in (4.49), we get

1 AoG" . —NoG"i 1 AoG" . —NoG"i
_Q |:€ 0¥ (i) 0 z(z):| - - Z Q |:€ 0¥ (i) 0 I(Z)]I{A:X}I[{B:XC}
N NO et
X2 (- 57%)
(4.51)
and note that if we have an estimate of the form
[20Gh ) — DoGuin] < [1(OTgecay + f2(O) Tiien) (4.52)
then on the one hand, we get
A[LQ {ergibm_AOgi(ii)} < J\/’L Z [efl(C)]I{ieX} + efQ(C)]I{ieXc} (4.53)
(€) © e
X123 (1= 57%)
and on the other hand
1 AoGh,. — NG 1 _
-9 [6 0%z (i) TR0 z(z)] > Z e f1(C)]I{i€X} (4.54)
NGO NO 2=
X123 (1= 57%)
It is simple to check that
¢ 1
1- < > Tjexy <1 (4.55)
91(¢) ~ N(Q) XCCs 5 (0)
1X|> 3% (- 5-%)
Therefore, coming back to (4.49) and using (4.53) and (4.54), we get
Zy ol
og —Zrolli)(W) | ey S in@-n©) (4.56)
N(€)Z+,0(112)(hs) 91(€)

Therefore, recalling (4.52), even if we have a very poor bound f2(¢) on the set B, (4.56)
implies that by choosing g1({) in such a way that glL(C) 1 0, we recover something small
coming from the prefactor in second term in (4.56).

Let us prove something similar to (4.52). There are two cases to consider, the first one

is when A" = —\" and the second one is when M = AP, In the first case, it is easy to
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check that we have |D"| = |Dﬁi
after an easy computation we get, if |D(z)| =1

= 1. In this case, it is simpler to use directly (3.56), and

Gy - (A(x)) = log cosh(230) + log (1 A (@)m® (z) tanh(Zﬁ@)) (4.57)
from which it is immediate that, if |D(x)| = 1 and (6 is small enough

) p e 4tanh(260)||m?” (z) — mg||s
AoG(m® () — DoG" (m° (@)’ S T 1y tanh(250) (4.58)

< c(8,0)[[m* (x) = mp]x

and this estimate is valid for all values of m?".

In the second case, it is a rather long task to make all the estimates. We have
Proposition 4.4 There exists an € > 0 and an absolute constant ¢ such that if 30 < e,
for all g(n) such that lim, o, g(n) = oo but lim, 1o, g(n)/n =0,

120G [m? (2(i))] — DG [m ((i))]]

B . .
<246 (1 + 16460 + %) |m® (2(i)) — m%

. (4.59)
9(|B)v/1og g(|B|)

1+

on the set {]m5* (z(i))] <1— %}.
While,

206" (a(0)] ~ 206" b )] < 2800 w0 1+ (ZE) a0

on the set {|m5* (x(i))| >1— Hﬁgl)}.

Proof: The formula (4.60) is immediate from the Proposition 3.2. To prove (4.59),
remembering (3.24), we have to study three terms. The first one is the simplest:

AJGIm? (@(i))] = 260 (ND"] = N DM |) [, o) @(0) = ooy (@) (4.61)
and using o
’Ah|Dh| — AR phi|| =1 (4.62)
we get

ASGIm?” (2 (i)]] < 260]lm®” (x(i)) — m)

1 (4.63)
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The next one corresponds to @ and we start from (3.49) and cancel from it the previously
estimated term. That is we consider

*

AZGIm?" (@(0)] = S, 0 (@(D), N ()80, ") = B(mi 0y (2(0)), A ()80, o)
— (60, oy (2(0)), A ()80, ) = G, (0 (2(0)), A () 86, 0)

— DG Im’ (x(i))]
(4.64)
A simple way to estimate this term is to compute the double integral of its second derivative
with respect to a and m.
After easy estimates we get

AZG[m® (x(0))]| < (326%6%)||m®" — mp|lx (4.65)

It remains to consider the last term in (3.24). We use that ¥ ¢ ,, does not depend on
a and define

3 o : — _ B
ApG(m” (2(i))) = log Uxk@(i))0,0m ms7, (o)) ~ 108 \Ilkhi(m(i))ﬁt‘),ahi,mf(*x(i))(:c(i))

- (10% Vone@)so.anms, .o @) 108 YR @) po,abems, o <w(i>>>
(4.66)

The estimates are done in two different ways depending on the fact that the blocks we

consider belongs to B or to A. In the first case, recalling (4.56), we do not need a sharp

estimate. We use simply (3.25), bounding the difference in (4.66) by a sum of four terms,

we get immediately

AgG(m® (x(i)))| < c(50) * S0BD (4.67)

for some positive constant c.

