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Abstract

We consider a non-local excess free energy functional, which arises in the
description of the continuum limit of Ising spin system with Kac interaction
and external random magnetic field. We study the functional for values of
the parameters in the phase transition region and we characterize the optimal
profile describing the interface between the two pure thermodynamic phases.
We use a dynamic method to minimize the excess free energy in the class of
profiles connecting the two stable phases. We namely characterize the optimal
profiles as stationary solutions of a system of non-local equations proving global
nonlinear stability results for the shape of the optimal profile and decay estimates
uniform in the profile within a certain class of functions.

Mathematics Subject Classification: 60K35, 82B20, 82B43

1. Introduction

We consider the following functional
F(m) = F(my, my)
= %// J(x = y)lm(x) —m(y)F dx dy + /[fﬁ,@(ml(x)a mo(x))
— fpo(mpg 1, mgo)]dx (1.1

where m; = m;(x) fori = 1, 2 is a real-valued function on R; m = %(ml +my), B a positive
number larger than 1; 6 a positive number which we take suitably small, J a non-negative,
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even function, supported in the interval [—1, 1], with an integral equal to 1 and [ |J’(x)| dx
finite,

— 2 9 1
Foo(my.my) = foo(m) = w — S —m) = (I + L) (12)
B
1 1 1— 1—
I(m) = — ;m log( ;m)— 2m10g< 2m> and mp = (mg.1,Mp2)

is a minimum of fg¢(m, my). Thus, for each value of 8 > 1 and 6 small enough, the
precise condition will be given in the following, fge(m1, m2) has two absolute minima
mg = (mﬂ,l,mﬂ,z) and Tm,g = (—mﬂ,z, —mng), see (15) and fﬁ,g(mﬂ) = flg’g(Tmlg).
The functional (1.1) arises in the study of Ising spin systems with Kac type interactions and
external magnetic field which randomly takes 4-1 values with equal probability, see [11] for a
description of the model. The interaction J is the ferromagnetic Kac potential; the requirement
to be positive is essential while the restriction to be of compact support is done for simplicity.
All the results hold if J is taken to be exponentially fast decaying at infinity. We denote
F(m) as the excess free energy functional. The m, (respectively m,), is then interpreted as
the magnetization density associated, through a block spin transformation, to the sites where
the random magnetic field takes the value +1, (respectively —1). The parameter 8! is the
product of the absolute temperature and the Boltzmann constant. The parameter 6 represents
the strength (the variance) of the external random magnetic field. Notice that the functional
(1.1) is well defined and positive, although it could take infinite values. In F(m) there are
two mechanisms to penalize departures from equilibrium. The first one is ruled by the free
energy density fgo(mi, m2). Any value of m(r) which is not a minimizer of fg¢(mi, m>),
i.e. different from mg and T'mg, contributes to the total free energy proportionally to the space
volume where it is attained. There is also some penalty for changing the minimizer in different
regions of space, which is given by the non-local term. Thus the global minimizers of F are
the functions that are constantly equal to the minimizer of fg ¢ (m, m,), their free energy is 0
and they correspond to the two pure thermodynamic phases mg and Tmg. We are interested in
determining the shape and properties of the optimal profile for the interfaces between a region
mg and Tmg. In our case the optimal profile is a minimizer of F among all functions whose
asymptotic values at 00 are mg and T'mg, respectively or the reverse. These two families of
minimizers are well separated in all the metrics in which we work, and it suffices to consider
only one of them. Actually, one is obtained by T-reflecting the other, where T is the map
which associates at m = (my, my), Tm = (—m,, —m). Knowledge of this particular type of
stationary solutions is relevant for characterizing the interfaces appearing in the typical spin
configurations of a RFKM [12].

The critical points of fg¢(my, m,) are the two-dimensional vectors (m, m>), which are
solutions of the system of equations

my =tanh (ﬂw +,30>

my = tanh (ﬁm - /39) .

We assume that 8 > 1 and B0 satisfies tanh S0 < min(l/\/g, (1 — p~H1/2). This implies
that the system (1.3) has only three solutions, two of them being absolute minima and one the
local maximum of fg(m). This can be easily proved by considering the equation obtained
by summing the two equations of (1.3) obtaining

i = 1 tanh (i + 0) + § tanh B(i — 0). (1.4)

(1.3)
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The previous condition implies that the derivative at the origin of the function on the right-hand
side of (1.4) is bigger than one, and the function is concave on the positive real and convex on
the negative real number. Moreover, if 7714 is the largest positive solution of (1.4), then the two
absolute minima of fg ¢(m) are of the form mg = (mg 1, mg2) and Tmg = (—mg2, —mg 1)
where
mpg = tanh B(mgp +0)
g Plmg (1.5)
mego = tanh ﬂ(WZﬁ — 9)
It is easy to see that the function fg ¢ (m) is quadratic around its minima. Moreover, there
exists a constant c(8, 0) such that for all m = (m, m,),

fp.0(m) = fpo(mg) = (B, 0) min([lm — mgll3, m — Tmg|3). (1.6)
Here ||. ||, is the Euclidean norm in R%. Consider the following sets of functions.

Definition 1.1. We denote by A the set of functions m = (my,m;) € L®R) x L®(R),
lm;illoo < 1fori =1, 2 such that

lim inf m; (x) > 0 and limsupm;(x) < 0. (L.7)
X—+00 X —00

We have the following result.

Theorem 1.2. Given 8 > 1,6 > 0, 86 < min, (1/\/§, (1 —,3‘1)%), there exists an unique (up
translation) minimizer m of the functional F, see (1.1), in the class A. The minimizer m has the
following properties: m = (my, m;) € C®(R) x C*(R), m; fori = 1, 2 is strictly increasing,
m1(0) = tanh 86, m,(0) = — tanh 86. Moreover, there exist two positive constants o and ¢
depending only on B and 0 such that fori = 1,2

ax —ax|

|m;(x) —mpg;| < ce” X — 00 and |m;(x) +mg3_;| < ce X — —00.

Further |r71§‘ @) < cre @ fori = 1,2 where m*(x) is the k derivative of m(x) and ¢y are
positive constants depending only on 8 and 0.

It is straightforward to see that theorem 1.2 holds in the class A without restriction on
the L* norm, namely the value of F over these functions is always bigger than the one
on A. We call the minimizer m = (m;, m,) an interface or an instanton. The constraint

m1(0) = —m(0) = tanh B6 breaks the translational invariance symmetry of (1.1). In fact any
shift of the instanton
(Sam) (x) = my(x) = (M (x — a), ma(x — a)) aeR (1.8)

is still a minimizer and we call it the instanton with centre a. The centre of the instanton is
characterized by the fact that m,(a) = m(0). The instanton m is then the instanton with the
centre 0 and {m,, a € R} is the manifold of the instantons.

The method we use to show existence, unicity up translations and properties of the optimal
profile for the interface is a dynamic way. We consider the following system of integral
equations

8m1 ~

—— = —m +tanh{B (J » i + 0)}

a?frtl "
8_1‘2 = —my +tanh{B (J »m — )}

where the » product denotes convolution, (J xm)(x) = f dyJ(x —y)m(y). Abasic fact is that
the functional (1.1) is decreasing along the evolution given by (1.9). Therefore proving that
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there is an unique, up to translations, stationary solution of (1.9), i.e. solution of the following
system of equations

my(x) = tanh (B(J % ) (x) + BO)

ma(x) = tanh (B(J % i) (x) — ) (1.10)
li)ngom(x) =mg, Elzloom(x) =Tmg

and that any solution of (1.9) with the initial datum in the class .A converges to the solution
of (1.10), it is equivalent to prove the existence and unicity (up translations) of the minimum
of F(m) over the set of functions .A. This is easy consequence of the monotonicity in time of
F(m(t)), see theorem 2.7, as well as of its lower semicontinuity with respect to convergence
almost everywhere (Fatou’s lemma).

The system (1.9) is closely related to the following integral equation

dm + tanh{BJ » m)

—_— = —m an * m

ot (1.11)
xgriloom(x) = Emyg.

Here m g plays the same role as the one defined earlier. Equation (1.11) models the continuum
limit of Ising spin system with non-conservative dynamics, Kac potentials and without external
magnetic field, see [8] for a description of the model. The existence, unicity (up reflections and
translations), of the stationary solution and stability have been established in [9, 10]. When an
external deterministic magnetic field is added to (1.11) travelling waves appear. The existence
and stability of them have been studied in [7, 16]. Non-local equations like (1.11) have been
studied by many authors, not only in physics, see [17], as they appear in several fields such as
neural network, population dynamics, propagation of diseases, see for instance [1,2, 14]. For
a complete overview of results for equation (1.11) and more general problems of deriving the
continuum equation from the statistical mechanics setting, see [18].

The model we are analysing shares several qualitative features with (1.11). In fact, one
could try to analyse the equation obtained by summing the two equations in (1.9), this yields
a closed equation for m. Proceeding in this way one cannot rely any more on the fact that
the functional F(m), see (1.1), is a Lyapunov function, namely fg ¢(m), and therefore F(m)
cannot be written only in terms of 7. Since the comparison principle still holds for the equation
for m the method presented in [6] can be applied to obtain existence, unicity up translations
and L exponential convergence. The method is rather general, it holds for several types of
one space dimensional nonlinear evolution equations and it does not use any of the variational
structure of equation (1.9). We do not use the approach of [6] since our main interest is in
determining the existence, uniqueness and properties of the minima of the functional (1.1)
in the class of functions .4 and therefore the variational structure of (1.9) is essential to us.
Moreover the method we are using could be applied to a more general system of the one in
(1.9), obtained by multiplying by o > 0 the right-hand side of the second equation of (1.9).
The change will not allow the reduction of the system to a closed single equation, but since the
comparison principle and the variational structure still holds it is possible to analyse it with
the method we used. In the following we prove the existence of a solution of (1.10) with the
properties stated in theorem 1.2.

