Neighborhood radius estimation for
Variable-neighborhood Random Fields

Eva Locherbach, Enza Orlandi

October 4, 2010

Abstract

We consider random fields defined by finite-region conditional probabilities depending
on a neighborhood of the region which changes with the boundary conditions. To pre-
dict the symbols within any finite region it is necessary to inspect a random number of
neighborhood symbols which might change according to the value of them. In analogy to
the one dimensional setting we call these neighborhood symbols the context of the region.
This framework is a natural extension, to d-dimensional fields, of the notion of variable-
length Markov chains introduced by Rissanen (1983) in his classical paper. We define
an algorithm to estimate the radius of the smallest ball containing the context based on
a realization of the field. We prove the consistency of this estimator. Our proofs are
constructive and yield explicit upper bounds for the probability of wrong estimation of
the radius of the context.
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1 Introduction

We consider random fields on Z¢ with finite state space defined by prescribing a fam-
ily of conditional probabilities indexed by finite subsets A of Z¢. We assume that these
conditional probabilities depend on a finite neighborhood which changes according to the
boundary conditions. Contrary to standard Markov random fields which are defined by a
family of conditional probabilities depending on a fixed neighborhood and not sensitive
to the boundary conditions (fixed order Markov dependence), the families of conditional
probabilities considered here are not restricted to a predefined uniform depth. Rather,
by examining the training data, a model is constructed that fits higher order Markov de-
pendencies where needed, while using lower order Markov dependence elsewhere. We call
these random fields Variable-neighborhood random fields or Parsimonious Markov random
fields.

Adopting this parsimonious description means that we are aiming at reducing informa-
tion by finding the minimal neighborhood of a given block of sites that is able to predict
the sites within this block. The neighborhood changes when the outside configuration of
the field changes, and the dependencies depend on the realization of the field.



Possible applications of Variable-neighborhood random fields are in image analysis,
neuroscience’s and in general in spatial statistics, whenever information reduction is
needed.

The notion of Variable-neighborhood random fields has been inspired by Rissanen’s
Minimum Description Length principle for Markov chains, see Rissanen (1983), [21]. Ris-
sanen calls the relevant neighborhood of a site, i.e. the sequence of symbols needed to
predict the next symbol, given a finite sample, context of a site and proposes an estimator
of the length of the context. Since this seminal paper, there have been several implemen-
tations and extensions of the method. We refer to the book of Grunwald (2007), [17], for
a comprehensive introduction and to a review paper by Galves and Locherbach (2008),
[13]. All these generalizations are related to processes in dimension one. Our aim is to
extend this method to more than one dimension and to define an estimator of the context
in the framework of random fields.

This requires to define a random field which can predict the symbol at a given site by
inspecting a “random” number of neighborhood symbols which might change according
to the value of them. In analogy to the one dimensional setting we call this neighborhood,
i.e. the subset of symbols needed to predict the symbol at the given site, the context of
this site. For such random fields we estimate the radius of the context of a given site,
i.e. the radius of the smallest ball containing the context of this site. It is enough to
consider the contexts for one site, since in our setting the one point specification uniquely
determines the specification for any other set. We apply a penalized pseudo-likelihood
method, first introduced by Besag (1975), [2], and developed by Csiszar and Talata (2006),
[4], in order to construct our estimator. Our estimator is a function of the observed blocks
or patterns appearing in the sample. It is based on a sequence of local decisions between
two possible values of the radius of the context, lumping them together whenever their
corresponding one point conditional probabilities are similar. We propose an estimator
for any site within our observation window, depending on its local neighborhood. Hence
we deal with a family of estimators indexed by the centers of observation patterns. For
this family of estimators, we give in Theorem 3.5 and Theorem 3.9 explicit error-bounds
for the probability of over- and underestimation. These bounds are non asymptotic with
respect to the number of observed sites, i.e. the size of the observation window. As a
consequence, we obtain the consistency of the neighborhood radius estimator.

Our results are based on several deviation inequalities which are interesting in its own
right. They are collected in Sections 4 and 5. The first part of them (Section 4) is based on
results obtained by Dedecker (2001), [5], on deviation inequalities for random fields, the
second part (Section 5) is a rewriting of typicality results obtained by Csiszar and Talata
(2006), [4]. Csiszar and Talata are only interested in consistency and they do not give
explicit upper bounds for the error probabilities. We want to control the error bounds,
for any fixed n, and so we carry on their ideas into non-asymptotic deviation inequalities.

We implement the estimates under the requirement that the one point conditional
probabilities are strictly positive. This is enough for the overestimation. To implement
the estimates for the underestimation, we need to assume that Dobrushin’s contraction
condition holds, see Dobrushin (1968), [6] and [7], and that there exists some finite order
L, unknown to the statistician, such that the random field is Markov of order at most L.
In the language of context-trees this means that we deal with finite trees only.

There is large number of papers devoted to parameter estimation for Markov random
fields when the structure of the interaction is known, see for example Gidas (1993), [16],
Comets (1992), [3], and many others. Typically, the parameter estimation addresses the
problem of estimating parameters entering in determining the potential, but not directly
the conditional probabilities. Quite recently, the non-parametric problem of model selec-



tion has been addressed, i.e. the statistical estimation of the interaction structure, see for
example Ji and Seymour (1996), [18]. Csiszar and Talata (2006), [4], propose to estimate
the basic neighborhood of Markov random fields and estimate the support of the neigh-
borhood (i.e. its geometrical structure) which is relevant to determine the conditional
probabilities. In their framework this neighborhood does not depend on the configura-
tion, hence they work in a strict Markovian frame. In Galves et al. (2010), [14], a related
problem has been studied. The authors estimate for an Ising model having pairwise in-
teractions of infinite range the pairs of interacting sites based on i.i.d. observations of the
field. Our paper is not situated in the same framework. We do not address the problem of
estimating the geometrical structure of the contexts, since this would require to introduce
too many free parameters. We deal with a problem which is simpler and more difficult at
the same time: we estimate only the radius of the basic neighborhood, but this neighbor-
hood varies when the configuration changes. This last feature is the main difference from
previous models which have appeared in the literature.

The paper is organized as follows. In Section 2 we define the Variable-neighborhood
random fields, based on the prescription of a “variable-neighborhood”-specification and
we provide two examples. In Section 3 we define the estimator of the radius of a single-
site context and formulate the main results. In Theorem 3.5 we give the bound on the
probability of overestimation and in Theorem 3.9 the bound on the probability of un-
derestimation, under suitable assumptions on the decay of correlations in the field. In
Section 4 we prove the deviation inequalities needed for the control of the underestima-
tion. Section 5 is devoted to the proof of the deviation inequalities needed for the control
of the overestimation. In Sections 6 and 7 we give the proof of the main results. We
conclude with some final remarks in Section 8. In Section 9, the appendix, we collect
some mathematical tools needed along the way. In particular we prove a relation between
single site contexts and contexts of finite sets of sites.
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2 Variable-neighborhood random fields

We consider the d dimensional lattice Z¢. The points i € Z% are called sites, ||i|| denotes
the maximum norm of 4, i.e. for i = (iy,...,4q), ||[7|]] = max(|i1],...,|iq]) is the maximum
of the absolute values of the coordinates of i. The cardinality of a finite set A is denoted
by |A|. The notations C and € denote inclusion and strict inclusion. Subsets of Z? will
be denoted with uppercase Greek letters. If A is a finite set, we write A € Z%.

A random field X is a family of random variables indexed by the sites i of the lattice,
{X; :i € Z%}, where each X; is a random variable taking values in a finite set .A.

We denote the set of all possible configurations of the random field by

0 =A%

where € is endowed with the product topology. We adopt the following notational con-



ventions. We write wy € A® for the restriction of the configuration w to the subset A.
If A = {i} is a singleton, we shall write w(7) for wy;;. Configurations defined by regions
are factorized with omitted subscripts indicating completion to the rest of the lattice:
wanae = wan. We call local configurations the elements of UA@ZdAA.

We identify the random field {X; : i € Z?} with the coordinate maps X; by X;(w) =
w(i), for any w € Q, and from now on we will use this canonical version of the random
field. We define the following o—algebras: For any I' C Z¢, let

Fr=0{X;:ie€T}and F =o{X;:ic 7.

In this set up a random field is just a probability measure on the product space (€2, F).
This measure is defined by local specifications. To define them, we recall the following
well-known notions in statistical mechanics, see Georgii (1988), [15].

Definition 2.1 A probability kernel on (2, F) is a function T'(- | -) : F x Q — [0,1]
such that

(a) T'(-|w) is a probability measure on (2, F), for each w € Q,

(b) T(A]-) is a F-measurable function for each A € F.
Definition 2.2 A specification on (0, F) is a family v = {ya}peze of probability kernels
on (2, F) such that

(a) For each A € Z* and each A € F, the function yz(A | -) is Fae—measurable,

(b) For each A € Z¢ and each A € Frc, ya(A | w) = 14(w),

(c) For any pair of regions A and A, with A C A € Z¢, and any measurable set A,

/ Ta(de’ | w) (A | &) = 7a(A | w) (2.1)

for all w € Q.

