STABILITY OF THE INTERFACE IN A MODEL OF PHASE SEPARATION

A. De Masi^{(1)}, E. Orlandi^{(1)}, E. Presutti^{(2)}, L. Triolo^{(2)}

Università di l’Aquila^{(1)} - Università di Roma Tor Vergata^{(2)}

Abstract. The paper is concerned with the asymptotic behavior of the solutions to a non local evolution equation which arises in models of phase separation . As in the Allen-Cahn equations, stationary spatially nonhomogeneous solutions which represent the interface profile between stable phases exist. Local stability of these interface profiles is proven.

1. Introduction

We consider the initial value problem for the following nonlocal differential equation ∂_tm(x, t) = −m(x, t) + tanh ( β(J ∗ m)(x, t) ) , (x, t) ∈ R × R^+ (1.1a) m(x, 0) = m_0(x) (1.1b)

where m_0 is a continuous function with sup-norm ‖m_0‖_∞ ≤ 1; (J ∗ m)(x) = ∫ J(x − y)m(y)dy (1.2) β is a positive constant such that β ∫ J > 1; J(·) is an even, nonnegative function with compact support. We further assume that J(·) is in C^2(R) and that it is monotonically nonincreasing on the positive axis. Without loss of generality we will suppose that ∫ J = 1 (correspondingly β > 1) and that supp J is the interval [−1, 1].

The Cauchy problem (1.1) is well posed and has a global solution in the space C^0(R) of continuous bounded functions, as the right hand side in (1.1a) is uniformly Lipschitz in the sup-norm. Observe also that, since | tanh z| < 1, ∀z ∈ R, the set {m : ||m||_∞ ≤ 1}, which contains the initial datum in (1.1b), is invariant. It is possible to consider the evolution described in (1.1) in a more general setting but we shall not elaborate on that.

1991 Mathematics Subject Classification. 45M10,47H15,82C24.

Key words and phrases. Local stability of manifolds, Instantons, Non local evolution equations. The research has been partially supported by CNR (GNFM), by grant CS1-CT91-0695 of the Commission of European Community and by the NSF grant DMR89-18903

The main purpose of this paper is to study the stability properties of a special stationary, spatially non homogeneous solution of (1.1a), which thus satisfies the integral equation:

m(x) = tanh ( β(J ∗ m)(x) ) , x ∈ R (1.3)

In [2] it is proven that under the above assumptions, there is a unique non constant solution m̄ of (1.3) in the class of the odd, strictly increasing functions. It is also shown that lim x→±∞ m̄(x) = ±m_β, where m_β = tanh βm_β, m_β > 0 (1.4)

Observe that m_±(·) ≡ ±m_β are also stationary (locally stable) solutions of (1.3), so that m̄(·) can be interpreted as the stationary solution of (1.1a) which interpolates between the homogeneous solutions m_±(·). m̄ is thus called the “instanton solution” of (1.1). More comments on the physical interpretation of m̄ are given at the end of this Section.

The translation invariance of (1.3) implies the existence of a whole one-parameter manifold M̄ of solutions of (1.3), all called “instantons”, obtained by translations of m̄ which are thus parametrized by α ∈ R , so that M̄ ={m̄_α(·) = m̄(· − α), α ∈ R}.

The main result of this paper is the following : if the initial datum m_0(·) is sufficiently close to the manifold M̄, then the solution is asymptotically attracted by an element of M̄. More precisely we consider the L_2(R, dx) metric to define a distance between profiles, namely if m and m̃ are two measurable functions on R we set d(m, m̃) = { ||m − m̃||_{L2} , if m − m̃ ∈ L_2(R, dx) ∞, otherwise.

(|| · ||_{L2} denotes the L_2 norm) We recall also that if G is a set of measurable functions, the distance of m from G is d(m, G) = inf_{m̃∈G} d(m, m̃) We then have

Theorem 1.1.

There is ϵ > 0 such that if d(m_0, M̄) < ϵ, then there is α ∈ R such that

lim_{t→∞} d(m(·, t), m̄_α(·)) = 0 (1.5)

where m(·, ·) is the solution of (1.1); the convergence in (1.5) is exponential.