Theorem 1.3 (existence). There exists a solution m = (my, my) of (1.10) with the properties
stated in theorem 1.2.

Theorem 1.4 (unicity up translations). Let m = (m;,my) € A solves (1.10), then there
exists an a such that, for all x, m(x) = m(x — a).
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The proof of the unicity stated in theorem 1.4 is essentially based on proving that any
stationary solution of (1.10) is trapped between two instantons and that the manifold of instanton
is locally nonlinearly exponentially stable, see theorem 4.2. Moreover, we have an L? global
exponential stability in the following class of functions

K(M, N) = {m

2
Z/ Imi(x) — ()P dx < M, Il < N} (1.12)
i=1 R
where
llm 5 =/ |m’1(x)|2dx+/ lm) (x)|? dx, (1.13)
R R
m; denotes the derivative of m;,

x1(x) = —mpgrlico+mg Li-0, x2(x) = —mpg 1lico +mpoliso. (1.14)

Theorem 1.5. For all initial data m(0) € KX(M, N) there exists a positive constant C(N, M)
such that

- —C(N.M -
m(t) — mallz < e Y™ m(0) — sl 22

where m () is any instanton minimizing the L? distance to m(-, t) among all the instantons
mp, b € Rand || - || 12 the norm in L*(R, dx) x L*(R, dx).

Notice that there is at least one instanton m, minimizing ||m(-, t) — my ”iZ’ b € R, since
this quantity is differentiable as a function of b, and tends to infinity as b — 400. Hence, the
distance is minimized at one value g at least and at this value of a, 712/, is orthogonal to m — 1,
in L2. Let a(¢) denote any such value.

The important point is that we obtain decay estimates which are uniform in the profile
within the classes (M, N), so that the relaxation is taking place at a uniform rate everywhere
on the interface. These kinds of estimates were derived by Carlen et al [3] for a similar
functional in the context of the non-conservative dynamics, see (1.11), and then applied to
the more difficult problem of deriving local stability results in the context of conservative
dynamics [4,5]. The method is very robust and relates the free energy functional F defined in
(1.1) with the spectral analysis of the linear operator L, defined in (4.2), obtained by linearizing
the system (1.9) around an instanton.

When the initial datum belongs to .4 we have the following.

Theorem 1.6. Assume that m € A and let m(-, t) solve (1.9) with m(x, 0) = m(x), for all x.
Then there is a(o0) so that

lim fm (., #) —m(- — a(00))[loc = 0. (1.15)
—00
The convergence being exponentially fast.

Note that a(oco) is the same for both m; and m,.

2. Basic properties of the evolution

In this section, we state and prove some basic properties of the evolution that will be constantly
used in the sequel. For short notation we introduce the vector

tanh B(s + 6) )

tanh B(s — 0) @D

tanhg (s) = (
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We start from the integral representation of the solutions of (1.9). For all x € R and all
t > 0 we have

m(x,t) = e 'm(x,0) +/ ds e "% tanhy {B(J » i) (x, 5)}. (2.2)
0

One basic tool which is very often used in the sequel is the fact that system (1.9) is order
preserving.

Definition 2.1. The function v(x,t) = (vi(x,1), v2(x,t)) is a subsolution of the Cauchy
problem (1.9) with initial datum m(-,0) = (m1(-,0),mz(-, 0)), if |[v;(, D)oo < 1 for all
t 20, v(x,0) <mi(x,0) forall x andi = 1, 2; it is continuously differentiable with respect
to t and satisfies, for all x and t > 0,
ov(x,t)
ot

where the inequality is meant to hold componentwise. Analogously, the function w(x,t) =
(wi(x, 1), wa(x, t)) is a supersolution if it has the same regularity properties as above and it
satisfies (2.3) with the reverse inequality and w;(x,0) = m;(x,0) fori =1, 2.

< —v(x, t) +tanhg{B(J x V) (x, 1)} 2.3)

From now on, inequalities among vectors are meant to hold always componentwise.

Theorem 2.2 (the Comparison theorem). If v(x,t) = (vi(x,1), va(x,1)), (respectively
wx, 1) = (wi(x, 1), wa(x, 1)), is a subsolution, (respectively supersolution), of the Cauchy
problem (1.9) with initial datum m(-, 0) then for all x and allt > 0 andi =1, 2:

vi(x, 1) <m;(x,t) < wi(x, ). 24

Proof. Given T > 0 let N be the space L®(R x [0, T]) x L*(R x [0, T]), endowed with the
sup norm. Let G = (G, G») be the continuous map from A into itself defined, for f € A/, by

(G(f) (x,t) =e” " f(x,0) +/ dse™ " tanho{B(J * f)(x, )} (2.5)
0

where f = %(fl + f2). It is easy to verify that G is monotone, i.e. if f € M and g € N/
with f; > g, fori = 1, 2 (pointwise in R x [0, T']) then G;(f) > G;(g), i = 1, 2. Moreover
(Gi(f)(x,0) = fi(x,0). Furthermore, for (1 —e~7) < 1, G is a contraction on any subset
of functions of A/ with the same values at # = 0. Namely

2

DG, 1) = Gi()(x, )] < ﬂfo dse (T x (f = D)(x,5)

i=1
2
<BU—eNsup ) Ifilx,s) = &ilx, ).
S =1

Thus if m(x, t) solves (1.9), we have

m; = nlggo(G"(mO))i, m®(x, 1) = m(x, 0) inR x [0, T].

Let u = (uy, uy) be the solution of (1.9) and suppose u? < m? then (G™(u%)); < (G"(m));,
hence u; < m; inR x [0, T].

Analogously, if v is a subsolution of (1.9), it is easy to see that v; < G;(vy, v2), where G;
is defined in (2.5); hence v; < G} (v) and therefore v; < z;, where z; = lim,,_, . (G"(v)); and
by the continuity of G, z; = G;(z). Therefore, z = (z1, z2) solves (1.9) in R x [0, T'] with
an initial condition z(-, 0) = v(-, 0). Then, for what was proven above, if v; (-, 0) < m;(-, 0)
we obtain v; < z; < m;. The same argument applies to the supersolutions. We have thus



Optimal interface profile for a non-local model 1627

proven (2.4) for 0 < t < T. Then, we extend the result to [T, 2T] by the same argument,
since the estimate does not depend on the initial datum. Iterating we can complete the proof
of the theorem. |

Proposition 2.3 (equicontinuity of the orbits). Let ¢;(x, ) := m;(x,t) — e 'm;(x, 0) and
denote by | its derivative with respect to x; then, for any t > 0,

1/ Dlloe < BNVl = ﬂ/ dx|J (). (2.6)

Proof. From (2.2)

t
WG )] < f ds o=

0
Similarly for v,. This concludes the proof. g

% tanh{B(J * 1) (x, s) +9}' < / dse VB8 x |m])(x, s).
0

Corollary 2.4 (limit points of the orbits). Given any sequence t, increasing to oo there is a
function m* = (m}, m3) € C,(R) x Cp(R), [Im]|loc < 1 50 that, uniformly on the compacts,
lim m(x,t,) = m*(x). 2.7

n—o0
Proof. The family m; (x, ) — e 'm;(x, 0) is equicontinuous and equibounded in R x R, so
that, by the Ascoli Arzela theorem, the statement is proven for x in a compact. Then, by a
diagonalization procedure, (2.7) follows. ]

To identify the limiting points of an orbit we use the (excess) free energy functional F(m)
defined in (1.1). First, we prove that the following set

M = {(mi,mz) € L*(R) x LYR), Im;floc < 1,m;(x) — xi(x) € LZ(R)} (2.8)
is left invariant by the evolution for compact intervals of time; where, we recall, x;(x) =
—mpgallico+mpg 110 and x2(x) = —mpg 1o + mp2l,-0.

Lemma 2.5. Assume thatm € M. Then fori = 1,2 ||m;(-,t) — xi|l12 is bounded for t in the
compacts.

Proof. We denote v = m — x where x = (xi, x2)- Using (1.5) we have that x(x) =
tanhy{B x (x)} where x (x) = —mgl <o+ mg 1,-¢. Therefore, see (2.2)

vix,t) =e"v(x,0) +/ ds e =9 (tanhg{B(J * ) (x, s)} — tanhg{B% (x)}) .
0

Then we have

t
v, Dllzz < e fvC, )l +/ dse T AC )2
0

where
A(x,s) = |tanhg{B(J xm)(x, s)} — tanhy Bx (x)|
S BT xm)(x,5) — x ()] < BI(J *xm)(x, s) — (J * x)(x)]
+BIJ * X)(x) — X (x)].

Since the second term on the right-hand side is bounded by Brig when |x| < 1 and equal to 0
elsewhere, using Young inequality we obtain

IAG, )z < Bllv)llzz +v/2Brg

from which the lemma follows. O

We prove that F takes finite values on M.
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Proposition 2.6. Assume that m = (m, my) € M. Then

F(my,my) < c(B.0) [Imi — xilljz + llma — xall72] + [m3, +m3, ]
where c(B, 0) is a positive constant.
Proof. Set v, =m; — x;,i = 1,2 and v = (vy, vy). For the energy term we have that

(ml(r) +ma(r)  mi(r) +mz(r’))2

2 2

_ (m(r) +xi() + ) +00) vl +x0) +nl)+ )(2(’”))2
2 2

< i) = i)’ + W) = 020 + 0a () = () + () = x)%.
The last terms are equal to 0 when both r and r’ are positive or both negative. Therefore,
1 / / /
2 /f T(r =r'Dim@r) —m@Pdrdr’ < my = xil172 + ma — x2ll72 + [m5 , +m3 ).

For the entropy term define

1+ 1+
A= {reR: Iy ()] > — ! —m’“}.