Definition 2.3 A probability measure u on (Q, F) is consistent with a specification ~y if
for each A € Z% and for each A € F,

[ o) ataw) = i), (22)
We now define the Variable-neighborhood random fields.

Definition 2.4 Variable-neighborhood random field

Let p be a probability measure on (2, F) consistent with the specification . Then u is
a variable-neighborhood random field if for any A € Z% and for p—almost all wpe the
following holds: there exists T’ € Z% such that

YA(+ | wae) = ([ wr),
and for allT C Z%, if ya(- | wae) = Ya(- | wp), then T' C L. We define

spa(w) =T.



Remark 2.5 We call the Variable-neighborhood random fields also Parsimonious Markov
random fields. Namely ya(-|wae) depends only on wgy, ) and we do not need to inspect
the whole configuration wae in order to decide about the configuration of spins within A.
Indeed it is sufficient to inspect wgp, (-

According to Definition 2.4 there might be a set of realizations of y—measure zero so
that |spa(w)| = co. From now on we assume that for all w € €, sppa(w) is a finite set.
This means that for all w € Q, y5(- | wae) does only depend on a finite, but random
neighborhood of A. When for some I'y € Z? , spa(w) = Ty for all w, then p (respectively,
X) is a Markov field with basic neighborhood I'yg. Define the oc—algebra

fspA:{Ae]—":VFchz{spA:F}ﬂAefp}. (2.3)

Then for all wy € AY, y5({wa}|-) is a measurable function with respect to Fp, -

In analogy to the terminology used for one dimensional variable length Markov chains
we can rephrase the Definition 2.4 using the concept of family of contexts. This generalizes
the notion of context trees to more than one dimension.

Definition 2.6 The family of contexts associated to the specification v For
A € Z and w € Q we denote by

cA (W) = Wip, @)

the restriction of w on the set spa(w). We call cp(w) the A—context of w associated to
the specification . We write 7)) = T§A) = {spa(w),w € Q} for the family of A-contexts.
Under our assumptions,
e | A (2.4)
TezZN\A

We use the short-hand notation ¢;(w) for ¢g;) (w) and sp;(w) for spyjy (w), for any i € ze,
We shall also write 7;(a|w) instead of v;({a}|w).

Remark 2.7 It is immediate to verify from Definition 2.4 that the family ™™ has the
following properties:

o No element of 7™ is restriction of any other element of ™ : If nr and g both
belong to 7™, T' T and nr = nr, then I' = L.

o 7)) defines a partition of AZd\A, that is, for each w € AZNA there ezists a unique
I C Z*\ A such that wr € 7).

In this way the family of local specifications associated to u is
v = {lleaw)), A € Z%ep(w)} (2.5)
which leads to a more parsimonious description than the original
{ya(-|wae)), A € Z%; wac}. (2.6)

We close the section with two examples. In the first one we embed a renewal process
in a Variable-neighborhood random field. This example has been suggested by Ferrari
and Wyner (2003), [10]. In the second example we construct a two dimensional Variable-
neighborhood random field by specifying a variable-neighborhood interaction potential.



Example 2.8 We consider A = {0,1}. Let {X,, : n € Z} be a stationary process taking
values in A such that the times when the process switches between 1 and 0 or 0 and 1 are
independent and identically distributed random variables. They have the same distribution
as the random variable T defined through

PT =j]=cip] +coph, 0<pp<pi<l, jeN

Put p=E[T]. The process {X,, : n € Z} is thus a stationary alternating renewal process.
This process can be described as one dimensional Variable-neighborhood random field. To
this aim define

Ry(w)=inf{n >b+1:wn)#wb+1)}, Li(w)=sup{n<a—-1:w(n)#wla—-1)},
(2.7)
where w € AZ. The family of local specifications V{la,p]} ‘ndezed by [a,b] C Z, is given as
follows:
Y} | Cap) (@) = Yap) (- | La(w) = =k, Ry(w) =1).
The context cjqp)(w) depends only on the neighbor sites of [a,b] which are all of the same

type 0 or 1. In the appendiz we show that for the one point specification fy{o}(- | co(w)) we
get the following formulas. Write spo(w) = [Lo(w), Ro(w)] \ {0}. Then

Yoy (1| Lo(w) = =k, Ro(w) = l,w(1) = w(-1) = 1)
(ClgllJrk—l i 62912+k71)
(cw’ﬁ’“_l + 029§+k‘1> + (cm’f_l + ch§‘1> (cmlfl + Czpl{l) —aaten
(1791 g1+1*92 gZ)
(2.8)

and

Yoy (1 | Lo(w) = =k, Ro(w) = [,w(1) = 0,w(~1) = 1)
(crof + c208) (cwlfl + 02@5[1)

_ . (2.9)
(c10f + co0k) (cwlfl + cwé”) + (cw’f*l + cw’i”) (c10} + c20))

Due to the symmetry between 0 and 1, it is clear that with formulas (2.8) and (2.9), we
have completely described the one-point specification.

In this example the context co(-) is P—almost surely finite, i.e. there exists a subset of
configurations of P—measure zero for which |co(w)| = oo.

We now give an example of a Variable-neighborhood random field in dimension
d = 2. In analogy with the procedure used in statistical mechanics we define a variable-
neighborhood specification by introducing a variable-neighborhood interaction potential.

Example 2.9 We consider A = {—1,1} and d = 2. In order to define the support of
the variable-neighborhood interaction potential it is convenient to embed Z* into R?. We
partition R? into cubes of edge 1 centered at Z2. We say that two cubes are connected if
they have one face in common. We denote by R the set of all connected unions of such
cubes, by R an element of R and by |OR| the topological surface of R.

We say that T' C Z2 is a polygon if there exists R € R so that I' = RNZ?. We denote
by OF = {i € T : d(i,dR) < 1}, where d(i,0R) = inf{||[i — j|| : j € OR} and |.| is the
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mazimum norm introduced at the beginning of this section. Finally, let ' be the interior
of I, T =T)\ar.

We say that T' is a simple polygon if OT is a path in Z? which does not cross itself and
[ # 0. Note that OT can be the union of disjoint connected paths.
Given w € AX we define for each i € 72

F%(w) =n{T' C Z2.T simple polygon ,i € f,wap =1}

Note that in the above definition we do not require T' to be finite. T' could be equal to Z>
in which case OT' = (). In order to get a finite interaction range, we finally set

Li(w) = V(L) NT}(w) and ¢} (w) = {w; : j € Ti(w)},

where V;(L) = {j € Z* : ||i — j|| < L}. Hence, T';(w) is a finite subset of Z* of diameter at
most 2L. It will be the support of the variable neighborhood interaction which we define
now. Let {J,,n € N} be a collection of real numbers and define for any i € Z2,

Kiw) = K'(c (W) = Jrywy [ @0
J€Ti(w)

where |T';(w)| is the cardinal of T';(w). By construction, the interaction is summable:

sup Z sup  |KY(w)| < oo. (2.10)
i€Z2j€ZQ w:Tj(w)3i

Denote

Hp(wp,wpe) = — Z K'(w).
{i€Z?:ANT; (w)#0}

The Variable-neighborhood random field u is determined by the following family of local
specifications

exp{—BHj(wa,wae)},  wp € AN wpe € A, (2.11)

M(fon} lwne) =

where

Z9h = Z exp{—FH(wa,wae)}
wre{-1,1}2

The family of contexts cA(w) = wgp, () associated to {ya}a, defined in (2.11), is deter-
mined by c;(w) for i € A, therefore by the knowledge of w only on spi(w). By Definition
2.4 and by (2.11) we have that

spi(w) = | JATi(w) 1€ Ti(w)}u ATy i e Ty} | \ {i}, (2.12)
jez? jez2
where W'(j) = w(j) for all j # i, w'(i) = —w(i). This formula gives the relation between

the support of the context of the specification and the support of the interaction. We show
in the appendiz that the following identity holds:

spi(w) = (I (w) N Vi(20)) \ {i}. (2.13)



In the following, we will be interested in estimating the support of the context spp(w)
for a given set of sites A € Z¢ and a given observation w.

Proposition 9.1 of the appendix shows that y4 (- | ca(w)) can be derived from the one
point specification ;( - | ¢;(w)) and that for A € Z?, we have

spA(w) = Uy, (Uieaspgiy(w)) \ A (2.14)

Hence, in order to estimate spp(w), it is sufficient to estimate the context for single sites,
i.e. spj(w). To implement the estimation procedure we need translation covariant models.

For any fixed i € Z9, we denote by 7; : Z¢ — Z% the i—shift defined by 7;(j) =i+ j. This
naturally induces on €2 the i—shift T; : Q — ) defined by

(Tow)(j) = w(ri(j)) =w(i+j) Vjez

Definition 2.10 A Variable-neighborhood random field p on (Q,F), determined by a
family of local specifications {ya}a, is translation covariant if for all A € Z% and for all
w e

(W) = Yra(|Tw), i€z?

where ;A = A + 1.

In the following we will consider only translation covariant Variable-neighborhood random
fields. This implies that v;(+|c;(T3(w))) = v0(+|co(w)).