In the second case, as it becomes clear in a moment, we need to use the fact that
lm®" (i) — mjy
Lemma 4.5 There exists an € > 0 and an absolute constant ¢ such that if 360 < e, for all

g(n) such that lim,ee g(n) = 00 but limp 1o % =0 for all m such that jm| <1 — g(||§||),

1 < g1(¢) and this makes the computations more involved.

. . . 0| B| c
A3G(m? <lIms o —md cf 1+
60 )| <o) = Mo o == .
&

WEINCTIED
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Proof:
We use first (3.41) and (3.45) to write

g a,m
log \IIA,BG,a,m = log \Ilkﬁe,a,m(p) + log (1 —+ %) (469)
with p = (oage/|B|) " t/2logg(|B|) and we use (3.44), setting f(|B|) = +/2logg(|B|)

together with (3.34) to control the last term. This leads to

IN

' Expo,a,m(p) ‘ (4.70)

5
Wago.am(p)| = 3mg(|1B|)(1 + \/21og 9(|B]))
Therefore the four terms of this type in (4.66) will give a contribution which corresponds
to the last term in (4.68). For the remaining terms, we proceed as before, starting with

. - ‘ ah mf:x(l))(x(l)) aQ\I}AﬁQ o m(p) 1
AG(m® (z(4)), p) :/ / n e

by mg*b(x(i)) (9058?7’1/ \Ifwo,a,m(p)

dadm

h 6* .
_ /a /mb(z<i>)($(z)) 8‘1/m9,a,m(P) 6\11}\/39’0‘7m(p) !
a}_L'L 7’77,((s

Bu(w (i) Ocr om Wiﬁ@,a,m(p)

(4.71)

We estimate separately the last two lines of (4.71). We start from (3.45). We derivate

the integral with respect to m. This gives a term proportional to |B| which is bad. Using

Taylor formula with an integral rest, we expand in k£ up to order 1 the term in the integrand

that comes from derivating ®(A36, o, k). Then making computations similar to the ones

that we did in (3.47), being aware of the cancellation of the previous linear term in k, we
get the leading term of order |B|k?. Performing the gaussian integral, we get

P)eP4
10m W x60,a,m(p)| < (Lt cperjer 2 1+ L (4.72)
9(|BJ)

\/27T|B|0')\59 Uigg

Let us note that in the denominator the term mamg will be cancelled out by the
corresponding term in Wz o,m(p), see (3.35) when estimating the ratios in (4.71).

For the derivative with respect to a, we proceed in a similar way. It can be checked
that the linear term in k is not present here and the result is:

OaUngo.am(p)| < DT CceBO0Em_c ) 1 (4.73)
9(|Bl)

\/27‘(‘|B|O‘,\59 Uiﬁg
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For the second order derivative, we get a term proportional to |B| and another to |B|?.
This last one being really dangerous. The one proportional to |B| is treated as previously.
For the one proportional to |B|?, we expand up to the fourth order in & all the integrand
except the exponential terms. By making explicit computations, similar to the one we did
in (3.47), all the terms of order strictly less than 4 in k gives a zero contribution. The
result is

|6m8a\:[[)\59,a,m(p) <

I61 c c
14— 4.74
= /27| Bloags Trge ( g(lBD) T

for some positive constant c. Recalling (4.71), and using (4.72), (4.73), (4.74) together
with (3.35) we get, for some positive constant ¢

* . 7. * * 50 &
AJGm? (@(i)), p) < |a" = oM i) = mf ol ( 1+ ——== | (475)
0 (z(2)) Be(x(i)) 031,39 9(1B)

Using now the fact that |a — ahi| < |B|~!, and that Uiﬁe > cg(|B])|B|™!, we have

1 | B|
< (4.76)
|Bloyge ~ 9°(1B])
therefore
.. . . (30| B| c
AGm® (@(D)). p) < Moy = M sanlh 5 |1+ = (4.77)
09 (m” ( @) ~ Maaeanl oz py 0z
and this ends the proof of the Lemma (4.5).
With the Proposition 4.4, we get easily an estimate like (4.53) with
F10O) < |lh — Rs]) [26091(¢) (1 1660 + -2 ) + < (4.78)
1 = — Ny 9 .
g*(IBl) ) g(1B])\/1og 9(IBJ)
and recalling (4.67)
~ 200 g*(|B)) c
f2(0) < ||h — hq| |856 <1 + 1750 + +c + (4.79)
9(|1B]) | B 9(|B)v/1og g(|BJ)

for some positive constant c.
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The presence of both terms |B|/g?(|B|) and ¢*(|B|)/|B| suggests to take g(|B|) =

% for some function go(x) that diverges with = but is slowly varying at infinity.

Assuming that ¢ is such that 1/1/|B| < ¢1(¢)\/92(1/¢) and choosing g (¢) = ,/m,
recalling (4.56), we get, if go satisfies also lim¢ o v/Cg2(1/¢) = 0.

