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Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -15�� ��Properties

+ Examples of Permutation Polynomial:

. ax + b, a, b ∈ Fq, a 6= 0

. xk, (k, q − 1) = 1

. Composition f ◦ g is a PP if f and g are PP

. x(q+m−1)/m + ax is a PP if m|q − 1

. Dickson polynomials a ∈ Fq, k ∈ N

Dk(x, a) =
[k/2]∑
j=0

k

k − j

(
k − j

j

)
(−a)jxk−2j

ó If a 6= 0, Dk(x, a) is a PP ⇔ (k, q2 − 1) = 1

. Linearized Polynomials q = pm, α1, . . . , αs ∈ Fpm

Università Roma Tre
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qs
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Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -25�� ��Dickson-Diffie-Hellmann Key Exchange

¬ Adhikari and Balu choose Fq and γ ∈ Fq generator

 Adhikari chooses a ∈ [0, q2 − 1] secret

Balu chooses b ∈ [0, q2 − 1] secret

® Adhikari computes and publish α := Da(γ,±1)

Balu computes and publish β := Db(γ,±1)

¯ The common secret key is

Dab(γ,±1) = Da(Db(γ,±1),±1) = Db(Da(γ,±1),±1))

° To find the secret key Ramki has to solve

Da(γ,±1) = α Dickson Discrete Logarithm

NOTE There exists a fast algorithm to compute Da(γ, c) ∈ Fq

Università Roma Tre
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Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -33�� ��Enumeration of PP with given degree

Nd(q) = #{σ ∈ S(Fq) | ∂(fσ) = d}

Problem: Compute Nd(q)

+
∑

d≤q−2

Nd(q) = q! (if q > 2, ∂fσ ≤ q − 2)

+ N1(q) = q(q − 1) (linear PP)

+ Nd(q) = 0 if d|q − 1 (Hermite’s criterion)

+ Nd(q) is known for d < 6

+ Almost all PP have degree q − 2
Mq = {σ ∈ S(Fq) | ∂fσ < q − 2}

Università Roma Tre
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Nd(q) = #{σ ∈ S(Fq) | ∂(fσ) = d}

Problem: Compute Nd(q)

+
∑

d≤q−2

Nd(q) = q! (if q > 2, ∂fσ ≤ q − 2)

+ N1(q) = q(q − 1) (linear PP)

+ Nd(q) = 0 if d|q − 1 (Hermite’s criterion)

+ Nd(q) is known for d < 6

+ Almost all PP have degree q − 2
Mq = {σ ∈ S(Fq) | ∂fσ < q − 2}

S. Konyagin, FP (2002), P. Das (2002)

|#Mq − (q − 1)!| ≤
√

2e/πqq/2
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Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -36�� ��Another way to count

q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} and q > 2

where cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 if σ1 and σ2 are conjugate (i.e. cσ = cC(σ))

Università Roma Tre
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Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -41�� ��Another way to count

q − cσ ≤ ∂fσ ≤ q − 2 ⇐ σ ∈ S(Fq) \ {id} and q > 2

where cσ = #{a ∈ Fq | σ(a) 6= a}

+ cσ1 = cσ2 if σ1 and σ2 are conjugate (i.e. cσ = cC(σ))

+ C ⊂ S(Fq) conjugation class

+ Natural functions:

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC} (minimal degree)

7 MC(q) = #{σ ∈ C, ∂fσ < q − 2} (non–maximal degree)

Università Roma Tre
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Theorem C. Malvenuto, FP (2002)

. If C 6= [2], [3], [2 2], then

MC(q) =
#C
q

+ OC

(
1
q2

)
if char Fq →∞

. Explicit Formulas for MC(q) if cC ≤ 6
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 and η is the quadratic character
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 and η is the quadratic character�� ��PP with minimal degree
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M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 and η is the quadratic character�� ��PP with minimal degree

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC}

Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -43�� ��Formulas for non–maximal degree PP

M[4](q) = 1
4 q(q − 1) (q − 5 − 2η(−1) − 4η(−3))

M[2 2](q) = 1
8 q(q − 1)(q − 4) {1 + η(−1)}

M[5](q) = 1
5 q(q − 1)

�
q2 − (9 − η(5) − 5η(−1) + 5η(−9)) q + +26 + 5η(−7) + 15η(−3) + 15η(−1)