3 Main Results and Estimation procedure

In Section 2 we introduced the notion of Variable-neighborhood random fields. Such a
random field is completely determined by the one point specification. It would therefore
be interesting to estimate sp;(w), i.e. the set of points in Z? which enables to determine
the value of the spin at the site 4. This requires, however, to estimate too many unknown
parameters. Therefore we are less ambitious and estimate the radius of the smallest ball
containing sp;(w). For £ > 1 and i € Z%, define

Vi) ={j ez’ li—jll<€} and VP(0)=Vi(0)\ {i}. (3.1)

We also write
ovi(e) ={j ez |li—j| = 3.

Then we define the length of the context of site ¢ by
li(w) = inf{f > 0 : spi(w) C V;i(¥)}. (3.2)

Note that [;(w) is a stopping time with respect to the filtration (G%),, = (Fv;(n))n-

Recall that w € Q = AZ* stands for a generic configuration of the field. In order to
distinguish between generic configurations and observed data, we will denote the observed
data by . Our statistical inference is based on observations of the Variable-neighborhood
random field p over an increasing and absorbing sequence of finite regions A,, C Z¢,
ie. A, C A1 C Z¢ for all n, and for all A’ C Z%, there exists n such that A’ C A,,.

Hence, at step n, the sample is 0y, , where gy, is the fixed realization of x in restriction
to A,. We will construct our estimators based on sites within some security region A,, C
A,,, where

A, ={i € Ay : Vi(k(n)) C Ay} (3.3)
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with )
k(n) = (log |Ay])27 . (3.4)
In order to estimate [;(w), we have to compare the neighborhood configuration of site

i with the neighborhood configurations of different sites j for all j € A,. To do so we
define for any fixed ¢ € A,, and any 1 < ¢ < k(n),

X (w) = {X[()(j) =w(i+j), j:0<]ljll <¢}, (3.5)

hence X!(w) is the configuration around i in a box of edge ¢. In terms of the shift operator,
Xw)=(wo Ti))vo(é), i.e. this is the restriction of Tjw to VY(¢). We stress that X/ does
not depend on w(i), the center of the observation window, and this is important to our
purposes. We shall use the short-hand notation

X (w) = Wt

7

For any 1 < ¢ < k(n), for any fixed configuration n € .AVOO(@, let

Na(n) = Lixey (3.6)

JEAR

be the total number of occurrences of 1 within A,,. Moreover, for any fixed value a € A,
we write

Nn(nv a) = Z 1{Xf:n,X]~:a}‘ (37)
jEAL
In particular for the observed data o, af is the data observed around the site ¢ in a ball of

radius ¢, N,,(cf) is the total number of occurrences of the local pattern around i within
A, By construction N, (0f) > 1. Note that N, (c¢,a) could be zero.

Let v : A x A [0,1]. ~v is interpreted as possible one-point specification of a
hypothetical Markov random field for which the corresponding context is contained in
Vi(€). For any site 4, under the hypothesis that its context is contained in V;(¢), we define
the pseudo-likelihood of v as follows:

PLiO() =[] 2lxh) = I valeh)Necro. (3.8)

JEAL, Xf:o‘l acA

Maximizing (3.8) with respect to 7 under the constraint
L
Z v(alo;) =
acA

gives the following estimator of the one-point specification

N, (0t a)
~ Y4 n 19
N =t 3.9
Analogously, we can define for any fixed configuration n € AV©
Nn(ﬁva) ]
pnlaly) =4 Futmy L Na(0) >0, (3.10)
0 otherwise.



Remark 3.1 Not all v satisfying > ,c 4 v(alot) =1 are possible one-point specifications;
one point specifications have to satisfy additional conditions, which are collected in the
appendiz, see (9.2), and which are not considered here. However, we define the pseudo-
likelihood also for v not satisfying these additional conditions.

Thus, given the sample oy, , the logarithm of the maximum pseudo-likelihood of 7 is
the following quantity:

log MPLy(i,0) = > Ny(of,a)logpn(alof). (3.11)
acA

The decision if for a given ¢ the context has radius ¢ — 1 rather than ¢ is based on the
Kullback-Leibler information. We introduce

log Ln(i, ) = Y Na(o]'0)D(pa(-loi"v), pul-loy ), (3.12)
vEA2V0(6)

L

where we sum over all possibilities of extending Uf_l to a configuration Ui_lv of radius £

and where
S l=1 N s =1y N g —1 pulaloy'v)
D(pn(lo; " v), Dn(-lo; 7)) = an(akfi v) log AT
acA pn(a’gi )
is the Kullback-Leibler information. Note that log L, (i, ¢) is a function of O'fil, but not
of of. We rewrite it as follows:

Pn(alX]) ] (313)

1
log L, (i,0) = —— N N, (Xl a)log | — 1
2 La(6:8) 2 Nn(Xf); n(Xe) g[ﬁn<arXf‘1)

oy l—1_ 01
]AX]. =0;

Finally note that

log L, (i,¢) = Z

VE Xf_lzag_

7

1
——log MPL,(j, )| —log MPL,(i,t —1).  (3.14

For technical reasons we have to introduce the following security diameter
L
Ry = | (log |Aa]) 7], (3.15)
where [-] denotes the integer part of a number. Note however that

R,/k(n) — 1 as n — oo,

where k(n) was defined in (3.4). We are now able to define the estimator of the context
length function.

Definition 3.2 The estimator Given the observation oy, , for any i € A, see (3.3),
the estimator of l;(c), defined in (3.2), is the following random variable

~

(i) = 1,(i,0) = max{f = 2,..., R, : log Ly (i, £) > pen(¢,n)}, (3.16)

whenever {£ = 2,..., Ry : log Ly (i,0) > pen(€,n)} # 0. Otherwise we set l,(i) = Ry,. In
the above definition,
pen(l,n) = k| A|| AP og |A,], (3.17)

and Kk s a positive constant that can be chosen freely, provided it is at least of the order
given in (3.18).
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In other words, the above estimator chooses the minimal length £ such that all sites which
are relevant to determine the value of the spin at site ¢ belong to a ball of radius £.

Remark 3.3 In one dimension the above penalization term is independent of £, since in
this case |A[1PY0Ol = | A|2. This leads to a penalty term

pen(n) = K!AP log | Ayl

Once we have estimated the context length function, the underlying context ¢;(o) is
then estimated by

eni(0) = yo(, i)

and the corresponding one point specification by 4, ;(a|o) = pp(aléni(0)).

3.1 Main results

The estimator Zn(z) depends on the penalization term, (3.17), therefore on the choice of
the constant x. Choose § > 2%1log |A|4qiﬁ and define

k= K(6) = 54 (2)1/2 5 (3.18)

For the estimator defined in this way the following theorems are our main results.

Assumption 3.4 The local specification is positive. We define

Gmin = ;gfaloirelg Yo(alw) > 0. (3.19)

Theorem 3.5 (Overestimation) Let u be a translation covariant Variable-
neighborhood random field for which Assumption 8.4 holds. For any € > 0 there
exist ng = no(€, 9, @min) and c(8) = c(9, gmin), so that for any n > ngy the probability of
overestimation is bounded by

" [az' e Ry : (i) > zi(a)} <
C(d)(log ]]\n\)% - exp <—c(5)\/log \An\> + C(d)exp (—|An)' ™), (3.20)

where C(d) is a positive constant depending only on the dimension and where A,, is given

in (3.3).

Remark 3.6 To obtain an upper bound in (3.20) summable in n, we need a fast increase
of the sampling regions of order for example

log [An| ~ (logn'*9)?,
which requires faster increase than choosing Ay, = [—5, %]d

For bounding the probability of underestimation we need an additional assumption. To
this aim define

. 1
r(i,j) = sup 5 iClw) =2 v
w,w’:w{j}c:w’{j}c
where || - || 7v denotes the total variation norm. By translation covariance r(i,j) =
r(0,7 — 7). We denote

Bly="> r(0k). (3.21)

keZ4:||i||>£
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Assumption 3.7 We assume that there exists L > 0 such that
r(0,4) =0  for all ||i|| > L (3.22)

and

r= > r(0,i) <1, (3.23)

i€Z\ {0}

Remark 3.8 Condition (3.22) implies that the observed random field is actually a
Markov random field of order L. The order L, however, is unknown. We do not propose to
estimate this unknown order L. When passing to the parsimonious description (2.5), what
we actually propose is to estimate, for every site i, given the observation o, the minimal
order l;(o) that we need in order to determine the specification at that site, given o. This
is also called Minimum Description Length in the literature. However, if l;(c) does not
depend on the configuration, then our estimator naturally provides an estimator of L.

Condition (3.23) is the Dobrushin condition which implies uniqueness of the measure
w, see Dobrushin (1968), [6], [7].

Theorem 3.9 (Underestimation) Let p be a translation covariant Variable-
neighborhood random field for which Assumption 3.4 and Assumption 3.7 hold. Then
for any € > 0 there exists ng = no(€, 0, Gmin, L), so that for any n > ng the probability of
underestimation is bounded by

u Hief\n:[n(i)<li(a)] < exp (—]An'7). (3.24)

Remark 3.10 1. The above results are stated for all n > ng where ng depends on the
(unknown) model parameter qmi, and on the interaction through L. It is possible
to write down upper bounds which hold for all n, but then the bounds become more
complicated and depend on G, and on L. We adopted the above way of writing in
order to state the results in a more transparent way.