Then we apply the Lemma 4.2 and we end the proof of the Proposition 4.1. B

7 I
0; log +.o(h12)

m <38 259C92(1/C) (4-80)

.
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5 Some deviations estimates and proof of Theorem 2.4 and 2.5

In the previous chapter, we have used the fact that the difference between the stochas-
tic contribution computed on the profiles constantly equal to one minimum and the one
computed on the other minimum, has mean zero. In this chapter, we consider profiles that
are non constant and make arbitrary oscillations so that in general we loose the mean zero
property. Roughly speaking, there are basically three kinds of possible oscillations that we
expect to be unlikely. The first one is when the system stays out of the equilibria for a
too long interval. The second one is when the system jumps from one equilibrium to the
other one, stays there for a too short interval and comes back to the first equilibrium. The
third one is when the system makes too many oscillations around one equilibrium without
reaching the other one. We have to be careful since without “too long”, “too short” and
“too many” the previous oscillations could be typical for the Gibbs measure.

To prove the Theorem 2.4, we first consider the case where such oscillations occur on
macroscopic intervals A that are not bigger than \/m. In this case, our estimates
will be true on a subset, say QCQof IP-probability one, uniformly with respect to all
the possible positions of such intervals A inside a bigger interval J centered at the origin,
of macroscopic length v~%, for any given k. A priori we have to consider only the case
|J| =~ v~ L(log1/v)P, p > 1, however, when it is possible, we consider |J| = 772, that is
~~3 in microscopic units. But while for the first and third type of oscillations it will be
enough to estimate them in an interval not bigger than \/m, since being outside of
equilibria or fluctuating around one for ”too long” is very unlikely and it can be detected
already in the scale y/loglog1/~, for the second type we must be more careful. Namely
we have to distinguish when being close to one equilibrium is typical and when it is not.
This requires to analyze the system over longer intervals and to control the contribution
of the magnetic field and the entropy terms over intervals where the estimates used in the
scale y/loglog 1/~ will give a too large contribution.

Let Ar be a macroscopic interval of length R € IN and 41,(; be two positive real
numbers. Let Ogl’gl(AR) = {1 (0) =0, VL€ AgrNZ}, then our first result is
Proposition 5.1 There exists an absolute positive constant ¢ such that given 6 > 1 and (30
that satisfies (2.22), there exists a positive constant c¢(f3,0), such that for all 61 > §* > 0,
(1 >0 and z, > 0, we can find Q1 = Q1(y, 0%, 01,1, 21, Ar) C Q such that on

(031741 (AR)> <ol [¢(8,0)¢361 R—4—2cR(5" + 3% log &) ~2R0\/ 7% —/Ryd6z | (5.1)

2
1

z

and IP[Q] > 1—e 1.
Proof: By the very same argument that leads to (4.2) we have

1304 (00 (An)) < €% o (O (AR) | Toay ) (0) (5:2)

s
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Performing a block spin transformation on the scale 6*, recalling (3.13), we have

130+ (00" (AR) | Tons) (0)

e(£68" 7" R) (5.3)

_1I3F(ms" md*
Z ]I{Ogl,m(AR)}e V{ﬁﬂ Ap 0+ AR)}

Zﬁ,Q;y,AR (O) mS* (Ar)EM+ (AR)

To estimate the stochastic part, we make a rough upper bound, see (3.15) and (3.16)
|Gmo (2)(A(@))| < 286|D(x)| which corresponds to the situation where all the spins in
DX (z) are equal to —\(z). This gives us a factor

2(260,Ar) =exp{ > 286|D(x)[} (5.4)

zE€Cs+ (AR)

that we extract from the numerator in the left hand side of (5.3).

To estimate the combinatorial factor that appears in F , see (3.10), we use the Stirling
formula in the form given by Robbins [27] which is, VN > 1, N! = v/2e NN+ze~Neen with
1/12N < ey < 1/(12N +1). Let us denote

~ e 6 . 2
Fomh) =% > Jsla—y) [ @) - a® ()
(w7y)ecf/5*(AR)

0" Y fae(m (2))

(5.5)

where fg ¢ is the canonical free energy of the RFCW model, see (2.18). It is easy to see
that restricting the configurations to those that are constantly equal to m%*, where mg*

is the nearest point to mg belonging to the set [—1, -1+ §—3, -1+ g—j, R é—?, 1]2, we
get a lower bound for the normalization factor Zg ¢ ~.a,(0). On the other hand using the

fact that

2R
6*

> 1§(5> =B (5.6)

2v
(M2 (£1,2))secsy (Ag) !

to control the number of terms that occurs in the sum in (5.3), after the cancellation of
some constants we get

B(Rs* 2 log 85—
1430~ (OglaCI (AR) | EBAR> (0) gev(Ré +4+2R 3% log & )5(4597AR)
. (5.7)
_ginfm(g eogl,gl {f(méAR)}
[ R
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where ]—"(m‘;AR) = ]—"(m‘SAR) - F(mg,AR)'
To give a lower bound on the previous infimum, we use the fact that if x; are positive
numbers, bounded from above by a constant ¢ then if the arithmetic mean of N terms z;

