FExponential Sums and Permutation Polynomaials Ramachandra’s birthda

Exponential Sums

and
Enumeration of Permutation Polynomials

Francesco Pappalardi

Conference on Zeta Functions in honor of
Prof. K. Ramachandra on his 70" birthday

#h National Institute of Advanced Studies g n

EHHEEEERE
Ah,

NIAS

Bangalore December 13 - 15, 2003

A UNIVERSITA RoMA TRE

|
|
nnnl



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda 2

[Notations)

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda 1

[Notations)

= [, Finite field, ¢ = p"

|
|
nnnil

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda 0

[Notations)

= [, Finite field, ¢ = p"

(Fy) =4{0:F, = F, | 0 permutes F,}

|
|
nnml

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda —1

[Notations)

= [, Finite field, ¢ = p"
w S(F,) ={0:F, —F, | o permutes F,}
w If 0 € S(F,)

|
|
nnml

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda ~2)

[Notations)

= [F, Finite field, ¢ = p"
w S(F,) ={0:F, —F, | o permutes F,}
w If 0 € S(F,)

Za (1—(z—0)7 ") €Fyla]

cely,

|
|
nnml

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -3

[Notations)

= [F, Finite field, ¢ = p"
w S(F,) ={0:F, —F, | o permutes F,}
w If 0 € S(F,)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

|
|
nnml

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials

¥,

Ramachandra’s birthda

[Notations)

Finite field, ¢ = p"

S(F,) ={0:F, —F, | c permutes F,}

If c € S(F

7)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

Note:

UNIVERSITA RoMA TRE

|
|
nnml



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -5

[Notations)

IF, Finite field, ¢ = p"
S(F,) ={0:F, —F, | c permutes F,}
If o € S(IFy)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

Note:
& Of, <qg—2if g > 2

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -6

[Notations)

IF, Finite field, g = p
S(F,) ={0:F, —F, | c permutes F,}
If o € S(IFy)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

Note:
& Of, <qg—2if g > 2
“ fi(c) =o0(c) Ve e F,

>
|
m.n

UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -7

[Notations)

IF, Finite field, ¢ = p"
S(F,) ={0:F, —F, | c permutes F,}
If o € S(IFy)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

Note:
& Of, <qg—2if g > 2

“ fi(c) =o0(c) Ve e F,
# Definition.

>
|
m.n

UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -7

[Notations)

IF, Finite field, g = p
S(F,) ={0:F, —F, | c permutes F,}
If o € S(IFy)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

Note:
& Of, <qg—2if g > 2

@ fo(c) =o(c) Ve e F,
# Definition.
f € F,|x] is a permutation polynomial (PP) if 30 € S(IF,) such that

>
|
m.n

UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -8

[Notations)

IF, Finite field, g = p
S(F,) ={0:F, —F, | c permutes F,}
If o € S(IFy)

Za (1—(z—0)7 ") €Fyla]

cely,

is called permutation polynomial of o

Note:
& Of, <qg—2if g > 2

@ fo(c) =o(c) Ve e F,
# Definition.
f € F,|x] is a permutation polynomial (PP) if 30 € S(IF,) such that

>
|
m.n

UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -7

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -6

[Properties J

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -7

[Properties J

i Examples of Permutation Polynomial:

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -8

[Properties J

i Examples of Permutation Polynomial:

™ ax + b, a,beFy,a#0

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -9

[Properties J

i Examples of Permutation Polynomial:
™ ax + b, a,beFy,a#0
SN (k,g—1) =1

|
|
nnml

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -10

[Properties J

1 Examples of Permutation Polynomial:
N ax + b, a,beFy,a#0
SN (k,qg—1)=1
“ COMPOSITION fogis a PP if f and g are PP

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda ~ L1l

[Properties J

1 Examples of Permutation Polynomial:
N ax + b, a,beFy,a#0
SN (k,qg—1)=1
“ COMPOSITION fogis a PP if f and g are PP

& glatm=D/m o g2 is a PP if m|q — 1

|
|
nnml

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -2

[Properties J

1 Examples of Permutation Polynomial:
N ax + b, a,beFy,a#0
SN (k,qg—1)=1
“ COMPOSITION fogis a PP if f and g are PP
& glatm=D/m o g2 is a PP if m|q — 1