2. Note that the trade-off between the rates of the two kind of errors (exponential con-
vergence for the probability of underestimation in (3.24) and (basically) polynomial
convergence of the probability of overestimation in (3.20)) is a typical feature in
problems of order estimation appearing already in the simpler problem of order es-
timation for Markov chains, see e.g. the papers by Finesso et al. (1996), [11], and
Merhav et al. (1989), [19].

This represents the usual trade-off between type one and type two errors in statis-
tical decision problems: QOwerestimation means that the estimate exceeds the true
order and that we choose models that include the true data-generating mechanism.
This choice is not optimal but does only lead to a higher cost. On the other hand
underestimation leads to a restriction to lower order models that do not describe the
observed data.

So it is desirable to have an exponential control on the probability of underestimation
while keeping some polynomial control on the probability of overestimation.

3. The definition of our estimator depends on the parameter §. This plays an important
role only for the overestimation. Namely it appears in the exponent of the upper
bound through the constant

_ g 2Qmin5

d) = 5

— 2dlog|A|,
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(see end of the proof of Lemma 5.2). To ensure the consistency of the estimator we
need to choose § sufficiently large, depending on the one-point specification and on
Gmin Such that ¢(§) > 0. Therefore, our estimator is not universal, in the sense that
for fized § it fails to be consistent for any random field such that c(0) < 0.

This problem appears even in the simpler case of order estimation for Markov
chains, see for example Finesso et al. (1996), [11], and Merhav et al. (1989),
[19]. As pointed out by Finesso et al. (1996), [11], it is not possible to have an
exponential bound on the overestimation probability of an order estimator without
rendering it inconsistent, for at least one model, for the underestimation.

4 Deviation inequalities for underestimation

The deviation inequalities needed for the underestimation are based on results obtained by
Dedecker (2001), [5], on exponential inequalities for random fields. To adapt these results
to our model we need Assumption 3.4 and Assumption 3.7. Under condition (3.22) of
Assumption 3.7, the Variable-neighborhood random field is at most of order L, although
the value of it is unknown to the statistician. Moreover, condition (3.23) implies that
there exists a unique infinite volume Gibbs measure p consistent with the specification ~.
In the next subsection we present a preliminary deviation inequality based on the
results of Dedecker (2001), [5], and then give in the following subsection the deviation
inequalities that shall be needed in order to control the probability of underestimation.

4.1 Preliminaries

Fix ¢ > 0. For a given configuration n € AVOO(Z), we define

p(n) = p({Xi = m, ¥i € Vy(0)}). (4.1)

Recall that N, (n) is the total number of occurrences of 7 in the observation oz . Then
we get the following result which is an immediate consequence of Corollary 4 of Dedecker
(2001), [5].

Proposition 4.1 Under Assumption 3.4 and Assumption 3.7 there exists a constant
c(d, L) depending only on dimension and on the range L, such that for any configura-

tion n € AV O,
Np(n) 1e c(d, L)|Ay|62
nil) _ >4 < —o el ) :
1 < A p(n)‘ > 5) <e'/fexp 02 1c (4.2)

The remainder of this section is devoted to show how this result can be obtained as a
consequence of Corollary 4 of Dedecker (2001), [5]. We give this proof in detail since this
shows at which extend Assumption 3.7 is needed.

Proof. For any i, let
Yi = Lixt—ny-

Then under p, {Y; : i € Z%} is a stationary random field. The associated filtration is
defined as follows. For any I' C Z¢, let

G'r = o{Y;,i €T},
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and define the ®—mixing coefficient

(I)(ggrwgglb) = Sup{HM(B’géﬂ) - M(B)HooaB € g£F2}'

Moreover, let
(I)io,l(n) = Sup{q)(ggrlvgerz) : ‘F2| =1, diSt(Flu F2) > n}7 (43)

where dist(I'1,T'2) = min{||j — i||,7 € T'1,j € I'2}. Let

Be=1+) @ (n)|0Vo(n)|. (4.4)

n>1

Note that this quantity (G, depends on ¢ through the filtration {ng,F c Z4}. To avoid
confusion we warn the reader that [, defined in (4.4) is a different quantity from [3(¢)
defined in (3.21), although related.

Corollary 4 of Dedecker (2001), [5], implies the following exponential inequality

M < ]TZZ]) - p(n)‘ > 6) < e!/exp (— |2;£2> : (4.5)

To conclude the proof we have to estimate (y. This is done in Lemma 4.2, stated below.

Then by defining ¢(d, L) = m, where C(d, L) is the constant of Lemma 4.2, we obtain

the desired result. °

Assumption 3.7 is essential for proving the following lemma.

Lemma 4.2 Under Assumption 3.7, there exist constants ¢* = ¢*(L) and k = k(L) such
that
®lo 1 (n+20) < ¢ VP (O]e*,

and for By defined in (4.4), we have
By < C(d, L)(20)*
where C(d, L) is a positive constant depending on the dimension d and on L.
Proof. For any I' € Z¢, let
() ={iez:dir) <}
We have that, whenever |I'| > 1,
G'r =o{Y;,i €T} Co{X;,i € T(0)} = Frp.
When |I'| = 1, assuming I' = {i},
G'r = o{Yi} Co{X;,j €O\ {i}} = o{X;,j € VP (O)}.

By translational covariance, if is sufficient to set I'y = {0}, |T'1| = oo and dist(I';,T'2) >
n+2¢, forn > 1. Now, take B = {X§ = n} for some fixed n € A% ®), Since Qlél C Fvy(nto)e
and u(B|gfil) = M(M(B\fvo(nM)cﬂgfﬁl), in order to bound @ﬁo’l(n + 2/0), it is sufficient to
bound
1(BIGr,) = 1(B)llss < In(BIFvymie)e) — 1(B)l |-
But
p(B) = p((BlF vy (nt)e))-
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Hence, using the specification ~ defined in (2.1) and (2.2), by definition (4.3) we have
®L, 1 (n+20)

<sup { [ du@) [Posn (B1) = w00 (B |

4.6
< sup [oo (BI) — 1) (BI) | 40

= sup Wotnt0 (@ (V5 ()W) = Mo mre) (@ (V' (0)|w)]-
w(VR(0)) w(Vo(n+0)e) w' (Vo (n+£)°)

To control this last term Assumption 3.7 is essential. Indeed, we need to show that,
uniformly on boundary conditions outside Vp(n + ¢), (4.6) is exponentially small in n.
Applying Theorem 3.1.3.2 of Presutti (2009), [20], we obtain the following. There exists
a function uyy (o) 7% — R, such that

o 1o n0) (@(VE (D)) = Wy mse) (@(VE () |w')] <
w(VL(£),w(Vo(n+£)¢),w’ (Vo (n+£))

> (@) (47)
ieV2(e)

Moreover by Corollary 3.2.5.5. of Presutti (2009), [20], under (3.22), there exist ¢* = ¢*(L)
and k = k(L) so that

Wy (i) (i) < " FAEVOMTNT) 4 e YO(p), (4.8)
Therefore, we have

Pl (n+20) < e (0],

and thus

Be< VR 201+ Y [0Vo(n)|@5 1 (n)

n>20+1

< (4£)d+c*(4€)d Z ndflefk(nfﬂ)).
n>20+1

(4.9)

Hence we may conclude that
/88 < C(da L)(2£)2d_17

where C(d, L) is a constant depending on the dimension d and on the range of interaction
L. °

Remark 4.3 In Proposition 4.1 we obtain an exponential rate of convergence in the er-
godic theorem. It is very likely that to our purposes polynomial or sub-exponential rates
of convergence will be enough. This would allow to get the control for the probability of
underestimation also in the regime of phase transition. This lies, however, outside the
scope of the present paper.

4.2 Deviation inequalities

We are now able to state the deviation inequalities needed to control the probability of
underestimation. They are consequences of Proposition 4.1 and follow ideas of Galves
and Leonardi (2008), [13]. Before doing so, we define for any a € A, n € A%,

p(a,n) _ p{Xo=a Xi=m, ¥ie VP()})

Pl =y T T XK= Vie IO (4.10)
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By Assumption 3.4 we have that for any given configuration n € A0

d
p(n) > qgfgz ;

and

p(a|7’]) > qmin-
We are interested in configurations having support in a ball of radius at most L. Hence,
writing

ag=inf  inf  {p(aln),p(n)}, (4.11)

=L e AmeaVd®

we obtain that
(2L)?
min °

ap > q (4.12)

We define the following quantity

An<n>=Z(N( Na0:9) 1o 5. (alin) = pl(n ,a>>1ogp<a|n>>, (4.13)

acA |A |

where p,,(a|n) is the quantity defined in (3.10). We obtain the following deviation inequal-
ities.

Corollary 4.4 Let p be a translation covariant Variable-neighborhood random field for
which Assumption 3.4 and Assumption 3.7 hold. Lett > 0, £ < L where L is given in
(3.22), let n € AWO, p.(-|n) defined in (3.10), p(-|n) in (4.10) and let A, (n) as defined
n (4.13). Then there exists a constant C(d, L) depending only on dimension and on L
such that

A 2
al) = plal)| > 0 < 2 eap (-Cla )R] vaed
A (t A t2)ad
An £) <3 1/6 <—C d,L | 0 , 4.15
(Bl > 1) < A exp ( ~O(d, 1) ity -5 20 19

where aq is given in (4.11) and estimated in (4.12).