3 }U{reR:|m2(r)|> >
Then on A one has |[m(r) — x1(r)| = (1 —mpg1)/2 or |my(r) — x2(r)| = (1 —mg1)/2, thus

2 2
|A] < (llmy = x1ll72 + lm2 — x2l172) -

(1 —mpg1)?

Since for |m;| < 1 and |m,| < 1 there exists a finite constant Osc(f) such that
|f(m1,mp) — f(mg)| < Osc(f) we obtain the bound on A. On A€, the complement of
A we have

1 s d2
0< fmrm) = Flmg) = fomrma) = fOnx) = [ s [ dass fGrvan)
0 0

5 o ! s 1 1 1 1
< (Jui|* + va]9) ds | da|l1+— 5+ >
0 0 41— (x1+av))* 481 — (x2 +avz)

where 0 < o < 1. Observe that on A€, |x;(r) + av(r)| < max{mg, (1 +mg)/2} and
[x2(r) + ava(r)| < max{mg, (1 +mg1)/2}. O

Thus, we know that if m € M the free energy functional F is well defined on the whole
orbit m(-,¢), t = 0. We will prove that F is a Lyapunov function for (1.9), namely that
F(m(-, t)) decreases with . We also give an explicit expression for its time derivative, which
is well defined only when |m (-, t)] < 1, [ma(-, )| < 1. We shall prove that this condition
could only fail at time 0. This proof uses the comparison theorem 2.2.

Theorem 2.7. Suppose m(-,0) € M, then F (m (-, t), ma(-, 1)) is well defined for all t > 0,
it is differentiable with respect to t if t > 0 and

d
af(ml('ﬂ t)a m2('a t)) =—1 (ml(‘a t)’ m2('7 t)) g 0 (29)
where, for any (h1, hy) € L®(R) x LY R), ||A;llc < 1

I (h(, 1), ha(-, 1) = / dx[(J * ) (x) +6 — B " tanh ™" A (x)]
R
x [tanh B((J * h)(x) +60) — hy(x)]
+/ dx[(J *h)(x) — 6 — B~ " tanh ™" Ay (x)]
R

x[tanh B((J * h)(x) — 0) — ha(x)]. (2.10)
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The integrand in I (h) is a non-negative function which is in L' (R) when h; = m; (-, t). Finally,
forallty > 0andallt >t

F(mi(-, 1), ma(-, 1)) = F (m1 (-, 10), ma(-, 1)) = —/ ds I (mi(-, ), ma(-,5)) < 0. (2.11)

fo

Proof. Assume first that, given ¢ > 0, there is € > 0 such that ||m (-, s)[|locc < 1 — € and
lm2(-, $)]loc < 1 — € when s varies in a small finite interval A containing . For s € A we
write

F (mq(-,8), my(-, 5)) :=/dx¢(x,s), I (mi(-,s),m(-,s)) :=/dxt(x,s).

Bylemma?2.5foranys € A, (-, s) € L'(R) and sup,ca llt(-, $) |1 < oo. Moreover for each x,
¢ (x, s) is differentiable in s with ¢(x, s) as partial derivative hence sup ., [[(3/95)¢ (-, $)|l1 <
oo. It then follows that the time derivative of F(m (-, t), my(-,t)) is I (m(-, 1), ma(-, 1)),
hence (2.9) is proven for any # > 0, provided ||m; (-, s)|| < 1 uniformly when s is in some
finite interval containing . We next prove that this assumption holds for any ¢ > 0. In fact if
m;(x,0) < 1 for all x and if we call A;(x, ¢) the solution of (1.9) such that A; (x, 0) = 1, then
Ai(x,t) = X (t) where

dA(r)

dr

Thus A;(¢), fori = 1, 2 is strictly less than 1 for # > 0. Therefore, by theorem 2.2, we have
that m; (x, 1) < A;(¢) < 1 for all x. Repeating the same argument starting from the inequality
m;(x,0) > —1, we then prove that |m; (x, t)| < A;(¢) for all x and all ¢, hence (2.9) and (2.10).
Equation (2.11) then holds for #, > 0 and by the continuity of F (m (-, t), my(-,¢)) fort > 0
it also holds for 7y = 0. O

= —A(r) + tanhg {BA(1)}. (2.12)

3. Existence of the instanton

In this section we prove theorem 1.3. We denote by I(x) = (/;(x), »(x)) the following
function:

—mg» for x < —1
l](x) — meg.1 for x 2 1
+
M(x —D+mg;  for x| <1
—mg1 for x < -1
lz(x) — mego for x > 1
+
M(}C —D+mgy  for x| < 1.

Let [y (x,t), [(x, t) be the solution of (1.9) such that /;(x, 0) = [;(x). Then [;(x, t) is non-
decreasing as a function of x forany ¢ > 0. Infactletb € R, b > 0,then/; (x+b) > [;(x), since
the /; (x) are increasing. Denote by u; (x, ) the solution of (1.9) with initial datum /; (x + b).
Then from theorem 2.2, u;(x,t) = l;(x + b,t) > [;(x,t). Since b is chosen arbitrarily we
prove that /; (x, t) is non-decreasing as a function of x for any ¢ > 0.

By lemma 2.5 for any compact interval of time I/(-,#) € M and by proposition 2.6
F(i(1), [r(t)) < oco. Moreover, by the comparison theorem, —mg, < [1(x,t) < mg; and
—mpg1 < b(x,t) < mg, because that happens at = 0 and the functions constantly equal
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either to mg or to Tmg are solutions of (1.9). Therefore, by theorem 2.7, I (I, (¢), [»(¢)) is well
defined and from (2.11) it follows that

M Cassandro et al
liminf I (I;(-, 1), l(-,1)) =0
11— 00

since otherwise F (I, (-, t), [>(-, 1)) < 0 for some ¢ which, by (1.1), is impossible. Therefore,
there is a sequence #, increasing to infinity, such that

3.1
lim 7 (I;(-, t,), L2 (-, £,)) = 0.
n—o0
By corollary 2.4 there is a continuous function (172 (-), m5(-)), with the sup norm bounded by 1
and a subsequence of #,: s, — o0 so that for any £ > 0

(3.2)
lim sup i (x, 8,) —m;(x)| = 0.
n—00 |1 1<p i:zl,:Z

By Fatou’s lemma I (m(-), m,(-)) = 0, hence, by the continuity of m;, m; fori = 1, 2 solves

(3.3)
(1.10) everywhere and is non-decreasing. Moreover, again by Fatou’s lemma, if F is lower
semicontinuous with respect to the convergence almost everywhere, then

lim inf F(l1(sp), [2(sn)) = F (1, ma).

Therefore, F(m) takes a finite positive value and we will prove that this implies
lim n_11(x) =mg
X—+00

(3.4
lim n_11(x) = —mg>
T e (3.5)
lim H’E2(x) =mg lim mz(x) = —mg1.
xX—+00 X——00
We show (3.5) by contradictions. Suppose (3.5) is false. Then, since m; and m, are
increasing functions we would have
lim m(x) = a, Iim m(x) = —ay
X—00 X——00
lim my(x) = a3,
X—>00

lim my(x) = —ay (3.6)
X—>—00
where at least one o; > 01is different from the limits value in (3.5). Since fg ¢ (m(-)) — f5,0 (mp)
is a continuous function which is strictly positive when m(x) # mg or m(x) # Tmg , see
(1.6), we obtain
[ U000 = Fpatnpiax = oc.
This implies that F(m) = oo and this is impossible.
To prove that the m € C*°, we differentiate the right-hand side of (1.10) with respect to x,

obtaining, since J' € L'(R)

%[tanh{ﬁ(] *m+0)] =B —m)J xm
%[tanh{ﬁ(] *i —0)] = B —m3)J *n.

3.7
by (3.7), integrating by parts, we get

This implies that m; € C'(R) fori = 1, 2. Iterating we get that 7iz; € C®(R).
To show that the ; is strictly increasing we assume that for some x, 7i2;(x) = 0. Then

/ dy J(y —x)m (y) =0

where recall m(x) = 10 (x) + riz(x)). Since J > 0 it then follows that ' (y) = 0. By
iteration, n:a/(y) must vanish on the set

{ye R:ZJ*"(y—x)>O}

n>1
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which is readily seen to coincide with the whole line, because J is even. Therefore, n:1(y) is
constant and by the structure of (1.10), this implies that 71| and m, are constant as well. This
contradicts (3.6).

We consider now, the function (x, 1) = %(l 1(x, 1)+ (x, t)) obtained by summing up the
components of /(x, ) defined above. The function [ (x, t) is then the solution of the equation
obtained by summing up and dividing by two the equations in (1.9)

al -1 - 1 -

Frie -1+ 3 tanh{B(J x[ +60)} + 5 tanh{B(J x[ — 6)} 3.8)
with initial datum /(x, 0) = %(11 (x) + [Ir(x)). Itis easy to see that (3.8) leaves the class of
antisymmetric function unchanged. Then since /(x) is antisymmetric, /(x, ¢) is antisymmetric
as well for 1 > 0. Therefore, m = %(n"n + my) is antisymmetric and from (1.10)
m(0) = —m,(0) = tanh B6.

To prove the exponential convergence to the asymptotes of m it is enough to prove that
there exists ¢ > 0 and @ > 0 such that

Im(x) F gl < ce R (3.9)
Namely if (3.9) is satisfied then, for x > 0
|mi(x) —mpg,| = |tanh B(J *xm(x) +0) — tanh B(mg +0)| < Pce ™ (3.10)
and when x < 0
/i1 (x) +mp | = |tanh B(J * i (x) + ) — tanh B(—rig +6)| < Bce M. (3.11)

Similarly for m,. The bounds in (3.9) can be obtained similarly as done in [9]. We recall it
and apply to our case. Using only that m;(x) > 0 and J has support on the unit interval, we
have that

mx —1) < (J xm)(x). (3.12)
Let ®(s) = 1 tanh B(s + 0) + § tanh B(s — 6), then ®(s) is increasing

d(s) < D(s) s <s' (3.13)
and

s < D(s) when s € [0, mg]. (3.14)
Then from (3.13) and (3.12) we have that

O (m(x — 1)) < ©((J *m)(x)) = m(x). (3.15)

Repeating the argument k times we have
F(m(x)) < mx +k) < rig.