The function m(·, ·) in (1.1) can be interpreted as the magnetization profile for a spin model evolving with Glauber dynamics and a local mean field interaction (Kac potential), in a suitable scaling [1,3,8]. β has then the meaning of an inverse temperature and β = 1 is the (inverse) critical temperature, as proven in [7] where the equilibrium statistical mechanics properties of the model are established. Thus the assumption β > 1, see just after (1.3), frames our analysis in the context of the phase transition phenomena. The thermodynamic equilibrium magnetizations are ±m_β, see [7], thus the equilibrium phases are described by the magnetization profiles constantly equal to ±m_β. In [3b] it is proven that when the phases separate the interface between the ±m_β phases is described by the function m̄(·). Therefore the stability stated in Theorem 1.1 shows that the shape of the interface is stable. Observe however that the instanton itself is not stable, since its location is only marginally stable. As a consequence a profile initially close to a given instanton will indeed become an instanton, but not necessarily that one.

This result is analogous to that obtained in [4] where the evolution is given by the reactiondiffusion (Allen-Cahn) equation

∂_tm = ∂_{xx}m − V^′(m) (1.6)

where V (m) is a symmetric double-well free energy density with two minima corresponding to the two different phases. The methods of proof are however quite different; in particular we miss the parabolic character of (1.6) and the neat characterization of its stationary solutions. This is reflected in our weaker results, since we prove only local stability, as compared with the result proven in [4],where a larger class of initial data is allowed. The extension of this result to (1.1) remains an open problem.

The paper is organized as follows: first we consider some relevant properties of the stationary solutions, then we study the linearized problem in a L_2 setting. Finally we pass to the full problem exploiting the special structure of the nonlinear part, and improve somewhat the result showing that this behavior holds in a uniform setting.

2. General properties of the instanton

Recall that m̄ is the nondecreasing, odd, nontrivial solution of

m̄(x) = tanh ( β(J ∗ m̄)(x) ) , x ∈ R (2.1)

and that −m_β < m̄(x) < m_β, x ∈ R. We need some more informations on m̄, given in the following Proposition.

Proposition 2.1.

m̄ ∈ C^2(R) and its first and second derivatives are bounded. Furthermore m̄^′(x) > 0 for all x ∈ R.

Proof. Since m̄ = tanh β(J ∗m̄), recalling that ‖m̄‖_∞ ≤ m_β and that J is in C^2, we conclude that m̄^′ exists and m̄^′ = ( 1 − m̄(x)^2 ) βJ^′ ⋆ m̄(x) hence m̄^′ is bounded. Same argument shows that also m̄^{′′} exists and it is bounded.

We are going to prove by contradiction that m̄^′ > 0. From the above expression for m̄^′ we have that m̄^′ = (1 − m̄^2)β(J ∗ m̄^′) (2.3)

Recalling that m̄^′ and J are non negative and that m̄^′ is continuous, we have that m̄^′(x) = 0 for all |x − x_0| < 1. The same argument applies to x_± := x_0 ± 1/2, hence m̄^′(x) = 0 for all |x − x_0| < 3/2. By iteration we then get m̄^′(x) = 0 for all x, which contradicts the fact that m̄ is non constant. �

Next we show a fast (at least exponential) convergence of m̄ to its limits at ±∞.

Proposition 2.2.

There is η > 0 such that lim x→±∞ e η|x||m̄(x) ∓ m β| = 0 (2.4)

Proof. Recalling that m̄ is an odd function, it is sufficient to prove (2.4) for x → ∞, hence hereafter we only consider x > 0.