Nn(n,a)

Proof. Concerning (4.14) we obtain by inserting and subtracting the term Rlp(n)?

IPn(a!n) p(aln)|
Nu(n,a)  Na(n,a) L (Naa)
S| N Ralp) +‘p(n)< A p(( m)))'.

The first term in the last expression can be upper bounded by

Nu(ma) _ Nu(ma)| _ ‘!A n|p(n) — Nn(n)‘
Nn(m)  [Anlp(n) )| Anp(n)
_ Nafnya) [P0 =R _ | ]Tifff’
Nn(n) p(n) - p(n)
As a consequence we obtain that
1 ([pn(aln) — plaln)| > 1)
<se([pm = 50| > o)
ama) N[t
+p <’< i, = p((n, ))>‘ > 21?(?7))-
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Then, applying (4.2), we get

R 1 c(d, L) |An]t2p(n)2 1 c(d, L) |An]t2ag
_ < e — < e _ = .
p Ualaln) = plaln)| > ) < 2eteap (=L LIEPON) < ek (- SETNCH

Hence, writing C(d, L) = ¢(d, L) /(2L)??~!, where c(d, L) is the constant of (4.2), assertion
(4.14) follows.
To show (4.15) we subtract and add the term w log p(aln) to A, (n). We obtain

An(n) = ZNnQ?,a) logﬁn(am)

A p(aln)
Ni(n, a)
T —— —p((n,a)) | logp(aln)

= An(n) + A% ().

We rewrite Al(n) in the following way and then apply the estimate (6.4):

Al = TS b (al) tog 22017

N plaln)
Na(n) <~ (Balaln) — p(aln))?
~ A ; plaln)
(Bn(aln) — p(aln))®
P D A
23 (Bn aln plaln)®
acA

Therefore

u (1831 > 5)

< 37 i (Gonlal) = plal* > oo

acA

A 2
< 2| Ale'€ exp <—C’(d, L) ‘éﬁﬁﬂ , (4.16)

by (4.14). We get for the second term

(1820 > t)

<Sn([M @9 > s ga)

acA A
Ay |t?
< |Ale'ce < d, L | ) 4.17
Al P 4|.A|210g ape (4.17)
by (4.2). This finishes the proof. o
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5 Deviation inequalities for overestimation

In order to control the probability of overestimation we do not need as strong assump-
tions as for the control of the probability of underestimation. Indeed, we can avoid to
impose Assumption 3.7. We mimic the method used by Csiszar and Talata (2006), [4],
see Proposition 3.1 and Lemma 3.3 of their paper. Their results are typicality results and
they obtain the almost sure convergence of the empirical probabilities to the theoretical
ones. We follow the way indicated by Csiszar and Talata (2006), [4], but we quantify the
errors and obtain in this way precise deviation inequalities. We will need only Assumption
3.4.

We partition the region A, by intersecting it with a sub lattice of Z? such that the
distance between sites in the sub lattice is 4R,, + 1. More precisely, let

A ={jeh, j=k+ @R, +1),1€Z%, |k|<2Rn.
For any ¢ < R,, and any fixed configuration n € AVOO(Z), let
k _
Nn(n) - Z 1{Xf:r]}
JEAL

be the number of occurrences of 7 in the sample having center in A*. In the same way we
denote

k
Nu(m.a) = 3, Vixtoy x;=a}-
JeAL
Note that we have

Nip(n) = Z fo(ﬁ)a Nn(n,a) = Z fo(ﬁa@)-

k:|| k|| <2Ry, ki|| k|| <2R»,
Let
3 k A vO(0)
A(n, 0, k) = {ilog N;(n) >log|A,|, for all n € A0 st £>1p(n)} (5.1)
and
Bn,t)= (] Aln,Lk). (5.2)
k:||k||[<2Rn

The probabilities u(A(n, ¢, k)) and u(B(n,£)) can be immediately obtained by Lemma 5.3
given at the end of this section. Recall the definition of p, in (3.9).

Theorem 5.1 For any
3e

6 > 2%10g | A (5.3)

4Qmin ’
there exist a positive constant c(6) = c(9, gmin) and ng (not depending on Gin nor on §)
such that for all n > ng, for any ¢ < Ry,

log Ny, (77)

B(n,?)

< 4 (4R, + 1)%exp (—c(&)y/log \/_Xn]) , (5.4)

where k(0) > 0 is as in (3.18).
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The main ingredient to prove Theorem 5.1 is the following lemma.

Lemma 5.2 For any § as in (5.3) there exist ng (not depending on Gmin nor on §) and
a positive constant ¢(§) = c(9, gmin), such that for all n > ng, for any { < Ry,

NE(n, a) (log Nk(n)%
IneAWO 1> 1(n) | =D a ’> Syioy(aln) ——22

A(n, £, k;)]

< dexp (—c(é)y/log ]An|) . (5.5)

Proof. Fixne A% with £ > ly(n) and set y(a) = Yoy (aln). Recall that y(a) > gmin-
We first provide an upper bound for fixed 5 of

i || @) NE 2 (0)] 2 52 @) 08 NE 2 Al 1)
By definition

Ni(m,a) = NEMvyaln) = - Txemyy [Tog=a — vopan)] . (5:6)
JEAL

We order in some arbitrary way the points
{j € AL X7 =n} = {ji, 1 U< Ny()}-

Define
Z = [I{le:a} - ’Y{O}(a’n) , =1, N/’f(n)

The random variables {Z;, [ = 1,... N¥(n)} are identically distributed random variables,
having mean zero; which are conditionally independent, in the sense that for i # j,
0<% <L, 0< |z <1

1|2 = 21,2 = 2R\ Ujerg Vi(0)] = 1| 2o = zlo(Ra \ Users Vi (0)
1|25 = 2w (Ba \ Ujear V3 (0)]

Take an independent copy {Z/,7 > 1} of i.i.d. random variables, having the same distri-
bution as Zi, independent of X. Then for i > N¥(n) we let Z; = Z;—Nk(n)' The important
point of this definition is that in this way, the sequence of random variables 71, 2o, ... 18
independent of N¥(n). Define partial sums

N
SN:ZZj’ S}Q:max{Sj;jgN}.
j=1
These are still independent of N*(n). We write the quantity in (5.6) as

Ny (n,a) = Ny ()03 (aln) = Sy < Sk - (5.7)
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We now use arguments similar to those in the proof of Lemma 3.3 of Csiszar and Talata
(2006), [4]. In the following,

i = (B \ Ujens Vi (0)))

denotes always conditional probability when conditioning with respect to w(A, \
Ujear Vj(£)). Then,

ﬂ[sz*v;;(n)z\/57(G)N/§(77)(10gN£(77))1/2 VA, k)| < (5.8)

ﬂ[ Ek(n)z\/M(G)fo(n)(log NEm)Y2%5e/< Ni(n) < € A(n, 4,k) | .
N

Note that on A(n, £, k) N {el < N¥(n) < eIt1}, see (5.1), since log N¥(n) < log|A,|,
. < 3 .
j<log|An| = 5(j +1).

Hence by independence of {S%, N > 1} and N%(n), the last expression of (5.8) can be
bounded from above as follows.

> ifsezya@avils X alsiezyn@evi].

jii<log |An|<5(j+1) gilog|An|< 5 (j+1)
(5.9)
Now, Bernstein’s inequality, see Lemma 9.2, yields
2¢2
a[Sy>c <2 —— .
jlsi > d < 2o (-5

This gives

; 2 min -
fi [S:Hl >\/dy(a)el \ﬁ] < 2exp <— qe (5\6> .

Taking in account that
& 1 1
/ e Wydy = ge_b\/a\/& + ﬁe_b‘/a,
Ja

setting b = 2¢mind/e and a = 2 log|A,| — 1, one can upper bound the sum over j in (5.9)
obtaining

i [S3400 2 Vor@NEm o N @) 2 A )]

2e 2 . e 2Qmind |2 -
“log|A,| -1 - —log|A,| —1
S -~ (\/3 0g A +25qmm>exp< o \/ 3 lo8lAx] )
2 - 2Gmind |2 -
§4(\/310g|An]—1+1> exp <—q\/3log\An|—1>,
e

since by the choice of 4 in (5.3), 55°— < 1.

Now, there exists ng (not depending on g, nor on ¢) such that for all n > ng, this

last upper bound can be replaced by
2 - 2qmind |2 - 2 2Gmind -
<\/3logAn|—1+1> exp <— qe \/310g|An]—1> Sexp(—3 qe \/log|An]>.
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This upper bound holds also for the non-conditioned probability u. Finally, in order to
get the result uniformly over all possible configurations n having lp(n) < ¢, we need to
sum over all possible choices of patterns n. This gives, by definition of R,

’A’|VOO(€)| _ |A|(2€)d < |A|(2Rn)d _ 62dlog|A|\/log|/1n\

terms. Thus we can conclude that for all n > ng, taking ¢ as in (5.3) we have

[ 3 1€ A0, 02 bo( ‘Nk 2 v{o}(a\n)‘ > ¢57{o}(aln)(IOgNN£g>)§
JA(n, 2, k:)]
< 4e2dlog|A|\/10g|Tn\eXp <_§2qmei”6 log\ﬂn|>
= 4exp <—c(5)\/log |An|> ,
where ¢(6) = %2‘1”“” — 2%1og|A| > 0. This concludes the proof. .