Let us prove that the orbit ®*(s) converges exponentially fast to 7 g - Indeed mig is the only
fixed point of the map ®(s) which is exponentially stable since (d/ds)®(s) is computed in
m B> ie.

d . 1 1 1
d—scb(mﬁ) = z/3(1 —my )+ z;3(1 —mp,) =B (1 — E(ml%j,1 +m%’2)> < 1. (3.16)

Namely @ (s) > s fors € (0, mg), P(0) =0, P(mg) = mg.
Since (3.16), let xo > 0 such that (d/ds)CD(n:1(x0)) < 1. Denote m(xy) = so. Then there
exists some positive « and ¢ such that

0 < ritg — m(xg+k) < g — O (sp) < ce ™ .
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Then for any x > xo, such that x — x; is integer we obtain the bound (3.9) with ¢ = e*&o+D,
Since 1 > 0 we can interpolate obtaining the bounds (3.9).
We start proving that the first derivative m’ of m decays exponentially fast. From (3.7) we
obtain
i (x) = B(1 — my (x)*)(J' »m)(x)
= B(1 — i () *m)(x) — (J'* 1))+ B(L — iy (1)) (I * 7)(x) (3.17)

where ¥ (x) = —nigli<o + mgli>o. For |x| > 1, since B(1 — m(x)*)(J' * x)(x) = 0 we
have that
iy (x) = Bl —my (x)*)(J' *m)(x) (3.18)

x+1
=p(l — n'h(x)z)f 1 J'(x — Y)my) — F(»1dy
< B hee ™ = ¢ ekl (3.19)

By increasing ¢ if necessarily the result holds for x € R. Similarly for m). Iterating the
argument, i.e. deriving with respect to x

) (x) = B — iy (0)*)(J %) (x)

and using the exponentially decay of 7’ the exponentially decay of m” follows. This argument
can be iterated k times obtaining the exponentially decay of the i*. So the proof of theorem 1.3
is concluded.

4. Local nonlinear stability

The linearization of the evolution equation (1.9) around m = (m, my) is, for i=1,2 the
following
il B = DT % (0 4 v2) @.1)
— = —; —m)=J x (v] + v2). .
ot 2 tr
We denote by L the linear operator equal to the right hand side of (4.1); namely
Lv = ((Lv)y, (Lv)2) (4.2)
where
(Lv); = —v; + B(1 — nﬁ?)%] * (V1 + V7). “4.3)

Define for i = 1, 2 the measures
1

dv,-(x) = m dx

“4.4)
that are equivalent to the Lebesgue measure and call H the Hilbert space H = L*(R, dv;) x
L%*(R, dv,). On H the operator L is self-adjoint and this simplifies the analysis. We denote
by || - ll% and (-, -}, respectively, the norm and the scalar product in H; by || - ||;2 and (-; -) .2
the norm and the scalar product in L2(R, dx) x L*(R, dx). Whenever there is no ambiguity,
we will short-hand notation denoting || - || = || - || and (-, -}, = (-, ). Moreover, the norm
and the scalar product in each single component L*(R, dv;) fori = 1,2 and in L*(R, dx) will
be denoted in the same way as in the full vectorial space. Therefore, if v = (v;, v2) € H and
u = (uy, uy) € H we have

(v, u)y = (v, u) = (ur, ur)w + (v2, u2)y (4.5)
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and
2 _ 2 2
vl = vl = llvillz, + vzl (4.6)
The quadratic form associated to L has the simple expression

(g, L)y = —(g, V) + 3B (g1 + 823 J * (v1 +12)) 2 4.7

which proves the symmetry of L in H. In spite of the different signs on the right-hand side of
(4.7) it is possible to prove that the spectrum of L lies on the negative axis. We in fact obtain
the following.

Theorem 4.1. L is a bounded, self-adjoint operator in H. It is negative semidefinite, 0 is a
simple eigenvalue with m’ = (', m}) its eigenfunction. It has a spectral gap o, o > 0,
namely

(v, Lv)y < —allvll3, forallv e (Null L)*. (4.8)

Proof. L is clearly a bounded self-adjoint operator having 0 as eigenvalue and eigenfunction
m' = (m, m}). This follows easily differentiating, with respect to x, (1.10). To prove that the
spectrum lies on R~, we represent the quadratic form in another way. We set m= %(n’u +my)
and use that fori =1, 2

il =B —m2)(J «m). (4.9)

Substitute in (4.7), we obtain

v (x)? .\ v (x)?

() (x) i eom (x)

(v, Lv) = —B / drdyJ (x — Y () () [

L)+ 0a(x) () + vz(y»] “.10)

2 it () (x)

Since J is invariant in the exchange of x and y, we can write (4.10) as follows

(v, Lv) = —B / dx dyJ (x — y)ym' ()i (x)

X;[ w@? o w@ w0’ w0y
2 [y om' (x) b om (1) m (v) () ()
(1) + 02) (1 () + Uz(y)):|

m' (y)m' (x) '

.11
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By some straightforward algebra, we obtain

v vy T

mi(x)  m)(y)

1
(v, Lv) = —ﬁ/dx dyJ(x — ) {Z’ﬁﬁ () (x) [

v ) ]2
mh(x) i (y)
) ) ]2

ml(x) ()

2
b () [ R M} } <o. “.12)

1
+ Zmé(y)mz(x) [

1
+Zn_1/1 (0)my(y) [

”_12()5) ”_1/1 )

This proves that 0 is a simple eigenvalue with eigenfunction m’ = (), mj}); m’ € H since
theorem 1.3. To prove the gap property we consider the transformation from H to H and its
inverse defined as follows

) . (4.13)

1
_ 1 1 1z
U_<1 —1)’ v _<% -

We denote L = U~' LU the operator obtained under the transformation U. With simple
algebra it is easy to show that

- (L 0
L_<_ P —11) (4.14)

where [ is the identity operator on H, , £ and £, are the operators on H; such that

[STER ST

m? +m;
E]U]Z—M]+ﬂ 1— ) J*M] (415)

"2 — 2
Louy =B — J xuy. (4.16)
Denote by R(L) the resolvent set of L and by Ru(L) = (L —}]I)" with A € R(L). Itis
easy to see that the spectrum of L coincides with the spectrum of L since

RiL)y=(L-AD"' =W 'LU - 2U7'U)' = (U™ (L = AD) U)‘1 =U"'"R,(L)U.

Moreover, if we show that R(L) = R(L,) then the operator Lhasa gap in the spectrum
if £; has a gap and therefore the operator L acting on H has a gap as well. We first prove
that R(L) = R(L)). Supposing A € R(L;), we want to prove A € R(L). We can formally
compute R; (L) obtaining the following operator

Ryl — Ri(L1) 0 @17
T\ L (RAL) s '

The previous representation of R, (i) makes sense if A # —1 and A € R(L;). We will see in
the following that —1 # R(L,), therefore for (4.17) to hold it is enough that 1 € R(L;) and
therefore A € R(L).

On the other hand, if A € R(L) then there will exist well-defined operator y;,i = 1, ..., 4
such that

Ro(L) = ()’2 7’2) . (4.18)
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Then we have that
~ ~ Ly — Al 0 V1 Vz) <(£1 — Dy 772)
I=(L—-ADRu(L) = x = 4.19
( JRalL) ( L, —(1 +)~)H> <7/3 Va 3 ns) 19

where we denoted by n;, i = 2,...,4 the operators obtained by multiplying the two
matrix operators. Since (£; — A)y; = [ then y; = R, (L) and A € R(L;). The proof
that £; has a gap is quite standard, see [9]. We set p = B[l — (n"if;,l +rh/23‘2)/2] <1,
w(x) = B[1 — (m3(x) + m3(x))/2] — p and write £; = Lo + K, where

Lou = —u+pJxu (4.20)
Ku=wkx)Jxu. (4.21)

Since p < 1, see (3.16), by Fourier analysis, the spectrum of Ly lies in the interval
[-1 — p, —1 + p] which is strictly contained in (—o0, 0).

Moreover, the bounded operator K is compact since it maps the bounded sets of L2(R, dv;)
into relatively compact sets in the same space. These properties are easily proved using the
regularity of the convolution term and the fact that w(x), vanishing exponentially fast at
infinity, has a bounded derivative. Since the essential spectrum is conserved under compact
perturbations, see [15], we conclude the proof of theorem 4.1. O

Given m,(x) = (m;(x — a), my(x — a)) we denote by H, the Hilbert space
d d
Ho = La (R, 2—x) x Ly <R, 2—x> (4.22)
1 —mi(x —a) 1 —m3(x —a)
(-, )q and || - ||, the scalar product and the norm defined in H,. We have the following result.

Theorem 4.2 (local nonlinear stability). There exist positive constants cy, 8, o such that if
lmo — mig) lla) < 8, then there exists a(t) such that

lm (1) = Aa@llagy < coe™ (4.23)
where m(t) is the solution of (1.9) with initial datum mq. Moreover; there exists a(oco) such that

tlim a(t) = a(oo) (4.24)

the convergence being exponentially fast and |a(00) — a(0)| < ¢y ||mo — mg, ||iJ where ¢y is a
suitable constant.

Proof. We represent the evolving profile m(-, ¢) as a solution of (1.9) in terms of a moving
instanton and the corresponding variation, by writing

m(-, 1) = mau)(-) +v(-, 1) (4.25)

where m, ) (x) = (m(x —a(t)), my(x —a(t)) and the variation part v = (vy, v2) is orthogonal
to I’l_’l;(t) in Ha(z), ie.