�

M[2 3](q) = 1
6 q(q − 1)

�
q2 − (9 + η(−3) + 3η(−1))q + (24 + 6η(−3) + 18η(−1) + 6η(−7))

�

M[6](q) = q(q−1)
6 {q3 − 14 q2 + [68 − 6 η(5) − 6 η(50)]q − [154 + 66 η(−3) + 93 η(−1)

+12 η(−2) + 54 η(−7)]}

M[4 2](q) = q(q−1)
8 (q3 − [14 − η(2)]q2 + [71 + 12 η(−1) + η(−2) + 4 η(−3) − 8 η(50)]q

−[148 + 100 η(−1) + 24 η(−2) + 44 η(−3) + 40 η(−7)])

M[3 3](q) = q(q−1)
18 (q3 − 13 q2 + [62 + 9 η(−1) + 4 η(−3)]q − [150 + 99 η(−1) + 42 η(−3) + 72 η(−7)])

M[2 2 2](q) = q(q−1)
48 (q3 − [14 + 3 η(−1)]q2 + [70 + 36 η(−1) + 6 η(−2)]q − [136 + 120 η(−1)

+48 η(−2) + 8 η(−3)])

char(Fq) > 3 and η is the quadratic character�� ��PP with minimal degree

7 mC(q) = #{σ ∈ C, ∂fσ = q − cC}

Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -42

Theorem C. Malvenuto, FP (to appear)

* If q ≡ 1 mod k then m[k](q) ≥ ϕ(k)
k q(q − 1)

* If char(Fq) ≥ 2 · 3[k/3]−1 then m[k](q) ≤ (k−1)!
k q(q − 1)
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1}
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1}

Theorem S. Konyagin, FP
Let α = (e− 2)/3e = 0.08808 · · · and d < αq. Then∣∣∣∣Nd −

q!
qd

∣∣∣∣ ≤ 2ddq2+q−d

(
q

d

)(
2d

q − d

)(q−d)/2

.

It follows that

Nd ∼
q!
qd

if d ≤ αq and α < 0.03983
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1}

Theorem S. Konyagin, FP
Let α = (e− 2)/3e = 0.08808 · · · and d < αq. Then∣∣∣∣Nd −

q!
qd

∣∣∣∣ ≤ 2ddq2+q−d

(
q

d

)(
2d

q − d

)(q−d)/2

.

It follows that

Nd ∼
q!
qd

if d ≤ αq and α < 0.03983

Note: The best possible value for α in the theorem is 0.5. In fact
∂fσ 6= (q − 1)/2 if q is odd. Therefore

N(q−1)/2 = 0
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if

∑
c∈Fq

cq−j−1σ(c) = 0.
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

Università Roma Tre
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusion-Exclusion” implies

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)

Università Roma Tre
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 .
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Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusion-Exclusion” implies

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusion-Exclusion” implies

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)
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The coefficient of xj in fσ(x) :=
∑

c∈Fq
σ(c)

(
1− (x− c)q−1

)
is 0 if and only if

∑
c∈Fq

cq−j−1σ(c) = 0.

∀S ⊆ Fq

nS := #

f

∣∣∣∣∣∣ f : Fq −→ S,
∑
c∈Fq

cq−i−1f(c) = 0,∀i = 1, . . . , d

 .

“Inclusion-Exclusion” implies

Nd = # {σ ∈ S(Fq) | ∂(fσ) < q − d− 1} =
∑

S⊆Fq

(−1)q−|S|nS (1)

Need to evaluate nS . Let ep(u) = e
2πiu

p and Tr(α) ∈ Fp be the trace of α ∈ Fq.
3
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Then
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Then

nS =
1
qd

∑
(a1,...,ad)∈Fd

q

∑
f :Fq−→S

ep

∑
c∈Fq

Tr(f(c)
d∑

i=1

aic
q−i−1)


=

1
qd

∑
(a1,...,ad)∈Fd

q

∏
c∈Fq

∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1)) (2)

=
|S|q

qd
+ RS
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∏
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Then

nS =
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∏
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Then

nS =
1
qd
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d∑

i=1

aic
q−i−1)) (2)

=
|S|q

qd
+ RS

Università Roma Tre
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Then

nS =
1
qd

∑
(a1,...,ad)∈Fd

q

∑
f :Fq−→S

ep

∑
c∈Fq

Tr(f(c)
d∑

i=1

aic
q−i−1)