NG

is bounded from below by some (1 < ¢ then there are at least 5= a

terms x; among the

N, such that z; > % Using (2.26) we get after some easy computations,

. 5 1
e {FOnZ)} 2 Re(B,0)Q0 555 2 Rer(8,0)¢10 (5.8)

It remains to estimate Z(450, Ag). Let us denote X(Ar) =473 cc..(an 1D(®)]. It

is easy to see that IF(X(Agr) < cRy/7v/0*. Using the Lemma 4.2, setting ¢t = 2\/R~vz1,
where z; is a positive real number, and regrouping, we get (5.1). H

With the Proposition 5.1 we can control the Gibbs-Probability to have a run of 7°1:¢1 = 0
anywhere on intervals that are rather long. However their lengths depend on the parame-
ters 01, (1,07,

Corollary 5.2 Given > 1 and (30 that satisfies (2.22), then there exists a constant
¢ = ¢(B,0) such that, if 0* log% 1 0 when ~ | 0, for all 6 > 6* > 0, (1 > 0, that satisfy

51¢ > &(8,9) (\/55 v 5*) (5.9)

for all x > 0, for all intervals Ar of macroscopic length R that are included in a macro-

2

scopic interval I containing the origin, with |I| < ~y~2 and satisfy

_ A4p( + )

if v = 27", with IP-probability one, for all but a finite number of indices n,

48z

1564 <3R Ry <|R|<|I|3ApC T : Ogl’CI(AR)> <o F (5.11)

Proof:

Let us first remark that for a given R, the number of intervals Ag that are included
in I, is bounded from above by |I|?, therefore if we take z; = \/64(5 +e€) log% for some
positive €, we get using Lemma 4.2

! 1 1+4€
v L:nggxu Anci VR (X(&r) =~ EIX(AR)]) 2 \/64(5 N E)Wlog(g)] sy (5.12)
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The IP-probabilistic statement follows from the first Borel-Cantelli Lemma. Let us consider
the term into the bracket in the exponent in the right hand side of (5.1). Notice first
that, since % T oo when v | 0O, \/52* > <t log %, if v small enough we can ignore the
corresponding term in (5.1) and keep just the square root. To get a negative term in this

exponent, we impose, since (36 is small,

c(8,0)C35, — 4(6* V g—*) — 256(5 + €)30, /fylog% >0 (5.13)

Using §* log% 1 0 when ~ | 0, this becomes ¢(3,0)(36; — 4c(6* V s5) > 0 by enlarging
the constant c if necessary. To cancel the constant term 43, in (5.1) and get the factor =
in (5.11) we just impose (5.10). W

The second family of events we consider are roughly speaking those ones having two
blocks, far apart but not too much, at the same equilibrium and somewhere between them
there is a block of macroscopic length at least 1, close to the other equilibrium.

Let Ay = [(q, 0] with ¢; € ZZ for i = 1,2 be a macroscopic interval of length L, and
d2 > 0, (3 > 0 be two real positive numbers, let us define for n =41 or n = —1

Wh2:C2 (ALJ}) = {7762,C2 (61) — 7752&2 (52) =, HZ, 0 < /< ls 7762,{2 (g) — —7)} (5.14)

and W2¢2(Ar) = W22 (A, +) UW®2:¢2 (A, —). Our second result is
Proposition 5.3 Given 5 > 1 and (0 that satisfies (2.22), 62 > 6* > 0, (2 > 0 and
z9 > 0, then there exists Qo = Qa(y, 0%, 02, (2,22, AL) C Q such that on s

-1 * 0 Sty N
Bg0n (W2 (AL)) < e [AF—48¢—2L(8" + 3% log £7)~2L30/ 35 — /L7480 (5.15)

z

for a strictly positive constant AF = AF((3,0) and IP[] >1—e 5
Proof: The proof is similar to the one of the Proposition 5.1, we point out only the main
differences. Let us call A} = [¢1 + 1,03 — 1], and for n = £1

|ww

I

mg.p,08, = {mé*(m); Vz € Cs-(0AL) m’ (z) = T“T"mg*} (5.16)

where if m = (my,ms), T"m = m and T'm = Tm = (—msy, —m1). An easy computation,
using the fact that 1°>¢ =7, leads to

g0y (W2 (AL M) < e g, W (AL,n) | Soa,) (Mamoa,) (5.17)
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Then making a block spin transformation on the scale 0* inside the volume A}, denoting

« - * 6* - * o *
Flmy, mba,) = Flm )45 3, oo =y (@)m” () (5.18)
z€Csx (AL)
yeCs+ (OAL)

and using the same arguments that leads to (5.7) give

5.6, (WCSQ’CQ(AL,U) ‘ EaAL) (mﬁ,n,aAL) < eg(L6*+4C2+2L5l*log %)5(46‘97 AL)