(v, Ml )aty = 0. (4.26)

It can be proved that any profile m in a suitable small neighbourhood of the manifold of the
instanton can be uniquely represented as in (4.25). The proof is similar to the one already given
in the appendix of [9] and we therefore omit it. In the following, for notational simplicity, we
do not write the explicit dependence on time of a(¢#) when no confusion arises. Whenever the
representation (4.25) holds we have

M = —(aq +v(t)) + tanhy BJ % (f) + m) +aty,. “.27)
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Recalling (4.2), we write
ov

PP L,v +am., + R[v] (4.28)
where L, is the operator obtained linearizing (1.9) around m,
R[v] = tanhy(J *0) —m(- —a(t)) — (1 —m(- —a(t)))BJ xv. (4.29)
Applying the Taylor formula easily we obtain that

IR[]lI> < c(B, 6, DDl (4.30)

where c(B, 6, J) is a positive constant depending only on § , 6 and J. Differentiating with
respect to time (4.26) we obtain

(8v,m)g +a(; @g)p2 =0 4.31)
where fori =1, 2,
_ m;(x —a(t))
q)u,i(-x) - au <1 _ nilz(x — Cl(l))) . (432)

By taking the scalar product in H, on both sides of (4.28) with 12/, taking care that m/, € Null L
and (4.31) we obtain

afllm, 1* + (v; ®4) 121 = —(R[V], 71, )a- (4.33)

By taking the scalar product in 7 on both sides of (4.28) with 2v we obtain, since (v, 111, ;))a = 0
the following

2(0;v, V) = 2{(v, L,v), +2{v, R[V])4. (4.34)
Note that
2(3,v, V), = i||v||2—2a [ W) 2 + (v U2)2 ] (4.35)
tVU, a_dt a 1> 1)L? v27 2)L? -
where for i = 1,2, ¥;(x) = (m;(x —a)ymi(x —a))/(1 —n_1i2(x —a))? is a bounded

continuous function. We therefore obtain a system of ordinary differential inequalities

d
2 2 3 . 2
—llvllz < —2allvllg +killvllz +lalkillvll

dr (4.36)
Sl 12 . 2

| [lm 112 — |(v; @) 21| < ksllvll2.

We take the initial datum m so that vo = mo — m() satisfies the bound
1 1y~ 2

volla@ < 2P 2 10 20 437)

Note that ||, ,, |2, = [lm'[|7, and [| @aq |2 = | Pac) 2. We then denote by
—1y5712

t* = sup{t 2 [[vC, Dllaey < 51 Pall 2 1717} (4.38)

Then by (4.36) we obtain that there is a suitable constant ¢( such that for all ¢ < ¢*
2 -2 2
G, D120 < coe™ 2 Nvoll2 - 4.39)

This implies that t* = oo and that (4.39) holds for all + € R provided [Jvgll) is taken
sufficiently small, as in (4.37). Moreover, from the estimate on |a(#)| we have that a(f) is a
Cauchy sequence and therefore lim,_. o a(#) = a(c0), the convergence being exponentially
fast. Namely, since (4.36)

|a<z)—a(0>|</0 |a<s>|ds<c<>/0 loC )12, ds.

Then from (4.39) we obtain the exponentially convergence. Moreover, |a(co) — a(0)| <
collmo — fa(o) ”2(0)~ U
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5. A priori estimates

In this section, we show that any solution of (1.9) m(-, t) with an initial datum in A gets
eventually trapped between two instantons. This is an essential ingredient in the proof of
theorems 1.4 and 1.6. These estimates, already established in [10, 13], can be extended in our
case. For completeness we give the main details.

Throughout this section, m(x, t) = (m(x, t), ma(x,t)) andu(x, t) = (u(x, 1), us(x,1))
denote two solutions of (1.9) with initial data m(-,0) = (m;(-,0), m(-,0)) and u(-,0) =
(u1(-,0), uz(-, 0)) m; (-, 0) € L=([R), u; (,0) € L=(R); [[m; (-, 0)[loo < 1, uti (-, 0)[[oo < 1,
fori = 1, 2. Then, as outlined at the beginning of the introduction, the m; (-, t) and u; (-, t) are
continuous with sup norm bounded by 1, for all # > 0.

Lemma 5.1 (Barrier lemma). There is a constant C > 0 such that for any two solutions m(t)
and u(t) of (1.9), forallt > 0and all V > €8

2

mi (0, 1) — ui (0, )] < e®D" sup > |m;(x,0) — i (x, 0)] + C e~ VD (5.1)
lxI<Ve =1

Imi(x, 1) — ui(x, )] < Ce2VED ) > v, (5.2)

Proof. Denote by d; (x, t) = |m;(x,t) —u;(x,t)| fori =1, 2, d(x,1) = %(dl(x, H+dy(x, 1))
and J*" the n-fold convolution of J with itself. Then from (2.1) we obtain

t
di(x,1) <e'di(x,0) +/ dse VBRI xd)(x, 5)
0

hence by iterating we get
)" ~
di(x,t) <e ™y @(J*” *d)(x,0). (5.3)
n!
n>=0
We write d = d~+ + 57_, whered_ =d 1, <v, and c?+ =d 1,;~v;, with 14 the indicator function
of the set A. We set x = 0 in (5.3) and notice that
(J*" % d,)(0,0) =0 if n < Vt. (5.4)

In fact the support of J(x — x’) is |x — x’| < 1, therefore the support of J*", when x = 0, is
[—n, n] from which we get (5.4). Then from (5.3)

Vt n n
di(x,1) <e™’ Z @(J*" xd_ )(x,0)+e" Z @2. (5.5)
n=>0 n: n>Vt n:

For the second-term we have used that |m(x, t)| < 1 and |i(x, ¢)| < 1. Setting L = V¢
it is easy to check that

n L

- (B1) 5 < 2(/3l) Bt < o Llos(L/e)
Z>L nt T L = '
nz

The proof of the proposition is immediate. |

Lemma 5.2. Let m € A and m(t, -) be the solution of (1.9) with initial datum m. Then for
any € > 0, there are ty and £ > 0 so that

m(x,to) <mg+e forall x and m(x,tg) =2 mg—e€ forallx > {£. (5.6)

m(x,ty) = Tmg —e€ forall x and m(x, o) < Tmg+e forall x < —L.
6.7
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Proof. Denote by T; (u) the solution at time ¢ of the Cauchy problem (1.9) with initial datum
u. Since —1 < m;(x) < 1 fori = 1, 2 then by the theorem 2.2 T;(—1) < T;(m) < T;(1).
We prove first (5.6), the proof of (5.7) is similar. Note that when the initial datum is constant
equation (1.9) becomes a system of ordinary differential equations and it is easy to see that

I17:(1) —mglloo < ce™ (5.8)

where ¢ and w are positive constants. We take fy such that ce™®" = e, so that T;,(m) <
T;,(1) < mg + €. To prove the second statement in (5.6) we note that, since m € A then there
exists £ = (&1, &2), & > 0,1 = 1,2 and x¢ such that m(x) > ¢ for x > xq. Let 1y be so large
that 7;,(¢) > mg — €/2. Such ty always exists since { > 0 and ||T;(¢) — mglleo < ce™".
Define now u(x) = m(x) for x > x¢ and u(x) = m(xy) for x < xo , so that u(x) > ¢
everywhere. Then u(x, ty) > mg — €/2 everywhere. Applying the (5.2) we have that

2
D Imi(x. 10) — i (x, 19)] < 2C e 0EV/FD) forall x > xo + V. (5.9)
i=1

We take V in (5.9) such that 2C e~ log(V/pe?) < %e. Hence
€
m(x,to)>u(x,t0)—§>mﬁ—e forallx > £ =x0+ Vi

thus proving (5.6). ]
Lemma 5.3. Let m € A and m(t, -) be the solution of (1.9) with initial datum m. For any
8 € R such that mg > > & > O there exist ty, ay > 0, ax > 0 and 0 < qo < 8 so that
Mg, (X) — qo < m(x, tg) < my, (x) +qo forall x € R. (5.10)
Proof. We will prove the lower bound in (5.10), the proof of the upper bound is similar. From
theorem 1.1 there exists a > 0 be such that /m(x) < Tmg + € for all x < —a. Then
Mea(x) =mx — [€+a]) < Tmg +e€, forx < £. (5.11)

Then from the first inequality in (5.7) m(x, ty) > mga(x) — 2€ for x < €. By the second
inequality in (5.6) and theorem 1.1 we have that m(x, ty) > Mg, (x) — 2€ for x > £. Hence

m(x, ty) = Mepq(x) — 2€ for all x. (5.12)

Denote 2¢ = g and a, = £ + a we obtain the lower bound. |

Let 6 € R such that mg, > 6 > 0, denote by

By = {m = (my,my) € Cp(R) x Cp(R); [Imilloc < 1;Faz = a2(m), a1 = a;(m),
qo = qo(m) ma,(x) — qo < m(x) < g, (x) +qo, 0 < go <8, forallx e R}. (5.13)

From the previous lemma we obtain that for any m € A there exists a suitable time 7y, such
that m (-, ty) € Bs where m(-, ty) is the solution of (1.9) with initial datum m € A.