Since m̄ is increasing, from the support properties of J we get

m̄(x − 1) ≤ (J ∗ m̄)(x) ≤ m̄(x + 1) (2.5)

Therefore tanh βm̄(x − 1) ≤ tanh β(J ∗ m̄)(x) ≤ tanh βm̄(x + 1) (2.6)

We set Φ_β(s) = tanh βs (2.7a)

and observe that

Φ_β(s) ≤ Φ_β(s^′), s ≤ s^′ (2.7b) Φ_β(s) ≥ s, if 0 ≤ s ≤ m_β (2.7c)

From (2.6) and (2.1) we then get

Φ_β ( m̄(x − 1) ) ≤ m̄(x) ≤ Φ_β ( m̄(x + 1) ) (2.8a) which, by (2.7b), implies that for all integers k > 0 Φ_β^k ( m̄(x) ) ≤ m̄(x + k) ≤ m_β (2.8b) Since Φ^′_β(m_β) < 1, by (1.4), there is x̄ > 0 such that Φ^′_β(m̄(x̄)) < 1. Let r_k = m_β − Φ_β^k(m̄(x̄)) then r_k = Φ^′_β(m̃_k)r_{k−1}, where m̃_k ∈ (Φ_β^{k−1}(m̄(x̄)), m_β ) From (2.7c) and (2.8b) we have for all k m̄(x̄) ≤ Φ_β^k(m̄(x̄)) ≤ Φ_β^{k+1}(m̄(x̄)) ≤ m_β (2.9) hence m̃_k ≥ m̄(x̄). We then have r_k ≤ Φ^′_β ( m̄(x̄) ) r_{k−1} (2.10) hence by (2.8b) and (2.10) 0 < m_β − m̄(x̄ + k) ≤ m_βΦ^′_β ( m̄(x̄) )_k (2.11) which, by the choice of x̄, proves (2.4). �

Before concluding the Section we mention that in [5] one can find explicit expressions for the solutions to (1.3), for a special choice of J: J(x) = 1/2 for |x| ≤ 1, and 0 elsewhere. In this case the instanton is m̄(x) = m_β tanh(βm_βx).

3. Linear stability in L^2

The linearization of the evolution equation (1.1a) around m̄ is ∂_tv = −v + (1 − m̄^2)βJ ∗ v ≡ Lv (3.1) We shall study this equation in H = L^2

(R, dν(x)^), where dν(x) = dx 1 − m̄^2(x) is equivalent to the Lebesgue measure. The quadratic form associated to L has the simple expression ( v, Lv ) = − ∫ dν(x)v(x)^2 + ∫ βJ(x − y)v(x)v(y)dxdy (3.2) Despite the different signs on the right hand side of (3.2), it is possible to prove that the spectrum of L lies on the negative axis, more precisely we have:

Proposition 3.1.

Let L be the operator on H defined above. Then i) L is a bounded symmetric operator;

ii) L is negative semidefinite, 0 is a simple eigenvalue and m̄^′ its eigenfunction; iii) (“gap” property) 0 is an isolated eigenvalue, namely there is ω > 0 such that: ( v^⊥, Lv^⊥ ) ≤ −ω ( v^⊥, v^⊥ ) , ∀v^⊥⊥Ker(L), i.e. (v^⊥, m̄^′) = 0

Proof. While i) is clear by inspection, to see ii) we find it useful to represent the quadratic form in another way.

By (2.3), and some straightforward algebra we find ( v, Lv ) = −1/2 ∫ dxdyβJ(x − y)m̄^′(x)m̄^′(y)[ v m̄^′ (x) − v m̄^′ (y)]^2 ≤ 0 (3.3)

Hence Ker(L) is the one-dimensional space generated by m̄^′.

To prove the gap property we use the decomposition L = L_0 + K, where:

L_0v(x) = −v(x) + (1 − m_β^2)β(J ∗ v)(x) Kv(x) = (m_β^2 − m̄^2(x))β(J ∗ v)(x) (3.4)

The above decomposition of L foresees the use of Weyl’s theorem, since it will be easy to determine the spectrum of L_0, which has constant coefficients, while K is compact on H.

By Fourier analysis, in fact, we easily localize the spectrum of L_0 on the negative real line. Let f ∈ H and consider the equation

L_0ϕ − λϕ = f, for λ ∈ C (3.5)

We denote as usual by f̂ (·) its Fourier transform. Recall that β(1 − m̄^2_β) < 1 , Ĵ is real even and |Ĵ(σ)| < Ĵ(0) = 1 for σ ≠ 0. For λ in the resolvent set of L_0}, (3.5) has a solution that in Fourier form is ϕ̂(σ) = f̂ (σ) [β(1 − m̄^2_β)]Ĵ(σ) − 1 − λ

(3.6)

In particular (3.5) has a solution if λ is such that the denominator in (3.6) is different from zero for all σ. This localizes the spectrum of L_0 in the interval: [−1 − β(1 − m̄^2_β), −1 + β(1 − m̄^2_β)] ⊂ (−∞, 0).