B 5*
Ty mfmi* ew52vc2(ALm){f(mAL’mB’"’aAL)}
L

®

(5.19)
It is not too difficult to check that there exists a constant AF = AF(f,0), depending
neither on n = £1 nor on L, which is strictly positive if 5 > 1 and 6 satisfies (2.22), such
that

inf {]-“ 5 }> AF 5.20
méA*LEWIfsrzl’Cz(AL,TI) (mAL mﬁ,n,aAL) - ( )

Now Z(44360, A1) can be estimated as before and this ends the proof of the Proposition 5.3.
[

By similar computations as in the proof of the Corollary 5.2, making the choice zo = 21
it is easy to check that
Corollary 5.4 There exists a constant ¢ = &(3,0) such that, if 0* log% 1 0 when ~ | 0,
for all 63 > 0* >0, (5 > 0, for all x > 0, that satisfies

AF(1 —x)—&B,0)¢ >0 (5.21)

for all intervals Ay, of macroscopic length L that are included in an interval I that contains

2

the origin, with |I| < y~* and satisfy

_AF( —x) — B, 0)¢

L<Ly= (5.22)
c(8,0)(0* V \/5+)
if v = 27", with IP-probability one, for all but a finite number of indices n,
s <— _ﬂzA}'
13.0,~ (HL 12 < |L| < LQ HAL cl W Q(AL)) <e v (523)

The third family of events describes fluctuations around one equilibrium.
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Let Ap = [¢q, 03] with ¢; € ZZ for i = 1,2 be a macroscopic interval of length L, and
04 > 01 >0, ¢4 > (1 > 0 be four real positive numbers, let us define for n = +1 orn = —1

Rgfvi]CI,éél,C[l(AL)E) =
{77617<1 (gl) = 7761’41 (62) =1, NS (617€2)7 7751’41 (f) = 07 3515527 g? - gl = E (524)
/< gl < gg < Yy 7764’@1(@) = ng 51 < ES gg}

and RV (Ap, L) = RYLEVY (AL, L) URY1 (A, L).

Proposition 5.5 Given f > 1 and [0 that satisfies (2.22), 4 > 61 > 0%, {4 > (G >0
and z3 > 0 then there exists Q3 = Qs(7, 6%, 1, 4, (1, (4, 23, AL,fL) such that on Qs
146.0. <R51,C1 104, (A L))

(5.25)
< o[BS (L -1)) =46 215+ 5 log ) —2L50+/ 75—/ 17450z ]

22
for some positive constants ¢((3,0) and ¢ and P[Q3] > 1 — e~ .

Proof: The proof is similar to the proofs of the Propositions 5.1 and 5.3. B

An immediate consequence of this result is the
Corollary 5.6 Given § > 1 and (30 that satisfies (2.22),there exists two constants ¢; =
¢i(B,0) fori=1,2 such that if 0* log% 1 0 when v | 0, for all 64 > 61 > 0", (4 > (1 >0

that satisfy
. 1
045 > 617 > & (\/ 51* Vv ylog ;) (5.26)

and 04¢3 > (1, for all 1 > x > 0, for all intervals A of macroscopic length L that
are included in an interval I that contains the origin, with |I| < y=2 if v = 27", with
IP-probability one, for all but a finite number of indices n, for all L>1,

e2(B8,0)Lacsy

3,0, <E|L :2< L < |]|E|AL SR Rgl,C1,54,C4(AL,[~/)> <e" 5 (5.27)
Therefore if we denote

o= U U oan (5.28)

R: Ri<R<|I| ArCI

weer = | U weeay) (5.29)

L:2<L<L, ALCI
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and

R31»C17547C4 (I) = U U U R51 €1,04,Ca (A L) (530)

L: 2<L<L|I) ALCI [ 1<[<

then, for an appropriate choice of various parameters, §;,(; for ¢ : 1 < ¢ < 4, as
a consequence of the Corollaries 5.2, 5.4 and 5.6, all the previous sets have a Gibbs-
Probability that goes to zero, IP-almost surely. It is convenient to make the choices
81 = 62, (o = (1, &4 > ¢ and d4 > §;. We note that 7°¢1(¢) = n implies n°%(£) = .
Therefore on the complementary of the unions of the previous sets we can only have runs
of length at most R; of n°¢t = 0 followed by runs of length at least Ly of equilibrium
e (l) = .

Namely blocks 7°1:¢1 () = 0 between adjacent blocks of the same equilibrium can be
only 7°4% = 7, since (5.27).

The next step is to prove that the length of the previous run of n’+¢+ = 5 which is at
least Lo is in fact bounded from below by a much larger quantity.