“ DICKSON POLYNOMIALS a € F,, £ € N

|
|
nnnil

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -13

[Properties J

1 Examples of Permutation Polynomial:
N ax + b, a,beFy,a#0
SN (k,qg—1)=1
“ COMPOSITION fogis a PP if f and g are PP
& glatm=D/m o g2 is a PP if m|q — 1
“ DICKSON POLYNOMIALS a € F,, £ € N
[k/2]

Di(ea) = ) % (k B j) (—a)iz*=2

j=0 /

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials

Ramachandra’s birthda

[Properties J

1 Examples of Permutation Polynomial:

D
AN

ax + b, a,beFy,a#0
: (k,qg—1)=1

COMPOSITION fogis a PP if f and g are PP

glatm=1/m 4 gz is a PP if m|q — 1

DICKSON POLYNOMIALS a € F,, £ € N

[k/2]

Dy(z,a) = Z

7=0

k

k—J

(

k—J
J

)(-apat-a

» If a #0, Di(z,a) is a PP & (k,¢° —1) =1
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1 Examples of Permutation Polynomial:
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[Enumeration of PP with given degreej
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[Enumeration of PP with given degreej

Na(q) = #{0 € S(Fy) | 0(fs) = d}

Problem: Compute Ny(q)
d<qg—2

= Ni(q) =q(q—1)
= Ny(q) =0ifdlg—1
)

= Ny(q) is known for d < 6
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[Enumeration of PP with given degreej

Na(q) = #{0 € S(Fy) | 0(fs) = d}

Problem: Compute Ny(q)

(if ¢ > 2, 0f, < q—2)

(linear PP)
Na(q) =0if dlg — 1 (Hermite’s criterion)
Na(q) is known for d < 6

Almost all PP have degree g — 2
M, = {0 € S(F,) | 0fs < a2}
S. Konyagin, FP (2002), P. Das (2002)

#M, — (q — 1)l < \/2e/mq?/?
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Mec(q) = #—CJrOC S if charF, — oo
q q°

% Explicit Formulas for M¢(q) if cc < 6
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[Formulas for non—maximal degree PPJ

La(qa—1) (g —5—2n(—1) — 4n(-3))

fala—1)(a—4){1+n(-1)}

2q(a—1) ¢ — (9= n(5) —5n(—1) 4+ 5n(=9)) g + +26 + 5n(—7) + 157(—3) + 15n(—1)
Tala—1) ¢ — (9+n(=3) +3n(—1))g + (24 + 6n(=3) + 18n(—1) + 61(—7))
2a=1) 143 — 142 4 [68 — 6 n(5) — 67(50)]q — [154 + 66 n(—3) + 93 n(—1)

+12n(—2) + 54 n(—="7)]}

20a=1) (3 — (14 — n(2)]a2 + [T1 + 12 n(=1) + 1(—2) + 41(—3) — 81(50)]q
—[148 + 100 n(—1) + 24 n(—2) + 44 n(—3) + 40 n(—7)])

2(a=1) (g3 — 1392 4 [62 + 9m(—1) + 4n(—3)]q — [150 + 99 n(—1) + 42 n(—3) + 72 n(~7)])
20d=1) (g3 _ (14 4 3n(—=1)]q% + [70 + 36 n(—1) + 6 n(—2)]q — [136 + 120 n(—1)

+48 n(—2) + 8 n(—3)])

char(F,) > 3 and 7 is the quadratic character

>
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[Formulas for non—maximal degree PPJ

La(qa—1) (g —5—2n(—1) — 4n(-3))

fala—1)(a—4){1+n(-1)}

2q(a—1) ¢ — (9= n(5) —5n(—1) 4+ 5n(=9)) g + +26 + 5n(—7) + 157(—3) + 15n(—1)
Tala—1) ¢ — (9+n(=3) +3n(—1))g + (24 + 6n(=3) + 18n(—1) + 61(—7))
2a=1) 143 — 142 4 [68 — 6 n(5) — 67(50)]q — [154 + 66 n(—3) + 93 n(—1)