Proposition 5.4. Let m(x,t) the solution of (1.9) with initial datum m € Bs, where § is
taken small enough. There exist positive constants b = b(5), d = d(8) and A = X(6)
such that denoting q,(t) = qole ™ +d(e™ —e™)], ¢2(t) = qole ™" + 2 —d)(e™ —e™)],
9() = (1), 2(1)), ax(t) = ar +bgo(1 —e™), ay(t) = ar +bgo(1 — =) we have that for
allx e R, t e R,

m(x —ai () —q@) <mx, 1) <mx —ax(t)) +q@). (5.14)
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Proof. We start showing the lower bound. The upper bound is done similarly. We set
a;(t) = a(t). It will be sufficient to prove that, v(x,t) = m(x — a(t)) — q() is a
subsolution of (1.9) provided the parameters b, d and A are suitably chosen. Observe that
v(x,0) < m(x,0) = m(x). Then (5.14) will follow from theorem 2.2 once we verify that for
all (x,1) € R x R*, v(x, ) satisfies

0
a—'; < —v +tanhy{B (J % ). (5.15)
We differentiate v(-, ) with respect to ¢ getting
ov(x,t) _, . .
ryama (x —a@)a®) —q@). (5.16)

We then need to show that
—i(x —a())a(t) — q(t) < —[m(x —a(t)) — q()] + tanhg {B(J * m(x — a(t)) — G(t))}
(5.17)

where g(t) = %[ql(t) + g>(t)]. To prove (5.17) note that a(¢) is increasing, so that the
contribution of the first term of (5.17) will be always negative, as m’ is always strictly positive.
We shall take advantage of that, but this will be not sufficient since lim |y, 7'(x) = 0, i.e.
when lim,_, .o m(x) = mg and lim,_, _o, m(x) = Tmg. We therefore use different arguments
depending on the value of m(x). More precisely, given ¢ > 0 and I = {[mg — €, mg 1] x
[mgr — e, mgol} U{[—mgo, —mgs+€] x [—mg 1, —mpg; + €]} where € > 0 will be fixed
later, we consider all the values of x such that (J xm;(x — a(t)), J xmy(x —a(t))) € I. We
use short-hand notation

u=Jxm(x —a(t)) (5.18)
and therefore u € [mg — €, mg] U [—mg, —mg + €]. We then need to show that, fori = 1,2

where
Fi(u, q1,q2) = —[tanh B(u +60) — q1] +tanh B(u — g +6)
Fy(u, q1, q2) = —[tanh B(u — ) — g2] + tanh (u — g — 0)
having used (1.10) to write the first term in the right-hand side of (5.17).
Since ¢1(t) = —q1(t) +d(1 — A)q (1) and ¢2(t) = —q2(?) + (2 — d)(1 — A)q(t) proving
(5.19), is equivalent to show that
g1 —d(1l —2)g < Fi(u, q1, 92)
@2 — 2 —=d)(1 —1)g < Fa(u, q1, q2)
forallu € [mpg —e€,nig]U[—nig, —nig+€],0 < q < 8and 0 < g < 8. We have that, since
Fi(u,0,0) = F,(u,0,0) =0

(5.20)

(5.21)

B _
cosh? Blis —e+6 —8)

Fl(”J]h‘]Z) 2 q1 —

and

B
cosh? B(rig — € — O — 8)
Therefore to satisfy (5.21) itis enough to show that there is a suitable choice of d and X such that

- B -
—d(l1—-2M)g <q1 —
7 ( s coshzﬁ(rﬁﬂ —€+60 — S)q
B

@—Q2-d)(1—-Mg<q—

B, q1,92) 2 g2 — q.

(5.22)

cosh® B(itg — € — 60 —3)q
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System (5.22) is satisfied provided we take
B 1

= 5 and A>0
cosh” B(mpg —e +6 —§) (1 — )
such that
1 1
0<i<l—z—7 _ P - _F . (5.23)
2 cosh” (g —e —0 —8)  2cosh” B(impg — € +6 —§)
Since

1 B 1 B
- = - = >
2 cosh? B(iig —0) 2 cosh? B(rig +6)
provided we take € and § small enough (5.23) is satisfied.

For the other values of (x, ¢) there exists ¢; > 0 such that m(x) > ¢ fori = 1, 2. In fact
from theorem 1.3 m’ is strictly positive when x varies in a compact set, and the sets

)

{x:—mgr+e < Jxmi(x —a(t)) <mpgy — €}
and
{x:—mgi1+e < Jxmpx —a(t)) <mgy— €}

are compact sets.

Moreover, there is y > 0 so that Fi(u, q1,q2) > —yq and F,(u, q1,q2) = —y{q, since
Fi(u,0,0) = F>(u, 0,0) = 0and the derivatives with respect to ¢; and ¢, are bounded. Hence
we need to verify that

—cra(t) — qi(1) +yq@) <0 (5.24)
fori = 1, 2. Equation (5.24) is satisfied provided b in the definition of a (¢) is chosen sufficiently
large. ]

6. Unicity in .4

In this section, we prove theorem 1.4; i.e. the unicity, up translations, of the instanton in
the class .A. The proof is based essentially on the nonlinear local stability results proven in
section 4 and on the estimates proven in section 5. In fact, using estimates proven in section 5
it is possible to show that starting with an initial datum in .A there will be a time, not necessarily
finite, such that the difference between the solution and the manifold of the instantons is in L2.
We then apply the nonlinear local stability results. To pursue in this way we need to show that
there exists only one instanton which minimizes the L? distance between the solution and the
manifold of the instantons whenever we are close enough to it. This is the content of the next
lemma.

Lemma 6.1. Let m — i € L2. Then there exists a such that
lm —mgll2 = inf {||m — mp|| 2} 6.1
beR

Further, there exists 8y such that if ||m — mypl|2 < &0 then there exists only one a which
satisfies (6.1).

Proof. There is at least one instanton m, minimizing ||m — r7117||i2 since this quantity is
differentiable as a function of b and tends to infinity as b — =£o0o. Hence the distance is
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minimized at one value at least, which we denote as a. At this value 7/, is orthogonal to
m — m, in L?. To show the local unicity call

d(b) = [lm — 7. (6.2)
Differentiating with respect to b one obtains
d'(b) = 2(m; m}) 2
and
d"(b) = —2(m3 )2 = —2(m — rigs i) 2 + 2073 1)) 2. 6.3)
Since
(m — mg; mp) 2 < llm — mgll2llmpll 2 < 8ol 2

where &y will be suitably chosen in the following. By continuity, there exists a positive constant
c=c(B,60,J)suchthatifb € (a —c,a+c)

=/ = Ly 2
(s )2 > 5l |l

Then
d"(b) = 3llm 17> — 28ollmy] Lo
Denote by A(B, 0, J) = infye(a—c.asc) 7]l 12. Then if
1 |Im]?
N A 64
4 A(8,0,J)
we have that d”(b) > 0 and therefore the minimum is unique. O

We want to stress that, if m — m € L? and m, minimizes the L? distance then
(m — tig; i) 2 = 0. (6.5)

In the following whenever we have a function such that m — m € L? we simply says that
m has centre a if (6.5) holds. Note that (6.5) can be extended to any function m € A since the
exponential decay to zero of m’.

Lemma 6.2. Let €g > 0 small enough and v a continuous function such that m(x) > v >
m(x — €). Then if v # m, there exists a(00) > 0 such that | T;(v) — Maeo)llr2 < Ce ™.

Proof. Let A € [0, 1] and denote
v, =m+ Alv—m]. (6.6)

Thenif €y > 01is small enough, 7; (v, ) the solution of (1.9) with initial datum v, converges
to an instanton denoted 71,4, (). Since v, is a decreasing function of A, by the comparison
theorem a; (00) is a non-decreasing function of X, then a;(0c0) < a;(00). Since vy = v
lemma 6.2 will follow once we show that if v # m then there exists A such that a; (c0) > 0.
By theorem 4.2

|a,.(00) — a;,(0)| < Cllvs, — 1ita, o) lI72- (6.7)
Then from (6.6) we have that

llox = 1,0y 172 < 20l = g, )l + 227 v — m|| . (6.8)
Similarly as in (6.22)

i1 — g, o)ll7. < Ca;(0) < CA%. (6.9)



1642 M Cassandro et al

The last inequality in (6.9) follows the next lemma 6.3, see (6.12). Therefore we obtain that,
see (6.7)
|, (00) — a;(0)] < CAZ. (6.10)
Again from the next lemma 6.3, see (6.13)
v omlime o o).
(m'; m’) 2
Since m(x) > v(x) and m — v # 0 we obtain that
(o=l
(m'; m') 2
Then a;, (0) > AC and the lemma is proved. O

> 0. 6.11)

Lemma 6.3. Let v, = m + A[v — m]. Denote by a, the centre of v,. Then there exists Ao such
that for A < Ag

la,] < C 6.12)

and

PR Lkl HIDI5) PP (6.13)
(m/; m/)LZ

where C is a positive constant.