=

1
qd

∑
(a1,...,ad)∈Fd

q

∏
c∈Fq

∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1)) (2)

=
|S|q

qd
+ RS

where

|RS | ≤
qd − 1

qd
max

(a1,...,ad)∈Fd
q\{0}

∏
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣
3
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Furthermore, since the geometric mean is bounded by the arithmetic mean,
we have
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Furthermore, since the geometric mean is bounded by the arithmetic mean,
we have

|RS | ≤ max
(a1,...,ad)

∏
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣ ≤

max
(a1,...,ad)

1
q

∑
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣
2
q/2

≤

1
q

∑
f∈Fq

(q − 2)

∣∣∣∣∣∑
t∈S

ep(Tr(tf))

∣∣∣∣∣
2
q/2

= ((q − 2)|S|)q/2. (3)
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Furthermore, since the geometric mean is bounded by the arithmetic mean,
we have
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∣∣∣∣∣
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Furthermore, since the geometric mean is bounded by the arithmetic mean,
we have

|RS | ≤ max
(a1,...,ad)

∏
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣ ≤

max
(a1,...,ad)

1
q

∑
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣
2
q/2

≤

1
q

∑
f∈Fq

(q − 2)

∣∣∣∣∣∑
t∈S

ep(Tr(tf))

∣∣∣∣∣
2
q/2

= ((q − 2)|S|)q/2. (3)

Replace the estimate for |RS | in (2) and then in (1) obtaining:
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Furthermore, since the geometric mean is bounded by the arithmetic mean,
we have

|RS | ≤ max
(a1,...,ad)

∏
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣ ≤

max
(a1,...,ad)

1
q

∑
c∈Fq

∣∣∣∣∣∑
t∈S

ep(Tr(t
d∑

i=1

aic
q−i−1))

∣∣∣∣∣
2
q/2

≤

1
q

∑
f∈Fq

(q − 2)

∣∣∣∣∣∑
t∈S

ep(Tr(tf))

∣∣∣∣∣
2
q/2

= ((q − 2)|S|)q/2. (3)

Replace the estimate for |RS | in (2) and then in (1) obtaining:∣∣∣nS − |S|q
qd

∣∣∣ ≤ ((q − 2)|S|)q/2

4
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Therefore
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2

Università Roma Tre



Exponential Sums and Permutation Polynomials Ramachandra’s birthday -51

Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q
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q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
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qd

∑
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qd
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=

∣∣∣∣∣∣
∑
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(−1)q−|S|
(
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∑
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∣∣∣∣∣∣ =
∣∣∣∣Nd −
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qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd
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∑
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((q − 2)|S|)q/2
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2

This shows that
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2

This shows that Nd ∼ q!
qd
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2

This shows that Nd ∼ q!
qd if d < q

log q

(
1
2 log log q − log log log q

)
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Therefore∣∣∣∣∣∣Nd −
∑

S⊆Fq

(−1)q−|S|

qd
|S|q

∣∣∣∣∣∣ =
∣∣∣∣Nd −

q!
qd

∣∣∣∣
=

∣∣∣∣∣∣
∑

S⊆Fq

(−1)q−|S|
(

nS −
|S|q

qd

)∣∣∣∣∣∣
≤ qd − 1

qd

∑
S⊆Fq

((q − 2)|S|)q/2

≤ 2q((q − 2)q)q/2

This shows that Nd ∼ q!
qd if d < q

log q

(
1
2 log log q − log log log q

)
�

The proof of the Theorem is an evolution of this method.
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If P (x) ∈ Fq[x], µ(P ) := min
T⊂Fq,|T |=d

|P (T )|.
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If P (x) ∈ Fq[x], µ(P ) := min
T⊂Fq,|T |=d

|P (T )|.

Lemma 1. If µ ∈ N. Then
|{P ∈ Fq[x] | ∂P = d, µ(P ) = µ}| ≤ qµ µd

µ!

(
q

d

)
.
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If P (x) ∈ Fq[x], µ(P ) := min
T⊂Fq,|T |=d

|P (T )|.

Lemma 1. If µ ∈ N. Then
|{P ∈ Fq[x] | ∂P = d, µ(P ) = µ}| ≤ qµ µd

µ!

(
q

d

)
.