+12n(—2) + 54 n(—="7)]}

20a=1) (3 — (14 — n(2)]a2 + [T1 + 12 n(=1) + 1(—2) + 41(—3) — 81(50)]q
—[148 + 100 n(—1) + 24 n(—2) + 44 n(—3) + 40 n(—7)])

2(a=1) (g3 — 1392 4 [62 + 9m(—1) + 4n(—3)]q — [150 + 99 n(—1) + 42 n(—3) + 72 n(~7)])
20d=1) (g3 _ (14 4 3n(—=1)]q% + [70 + 36 n(—1) + 6 n(—2)]q — [136 + 120 n(—1)

+48 n(—2) + 8 n(—3)])

char(F,) > 3 and 7 is the quadratic character

[PP with minimal degree]

>
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[Formulas for non—maximal degree PPJ

La(qa—1) (g —5—2n(—1) — 4n(-3))

fala—1)(a—4){1+n(-1)}

2q(a—1) ¢ — (9= n(5) —5n(—1) 4+ 5n(=9)) g + +26 + 5n(—7) + 157(—3) + 15n(—1)
Tala—1) ¢ — (9+n(=3) +3n(—1))g + (24 + 6n(=3) + 18n(—1) + 61(—7))
2a=1) 143 — 142 4 [68 — 6 n(5) — 67(50)]q — [154 + 66 n(—3) + 93 n(—1)

+12n(—=2) + 54 n(=7)]}

2(a=1) (g3 _ (14 — n(2)]q2 + [71 + 12 n(=1) + 1(—2) + 4 n(—3) — 8n(50)]q
—[148 + 100 n(—1) + 24 n(—2) + 44 n(—3) + 40 n(—7)])

=D (g3 — 1342 4 [62 + 9n(—1) + 41(=3)]q — [150 + 99 n(—1) + 42 n(—3) + 72 n(~7)])
20d=1) (g3 _ (14 4 3n(—=1)]q% + [70 + 36 n(—1) + 6 n(—2)]q — [136 + 120 n(—1)

+48 n(—2) + 8 n(—3)])

char(F,) > 3 and 7 is the quadratic character

[PP with minimal degree]

Xme(q) = #{oc€C,0f =q—cc}

>
i
m.n
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[Formulas for non—maximal degree PPJ

La(qa—1) (g —5—2n(—1) — 4n(-3))

fala—1)(a—4){1+n(-1)}

2q(a—1) ¢ — (9= n(5) —5n(—1) 4+ 5n(=9)) g + +26 + 5n(—7) + 157(—3) + 15n(—1)
Tala—1) ¢ — (9+n(=3) +3n(—1))g + (24 + 6n(=3) + 18n(—1) + 61(—7))
2a=1) 143 — 142 4 [68 — 6 n(5) — 67(50)]q — [154 + 66 n(—3) + 93 n(—1)

+12n(—=2) + 54 n(=7)]}

2(a=1) (g3 _ (14 — n(2)]q2 + [71 + 12 n(=1) + 1(—2) + 4 n(—3) — 8n(50)]q
—[148 + 100 n(—1) + 24 n(—2) + 44 n(—3) + 40 n(—7)])

=D (g3 — 1342 4 [62 + 9n(—1) + 41(=3)]q — [150 + 99 n(—1) + 42 n(—3) + 72 n(~7)])
20d=1) (g3 _ (14 4 3n(—=1)]q% + [70 + 36 n(—1) + 6 n(—2)]q — [136 + 120 n(—1)

+48 n(—2) + 8 n(—3)])

char(F,) > 3 and 7 is the quadratic character

[PP with minimal degree]

Xme(q) = #{oc€C,0f =q—cc}

>
i
m.n

UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials

Ramachandra’s birthda

Theorem C. Malvenuto, FP (to appear)

& If =1 modk
@ If char(F,) > 2 3/~/3/~1
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[Today’s Result]

Na=#{0e€8F,) | 0(fo) <qg—d—1}
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[Today’s Result]

Na=#{0e€8F,) | 0(fo) <qg—d—1}

Theorem 5. Konyagin, FP
Let o« = (e —2)/3e = 0.08808 - - - and d < aq. Then

(q—d)/2
q! _(q 2d
‘N — 4 S 2ddq2+q d( fd) .
q q

It follows that

if d < aq and a < 0.03983
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[Today’s Result]