We are now able to give the proof of Theorem 5.1.
Proof of Theorem 5.1 Fix n € AW ®) with £ > Io(n), let y(a) = Yioy(aln), 6 as in (5.3)
and denote by

k a
Bm= () {\W - 5@

kil k|| <2Rn

< \/M(CL)[fo(n)]l log fo(ﬁ)} :

Then on E,,(n), using Jensen’s inequality, the definition of R, and N¥(n) < N, (n),

| (aln) — Yoy (aln)]

Nj(n,a) Nj(n)
< D> |- ’7{0}(a|77)’ =
\/log NE(n) NE(n)
< > 4[0voy(aln) NG Ne(n)
K:||k||<2Rn "
log N
< Z 57{0}(a|77)]\§<)(n)
k:|| k|| <2Rn n\1l

_ (4R + 1)Y20Y 20 (aln) 2 [log Na(m)]'/*
B [N (m)]1/2

log Nn(n)]IM

< 5%2 (log |An|) 61/27{0}(@!77)1/2[ N ()12 (5.10)

On {log|A,| < 2log Ny, (n)}, this last expression can be bounded from above by

5d/2<2>1/4\/ gy (al) EA) \/ <10 () E




where £(0) is chosen as in (3.18). Hence we get

p |3 € APO, 0> ofn)  |palaln) — g0y abn)] > \/f«a)m}(amw B(n,0)

<1 U B’ B0 (5.11)

But

0
neAY0 D 1>10(n)

Nk, a
- U U ) <o)

k|| k|| <2Rn neAV(?(é): e>1o(n)

0 k
> \/ () VA

therefore applying Lemma 5.2 we can finally upper bound

pl J Ea)®.B(n,0)| <4(4R,+1)%exp <—c(6) M) ,

n: €2lo(n)
for all n > ng. This finishes the proof. °

The following lemma gives conditions ensuring that u(B(n, £)¢) converges to 0 by giving
the precise rate of convergence.

Lemma 5.3 Forany 0 <e; <1,0 < e <1, and for any positive C; and Cy there exists
1o = 10(Gmin, min(e1, €2), min(Cq, C2)) so that for n > ng and for any ¢ < R,,, we have

" (377 e AWO 1> 1o(n): N¥(n) < 01|Z\n|1—61) < exp (—CylA,[172) . (5.12)

Proof. Fix some n with lo(n) < ¢ < R,. Then {1,7(Xf), j € AF} is a collection of
conditional independent random variables, conditioned on fixing the configuration w(A,, \
Ujear Vj(0)). By Assumption 3.4, we have that
20)4
p(XS =) = qli)
Here we have used that [V(¢)] = (2¢)?. Then a conditional version of the Hoeffding
inequality, see for example Lemma A3 in Csiszar and Talata (2006), [4], yields

d
42

N’V]]?(/rl) 1 20)¢ n _|AK | Imin
”[ Ak S 5%(7”7)1 !w(An\UjeAng(ﬂ))] < eIl (5.13)

As a consequence, we obtain also for the unconditioned probability,

(204

Nk 1 A min
{ y%ﬁﬂ) = ﬂiffﬂ < eI (5.14)
and thus
NE 1 Rk 2
p|Ine ADO 0> 15(n) - |X5;|7) <2<Ifif%d] < [ A|@Fn) eIl (5.15)
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To obtain (5.12) we need to compare |A,| to |A¥|. By construction we have for n suffi-
ciently large,

A% > (4}%’31‘1)01 > (gg’;‘)d. (5.16)
This and (5.15) imply that
. Al ,20°
pw|3n e AW 0> 1(n) : NE@m) < ;qgf%d% < AR BT R (5.17)
But
et Bl g (5.18)

Imin (5R,,)d (5R,, )4

By the definition of R,, in (3.15), R? = \/log|A,|. Thus for any C' > 0 and for any ¢ > 0
there exists ng = 1o (gmin, €, C') so that for n > no,

- q(QRn)d B ezd log |An|log gmin
|, |¢ Tmin = |A,|¢ - >C
(5R,) 544/log | A, |

This and (5.17) imply that for any €; > 0 and €3 > 0, positive C; and Cq, for n > ng, we
have

plane AW, 1> lo(n) : N¥(n) < C1|1_\n!1761} < \A|(2R")d67202|]\"‘1762. (5.19)
Finally, note that for n > ng,

|A|(2Rn)d _ 62d10g|A|\/log\/_\n| < eC’g|/_xn\1*62'

Thus we have proved the lemma. °

6 Proof of Theorem 3.5

We show the probability of overestimation (3.20). Recall the definition of the set B(n, R,)
given in (5.2). Clearly,

p(3ie A, 1,(0) > li(o) < u(B(n, Ry)°)

o (6.1)
+uFie A, 1,(0) > (o), B(n, Ry)).

The first term is estimated by Lemma 5.3, choosing ¢; = %, € =¢, Cp =1,09 = 2. This
yields _
p((B(n, Ry))?) < (4R, + 1) 201

for all n > ng where ng depends on the choices ¢; = %, e =¢,C1 = 1,09 = 2 and ¢yin-

Since
(4R, + 1)% < C(d)\/log |A,| < C(d)el!"™,

eventually, we have that for all n > ng

u((B(n, Rp))®) < C(d)e 1, (6.2)
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We now study the last term of (6.1). We are interested in the event {I,(i) = ¢ >
l;(c)}. Note that ¢ > [;(c) implies that for any j such that Xffl = o1 necessarily
lj(0) =l;i(0) < £ —1 and as a consequence ’yj(-]Xf_l) = (ot ).

Hence, for any ¢ > [;(c), we have, by (3.14)

log Ly, (i,0) = Z N, (X0 [log MPL,(j,¢) —log MPL,(i,¢ — 1)]
VB Xf_lzaf_l " J
< Y i 18 MPLGO ~log PLE V(o)
VE Xf71:0571 " J
1 pn(al X5)
S
PSP s Z( O Ee
j i
b X!
ji Xt 1=gl=1 acA %(a|0-i )
L X =0
2
.y (Balal X)) = vi(alo!™))

/-1
i Xt1ogt=1acA ’YZ(a’U )
L X :

(Pn(al X2) —yale (o))

- (6.3)
We used that for any two probability distributions P and @ on A,
P(a) (P(a) — Q(a))?
P(a)log ——= < , 6.4
Za: @) g@(a)—za: Q(a) (6:4)

and in the last line the fact that {X;f1 = oj L ¢ > 1;(0)} implies v;(alcj (o)) = %-(a|0'ffl).
Hence, writing for short v;(-) = v;(:|¢;(0)), deﬁne

log N,, (ot
nlalo?) = ()| < JH(&%(@)W} ,

J

E, =

{Vj €Ay, lj(o) <l VNaeA:

where ¢ is as in (5.3) and k() is defined in (3.18). Then on Ey, (6.3) can be bounded
uniformly in i € A,, from above by

2. 2.6

jXZI ZlaeA

logN( ):

_ log N, af‘lv
Sopw = 2 Mol S s R

PEAVD(®) acA
r(8)A] AP log | A|.
Hence, on Ey, for all i € A,, having [;(0) < ¢,
log Ly, (i, £) < r(6)|Al|A]'7° @ 1og |A,,| = pen(t,n).

This implies that I, (i) < £ for all £ > I;(0) and hence I,,(i) < I;(0). Thus

Rn

(3 € At (i) > 1i(0), B(n, Ra)) < Y u(E7, B(n, Ry)).
(=1
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But

E; C

{Ha € A3 € AW to(n) < ¢, [palaln) = vop(aln)| > \/“(5)7{0}@!77)%} |

Hence by Theorem 5.1, for n > ng, we have

Ry

S u(Ef, Bn, Ra)) < |AIC()RE exp (—cw)\/log mn\) . (6.5)

=1
By definition of R,,
R < (logA,) %7 . (6.6)

Taking into account (6.1), (6.2), (6.5) and (6.6) we get (3.20). This finishes the proof of
Theorem 3.5.

7 Proof of Theorem 3.9

We now turn to the problem of underestimation. We suppose that ng is sufficiently large
such that R, > L. Fix ¢ € A,, and suppose that [,,(i) < l;(0). Since l;(¢) < L < R,,, this
implies by definition of the estimator that there exists ¢ < l;(o), such that

log Ly, (i,0) < pen(¢,n). (7.1)

Recall that by (3.14),

log Ln (i, €) = > log MPLy,(j,0)| —log MPL,(i,¢ —1).

j: Xtl_gt-t

i

o
N, (XF)

By definition of A, (n) in (4.13) we can write

IAI

W0 = | A | - Aol

J: X571:0'¢71

7

+ Y Doplleh va))logp(aloytv)

vEAPVO () aEA

= p((ef ", a))logp(alo )

acA

= Z An(‘jf_lv) _An<af_l)

veAVo(6)

+ D Doplleft v.a))logplalo ! v)

’UGADVO ) ac A

=Y p((of " a)) logp(alo ).

acA
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Set

D(i,t,o) = > > p(lof ! v,a))logp(alol ™, v)

veAPVO (D) aEA

=3 p((o! " a)) logplalol ). (7.2

acA
Moreover, for a constant ¢ > 0 that will be chosen later, define

B ¢
E(t,0) = {Vne AN vy e 420 A, ()] < aTaPwEr Al </2).