We define, see (5.14), for n € {+1,—1}, {1 < 0 < Uy < Uy with 2 < 0, — 0, < Ry,
ly— 0y < Ry,

Wg47§4(€laglvg27€2) =
[P (6) = 4 (6) =, P (0 = 1) = P E) = (5:31)
7764’C4 (6) =N Ve Zl —+ 1 S 14 S gg — 1, 7764’4;4(22) = 7764’C4(€~2 + 1) = —77}

In the following proposition we will show that uniformly in the choices of !71, !72, f1 and 45
in a fixed interval J of suitable length, this set of events has small probability.

2’ AF
Proposition 5.7 Giwen 3 >1,0<z<1,p>1,¢>0, p>0, zf9_48\/m then

there exist vo > 0 and co > 0 such that for v < o, if (492(1/(4) < & 9A().]:(l A L),

V e(p+1+2p)

for all 64 > 6* = coyloglog “lr’ for all intervals I = [€1, 03] such that |I| < é(yloglog %)*1,

and for any I C J, |J| = ¢y~ t(log1/7)P for some positive constant ¢, on a set Qg =
Q(T, 3,0,7) that satisfies

IPQ4] > 1 — 2 (log =7 +ee (108108 D) w20+ (5.32)
¢ Y
we have, uniformly on all intervals [571,572] C I and uniformly on I C J,

H3,6,~ <W34’C4(£17g17g2362)) < €xp [_gz(l - .'B)Af:| (533)

forn==+1
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Proof:
The first step is to restrict ourself to a finite volume Gibbs measure. Since 7%+ (¢;) =
N4 (62) = n, we get

Ca

13,0,y (WS“’C“ (51751752752» < e o (VVS‘*’@ (01,01, 0o, €5) | Z@AL> (0) (5.34)

Using the fact that %< (f1) = n%<(f; — 1) and 7%+ (ly + 1) = 7% (l5) we can also
decouple the interval [f; — 1,05 + 1] from the interval [(1,5]. This will produce three
adjacent intervals. We associate, the interaction between the first and the second interval
to the first term, and the interaction between the second and the third interval to the
third term. This will give, up to a factor e8P %4, a product of three terms each one being
localized on one of the three intervals. We make a rough estimate for the random magnetic
field for the terms corresponding to the first and the third interval. Applying an argument
similar to the one given in the Corollary 5.4, we get that, with a IP-probability 1, uniformly
with respect to all intervals [(1,f5] included in an interval J containing the origin, with

T| < o5,

BzAF

A ) ¢
5.0y (W247C4(€17£17£2,€2) | E8AL>(0) < 125 =75

~ 5.35
% 65771[5*(22—21)] Z—1,54,Ca (~I12) ( )

Z777547C4 (112)

where the last term is similar to the one defined in (4.5), with R(7) = R4 (01, by, 7).
Writing in a similar way as we did in (4.10), with self explanatory notations, we have

Z—U,§4,C4 (le) _ eAg(mngm,e) Z_n’0’64’€4 (IN12) (536)

Zysaca(I12) Zn0.54,¢4(112)

Using the estimate (4.28) we get

Zﬁ”770764ac4 (ilQ)

P -
Z77707647<4 ('[12)

log

> | e (~p O ) e
~y 2127|112|80C4g2(1/C4)

To get a result which is true uniformly with respect to all subintervals I;5 of I, and
for any I in a given interval J of length ¢(v)~!(log1/v)?P containing the origin, we need
a modification of the Ottaviani inequality [30] that takes into account that we do not
have sum of random variables i.e. an additive process but merely an approximate additive
process.

29/june/2005; 14:27 4:9



To simplify notations, given an interval I C I, let us call Y () = log #“;“(%)
1,0,84,C4

Lemma 5.8 For any given interval I
P |[Y(D)] 2 85|

infj,,c, P ||V (7)| < 52|

de + 12(4
o

(5.38)

P max ‘Y(ilg)‘ 2 ﬁ
I, oCI

Proof: Recall that [¢1, 5] = I and intervals Iy = [Zl, Eg] Using the fact that for all I;5 C
LY (Do) < [V ([r, )|+ [Y ([1, £a]) | + B2, we get [V (112)] < 2max, jy, [V ([0, 7))+

1] %. Therefore

de + 12(4
v

< IP { max (5.39)

26 + 4(:4 :|
£1<0<ty

Y (i 0)] 2

P [max ‘Y(flz)‘ Z ﬁ
Iy 2CI

Let 7 = inf{tzel; Y ([0, 1)) 25%}, inf(0) = oco. Since, for all k € [f1,f],
V()] = [V (6, K])| — [V (K + 1, £5])] — B%2, we have

{r=k}n{IY([k+1,6)| < p- } {Y1=6- ! (5.40)

Therefore, making a partition over the possible values of 7 and using independence, we get

01 <k<ls

JPDY( )| > p— ] inf ZP{|Y([I<:+1 l])| < B— }ZIP[T—/C (5.41)

Using the definition of 7, we get (5.38). l

We assume without loss of generality, that J is centered at the origin and that |I| =