Na=#{0e€8F,) | 0(fo) <qg—d—1}

Theorem 5. Konyagin, FP
Let o« = (e —2)/3e = 0.08808 - - - and d < aq. Then

(q—d)/2
q! _(q 2d
‘N — 4 S 2ddq2+q d( fd) .
q q

It follows that

if d < aq and a < 0.03983

Note: The best possible value for « in the theorem is 0.5. In fact
0f, # (¢ — 1)/2 if q is odd. Therefore

Ng-1)2=0
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1= (z—¢)? 1) is 0 if and only if
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1= (z—¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1—(x —¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1—(x —¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,

vS C F,

ns :=#<f
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1—(x —¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,

vS C F,

ns :=#<f

“Inclusion-Exclusion” implies

Ng =
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1—(x —¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,

vS C F,

ns :=#<f

“Inclusion-Exclusion” implies

Nio=#{0cSWFy) | 0(fo) <qg—d—1} =
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1—(x —¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,

vS C F,

ns :=#<f

“Inclusion-Exclusion” implies

Na=#{oc€8F,) | 0(fs) <q—d—1}= > (-1)"

SCF,
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(Proof ’S Method)

The coefficient of 27 in f,(z) := > _cer, o(C) (1—(x —¢)? 1) is 0 if and only if

Z 7 lo(c) = 0.

celF,

vS C F,

ns :=#<f

“Inclusion-Exclusion” implies

Na=#{oc€8F,) | 0(fs) <q—d—1}= > (-1)"

| SCF,
Need to evaluate ng. Let e,(u) = e 7" and Tr(a) € ), be the trace of a € F,,.

3
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d

1 —i—1
q_d Z Z Z Tr(f Z a;c? )

(a1,...,aq)€EFS f:Fq—>S cel, =1

1 il
;) Z HZGP (Tr( tZach )

(a1,... ad)EFd celF, teS
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d

Y Y o S nveNee

(a1,...,aq)€EFS f:Fq—>S cel, =1

1 i1
— Z HZep (Tr( tZach )

q (a1,... ad)E]Fd celF, tesS
\5|q
q?

+ Rs
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d

Y Y o S nveNee

(a1,...,aq)€EFS f:Fq—>S cel, =1

TS HZepTrtZach_z_

q (a1,... ad)E]Fd celF, tesS
\5|q
q?

+ Rs

|Rs| <

d d
q“ — 1 —i—1
R max | | g e, (Tr(t g a;c?™"

(al,...,

4 7 ceFy ItesS
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Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have
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Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have

d
IRs| < max H Zep(Tr(tZaicq_i_l))

ai,...,a
(a1 d)CEIFq tes
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Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have

ai,...,a
(a1 d)cqu tes

d
IRs| < max H Zep(Tr(tZaicq_i_l))

o\ 4/2

d
max L Z Zep(Tr(tZaicq_i_l))

(a1,...,aq) qcqu tes
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Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have

d
IRs| < max H Zep(Tr(tZaicq_i_l))

A1 ,.nnyQ )
(a1 @) celF, [teS 1=1

o\ q/2

d
max L Z Z ep(Tr(t Z a;ci™" )

(a1,...,aqa) \ q ocF, |tes —

2

LS -2 |2 ep(T(ts))

q f€F, tes

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -49

Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have

d
IRs| < max H Zep(Tr(tZaicq_i_l))

A1 ,.nnyQ )
(a1 @) celF, [teS 1=1

o\ q/2

d
max L Z Z ep(Tr(t Z a;ci™" )

(a1,...,aq) chFq tes

2

LS 0= 2) |2 ep(m(ts))

= tes
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Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have

d
IRs| < max H Zep(Tr(tZaicq_i_l))

A1 ,.nnyQ )
(a1 @) celF, [teS 1=1

o\ q/2

d
max ! Z Z e, (Tr(t Z a;ci™'h)

(al,...,ad) q CEFq tES

2

LS 0= 2) |2 ep(m(ts))

= tes

Replace the estimate for |Rg| in (2) and then in (1) obtaining:
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Furthermore, since the geometric mean is bounded by the arithmetic mean,

we have

d
IRs| < max H Zep(Tr(tZaicq_i_l))