The bounded operator K is compact because it maps the bounded sets of H into relatively compact sets in the same space. Namely for any ϕ such that ||ϕ|| ≤ 1 we prove:

i) for all ϵ > 0 there is X_ϵ > 0 such that ∫ |x|>X |Kϕ|^2dν < ϵ, if X > X_ϵ ii) for all ϵ > 0 there is h_ϵ > 0 such that ∫ |Kϕ(x + h) − Kϕ(x)|^2dν(x) < ϵ, if h < h_ϵ

These properties are easily proven using the regularity of the convolution term and the fact that, ( m_β^2 − m̄^2(·) ) , vanishing at ∞, has a bounded derivative.

By Weyl’s theorem, [9], the essential spectrum is invariant under compact perturbations. We then conclude that the full operator L has the same essential spectrum as L_0 so that its eigenvalue 0 cannot be a cluster point of the spectrum. �

In this way the gap constant ω defined in Proposition 3.1, (iii), is the distance between 0 and the negative part of the spectrum. By exploiting more refined properties of the instanton m̄, we could give more explicit bounds on the spectral gap, using the theory developed in [6]. It is also possible to prove the existence of a gap for L as an operator in some weighted L_∞ spaces; but these properties are more sophisticated and far from necessary for proving Theorem 1.1, so we omit precise statements and proofs.

4. Local nonlinear stability

We return to the full nonlinear equation to prove Theorem 1.1, the main result in this paper.

Proof of Theorem 1.1.

From now on we represent the evolving profile m(·, t), solution to (1.1), in terms of a moving instanton and the corresponding variation, by writing

m(·, t) = m̄_αt(·) + v(·, t), m̄_α(x) = m̄(x − α) (4.1a)

where m̄_αt ∈ M̄ and the variation part v is orthogonal to m̄^′_αt, in L_2(R,^{dx}_{1−m̄2}ff t^{(x)}

) space, namely ( v(·, t), m̄^′_αt(·) ) αt = 0 (4.1b) In the sequel for notational simplicity we shall omit the explicit dependence of α_t on t, when confusion may not arise. In the Appendix we prove that any profile m in a suitably small neighborhood of M̄, can be uniquely represented as in (4.1). In order to use this representation for the actual solution of (1.1) we shall suppose that the initial profile m_0 is suitably close to M̄ and we will prove that at all the later times it remains close to M̄, so that the representation (4.1) is valid at all times.

Whenever the representation (4.1) holds, we can write

∂_t(m(·, t) − m̄_αt) = ∂_tv = − (m̄_αt + v) + tanh βJ ∗ (m̄_αt + v) − α̇∂_αm̄_α = L_αv + α̇m̄^′_α + R[v] (4.2)

where L_α is the operator linearized around the instanton m̄_α and the nonlinear term R[v] is defined in (4.3) below. To derive (4.2) we have used that m̄_α(x) = m̄(x − α).

By the Taylor expansion of the function tanh(·), we have

|R[v](x)| := | tanh βJ ∗ (m̄_αt + v)(x) − m̄_αt(x) − (1 − m̄^2_αt(x))βJ ∗ v(x)| ≤ (βJ ∗ v)(x)^2 (4.3)

We next prove that for a suitable c > 0 (L_2 below denotes L_2(R, dx, ))

R[v](·) ∈ L_2 and ||R[v]||_{L2} ≤ c||v||^2_{L2} (4.4)

since R[v] depends on v through the convolution J ∗ v. Namely since ||J ∗ v||_{L2} ≤ ||J||_{L1}||v||_{L2} and ||J ∗ v||_L1 ≤ ||J||_L1||v||_{L2} √ 2, it follows that, [10], |J ∗ v| ∈ L_p ∩ L_∞, for p ≥ 2. (We have used that J is bounded and the Schwartz inequality to estimate

∫_{x+1} x−1 dyv(y)). Therefore (4.4) easily follows, with c depending on the function J.