éW’ for a given ¢. We make a block decomposition of the interval J into blocks of

length ¢(27loglog l)_1 that is J = U_j1<j<j1f~ with 2j; +1 = [E(log 1/7)P loglog l]
Note that any 1nterval I we consider is included in the union of three consecutive intervals
I[ g2 = I U Ij+1 Ul j+2 for some —j; < j < j1 — 2. Therefore we get, denoting maxj ;
the maximum over the intervals I such that |I| = é(yloglog %)_1 that are in J, for all
€ > 0, setting € = 4e + 124, we have

e 2¢(log 1/74)? loglog L
IP | max* max |Y (I12)] > ﬁ ( / 2 L IP
ICT [iscI Y C

< V(I ¢
ma \(12)!257]

112CI[0 2]
(5.42)
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Using (5.37) and (5.38) we have

Z_77707647<4 (j12)

log -
Z,0,64,¢4 (112)

(5.43)

IP |max™ max
ICT Ica

E] _ 25(10g %)erP e—ulog log%

5 C 1— e—ulog log%

i &2 52 .
where u = 5757 50C192(1/C1) and p > 0 is small as we want. We assume for the moment that

the various parameters are chosen such that v > p+ 1+ 2p. Using the first Borel-Cantelli
lemma, recalling that v = 27", we get that with a IP-probability 1, for all but a finite
number of indices n

Z 10, f12 det12¢y
maX* max 7,Y, 47(4( ) S 6,6 >

~ g (5.44)
ICT TaCl Zyo,sa,ca(112)

It remains to estimate the first term in the right hand side of (5.36).
We have Ag(mzjlz) = =N sccse (ho) X (¥) where

\IIBO,oz(aU),mgT2 \IIO,O,mgTI

X(z) = —260)(2)|D(2)| [mgfl +m?, + E(, 66, a)] —~ A()log & -
ﬁe,a(x),mgfl O,O,Tn‘gf2

(5.45)
with Z(z, 86, a) = [B(mf 1, A(2) 86, a) — G(mf 5, A(x)36, )]
Therefore we need to estimate from above the probability of
A= {max* max X(x)| > s} 5.46
max fmclh >, X(a) (5.46)

CCEC(;* (ilz)

for s > 0. For our purpose it is enough to prove (5.46) for s < sg, for a given sg.
This will be done in two steps that are similar to the proof of (5.43). First we give an
estimate for a fixed I 12 and then we make a block decomposition of J into blocks of length
¢(2vloglog %)_1. Arguing as before we apply the usual Ottaviani Inequality. All of this
is standard and it is just an adaptation of the proof of the upper bound in the Law of
the Iterated Logarithm given by De Acosta [1]. It follows from the exponential Markov
inequality and independence that, for all A > 0,

IP |~ Z X(x)>s| <e*t H IE [eth(x)} (5.47)
xE€Csx (I12) x€Csx (I12)

To estimate the previous Laplace transform, we use ¢* < 1+ x + %e"”‘, Vx € IR. Using
the fact that IE(X) = 0, we get

2
" [ewX(m)] <1+ (1) ZE[X2 (x)]et'yHX(:r)Hoo (5.48)
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Using the Proposition 3.1, if v is small enough, and how small depends on 36 to absorb
the last term in (3.25), we have for some positive constant ¢, || X (2)|loc < 460% (1 + ¢p0).

On the other hand it is easy to check that, calling IE[|D(z)[?] = V?(z) = %, we have also
for some positive constant ¢, if «y is small enough IE[X?(z)] < 16(86)2(1 + 050)2%. Using

142 <e® Vo e IR and |Cs-(I12)| = |I;1f|, we get easily

[ = [e”“fﬂ)} < exp [78(7560)2(1 + cﬁ@)\iu\e“*‘*ﬂ"(l“ﬁ")] (5.49)
2€Cs+ (I12)

The choice of ¢ depends on [I15|. If v|I2| > gf(*,y) with limy o g3(7) = 0 as slowly as we

slog log %

_ s _o* — 9595y
want, we choose t = 6717221302 (Leh0) If y[1i2| < 5y Ve choose ¢ = 322(B0)2(11cB0) S

Assuming that gs(7) is such that v(loglog %)2 < (g3(7))?, in both the cases, we get

P )7 S X(:z;)‘zﬁs < 2exp (5.50)

[ s?log log %(1 - 230093(7))]
z€Csx (I12)

32¢(0)2(1 + cf9)

1

for s < sg and for some constant ¢ *. To get uniformity with respect to all subintervals

that are in I, we write simply

12
< .
maxly Y X()| <2 max |y Y- X(@) (5.51)

x€Cs+ (f12) z={

Therefore, using the Ottaviani inequality

14

vy X(z)

CB:£1

Py, X (@) = 8
7, X(@)| < Bs]

(5.52)