A1 ,.nnyQ )
(a1 @) celF, [teS 1=1

2\ 49/2

d
max ! Z Z e, (Tr(t Z a;ci™'h)

(al,...,ad) q CEFq tES

2

LS 0= 2) |2 ep(m(ts))

= tes

Replace the estimate for |Rg| in (2) and then in (1) obtaining:

2| < ((a—2)She?
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Nie 3

SCF,
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|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -52

Therefore

Nie 3

SCF,

This shows that
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Therefore

Nie 3

SCF,

This shows that
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Therefore

Ni— 3

SCF,

This shows that 7 | 1 d<<]qu(%loglogq-—loglOglogQ)

|
|
nnnl

A UNIVERSITA RoMA TRE



FExponential Sums and Permutation Polynomaials Ramachandra’s birthda -52

Therefore

Ni— 3

SCF,

This shows that ﬁﬁimJg% if d<<]qu(%loglogq-—logloglogq)[j

The proof of the Theorem is an evolution of this method.
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[Key Lemmas 1/ 2]

min |P(7T)|.
TCF,,|T|=d
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[Key Lemmas 1/ 2]
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If P(x) € Fylx], p(P) :=

min
TCF,,|T|=d

Lemma 1. If u € N. Then
{P €T, [z] | 0P = d, ju(P)
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[Key Lemmas 1/ 2]
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If P(x) € Fylx], p(P) :=

min
TCF,,|T|=d

Lemma 1. is used in (3):

Lemma 1. If u € N. Then
{P € Fqlz] | OP = d, u(P) =
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[Key Lemmas 1/ 2]

If P(x) € ; min
TCF,,|T|=d

Lemma 1. If u € N. Then
{P € Fqlz] | OP = d, u(P) =

Lemma 1. is used in (3):

> D ep(Tx(tP(c

PcF,[z], c€FqteS
P(0)=0,0(P)=d
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[Key Lemmas 1/ 2]

If P(x) € ; min
TCF,,|T|=d

Lemma 1. If u € N. Then
{P € Fqlz] | OP = d, u(P) =

Lemma 1. is used in (3):

2. I 2 a@epem=2, > ]| e@tPE) @

PeF,[z], ce€l,tesS u<d PecF,[z] c€lFyteS
P(0)=0,8(P)=d 8(P)=d,u(P)=p
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[Key Lemmas 1/ 2]

If P(x) € Fylz], p(P) := TcIB]EmI]Tfll”\Zd

Lemma 1. If u € N. Then
{P € Fqlz] | OP = d, u(P) =

Lemma 1. is used in (3):

2. I 2 a@epem=2, > ]| e@tPE) @

PeF,[z], ce€l,tesS u<d PecF,[z] c€lFyteS
P(0)=0,8(P)=d 8(P)=d,u(P)=p

Lemma 2. Ifd < q/3, P € F,|z],0(P) =d and u(P) > p > 2,

then (q1d) /2 g d (q—d)/2
[T en(me(tP(e) < (5)
2 uw—1qg—d

celF, tesS
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[Range of Uniformityj

The condition d < aq and o < 0.03983 in Today’s statement cames from
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[Range of Uniformityj

The condition d < aq and o < 0.03983 in Today’s statement cames from

20
1 — «

—1 =1log (2%) — log (a®(1 — a)' ™) + log ((
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[Range of Uniformityj

The condition d < aq and o < 0.03983 in Today’s statement cames from

20
1 — «

—1 =1log (2%) — log (a®(1 — a)' ™) + log ((

with root a ~ 0.03983478542171344979957755901
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[Corollariesj
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Fix k1,....kg €N, k1 < --- < ky,
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[Corollaries]

Fix k1,....kg €N, k1 < --- < ky,

Vi=1,...,d, the ki—th

coefficient of f, is 0
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[Corollariesj

Fix k1,....kg €N, k1 < --- < ky,

Vi=1,...,d, the ki—th

coefficient of f, is 0
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[Corollariesj

Fix k1,....kg €N, k1 < --- < ky,

Vi=1,...,d, the ki—th

coefficient of f, is 0
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Planning to adopt the method of for arbitrary

ki,...,kq where d grows slowly as ¢ — o0
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