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The average Lang Trotter Conjecture for imaginary quadratic fields

[Notations.]

ELLIPTIC CURVE: E:Y?2=X3+aX+Db
(a,b€Z, —Ag=4a>+27b%#0);

E(Fp) ={(X,Y) € FZQD | Y2=X3+aX + b};
TRACE OF FROBENIUS: a,(E) = p — #E(F),);
HASSE BOUND:  |a,(E)| < 2,/p;

LANG TROTTER FUNCTION: 7 € Z

mg(z) =#H{p < x| ap(E) =r}.
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[The Lang Trotter Conjecture]

If r # 0 or E not CM,

[wg(a;) ~Cprils, Cpy> 0}
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(State of the Art.)

e M. Deuring (1941): If E has CM g o(x) ~ %2

2 loga’
o J. P. Serre (1981), Elkies, Kaneko, K. Murty, R. Murty, N.
Saradha, Wan (1988):

z(log log x)? i 0
log? « 17 7&
g (T) < 3/4 if » =0 and
L E not CM

e N. Elkies, E. Fouvry, R. Murty (1996)
mr.0(x) > logloglog x/(logloglog log x)ite

(Stronger results on GRH)
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[Average Lang Trotter Conjecture]

E. Fouvry, R. MURTY (1996), C. DAvID, F. P. (1997)

Co={FE:Y?*=X>+aX +b |la,|b| < zlogz, }

1
Z TEr(T) ~ Ve as T — 0.

C| hee. log =

2 1\ P (2—1—1) 2 7 | GLy(F)™="|
o= 2M1(1-5) Mgome=5 =10 et

l|r lr
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[Representation on n-torsion points.]

For n € N
En]={P € E(C) | nP =0} Cc E(C) (n-torsion subgroup);
En] 2 7/n7 x 7./nZ;
m K: (Q(E[n]) Galois over Q);

K2DE[n\{O}
Aut(E(n]) =& GLo(Z/nZ);

Gal(Q(E|n])/Q) — GL2(Z/nZ).

o {(x1,12) — (0(x1),0(x2))}.

injective representation.

Theorem.(Serre) If £ not CM, Gal(Q(E|[l])/Q) = GL2o(IF;) except
finitely many .
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[Chebotarev Density Thm. & Lang—Trotter Conj.]

e p ramifies in Q(F[l]) <—=——=> p|lAEg;
p1lAg, o, C Gal(Q(E]l])/Q) (Frobenius conjugacy class);

Gal(Q(E[])/Q) € GLa(Fy),
o, has characteristic polynomial 7% — a,(E)T + p.

ap(E) = Tr(op) mod I;
mer() < #{p < x |a,(F) = r(modl)};

Chebotarev Density Theorem, [ > 0,

Prob(a,(F) = r mod [) ~ |G|LGQ$Z(%FT5|:T|.
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[Lang—Trotter Constant]

dmg,, € N s.t.

Cgr = 2 mp,|Gal(Q(E[mg,])/Q) "] I| QLo (F,) ™=
T T ’Gal(Q(E[mE,r])/QH | GL, (Fl)‘

l'me,r
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[More Notations.]

K finite Galois /Q;

E elliptic curve defined over Ok;

Ap discriminant ideal of E/Ok;

p € Z unramified in K/Q,p1 N(AEg);
pC Ok, p|p;

E, reduction of E over Ok/(p);
Ep(Ok/(p)) = N(p) +1 —ap(p);

Hasse bound |ag(p)| < 24/N(p);
degree of p: N(p) = plesx(p),
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[A Variation of Lang—Trotter Conjecture}

f | IK: Q. General Lang—Trotter function:

ml (z) = #{p <z | degx(p) = f, ap(p) =r}.

CONJECTURE: dcg , ¢ € R=0 such that

Tog 7 if £ has CM and r =20
e if f=1
loglogx if f =2

1 otherwise.

\

Example. K = Q(i): 7! « split primes = 1 mod 4;

7?2 <« inert primes = 3 mod 4
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[Statement of Today’s Result]

Theorem. (C. David & F. Pappalardi) K= Q(¢), r€Z,r #0

a = ay +a2i,6 = b1 + bo1 € Z[i],
4o — 2732 £ 0

max{|asl, [az], [b1], [b2]} < xlogx
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[Sketch of proof. 1/8}

Deuring’s Thm. ¢ = p", r odd (simplicity), s.t. 7% — 4q > 0.

= H(r* — 4q).

{Fq — isomorphism classes of E/F, }

with a,(E) =r

Z H(r? — 4p?)
2

p<x P

p=3 mod 4
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[Sketch of proof. 2/8]

Given f2|r? — 4p?,
d=(r*—4p*)/f? (= 1 mod 4);
(3);

L(s, xq) Dirichlet L—function;

h(d) = w(d)2|;f|l/2 L(1, xq) (class number formula).