By taking the time derivative in (4.1b), (the bracket in the scalar product without subscripts in the following refers to L_2(R, dx)), we obtain: ( ∂_tv, m̄^′_α ) α + α̇ ( v, Φ_α ) = 0 (4.5a)

where Φ_α = ∂_α m̄^′_α 1 − m̄^2_α

(4.5b)

is continuous, bounded and in L_2.

From (4.5a), using (4.2) and the fact that m̄^′_αt ∈ Ker(L_αt ), we get [ ||m̄^′_α||_α^2 + ( v, Φ_α ) α ] α̇ = − ( R[v], m̄^′_α ) α (4.6)

By taking the scalar product of both sides of (4.2) with 2v, we get, using (4.1b), 2 ( v, ∂_tv ) α = 2 ( v, L_αv ) α + 2 ( v, R[v] ) α (4.7)

Since α depends on t, the left hand side of (4.7) is not just equal to the derivative of the squared norm: namely 2 ( v, ∂_tv ) α = d dt ||v||_α^2 − 2α̇ ( v^2, Ψ_α ) (4.8a)

where Ψ_α = m̄_αm̄^′_α (1 − m̄^2_α)^2 is a bounded continuous function (4.8b)

From (4.6), (4.7), (4.8) and (4.4) we get a system of differential inequalities: d dt ||v||_α^2 ≤ −2ω||v||_α^2 + k_1||v||_α^3 + |α̇|k_2||v||_α^2 (4.9a) |α̇| | |||m̄^′_α||α^2 − | ( v, Φ_α ) | | | ≤ k3||v||α^2 (4.9b) We choose the initial datum m_0 so that v_0 := m_0 − m̄_{α0} satisfies the bound

||v_0||_{α0} ≤ 1 4 ‖Φ_{α0} ‖^{−1}_{α0} ‖m̄^′_{α0}‖^2_{α0} (4.10a)

We denote by t^⋆ = sup {t : ||v(·, t)||_αt ≤ 1 2 ||Φ_αt||^{−1}_αt ‖m̄^′_αt‖^2_αt} (4.10b)

Then, by (4.9), there are positive constants c_1 and c_2 so that for all t ≤ t^⋆

U̇ ≤ −2ωU + c_1U^{3/2} + c_2U^2, where U(t) := ||v(·, t)||_αt^2 (4.11)

From this we get U ≤ c_0^2e^{−2ωt}, for a suitable c_0, which implies that t^⋆ = ∞ and ‖v(·, t)‖_αt ≤ c_0e^{−ωt} if ‖v_0‖_{α0} is sufficiently small, as in (4.10a). Moreover from the estimate on |α̇_t| we have that for any ϵ > 0 there is T_ϵ so that for all t^′ ≥ t^{′′} ≥ T_ϵ,

|α_t0 − α_t00| < ϵ (4.12)

hence the convergence to the limiting instanton:

lim_{t→∞} α_t = α_∞ (4.13)

From (4.9b) and the estimate on ‖v(·, t)‖_αt, we have an exponential convergence in (4.13) �

5. Appendix §1. Here we check that the claim made at the beginning of the proof of Theorem 1.1 in Section 4 is correct. Let us first change notations slightly, by writing ξ ≡ α − α_0 p ≡ m − m̄_{α0} (5.1) and consider the equation defining the new coordinates: F (p, ξ, v) = 0 (5.2) where F : L_2 × R × L_2 → R × L_2 is defined as F (p, ξ, v) = (F_1, F_2) where

F_1 = ∫ dx m̄^′_{α0+ξ}(x) 1 − m̄^2_{α0+ξ}(x) v(x), F_2 = p + m̄_{α0} − m̄_{α0+ξ} − v (5.3)

The properties of F are studied in the following

Proposition A1.