Then on E(t,{),

A ’logLn(i,E) > D(i,l,0)—t.

Next we show that D(i,¢,0) can be bounded away from zero. Taking into account
-1 -1
Z p((o;" " v,a)) = p((o; ", a)),
veAVo(0)

we can write

-1
plalo; ™ v
D(i, ¢, 0) E E p(( l,v,a log(’lz_l)).

veEAVo () a€A p(a\ai

By Pinsker’s inequality for relative entropy (see for example Fedotov et al. (2003), [9]),
we have that for P and ) probability distributions on A,

> P(a)log SEZ; > 1HP — QllFv-

Moreover,

1P = Qll7y > sup(P(a) - Q(a))*.

But, since ¢ < [;(0), there exist v and a such that p(a|of*1) # p(a|0f*1, v). Hence we have
that D(i,¢,0) > 0. Since we are working under the assumption that [;(w) < L for all w
(recall condition (3.22) of Assumption 3.7), we can thus conclude that

D(x,l,0) > dy >0, (7.3)
where
dp =inf inf D(i, ¥, 0).
4,0 £:4<l;(0)
Choosing now t = @ we finally obtain that on E(%Q,¢),
: 7 1%
log Ly, (i,¢) — pen(¢,n) > \An\? —pen(f,n) >0
for n > ng(i), since pen(f,n) = | A||A[1PY0@l1og |A,| = O(log |A,|). This is in contradic-
tion to (7.1) and implies that I, (i) > ¢. Hence we conclude that
[Fi € Ap i (i) <Li(0)] <D _p|E AN (7.4)
/’l/ n - 'n (2 — €<L/'I’ 2 ) ° N
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We use (4.15) and sum over all possibilities of choosing € A% ¢~ and of choosing
patterns Xf such that Xffl = 1, which gives |A|Y®! terms. But since for ¢ < L,

|A|Y @ < | A|CLHD?  we finally obtain

()

Ay |doc
- 1e (| f|(L+1)¢ _ [Anldocg
< 3l4e' (14 )exp( Cl, L) AP log? ag) AJP 0T

A 2
1/e (2L+1)4 _ C(d, L)|An|doag
<3AR (LA e (e o,

— 3l Alel/e (’A’(2L+1)d> exp (=Ca(d, L, gmin)|An))

(recall the control of o given in (4.12)), where Ca(d, L, ¢min) is another constant depend-
ing on the dimension d, on the interaction range L and on gmp.
Thus, we can conclude that for any 0 < e < 1 there exists ng = ng(€, Gmin, L, d) such

that for all n > ny,
d ¢ -
g L <E <20,£> ) <exp (—|An]'79). (7.5)

<L

(7.4) and (7.5) together conclude the proof of Theorem 3.9.

8 Final comments

In the present paper we generalize the concept of chains with memory of variable length
to the multidimensional case of random fields. The main aim of this concept is to adopt
a parsimonious way of describing data: the spin at site ¢ is influenced by a finite, but
random number of spins; it is important to distinguish between relevant and irrelevant
states. As in the case of one dimensional models, the set of relevant neighbor states of
site i is called the context. The radius of the smallest ball containing the support of the
context is the length of the context of site i.

We presented in Section 3 an estimator of the context length function based on a
sequence of local decisions between two possible context lengths. These decisions are
performed using the log likelihood ratio function. In the case of dimension one, our
estimator is simply the context length estimator of variable length chains which has been
classically considered in the literature. We refer the interested reader to Galves and
Locherbach (2008), [13], for a survey and bibliographic comments.

Let us finally compare our results in the case of dimension one to the results of Ferrari
and Wyner (2003), [10]. They consider stationary chains taking values in a finite alphabet
without imposing any a priori bound on the memory. Hence, they are dealing with infinite
trees. They overcome this difficulty by approximating the possibly infinite memory chain
by a sequence of finite range Markov chains of growing order. The price they have to
pay in order to deal with these general processes is to impose geometrically a—mixing
conditions both for the control of the over- and the underestimation.

In comparison to their results, to control the underestimation, we need a slightly
stronger assumption. We require geometrically ®—mixing which implies geometrically
a—mixing. This is crucial to obtain Theorem 3.9. We use Condition (3.22) as sufficient
condition to obtain the geometrically ®—mixing.
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Condition (3.22), which implies that the random field is of finite range, could probably
be relaxed. It should be possible to deal with infinite range models, provided one finds
other sufficient conditions implying mixing.

Note however, that mixing implies automatically the uniqueness of the underlying mea-
sure u. Hence, using this kind of technique always implies that the Dobrushin uniqueness
condition (3.23) must be satisfied. There is some hope to deal with the underestimation
even in the case of phase transition, see Remark 4.3.

Concerning the control of the overestimation, we are able to deal with the general long
range case without requiring mixing. Hence we can do better than Ferrari and Wyner
(2003), [10], in this aspect. We need to impose the positivity condition on the specification,
see Assumption 3.4. Ferrari and Wyner do only impose positivity within each step of the
canonical Markov approximation, allowing these lower bounds to tend to zero at a certain
rate.

9 Appendix

At the end of Section 2 we argued that in order to estimate the context of a finite set
of sites A € Z9 it is sufficient to estimate the contexts of the one-point specification. In
particular, we stated formula (2.14), which relates cp(w) to ¢;(w). In the first subsection
of this appendix we show this. In the second subsection, we complete the computations
for the examples 2.8 and 2.9. Finally we state a deviation inequality needed in Section 5.

9.1 From one point specifications to several points

It is well known in Statistical Mechanics that the positive one point specification uniquely
determines the family of specifications, see Theorem 1.33 of Georgii (1988), [15]. This
result still holds for Variable-neighborhood random fields, since they can be embedded
into classical random fields. But we would like to determine if and how the context of one
single site determines the A—contexts of the specification, for any A € Z¢. Proposition
9.1 gives an answer.

We consider local specifications v which are positive, i.e.

Ya(wal) >0, for all wy € AY and A e zZ%
In the following it will be convenient to write

ya({watlo) = oa(wao).

This family {ox, A € Z%} is a family of functions gs : Q — [0, 1] satisfying the following
two conditions:
Z palwpro) = 1, VYo eQ, (9.1)

wAGAA

and for every A C A € Z%, all w,n, o in Q we have

pA(WAO'A\AUAC) _ pAa(waope) 9.2)
pa(maoaaoac)  pa(naoae) '

Proposition 9.1 Assume that the family of local specifications v defined in (2.5) is pos-
itive 1. We have the following:

IThe positivity requirement can be relaxed, under some minor modifications of the proof, see Georgii (1988),
[15], Theorem 1.33.
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o v is uniquely determined by {v(y(-|ci(w)), i € Z%w € Q}.

e For A €79,
sPA(w) = U, (Uieaspgy () \ A (9.3)
Proof. Recall that we set v ({w(i)}[ci(w)) = pgy(w). Further pgy(w) > 0 for w € Q

since we assumed that v is positive. For each fixed w(i), wyje = pyi(w) is a measurable
function with respect to Fgp,,,, see (2.3). For each A, Georgii (1988), [15], shows in the

proof of Theorem 1.33 how to determine p, in terms of {pg;,7 € Z%} such that for any
measurable function f we have that

/f Ydu(w /d,u WAe) Z f(w)pa(w), VA ez, (9.4)

wAG.AA

where p is any measure on €2 so that

/ F()dp(w) = / dwiye) S F@)pilw).

w{i}G.A
This immediately shows that + is uniquely determined by py;. To construct pp and to
prove (2.14), one proceeds by induction on |A|. The case |A| = 1 is trivial. Suppose

then that pp, and pp, have been constructed. Let A be the union of two disjoint sets,
A=A UAy, A1 NAy = (. Define

PAy (w)
Z PA; (‘DAl w/\c) ’

pa(w) = (9.5)

1
L‘_)Al PAy (‘DAl WAE )

By induction, for any given wa,, wae — pa, (W) = pa, (wAl,wAf) depends only on spj, (w),
and for any given wp,, Wag — pa,(Wa,,wag) only on spy,(w). Hence (9.5) implies that
for any given wy, the function wp — pp(w) depends, by construction, on the o—algebra
generated by spy, (w) U UwAl SPA, (@A, wae). Note that in general spy, (w) Nspa,(w) # 0.
Therefore the value of wy, might be relevant for determining spa,(w) and the value of
wp, might be relevant for determining spy, (w). To have a function pj(w) measurable for
any choice of wy we set

SPA(@) = U, Uy, (594 (@) Uspa, (@) \ (A1 U Ao).