Step 2.

H('r2 — 4p2)
2

p<zx
p=3 mod 4
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[Sketch of proof. 3/8]

Lemma A. [Analytic] Let d = (r? — 4p?)/f?, Ve > 0,

Z L(laxd)logp:er+0( mc ) y
log” x

p<x
p=3 mod 4

4p2 =r? mod f?

DS a & be (z/4 fQZ)* b = 3 mod 4,
_ — n
L np(4nf?) cc@/anzyr " 462 = r?2 —af?2(4nf?)

n—

Lemma B. [Euler product] With above notations,

| —1— (=2
_Hl—l ( >)>'
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[Sketch of proof. 4/8]

Start from

X 1
L(l,Xd) = E =
neN neN

+ O

> d e—n/U |d‘3/16+6
n n Ul/z

follows from 7

d e ™Y U~
— = L(1,xq) + L(s+1,xa)'(s+1)—ds
n n %(s):—% S

applying Burgess, L(1/2 + it, xq) < [t|?|d|?/*5F¢ and obtain

> 1 > ( Xe—% <
~ L(1, xa)logp =
7 ) nf

f<2x p<x f<2x, p<x
(f,2r)=1 p=3 mod 4 neN p=3 mod 4
4p% =72 mod f? (f,2r)=1 4p%2 =72 mod f2
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[Sketch of proof. 5/8]

X< -2 X

n

<2z f p<zw FLV, f p<zw

(f,2r)=1 p=3 mod 4 n<U log U p=3 mod 4
4p25r mod f2 (f,2r)=1 4p25r2 mod f2

where U = z'~¢. Easy to deal with f >V = (logz)% n > UlogU.

Since & character modulo 4n

d X 4 X
_ 1ogp — — 10gp
n n

p<z a€(Z/4AnZ)* p<x, p=3 mod 4

p=3 mod 4 (r2—4p?)/f?=a mod 4n

4:p2 =r2 mod f2
> <

d log p+-0O
n

¢1($,4nf2, b)

n
a€(Z/4nZ)* be(Z/Anf22)*
b=3 mod 4
4b25r2—af2 mod 4nf2

X
where as usual 91 (z,4nf?,b) = log p

2<p<z, p=b mod 4n f?2
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[Sketch of proof. 6/8]

Write Eq(z,4nf?,b) = 1 (z,4nf?,b) —

w(4if2)’
. b= 3 mod 4,
Cr(a7n>f>: {be (Z/4nf2Z) 4b2ET2—CLf2 mod 4nf2 }

Then

Z (%) logp T Z (%) #iq(nfl?z’fzj)f)Jr

pw
p=3 mod 4
4p?=r? mod f?

a€(Z/AnZ)*

3 (n) N Ei(z,4nf%0)

a€(Z/AnZ)* be(Z/Anf37)*
b=3 mod 4
4b°=r? —af? mod 4n f?
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[Sketch of proof. 7/8}

X -p X o, X 2
N El(fC,élnf 7b) <

nf n
ac(Z/4nZ)* beCr(a,n,f)

Error term =

2V,
n<U logU

(f,2r)=1

X | X mu X ;
3 ‘E1($74nf 7b)’§
f<v n<U log U " be(Z/Anf2Z)*

(f,2r)=1
1,0 1,
> < s oA
1(x,4nf 7b)
n<UlogU be(Z/4nf22)*
1,

> > )
Ei(xz,m,b)*A

m<4V2UlogU b&e(Z/m2Z)*

>
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[Proof. 8/8]

(Barban, Davenport, Halberstam Theorem) for z > Q > z/log" z

Z Z Ei(xz,m,b)* < Qrlogx

m<Q be(Z/mZ)*

Error Term< —2

log€x*

Main Term:
X ev X a #Cr(a,n, f)
—_ 2 p—
j<v, a€(Z/anz)* p(dnf?)
n<U log U
(f,2r)=1

> 1 > a
Y ’anO(4'I’Lf2) 5 #Cr(a,n,f)—l—O(
{}TLQEI;I_l a€(Z/AnZ)*

x
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[Question.]

Given
o W(T)=ao+a T+ +a,TF € Z[T;
e m e N;

e p prime, m | f(p);

o Set y(n) = (H2m).

Z L(l,x)logpzéf,maj—kO( ’ )?

melog® x

p<w
m| f(p)

Note: if degh < 2 then done!

INTERESTING EXAMPLE. h(T) = r? — 4z7;

Application to average number of elliptic curves over I« (k > 3).
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