Proof. Denote by f(§) = (vy — mg; rﬁé) 12. We differentiate with respect to & the function
f (&) obtaining

F1E) = —ms w2 — A — ml; mf) 2.
Note that

—(m; my) 2 = (s m) 2 > 0
which is strictly positive for all values of § € R. Denote by yy = infe (m'; m}) 2. Since my is
exponentially decaying to zero, see theorem 1.3

(v — ml; m)| < K
where K is a positive constant. We can therefore take Ao such that A¢K < y4/2 obtaining that
’ Yo
fé = D) & eR. (6.14)
Since | f(0)| < 2Amg and (6.14) holds, by geometrical argument we obtain that

2
la,| < —Amg.
Yo

Denoting by C = (2/y9)mg (6.12) follows. Next, since by definition a;, is a centre of v, when
f(a;) = 0 we have that
flay) = (m —nigg); n_z;(/\))Lz +A(v —m; n};(/\))Lz =0. (6.15)

By the Taylor formula, taking in account that (ii14; m/;) > = O for any d € R, as it follows by
integration, we have

(m — Mg m;(A))LZ = (m; %;(A))Lz

2 §
= (m; )2 — a(W)(m; m") 2 + %a(l)2 ;/Rn_ﬁ(x) /Xé m;'(s) ds

2 £
:a(k)(rfl/,rfl/)+%a(k)ziZI/Rrﬁ;(x) /xg ! (s) ds. (6.16)
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Again, by the Taylor formula,

2 ¢
(v — ;) e = (v —m; ') —a(h) Z/dx[vi(x) - n_z,-(x)]/ . m}(s)ds.  (6.17)
i=1 X

Inserting (6.16) and (6.17) in (6.15) we get that

4Gy 42 LT o a0y + 4] < C32 (6.18)

(m';m') 2

where we have used (6.12) at the last step. 0

Proof of theorem 1.4. Let m* € A be a solution of (1.10). Then m* is a stationary solution
of (1.9), m*(x,t) = m*(x,0) = m*(x). By taking the limit as t — oo from proposition 5.4
we deduce the existence of a; and a, such that

Mg, <m* < Mg,. (6.19)
Let a} and a; be such that

n_’laf < m*

< gy (6.20)
and

if for all x, m*(x) > m(x — ¢) then ¢ > af (6.21)
with analogous property holding for 3. Note that

lita; — sl < Claf — a3]. (622)
Since

2 x—a} 2 2 x—at 2
”n_'la;< - n_'la;”iz = Z/dx / n_’l;(s) ds < Ci Z / dx / e—o(|s| ds
i=1 x—a; i—1 x—aj

2

< 2¢ylat — a;‘|2/ dxe " < Cla} — a3
R

where we have used |m](s)| < ¢ e™*F, fori = 1, 2 that follows from theorem 1.3.

If |af — a3] is sufficiently small such that ||, — mgs |2 < 8, then theorem 1.4 follows
from the local nonlinear stability, see theorem 4.2. Otherwise denote by a = af — €. Note
that m(x —a) = m(x — aj + ) > m(x — af). Define for all x,

v(x) = min{m*(x), m(x — a)} (6.23)
and let v(x, t) be the solution of (1.9) starting from v(x). Since from (6.22) we have that
lv—mall2 < lImay —mall2 < Ceo

theorem 4.2 applies: there exists a(oco) such that ||[v(t) — M40y ll2 < ce™.

Since m*(x) = v(x), by the comparison theorem 2.2, m*(x) > m,(0) (x), therefore by the
definition of nﬁa;f we have that a(co) > aj. On the other hand, v(x) > m(x —a}) and therefore
by the comparison theorem 71 (x — a(00)) > m(x — a}) and hence a(co) < aj. One then has
that a(0o) = aj. In lemma 6.2 we proved that this implies that m*(x) = m(x — af). Then
theorem 1.4 is proved. ]
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7. Global Stability in IC(M, N)

In this section we prove that the manifold of the instanton is asymptotic stable in the class
of functions (M, N), see (1.12). The method to prove L>-stability relates the free energy
functional F defined in (1.1) with the spectral analysis of the linear operator L defined in (4.2)
in the following way. Let us denote by F'(m)v and F”(m)(v, w) respectively the first and
second Frechet derivatives of F computed at m € H in the directions v, w € H. It is easy to
see that for ||m(-)]| < ¢ < 1 the Frechet derivatives exist with

F'(m)v = lf |:l tanh™'m (x) — 6 — J *iﬁ(x)}vl(x)dx
2JrLB

+l/ |:l tanh~' mo(x) +6 — J *ﬁl(x)]vz(x)dx (7.1
2JrLB

and

Y 1 1 wi(x) -
F (m)(v, w) = E/R [Em —J % w(x)]vl(x) dx

bl e
=5 /R |:/3 1 m%(x)) J % w(x)i|v2(x) dx. (7.2)
Note that 7' (i) = 0 and

1
F'(m) (v, w) = —ﬁ(Lw, V). (7.3)

Hence the spectral properties of L govern the local convexity of the free energy. The
analysis carried out in [3] can be adapted to our context obtaining the following results.

Theorem 7.1. For any function m € K(M, N) with ||m;(-)|lcc < ¢ < 1, there are constants
C| and C, depending only on 8, 0, ¢, N and M so that

=2 - =2
Cillm = ngll7> = F(m) — F(ia) = Callm — gl (7.4)
where m, is any instanton which minimizes the L* distance to m among all instantons.

The bounds we obtain depend on certain regularity properties of the magnetization. This is
necessarily the case since the free energy functional is not convex and has two distinct minima.
Indeed, one can ‘patch together’ two instantons to obtain a ‘plateau’ of arbitrarily large width,
but whose free energy is only a bit more than twice the free energy of the instanton. Hence,
without some condition to control the width of such ‘plateau’, the inequality of theorem 7.1
could not hold.

Theorem 7.2. For all initial data my € K(M, N) for some finite constants N and M, with
Imo()lleo < ¢ < 1, there is a constant C3 depending only on B, 6, ¢, N and M so that the
corresponding solution of (1.9) satisfies

d
a(f(M(-, 1) = Fitaw () < =Csllm(t) — ol (1.5)

for all t > 0 where mis any instanton minimizing the L? distance to m(-, t) among all
instantons.

To apply these results we need the result stated in theorem 7.3 which says that for initial
data in one of these sets (M, N), there are other M’ and N’ such that the solution of (1.9)
stays in JC(M’, N’) for all time. This is what allows us to apply theorems 7.1 and 7.2 to the
long-time behaviour of solutions of (1.9).
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Theorem 7.3. For all initial data m € K(M, N), and for any finite M and N, there are finite
M’ and N' such that if m(-, t) is the solution of (1.9) with m as initial data, then for all t > 0
m(-,t) e K(M',N') (7.6)

Thus, combining the theorems, one sees that

d C
5(7:('71(', 1) = Fan (1)) < —C—?(f(M(w 1) = F(imaw ()

so that the free energy decays exponentially fast. The inequality (7.4) then implies that
lm(t) — maq ”iz decays to zero exponentially fast and therefore theorem 1.5 is proven.

Proof of theorem 7.1. We denote in the following the instanton 772, minimizing the L? distance
simply by m. We can represent

1
F(m) — F(m) = / F'(m+t(m —m))(m —m)dz
0

1 T
=/ / F' i+ s(m — 1)) (m — 1ty m — i) ds .
0 0

In order to get a lower bound for the last term above we expand F”(m + s(m — m))
(m —m, m — m) around s = 0 obtaining

F'(m +s(m —m))(m —m, m — m)
=F"(m)y(m —m,m —m) +F"(v)(m —m,m —m, m — m)

where v = m + so(m — m) for some sy between 0 and 1 by the mean value theorem. From
(7.3) and the estimate (4.8) we obtain that

F”(M)(m —m,m—m) = —%(L(m —m),m —m)y = %(xHP(m — ”_1)”72-1 (7.7)
where P is the orthogonal projection in H onto the orthogonal complement, in 7, of Null L.
Thus we have that (m — m; m’);» = 0 since m is the profile which minimizes the L? distance
from m but this does not imply (m — m, m’)y; = 0. To estimate from below || P(m — m) |y
we note that

R _ _, dx
m =i = [ om0 = o ()

— mi(x)
_ _, dx
+/(m2(x) — Mo (X)) (X) ——5—
R 1 —m3(x)
—mi(x) +m?(x)

- dx
ml(x)

1
= /R(ml(x) — iy (x)m (x)

— m3(x) +m3(x)

1
+/(M2(X) — ma(x))my(x) = dx
R 1 — m3(x)
—/( ()—'())_’()Md
_lex mi(x mlxl—rﬁ%(x)x
_ _, m3(x)
+/(m2(X) — ma(x))my(x) = dx
R 1 —m3(x)
< m,zg,lllm — il 3. (7.8)

Therefore, if P~ is the orthogonal projection in  onto the span of 7/,

1 b 2 b
|P=(m —m)ll3 < myllm —mly
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I1P(m —m)lly = /1 = migllm — iy (7.9)

Going back to (7.7) we have then

and then

ia(l —m} )lm —ml?,. (7.10)
Zﬁ B,1 H

Now we need a lower bound on the term involving the third derivative of the free energy.
But by direct computation,

1
F'(m)(m — i, m — i) > ﬁanP(m —m)ll3, >

_ 1
|.7-"W(v)(m —m,m—m,m—m)| = B

/ Y my(x) — iy (1)} dx
B (1—p2)2 !
+l L
l.a—up
<KU Iml(x)—n'u(x)l3dx+/ |m2(x)—n_12(x)|3dx:|
R R

< K(|lm —mll»)*? (7.11)

for some constant K = Kgg . and K = 15,3,9,5,1\, where c¢ is the bound on ||m(-)]| . The last
inequality in (7.11) is obtained since ||f||§O K201 fllz2 | f I g and elements in (M, N) satisfy
the bound ||m — m|gp < N. If ||m — m|| is sufficiently small, since % > 2, we obtain that

(ma(x) — may(x))® dx

F'(m+s(m—m))m —m,m —m) > aD|m — n_1||§1
where D = Dg g . is a constant depending only on 8, 6 and c. Suppose € > 0 is a number so
that this is true whenever ||m — m||3; < €. Then we have the desired lower bound for such m.
Next consider the functional ®
F(m) — F(m)
o(m) = —2
llm — i3,
on the set C(M,N) N {m : |lm — n_1||$_t > €} . Since we are excluding in (M, N) a
neighbourhood of m we have

inf{w:memw,mm{m||m—m||;>e}}=3>0.

