Elementary Number Theory (TN410)

Exercises: Sheet #1
March 4, 2016

1. Compute ged(5520,3135), ged (8736, 3135);

2. Compute v9(70!), v5(125!) and v7(130!);

3. Let a,b,c,n € N. Show that
(a) Ifa | n, b| n and ged(a,b) =1, then ab | n
(b) If a | be and ged(a,b) = 1, then a | c.

4. Show that there exist infinitely many primes p of the form p = 4k — 1;
(hint: Assume that p1,...,ps are the only primes of this form and consider N = 4py ---ps — 1)

5. Let w(x) = #{p < z}.
(a) Compute (by hand or with a computer) 7(10), 7(100), 7(1000) and 7(10000);
(b) Compare, in each case, the obtained value both with X/log X and with 1i(X).

6. Let, for k > 1, ((k) = >0 | . Show that

n=1

Z%:C(lﬂ)ﬁ-o(%) and that ”éz):ﬁJrO(%);

n<X n<X

7. We say that n € N is k-free if, for each prime p, p* { n. Let ux be the characteristic function of k—free integers. that is:

(n) 1 if n is k—free;
n =
Hik 0 otherwise.

(a) Show that py is multiplicative;
(b) Prove the identity:

pr(n) =Y p(d);
deN
dk\n

(c) Show that

n) = 1/k
n;(uk() C(k)X+O(X ).

8. Show that the probability that two positive integers are coprime, is 6/7%;
9. Let N be an ipothetical odd perfect number. Show that the unique factorization of N has the form:
N =pyp32 - pir

where k > 1, j1,...,j» > 1 and p1 =k = 1 mod 4;
(hint: note that it must be o(N) = 2N = 2 mod 4 and deduce from it some properties of o(p®) for p®||N )

10. Show that an odd perfect number N cannot be of the form 6m — 1.