Lemma 1. is used in (3):
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If P (x) ∈ Fq[x], µ(P ) := min
T⊂Fq,|T |=d

|P (T )|.

Lemma 1. If µ ∈ N. Then
|{P ∈ Fq[x] | ∂P = d, µ(P ) = µ}| ≤ qµ µd

µ!

(
q

d

)
.

Lemma 1. is used in (3):∑
P∈Fq [x],

P (0)=0,∂(P )=d

∏
c∈Fq

∑
t∈S

ep(Tr(tP (c))) =
∑
µ≤d

∑
P∈Fq [x]

∂(P )=d,µ(P )=µ

∏
c∈Fq

∑
t∈S

ep(Tr(tP (c))) (4)
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If P (x) ∈ Fq[x], µ(P ) := min
T⊂Fq,|T |=d

|P (T )|.

Lemma 1. If µ ∈ N. Then
|{P ∈ Fq[x] | ∂P = d, µ(P ) = µ}| ≤ qµ µd

µ!

(
q

d

)
.

Lemma 1. is used in (3):∑
P∈Fq [x],

P (0)=0,∂(P )=d

∏
c∈Fq

∑
t∈S

ep(Tr(tP (c))) =
∑
µ≤d

∑
P∈Fq [x]

∂(P )=d,µ(P )=µ

∏
c∈Fq

∑
t∈S

ep(Tr(tP (c))) (4)
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If P (x) ∈ Fq[x], µ(P ) := min
T⊂Fq,|T |=d

|P (T )|.

Lemma 1. If µ ∈ N. Then
|{P ∈ Fq[x] | ∂P = d, µ(P ) = µ}| ≤ qµ µd

µ!

(
q

d

)
.

Lemma 1. is used in (3):∑
P∈Fq [x],

P (0)=0,∂(P )=d

∏
c∈Fq

∑
t∈S

ep(Tr(tP (c))) =
∑
µ≤d

∑
P∈Fq [x]

∂(P )=d,µ(P )=µ

∏
c∈Fq

∑
t∈S

ep(Tr(tP (c))) (4)

Lemma 2. If d ≤ q/3, P ∈ Fq[x], ∂(P ) = d and µ(P ) ≥ µ ≥ 2,
then∏

c∈Fq

∑
t∈S

ep(Tr(tP (c))) ≤
(q

2

)(q+d)/2
(

d

µ− 1
q

q − d

)(q−d)/2
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The condition d ≤ αq and α < 0.03983 in Today’s statement cames from
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The condition d ≤ αq and α < 0.03983 in Today’s statement cames from

−1 = log (2α)− log
(
αα(1− α)1−α

)
+ log

((
2α

1− α

) 1−α
2
)
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The condition d ≤ αq and α < 0.03983 in Today’s statement cames from

−1 = log (2α)− log
(
αα(1− α)1−α

)
+ log

((
2α

1− α

) 1−α
2
)

with root α ≈ 0.03983478542171344979957755901
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Fix k1, . . . , kd ∈ N, k1 < · · · < kd,
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Fix k1, . . . , kd ∈ N, k1 < · · · < kd,

Nq(k1, . . . , kd) = #

σ ∈ S(Fq)

∣∣∣∣∣∣ ∀i = 1, . . . , d, the ki–th

coefficient of fσ is 0

 .

Università Roma Tre
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Fix k1, . . . , kd ∈ N, k1 < · · · < kd,

Nq(k1, . . . , kd) = #

σ ∈ S(Fq)

∣∣∣∣∣∣ ∀i = 1, . . . , d, the ki–th

coefficient of fσ is 0

 .

Then ∣∣∣∣Nq(k1, . . . , kd)−
q!
qd

∣∣∣∣ ≤ 2q((q − k1 − 1)q)q/2
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Fix k1, . . . , kd ∈ N, k1 < · · · < kd,

Nq(k1, . . . , kd) = #

σ ∈ S(Fq)

∣∣∣∣∣∣ ∀i = 1, . . . , d, the ki–th

coefficient of fσ is 0

 .

Then ∣∣∣∣Nq(k1, . . . , kd)−
q!
qd

∣∣∣∣ ≤ 2q((q − k1 − 1)q)q/2
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Planning to adopt the method of for arbitrary
k1, . . . , kd where d grows slowly as q →∞
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