> 2@9] <

IP | max
£y <t<L>

infgl <0<ty )/ |:

we get, setting @ = % by an argument similar to the one that gives (5.42),

4¢(log L)pte _
IP | max™ max |y Z X(x)| >208s| < ¥6_82UI0g10g% (5.53)

ICT J,,CI
12C JJECé* (I)

~

L' Remark that given sg > 0 it is always possible to find Yo > 0 such that for 7 < 7p, the quantity
(1 — 250cg3 (’)/)) is strictly positive.
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We then collect (5.34), (5.35), (5.36), (5.44) obtaining

43,0, <W$1’Cl’54’<4 Uy, 01,05, 52)) < exp [—g (zAF — 24(, — 4e — 4s — §*|1]) (5.54)

. . 2 2 2
We make the following choices s < sy = % 1A6}-, € = 22 AF, ¢ = zBF (< “”QAG}_

this will give us (5.33). We take o such that (1 — 2socgs(70)) = 3. To be able to
: 2~ > < : < 22 AF
satisfy s°u > p+ 2p+ 1 and s < sp, we impose 0 < —48\/m and we can take
s = 166+/¢(p + 2p + 1). Recalling that we need also u > p+2p+1, we impose that (4 is such
2
that (492(1/¢4) < %, that is with the condition above we assume (492(1/(4) <

= T2y/é(p+2p+1)

“’29%7 {1 A ¢} and we get (5.32). This ends the proof of the Proposition 5.7. l

vV é(p+2p+1)

Proof of Theorem 2.4:
We prove that the complementary of the set R4 (£1, £y, Ry)|JVo1:¢1:94:64 (¢4, 45) has

c4(B.0)84C3

Gibbs-probability that goes to zero as e 8] . We decompose

A= (RO (04,02, Ry, 4)) [ (RO (4, £2, Ry, =) = A1 U A UA3 U Ay (5.55)

where, see (5.30), A; = Rgl’<1’54’<4([£1 +2Ry, 0 —2R1]) and, see (5.29), Ay = Wo4Sa([¢; +
2R;y,05 — 2R1]) While A; and Aj refer to the behaviour of the profiles in the bulk of
the interval, A3 and A4 consider the behaviour of the profiles in a region close to the
boundaries. Namely for a given n € {—1,+1}, we can be in (R54’C4 (€1,£2,R1,n))c just
because we have 7°4% (£ +2R;) # n or n°4% (fy — 2R;) # 1. Let us define

A0y = {m® (o) £ 9 (5.56)

and
As= | A +2R) UAY (62— 2Ry) (5.57)
n,n €{-1,+1}2

Suppose that a profile is in A7 (¢; + 2R;) then we can have four alternatives.

The block £14+2R; has n%4:¢4 ({1 +2R;) = 0 or n°+%4(¢; +2R;) = —n and it is sandwiched
at a distance smaller than 2R; by two blocks with the same 7’s or with different n’s. In
this last case the profiles are fronts.

It is easy to see that

AsN (Ogl’gl(wl + Ry, 0y — Rﬂ)) NAC R81,C1,54,C4<[€1 + Ry,05 — Ry)) : )
5.58
UW54’C4([€1 + Ry, 02 — Ry]) Uvél’C1’64’C4([£1 + Ry, 03 — Ry])
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It remains to consider what is left in .A. The presence of A4 comes from the fact that
in the definition of A;, there are four parameters &y, (4, 01,1 and since 545 > ¢1(8,6)(1
we can have blocks such that %<t = 0 but 7% = 1. Let us define

*

A0y = {m (@) = . (0) = 0} (5.59)

and
Ai= |J Al +2R)UAL (6 —2Ry) (5.60)
nanle{_17+1}2

Arguing as before we get

./44 N (Ogl’gl(wl + Rl,EQ — Rﬂ))c NAC

(5.61)
ROV [0y + Ry, o — Ry)) U VOG0 + Ry ly — Ry))
It is now clear that we have
AN (V51,C1,54,C4(£17£2))C n (Ogl’gl([& + Ry, by — Rl])) C
(5.62)

ROV ([ + Ry, by — Ra]) [ WO ([1 + Ry, €2 — Ry))

and (2.36) follows immediatly from the Corollaries 5.2, 5.4, 5.6 and the Proposition 5.7.
[ |

Proof of Theorem 2.5:
Taking into account (2.36), we must check that for ¢; < ¢5 < ¢3 that belongs to J, an
event of the form

V517C1,547C4 (gl’ 05, 77) N V517C1,547C4 (€2, (s, 77) (5.63)

with lo — ¢1 < la(7y) and £3 — lo < la(7y) has small Gibbs-probability and moreover that
this is true with a very high IP-probability, uniformly for ¢; < ¢5 < /3 in J. But it is

immediate to see that those events are controlled by the Proposition 5.7.

c(z,p,7)
(B9)2(mp,1+mg,2

Using Theorem 2.3, denoting by cy = [
of the Theorem 2.5. B

7z |5 see (2.30), we end the proof
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