The map F : L_2 × R × L_2 → R × L_2 is C^1 and such that: i) F (0, 0, 0) = 0 ii) the partial derivative F^′_{ξ,v}(0, 0, 0) is boundedly invertible

Proof. The C^1 property and i) are easily checked by inspection while ii) is verified by direct computation of the solution to the linear equation: F^′_{ξ,v}(0, 0, 0)(ξ̂, v̂) = (b, w) (5.4a) that is ∫ dxv̂(x) m̄^′_{α0} (x) 1 − m̄_{α0} (x)^2

= b, −m̄^′_{α0}ξ̂ − v̂ = w (5.4b) By taking the scalar product of both sides of the last equality with m̄^′_{α0}, we obtain ξ̂ = − b + (m̄^{′α0} , w)^{α0} ||m̄^′_{α0}||^2 , v̂ = −w + m̄^′_{α0} b + (m̄^′_{α0} , w)_{α0} ||m̄^′_{α0}||^2 (5.5)

As ||m̄^′_{α0}||^2 is a positive constant we get the result.

Then we can apply the implicit function theorem in Banach spaces (see for instance [9]): we get the (local) existence of a C^1 map α = α(p), v = v(p), p ∈ U_δ ⊂ L_2 (5.6) with the desired properties.

§2. We get the uniform convergence by the following argument. If the initial datum is a bounded function in C^2 with bounded derivative, then it is easy to see that the first derivative of the solution is uniformly bounded. Then the claim follows from this and the following estimate, proven in [4],

||f||_L1^3 ≤ 3 2 ||f^′||_L1||f||^2_{L2} (5.7)

Acknowledgements

We are indebted to Giorgio Fusco for many useful suggestions and comments. Two of us (A.D. and E.P.) acknowledge very kind hospitality at the Department of Mathematics of the Rutgers University.

References

[1] F.Comets, Th.Eisele, M.Schatzman, On secondary bifurcations for some nonlinear convolution equations, Trans.Amer.Math.Soc. 296 (1986), 661-702.

[2] R. Dal Passo, P. de Mottoni, The heat equation with a nonlocal density dependent advection term, preprint (1991).

[3a] A.De Masi, E. Orlandi, E. Presutti, L.Triolo, Glauber evolution with Kac potentials: I. Microscopic equations and fluctuation theory, CARR Reports n.9/92 (1992).

[3b] , Glauber evolution with Kac potentials: II. Spinodal decomposition, CARR Reports n.28/92 (1992).

[4] P. Fife, J.B. McLeod, The approach of solutions of nonlinear diffusion equations to traveling front solutions, Arch. Rat. Mech. Anal. 65 (1977), 335-361.

[5] T.Gobron, Magnetization profiles in one dimensional Kac potentials, CARR Reports n.12/92 (1992).

[6] G.F.Lawler, A.Sokal, Bounds on the L2 spectrum for Markov chains and Markov Processes: a generalization of Cheeger’s inequality, Trans.Amer.Math.Soc. 309 (1988), 557-580.

[7] J.L. Lebowitz, O. Penrose, Rigorous treatment of the Van der Waals - Maxwell theory of the liquid vapour transition, J. Math. Phys. 7 (1966), 98-113.

[8] O. Penrose, A mean field equation of motion for the dynamic Ising model, J. Stat. Phys. 63 (1991), 975-986.

[9] M.Reed, B.Simon, Methods of Modern Mathematical Physics, I and IV, J.Wiley, 1978.

[10] W.Rudin, Real and Complex Analysis, McGraw-Hill, 1970.

A. De Masi, Dipartimento di Matematica Pura e Applicata, Università di L’Aquila, Coppito 67100 L’Aquila, Italy

E-mail address: demasi@ vxscaq.aquila.infn.it

E. Orlandi, Dipartimento di Matematica Pura e Applicata, Università di L’Aquila, Coppito 67100 L’Aquila, Italy

E-mail address: orlandi@ vxscaq.aquila.infn.it

E. Presutti, Dipartimento di Matematica, Università di Roma Tor Vergata, Via della Ricerca Scientifica, 00133 Roma, Italy E-mail address: presutti@ mat.utovrm.it; presutti@irmtvm51.bitnet

L. Triolo, Dipartimento di Matematica, Università di Roma Tor Vergata, Via della Ricerca Scientifica, 00133 Roma, Italy E-mail address: triolo@ mat.utovrm.it; triolo@irmtvm51.bitnet