(7.12)

llm — i3,
From this we conclude that, for all m € (M, N),
F(m) — F(m) > min(B, aD)|lm — m|3, (7.13)
The upper bound in theorem 7.1 follows by the same integration of second derivative
simply using the boundedness of L. ]

Proof of theorem 7.2. Recall from theorem 2.7 that F(m (-, t)) is well defined for all t > 0,
it is differentiable with respect to ¢ if t > 0 and (d/d¢#) F(m(-,t)) = —I(m(-,t)) < 0 where
I(h(¢)) is given in (2.10). Let I'(m)v and I”(m)(v, w) denote respectively the first and
the second Frechet derivatives of /. With simple, however lengthy calculation we find that
I(m) = I'(m) = 0and

1" (m) (v, v) = %(Lv, Loy > %oﬂnvu%ﬂ (7.14)

for all v € Null(L)*. As in our previous analysis of F, we have

1
1(m) = / I'(m + t(m — 1)) (m — m) dt
0

1 pt
:// I"(m+s(m—m))(m —m,m —m)dsdr.
0 Jo
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One can directly compute the third derivative 1", and setting v = m +s (m — m), one finds that
1" () (m — i, m — i, m — )| < K (lm — )" (7.15)
for some constant K = K 8.0.c,n- As before, if ||m — m||3 is sufficiently small, from (7.14) we
obtain that
1" (i +s(m — m))(m —m,m —m) > (do?)||m — m|3,

where d = dg . ¢ isapositive constant. Fix e > 0 such that this is true whenever [[m —m |, < €.
Then we have the result for such m. Next consider the functional
I(m
—( _) 5 (7.16)
lm — mll3,

on the set (M, N) N {m | ||m — n"1||,21 > €} . Since we are excluding in K(M, N) a
neighbourhood of m we have that

. I (m) _ 2
inff{ ———— |me K(M,N)N{m||m —ml > e} = B; > 0.
lm — mllz,
We conclude from this that
I(m) > min(By, (do))|m — m|7,
forallm € K(M, N). This completes the proof. |

Proof of theorem 7.3. We begin with the bound on the the L? norm. In lemma 2.5 such a
bound is proved for compact time intervals but this will not be enough for our purposes.
Observe that for any a and b

njlb_(njlb_m)+<m<ma+(m_rﬁa)+

where (-), denotes the positive part function.
Suppose first that there exists €9 > 0, which will be chosen later, such that Tmg — €y <
m(x) < mg +e€g. Since m € KC(M, N) there exist § = §(¢g) > 0 and b such that

|y —m)y |2 < 6. (7.17)
In the same way, we can choose a so that
l(m —ma)ll 2 < 6. (7.18)

Next we use the fact that the time evolution specified by (1.9) is order preserving. Hence
if m(x, t) is the solution of (1.9) with initial data m(x), and if m(x, t) and m,(x, t) are the
solutions of (1.9) with initial data m;,(x) — (mp(x) — m(x)), and m,(x) + (M(x) — Mm,(x))+
respectively, then

my(x, 1) < mx, 1) < moy(x, 1)
almost everywhere in x for all # > 0, and hence, setting x = (x1, x2) where we recall
x1(x) = —mpgoll,co+mg oo and x2(x) = —mg (Lo + mp 210 we have

my(x, 1) — x(x) <m(x, 1) — x(x) <max, 1) — x(x).
Then

lm(, 1) = x Ol < Imi, 1) = x Ol + llma (1) = x Ol e (7.19)

By theorem 4.2 there is a value of § and therefore of € so that the conditions (7.17) and (7.18)
imply that

sup [lm (-, 1) —mpll2 < 1 and sup [lma (-, 1) —mgll2 < 1. (7.20)
t>0 >0
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This together with (7.19) yields for all t > 0
lm(, 1) = xOllez < Mg — x Oz + Imp — x ()2 +2.

For any other m € K(M, N), since lemma 5.2, we have that for any given ¢y > 0,
there exists a finite time #, depending only on €y, 8 and 0 such that m(x, ty) < mg + €y and
m(x,to) = Tmg — €. Since lemma 2.5, [|[m (-, tp) — x ()2 < M, where M > 0 depends on
€o and M. We then choose the € such that (7.20) is satisfied. Applying the previous argument
to m(-, ty) we found the bound we seek.

We now prove an uniform bound on ||m’(-, t)|| ;2. Recall that in proposition 2.3 we proved
that the Lipschitz norm of m (-, t), actually ||m’'(-, t)|| L=, is bounded uniformly in 7. This result
will be used here. Let m denote any fixed instanton, and define

¢(x,t) =m(x,t) —m(x).

Then rewriting (1.9) as an integral equation one obtains

d(x, 1) =e"Pp(x,0) +/ e''[tanhy (B[(J * m)(x, s)] — m(x)]ds.  (7.21)
0

By (1.10) the integral on the right of (7.21) is equal to
1
p(x,t) =e"'¢p(x,0) +/ e’ '[tanhy B[(J % ) (x, s)] — tanhy B[(J * r;'z)(x)]] ds. (7.22)
0
Then applying the identity tanh(A) — tanh(B) = (1 — tanh(A)tanh(B))tanh(A — B) to
the integrand in (7.22) and differentiating, we obtain
[tanh(B[(J * m)(x, s) + 0] — tanh(B[(J 17:1)()6) +0]]
S (BI i’ | +1BJ %111 )BT * p1| +2|BJ ¢
and similarly for the other component. By the uniform bound on ||m/(:, t)| .~ proved in
proposition 2.3,

sup{|BJ * 11/, 1)| + |BJ xm (Y|} < K

t>0

for some finite constant K. From the Young inequality ||8J" *x ¢z < Bl Iz l|dllz2 we
obtain

8"Co Ol < e l1¢"¢ 02 + (L —e HBE + 21T 1)l Dl 2

By the first part of the proof, ||¢ (-, t)|.2 is bounded uniformly in ¢, and hence we have the
needed bound. O

8. Global Stability in .A

In this last section we prove theorem 1.6. Let m (-, ¢) be the solution of (1.9) with initial datum
m € A. By corollary 2.4 there exists m* € C,(R) x C,(R) and a sequence ¢, — oo such that,
uniformly on the compacts,

lim m(x,t,) = m*(x). 8.1

n— 00

By lemma 5.3 and proposition 5.4 we have, see (5.14), that
m(x — ay(ty)) — q(tn) < m(x, t,) < m(x — ax(ty)) +q (1) (8.2)
then letting #, — oo we obtain that there are a; (co0) and a,(0c0) such that

m(x —a;(00)) < m*(x) < m(x — ax(0)). (8.3)



Optimal interface profile for a non-local model 1649

Then since proposition 2.6 F(m*) < co. Denote by m*(t, -) the solution of (1.9) with initial
datum m*, then by theorem 2.7

liminf I (m*(-, 1)) =0
1—00

otherwise F(m*(-,t)) < 0 for some ¢ which by (1.1) is impossible. There are therefore a
function v € Cp(R) x Cp(R) and a sequence s,, — 0o such that, uniformly on the compacts,

lim m*(x,s,) = v(x) (8.4)

Sy —> 00

and /(v) = 0. Then v satisfies (1.10) and by theorem 1.4 v = m,, for some a. Moreover,
m*(x, s,) is trapped between two instantons since (8.3) and therefore, from (8.4), forany § > 0
we can find s,,(8), such that for s, > s,(5)

lm*(s,) —mall2 < 8. (8.5)

From the local L? stability result, see theorem 4.2 we obtain that there exists a(co) such that

lm* (sp +5) — Maoollz2 < ce™. (8.6)
Since

1A% < 31 Mol f 1172 8.7)
and proposition 2.3 we obtain

llm* (s +5) = Magoo) oo < ce™ 3P, (8.8)

Since (8.1) there exists #, so that ||m(z, +s,) — m*(s,)|lco < € therefore,

17ty + 55+ 8) — Mg(oo) oo < € +ce™ P25,
Provided we take s large enough
”m(tn + 85, + S) - n_/lu(oo)”oo g 2e. (89)

To obtain the exponential rate of convergence we perform a suitable surgery as in [13].
We briefly recall it. We will show that the solution starting from an initial datum in A
becomes exponentially close to a function which is flat ouside a finite (# dependent) interval
and equal to the asymptotic values mg , Tmg . This is close in L? to some instanton hence we
have exponentially convergence in L? and in L>. From proposition 5.4 and the exponential
convergence to mg , Tmg of m we obtain that there exists positive constants o and ¢ such that

2
D oimie ) = @) <cle™™ 41, (x,1) eRx R (8.10)
i=1

with yx; defined in (1.14). To modify the tails of the solutions starting in .A we define . (x)
a non-increasing C* (R) function equal to 1 when x < 0, to O when x > 1 and such that for
X € [—%, %], e (x + %) — % is antisymmetric. We also define, for all x, 7_(x) := m.(—x),
sothat m_(x — 1) + m,(x) = 1. Then, given ¢t > 0, the (i, ¢) regularization of a function
f () € Cyp(R), is the function Uy, (-) defined for x > 0 as

Upi(x) = fO)m(x — 1) +mgm_(x — (t + 1)) (8.11)
and for x < 0 as
Upi(x) = fOT_(x +1) — Tmpm,(x + (t + 1)). (8.12)

If f depends on ¢ too, we consider for each ¢ its (7, t) regularization, using the same symbol. Set

Y(x,t) =mx, 1) —e 'm(x, 0) (8.13)
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and define u(-,t) = Uy ,(-), i.e. the (i, t) regularization of ¥ (x, t). Then from (8.10)

2
Z lui(x, 1) —m;(x, )] <cle™ +e™'] (x,1) € R x R*. (8.14)

i=1

Since (8.9) [lu(t) —m4(o0)lloo — O ast — oo and by construction u; (1) — x; € L? fori =1,2.
Therefore for all ¢ large enough, there exists a(t), see theorem 4.2, such that

lu(?) = Mo llacy < coe™ (8.15)

and a(t) — a(oo) when t — oo exponentially fast. Since (8.7) and properties of m,), we
obtain that [|u(t) — My(c0)lloo < coe™'. By (8.14) we get

lm () — "_'la(oo)”oo < ce ™.

We denote by the same letter « the decay rate even though it changes line by line. Theorem is
proved. (|
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