In this way, for any choice of wp, pa(w) is Fgp, —measurable. It is immediate to verify by
induction that one has

spA(w) = [Uwy Uiea spiy(w)] \ A
We need to show that (9.4) holds. By induction, taking in account that w = (wAk,wAc)

[ @) = [ dutor) S @i o), k=12 (9.6)

CAJAk

holds. To show that this holds for ps take a positive measurable function f defined on (2.
We have
[ n@ Y Fenane)
wa

= /dﬂ(@)ZZf(wAlwAZ(DAC)

(IJAQ UJAl

= / (@) Y pas (@a,@ag)pas (@a@ag) D flwa,wa,@ac).

(.L)A2 LL)Al
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But applying (9.6) first to Ag, then to Aj, this last line can be written as

/ dp(@) D pas (W, @ag)pas (Was@ag) Y fwa,wa,@ac)

(JJA2 UJAI

/dﬂ (@) ppt (@) | D flwn,@a¢)

UJAl

/du (@)D pay (@, @55t (@0, @45) | D fwa,@ac)

WAy WA,
/ dp(@) Y fwn,@as)pa, (wa, @as) oy (@a,@a5) | Y o, (@4, @a5)px 0 (@4, @)

WAy WA,
/ dp(@) D fwr, @ag)pa, (@, @¢)px " (@4, @)

WA,
/du WAS Zf w)pa, (W)py ().

(.L)Al

Applying once more (9.6), we obtain
[ dnton) Y- s@lons @)or' @) = [ dnt) sy @)
WA,

By applying the above equality to f(w)pa(w) instead of f(w) we get the result. The above
definition of pp depends on the choice of A; and Ao; one needs to obtain an unambiguous
definition of pp to choose a definite strategy to exhausting A site by site. .

9.2 Continuation of the examples 2.8 and 2.9

Continuation of example 2.8
We explicitly compute the one-point specification o) (- | co(w)) of example 2.8 given in
Section 2. According to (2.7) let

Ro(w) =inf{n > 1:w(n) #w(l)}, Lo(w)=sup{n < —-1:w(n)#w(-1)}. (9.7)
Write spo(w) = [Lo(w), Ro(w)] \ {0}.

Proof of (2.8) and (2.9): In a first step we calculate for k,1 > 1,

PX0)=1X1)=..XIl-1)=1,X1)=0,X(-1)=...X(-k+1)=1,X(-k)=0].
(9.8)
Put

R=R(w)=min{l >1: X(I) =0}, L = L(w) = min{|k| > 1: X(—k) = 0}.
Remark that R(w) and L(w) just defined are different from the one defined in (9.7). They

coincide when w(1) = w(—1) = 1. Hence we have to compute
PIX(0)=1,X(1)=...X(I - ) LX) =0,X(-1)=...X(~k+1)=1,X(—k) = 0]
PX(1) =.. ( N=LX1)=0,X(-1)=...X(-k+1)=1,X(—k) =0
_PXO=1LR=LL="k
P[R=1,L = —k] o
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In the denominator there is no restriction on the value X(0) at 0. To compute the
numerator, we use

—PX(I—1)=...=X(0)=X(-1)=X(=2)=... = X(=k+1) =1, X(—k) = 0]
l=...=X(0)=1,X(-1)=X(-2=...= X(—k+1) =1, X(—k) = 0].
(9.10)

P[X(0) = X(=1) = X(=2) = ... = X(=n+1) = 1, X(—n) = 0]
N 21u (1 flmp? 1 fzﬂﬁ) O-10

for any n > 1. Here, u = E[T]. Therefore (9.10) is equal to

PIX(I) = 0,X(1—1) = ... = X(0) = X(=1) = ... = X(—k +1) = 1, X(—k) = 0]
1 €1 k-1 2 l+k—1) 1 ( Cl ik 2 l+k:)

= (= + 2 (R
24 <1—p1p1 1—p"” 2 \1—p0 T 1= (9.12)
1

I+k—1 I+k—1
= ﬂ (clp1+ + 62p2+ ) .

We need to compute the denominator of (9.8) We have

PR=I1,L=-k = P

R=1,X(0)=1,L =k +PR=1X(0)=0,L=—Fk
(clpl1+k_1k + chl;’f—l) VPR =1,X(0) = 0,L = —k]9.13)

2=

=PX()=0|X(1)=...=X(1-1)=1,X(0)=0,L = —k
PX(1)=...=X(1—-1)=1,X(0)=0,L =—Fk]. (9.14)

Concerning the first term, due to the renewal structure and to (9.12),

PIX()=0|X(1)=...=X(1—-1)=1,X(0)=0,L = —k]
=PX(1)=0|X(1)=...=X(1—-1)=1,X(0)=0]
CPX(1)=0,X(1)=...=X(1—-1)=1,X(0) = 0]
N PX(1)=...=X({—-1)=1,X(0) =0

[—1 [—1
c107 =+ C209

c1 [—1 Cco [—1"
ar@ T 1%

(9.15)

Moreover, for the second term of (9.14) we can write similarly,
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PX(2) = (-1 =1]X(1) ,X(O):()]: - 1+1 9292
Finally,
PX(1)=1,X(0)=0,L=—-kl=PX(1)=1] X(0)=0,X(-1)=1]
P[X(0)=0,L = —k], (9.18)
where 1
PIX(0)=0,L =K =5 (clpl +eaph 1)
Moreover,

PX(1)=1]X(0)=0,X(-1)=1] = P[X(Ilp)[;(é;)i(g?;((ﬁg(:_i]) =
610191 + Czcé’z . (9.19)
1—01 o1+ 1—p2 0

Putting all things together, we thus obtain

1
]P’[X(()):(),R:Z,L:—k]:ﬂ<clp1 + eaph™ 1)

_ _ c +c
(erph™ + caph ) —HET2E 0 (9.20)
<1£191 o1+ 125, 02
Thus, as a consequence,
PIX(0)=1|R=1L=—k =
( l+k 1+ng+k 1)
. (9.21)
01g1+6292

(C oLy gtk 1) L <61p1 el 1) (Clpllfl+02pl2*1) .
Ql 1 92

2) Finally we propose to compute

LX(U-1)=0,X() =1, X(-1) = ... X(—k +1) =1, X(—k) = 0].

PIX(0) = 1] X(1) = o2
9.22

Here, the numerator is given by

PX0)=1,X1)=...X(1l-1)=0,X()=1,X(-1)=...X(-k+1)=1,X(—k) =0]
(H)=..XI-1)=0,X(-1)=...X(-k+1)=1,X(—k) =0
=..X\)=0,X(-1)=...X (—k:—i—l):l,X(—k) 0].

Let us calculate

PX(0)=1,X1)=...=X
)



But by (9.12),

PX(0)=1,X(1)=0,X(—1)=...X(~k+1) =1, X(~k) = 0] = 21u (clg’f + 029’5) .

Moreover, it is easy to calculate that

c [ c !
01+ 1509

PX(2)=...=X(1)=0|X(0)=1,X(1) = 0] = =& 027
X(2) 0=01X0)=1,X(0) =0 = LI E
Coming back to (9.23), we obtain finally
PX0)=1,X(1)=...X(1-1)=0,X()=1,X(-1)=... X(-k+1)=1,X(—k) =0]
1 (Clglf + CQQ%) <610l1_1 + C2Ql2_1) (9.24)
" 2 Ty -

Applying the same argument as above, we have
PX(0)=0,X1)=...X(1I-1)=0,X1)=1,X(-1)=...X(-k+1)=1,X(—k) =0

1 (clglf_l + CQQS_l) (c10}) + c20h)

= . (9.25
2 15,01+ 15,02 (9:25)
Thus we can conclude that
PIX(0)=1|X(1)=...= X(I-1) = 0,X(1) = 1, X(=1) = ... X(—k+1) = 1, X(—k) = 0]
(c10f + c205) (cw’fl + cwl{l)
- -1 -1 k—1 k—1 - (9-26)
(c10} + c205) (cwf + co0y ) - (cwf + co0s~ ) (c16} + c20h)
[ ]

Continuation of example 2.9

We prove formula (2.13), using (2.12). First note that ¢ € I';(w) implies that ||i — j|| < L.
Now if i € T'j(w), we have two cases. Either i € T'}(w), in which case I'} (w) = Fjl- (w). Or
i€ 8F]1- (w). Then w(i)i = 1, and in this case, i € fj(wz) Then the same arguments as
above show that

Hence
U {Thw) ri e Tj(w)} U (J{Thw') i € Tj(w')}H| =THw).
]'EZQ jEZQ

Finally, by definition of I';(w),

UATj(w) i eTjw)u (J{T(w') i € Ty(wh)}

JEZ? jEZ2
= U rlw ierwiu Jriw) ienw)i|n U v

JEZ? JEZ? JEVZ(L)
=T} (w) N V;(2L).
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This concludes the proof. °

We close with the following version of Bernstein’s inequality obtained by Friedman
(1975), for discrete-time martingales having bounded jumps, see for instance Dzhaparidze
and van Zanten|8].

Lemma 9.2 Let M,, = &1 +...+&, be a discrete martingale with respect to some filtration
(Fn)n>0 having bounded jumps |£,| < a. Let

<M >,=> E(&|Fi).

i=1
Then

P(max |My| > ;< M >,< L) < 2 L(2
a ; expl——=(—+—=1]].
Tesn KL Z S n= S =SSP TN T T3
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